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On the statistical analysis of ratios. The 2D:4D index. Pere Puig Departament de Matemàtiques UAB



Hands are present in many cave paintings.



Cave “las Manos”, Argentina



Cave of Gargas, french Pyrenees



Some images are positive, others are negative



Cave of Chauvet, France



Cave of “Fuente del Salín”, Cantabria



The negative images have a higher anthropometric quality than the positives.



Several experiments have been performed in order to understand how the hand prints were made.



Is it possible to know the sex of a person by means of the hand prints ? This new appeared in the newspapers (2005):



M. LUISA GASPAR/EFE. PARÍS



About Manning Index



John T. Manning. Department of Psychology University of Central Lancashire



Digit Ratio: A Pointer to Fertility, Behavior and Health by John T. Manning NJ: Rutgers University Press. 2002



Manning index is the ratio between the lengths of the second and the fourth fingers. It is also called 2D:4D ratio.



Does this hand belong to a man or a woman?



Project work in Statistics. Academic year 2005-2006. Measurement protocol: The students measured 2D and 4D of both hands using a caliper. The lengths were taken from the major crease at the base of the digit to the tip. It is interesting to repeat the measures several times. Measures are different if they are taken from photocopies. Don’t mix measures coming from different protocols!



Project work in Statistics. Academic year 2005-2006. The measures were collected and put in an Excel worksheet.



-Graphical representation -Paired T-test -Two sample T-test -Lineal regression -etc…



f m C



C = Catalonia 12



Why this sexual dimorphism? “The relative lengths of the 2nd and 4th digits are influenced prenatally by testosterone and estrogen concentrations...” (Manning, 2002) During the latest 5 years155 papers are recorded by the ISI Web of Knowledge containing 2D:4D in their titles.
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Why the 2D:4D ratio? - The empirical fact that the hands in women are more symmetric than in men is not a new discovery. Ecker, A. (1875). Einige Bemerkungen tiber ein schwankenden Charakter in der Hand des Menschen. Arch. Anthrop. Brnschw, 8, p. 67-74. Baker, F. (1888). Anthropological notes on the human hand. American Anthropologist, 1, p. 51-76. Phelps, V.R. (1952). Relative index finger length as a sexinfluenced trait in man, Am. J. Hum. Genet., 4, p. 72–89.
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Coming back to the caves



Cave Gua Masri II, Borneo 17



Détermination de l'identité sexuelle des auteurs des mains de Masri II grâce au logciel Kalimain 1.0 (Newsletter: Chacine, JC and Noury A., 2005). 18



Is this classification reliable ? - J. Manning has questioned these results. Nelson, EC, Manning JT and Sinclair A. (2006). News using the length of the 2nd and 4th digit ratio (2D:4D) to sex cave art hand stencils: factors to consider. Before Farming, 1, A6.
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- The values of the 2D:4D ratio change according the ethnic group of the individuals. - Chazin and Nouri use the average of the european populations (0.96 for men and 1.0 for women). - Left or right hands produce different values. - The transition between real hand and hand print has many factors of error than have not been studied.
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The distribution of 2D:4D ratio Most researchers agree to assume normality for these kind of data sets. Moreover, goodness of fit tests also agree with this assumption. A measure of the distance between populations according to the 2D:4D values is the “effect size statistic”:



However the CLESS is more intuitive
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CLESS: Common language effect size statistic McGraw and Wong (1992), Psychological Bulletin, 111, p. 361-365



CLESS is an estimation of the probability that a randomly selected value from the population with the greatest expectation will be greater than a randomly sampled value from the other population. For our situation,



For instance, using the data from Liverpool (Manning),



d =0.63 CLESS=0.67



and for the data collected by our students,



d =0.62 CLESS=0.67
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Decoding this text we can also estimate the CLESS:



From here we obtain, d =1.366 i CLESS=0.833



23



Can normality be assumed? The quotient 2D:4D is in some sense arbitrary. Why not consider 4D:2D instead? It is natural to expect that the same statistical model used for 2D:4D could also describe the 4D:2D ratios, that is, the data set of the reciprocals.



24



However, if the r.v. X is normally distributed....



...1/X is not normally distributed !!



Lehmann and Popper (1988) Inverted Distributions. Am. Stat., 42, p. 191-194. 25



The family of normal distributions is not closed under reciprocals. Other families of distributions have this property: - F de Fisher - Log-Normal - Cauchy



... But we are going to look for other properties that can be interesting for distributions of ratios. 26



Ratios of magnitudes are of considerable interest in experimental and social sciences.



• Biosciences: Body mass index (Quetelet's index), Opsonic index, 2D:4D digit ratio, the feed conversion index, ... • Economy and Finance: the returns of stock market prices, change rates euro/dollar...



Which statistical models (families of distributions) could be appropriate for analyzing ratios? Here we have some “reasonable” properties:



1- To be closed under reciprocals. 2- To be closed under change of scale. 3- Gauss’s principle.



1- Models closed under reciprocals.



For any random variable X with a density belonging to the model, 1/X has also a density that belongs to the model. It is natural to assume that the statistical model that describes 2D:4D could also be used for 4D:2D.



2- Models closed under change of scale



For any random variable X with a density belonging to the model, cX has also a density that belongs to the model, for any constant c>0. The scale is arbitrary. The same statistical model that gives an accurate description of the digit ratios could give also an accurate description of the data set whose values were multiplied by 100.



3- Gauss’s principle The maximum likelihood estimator of the population mean is the sample mean.



This is a very natural property. When a statistical model satisfies it, this signifies the sample mean is the best estimator of the population mean.



About Gauss’s principle… - The only location model (under mild conditions) such that the sample mean is the MLE of the location parameter is the normal distribution (Gauss, 1887).



- Poincaré (1896,) characterized the one parameter families satisfying Gauss’s principle, obtaining an exponential Family:



About Gauss’s principle… - Almost 80 years after, the term “Guss’s principle”is introduced in the paper, Campbell, L. L. (1970). Equivalence of Gauss's principle and minimum discrimination information estimation of probabilities. Ann. Math. Statist., 41, p. 1011-1015.



- An important generalization of the Poincaré’s result was done in 1997: Bondesson, L. (1997). A generalization of Poincaré's characterization of exponential families. J. Statist. Plann. Inference, 63, no. 2, p. 147-155.



1- To be closed under reciprocals. 2- To be closed under change of scale. 3- Gauss’s principle.
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Surprisingly, there is only one two-parameter statistical model satisfying the three properties:



Puig, P. (2008). A note on the Harmonic Law: a two-parameter family of distributions for ratios. Statistics and Probability Letters, 78, p. 320-326.



… but which is this family of distributions?



The Harmonic Law



This family of densities was first discovered by Halphen in 1941 who called this Harmonic Law. This is a special case of the Generalized Inverse Gaussian family of distributions (GIG):



Étienne Halphen French statistician who worked in applications to Hidrology. - In 1940 he discovered three families of distributions, being one of them the harmonic law. - One of these families were the GIG, usually attributed to Jorgensen (1982). - His scientific contributions were unknown until 1997. -



Seshadri, V. (1997). "Halphen's laws". Encyclopedia of statistical sciences, Kotz and Johnson, eds., Update E. Halphen, 1948 (by courtesy of V. Seshadri)



Vol. 1, 302--306.
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Étienne Halphen His discoveries only were published in 1941 in a short note: Sur un nouveau type de courbe de fréquence. Comptes Rendus de l'Académie des Sciences, 213, p. 633-635



Due to war constraints he published it under the name Dugué. E. Halphen, 1948 (by courtesy of V. Seshadri)
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The Harmonic Law



-



The parameter of scale m is the population median. a is the parameter of shape.



The MLE of m is the geometric mean of the arithmetic and harmonic means. The MLE of a can be found solving numerically the equation:



The Harmonic Law



-When a grows, the Harmonic Law tends to a Normal distribution.



-



From the practical point of view, it happens when the arithmetic and harmonic sample means are very similar.



An example: the feed conversion index The index is calculated as the weight of the feed eaten divided by the increment of the weight of the animal. Feed conversion indexes of 24 calves coming from one lot: 3.65 4.03 4.58 4.61 4.70 4.85 3.21 3.93 3.15 3.00 2.93 3.56 4.13 3.68 3.88 3.25 3.92 3.99



3.04 3.10 3.20 3.35 3.19 3.10



We want to calculate a confidence interval for the mean



An example: the feed conversion index We calculate the statistics: (note that the harmonic mean is 3.584)



Obtaining the MLE: An approximate 100(1-α)% confidence interval for μ can be computed by using the expression,



where,



We obtain the approximate 95% Confidence interval for the mean [3.44,3.89] Shapiro-Wilk goodness of fit test gives a p-value of 0.028 rejecting the null hypothesis of normality.



-



Covariates and more complex models based on the Harmonic Law can be directly implemented.



Coming back to the 2D:4D ratio. Can normality be assumed? Bailey and Hurd (2003), University of Alberta, have recorded the 2D:4D digit ratios of 283 students (142 women and 141 men). Right hand Females Males



Mean 0.9648 0.9466



H. Mean 0.9641 0.9457



Here the data can be fitted equivalently by using the Normal distribution. 44



Three possible distributions for ratios: 1-Harmonic Law (it has the three properties) 2-Normal distribution (properties 2 and 3) 3-Lognormal distribution (properties 1 and 2) If the harmonic and arithmetic means are similar, the data can be fitted equivalently by using the Harmonic Law or the Normal distribution.



Thank you for your attention...
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The values of the 2D:4D ratio change according the ethnic group of the individuals. - Chazin and Nouri use the average of the european populations (0.96 for men and 1.0 for women). - Left or right hands produce different values. - The transition between real hand and hand print has many factors of error than have not been ... 
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