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Shell structure and phase relations in electronic properties of metal nanowires from an electron-gas model Yong Han1,* and Da-Jiang Liu2 1



Institute of Physical Research and Technology, Iowa State University, Ames, Iowa 50011, USA 2 Ames Laboratory-U.S. DOE, Iowa State University, Ames, Iowa 50011, USA 共Received 9 August 2009; revised manuscript received 18 August 2010; published 10 September 2010兲 The electronic and dynamic properties of metal nanowires are analyzed by using a minimal electron-gas model 共EGM兲, in which the nanowire is treated as a close system with variable Fermi energy as a function of nanowire radius. We show that the planar surface energy and the curvature energy from the EGM are reasonably consistent with those from previous stabilized-jellium-model calculations, especially for metals with low electron densities. The EGM shell structure due to the fillings of quantum-well subbands is similar to that from the stabilized jellium model. The crossings between subbands and Fermi energy level for the metal nanowire correspond to cusps on the chemical-potential curve versus nanowire radius, but inflection points on the surface-free-energy curve versus the radius, as in the case of metal nanofilms. We also find an oscillatory variation in electron density versus radius at the nanowire center with a global oscillation period which approximately equals half Fermi wavelength. Wire string tension, average binding energy, and thermodynamic stability from the EGM are in good agreement with the data from previous first-principles density-functional theory calculations. We also compare our model with those from previous reported free-electron models, in which the nanowire is treated as an open system with a constant Fermi energy. We demonstrate that the fundamental thermodynamic properties depend sensitively on the way that the potential wall is constructed in the models. DOI: 10.1103/PhysRevB.82.125420



PACS number共s兲: 73.21.Hb, 61.46.Km, 62.23.Hj, 73.63.Nm



I. INTRODUCTION



Metal nanoclusters can be modeled by the electron confinement in a geometrically symmetric potential well, exhibiting the shell structures in physical properties.1–7 For metal nanofilms, the confinement of electrons along the direction perpendicular to film surface leads to the periodic oscillations of electronic properties as function of film thickness.8–10 Similarly, for a metal nanowire, the radial 关spatially two-dimensional 共2D兲兴 quantum confinement of electrons leads to the oscillations of electronic properties as a function of wire radius, and correspondingly, this oscillation spectrum can be referred to as the 2D shell structure. The size dependency of physical properties of nanostructures has been known as the quantum size effect 共QSE兲. Various experiments11,12 and theoretical modelings13–15 show that some radii of nanowires with certain microscopic configurations can be particularly thermodynamically stable, and in contrast, there are no stable nanowires observed in some specific regions of radii, which are therefore called the “stability gaps.”16 Experimental measurements also reveal quantization of electrical conductance in nanowires.17–19 Jellium-based models20,21 can effectively describe the energetics, dynamic properties, and electric transport properties of metal nanowires. For example, the total energy per unit length oscillates as a function of the wire radius, reflecting the electronic shell structure of the system.22,23 In all these studies, the nanowire is treated as a closed system. On the other hand, the metal nanowire is also treated as an open system in the free-electron model.24–29 In calculations of thermodynamic properties, various assumptions about the compressibility of the electron gas during its deformation can lead to significant difference in macroscopic properties. 1098-0121/2010/82共12兲/125420共9兲



Urban et al.30,31 proposed to exploit this sensitivity by fitting the free-electron model to specific materials. However, as a comparison with the open system, an extensive study of the free-electron model, in which the metal nanowire is treated as a closed system, is still lacking. In this paper, we present a detailed study of electronic and dynamic properties of metal nanowires using the electrongas model 共EGM兲 with an infinitely long cylindrical hardwall potential well. For a closed system, the number of electrons is fixed while the radius of potential well is appropriately chosen and the chemical potential 共i.e., Fermi energy level兲 will be determined as a function of the radius. For an open system, the Fermi energy level is fixed while the number of the electrons will be determined and it is radius dependent. In Sec. II, we describe the details of our model. In Sec. III, we first make an analysis for the asymptotic behavior toward large radii of the metal nanowire based on the Weyl expansion. We will show the difference in planar surface energy and curvature energy for both the closed and open systems with different potential-well-boundary choices. Then, we discuss the oscillation behavior 共shell structure兲 of various physical properties, mainly focusing on the closed system. The analysis for the shell structure reveals that there is a certain phase relation between the surface free energy and the subband crossings, generalizing the results for metal nanofilms.9,10 We show that for incompressible electron gas, the subband crossings correspond to the inflection points on the surface free energy curve versus radius. However, for completely compressible electron gas in an open system, the subband crossings correspond to the cusp positions on the surface-free-energy curve versus radius. Finally we compare the results from our model with the existing data from firstprinciples density-functional theory 共DFT兲 calculations. Section IV gives the conclusion.
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FIG. 1. 共Color online兲 Schematic illustration of a metal electrongas nanowire in a square-well potential with the surface-charge neutrality requirement. The dashed cylinder represents the geometrical surface of the metal wire while the thick solid cylinder represents the potential boundary. II. MODEL



As in a jellium model, we assume that the positive charge is uniformly distributed within a cylindrical nanowire with infinite length. The boundary of potential well is at a distance b from the jellium edge, as shown in Fig. 1. The effective potential is simplified by an infinite barrier, i.e., the hard-wall potential, and has the form Ueff =



再



冎



0, for  ⬍ r,



⬁, for  ⬎ r,



共1兲



where r ⬅ R + b is the radius of potential well and R is the geometric radius of the wire. The physical motivation of b is that in the jellium model for metal surface, electrons spill over the boundary of the positive-charge distribution. Another perspective is that for electrons in a hard-wall potential, there is depletion region near the hard-wall boundary. For a half-infinite surface, Bardeen32 shows that by imposing a zero surface-charge condition, the value of b is uniquely determined by the potential-well height U0. Specifically b = 0 for U0 = EF 共the bulk Fermi energy兲 and b = 3F / 16 for U0 = ⬁. We note that the result of b = 3F / 16 can be also derived from the Weyl expansion for the density of eigenmodes in a cavity with Dirichlet boundary conditions.33 More on this important parameter will be discussed later. Solving the Schrödinger equation for a cylinder 共supercell兲 with length L, which is periodic along the central axis 共as the z direction in cylindrical coordinates  ,  , z兲 of the nanowire, one can obtain the single-electron wave functions as16



n,l,kz共, ,z兲 =
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r冑LJl+1共n,l兲



Jl
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FIG. 2. 共Color online兲 The states occupied by electrons, illustrating as a series of Fermi rungs 共green兲 within the Fermi circle 共red兲.



kz2 ⱕ k2f − k2j ,



I



L N = 兺 2␦l冑k2f − k2j ,  j=1



N ⬅ R2Lwbulk ,



共6兲



where wbulk ⬅ kF3 / 共32兲 ⬅ 8 / 共3F3 兲 is the average electron density for bulk metal.10 Then, from Eqs. 共5兲 and 共6兲, one can obtain a relation for  f of the form 22 2 ⌶ = 兺 ␦l 3 j=1



共3兲



where me is the mass of an electron. In k space, the states 共i.e., the quantum-well subbands兲 occupied by electrons compose a series of Fermi “rungs,” as shown in Fig. 2, defined by



共5兲



where ␦l = 1 for l = 0 共twofold degeneracy兲 and ␦l = 2 for other 兩l兩 共fourfold degeneracy兲. For a metal nanowire with zero electric charge, the number of electrons is valency times the number of positive ions, and therefore determined by the geometric radius R of the nanowire. In free-electron models, the positive ions is not explicitly referenced, instead one can define the geometric radius to satisfy the relation



I



2 ប2 n,l ប2 2 n,l = k , ⬅ 2me r2 2me n,l



共4兲



where jn,兩l兩 共hereafter referred to as j兲 denotes the quantum numbers 共n , 兩l兩兲 with a rearrangement in an order from small to big values of n,兩l兩, and the Fermi energy  f = ប2k2f / 共2me兲 is defined as the highest occupied energy level, which corresponds to the radius of the Fermi circle. It follows that the maximum number I of Fermi rungs can be determined by I ⱕ  f ⬍ I+1. Taking advantage of these Fermi rungs, the total number of electrons can be obtained as



共2兲



where n,l is the nth zero of the Bessel function Jl共x兲 with order l = 0 , ⫾ 1 , ⫾ 2 , . . ., and n = 1 , 2 , 3 , . . .; kz = 2lz / L with lz = 0 , ⫾ 1 , ⫾ 2 , . . .. The eigenenergies are



jn,兩l兩 = 1,2, . . . ,I,



冑



2j f − , E F 4  2 2



共7兲



where ⌶ ⬅ R / F,  ⬅ r / F, and the bulk-metal Fermi energy EF ⬅ ប2kF2 / 共2me兲. By means of Fig. 2, the total energy E of supercell can be calculated as
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E = 2 兺 ␦l j=1
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III. RESULTS AND DISCUSSION
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where km ⬅ 冑k2f − k2j . Completing the integration of Eq. 共8兲 and performing necessary algebraic operation yields



冉



I



2 4L  E = ␦l f + 2j 2 兺 EF 3F j=1 EF 2 



冊冑



2j f − . E F 4  2 2



共9兲



A. Asymptotic behavior



Before we discuss the shell structure of the metal nanowire, it is instructive to look at the asymptotic behavior for large radii. The Weyl expansion is invaluable for this purpose. For a smooth cavity, the wave-number density of eigenmodes with the Dirichlet boundary condition is given by33



From the wave functions of Eq. 共2兲 and by means of Fig. 2, the electron-density distribution w共 ,  , z兲 = w共兲 can be obtained as I



3 ␦l w = 2 2兺 2 wbulk 2  j=1 Jl+1共 j兲



冑



冉 冊
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Equations 共5兲 and 共7兲 can be applied to both a closed and an open system. For a closed system, i.e., the metal nanowire is considered as a canonical ensemble, N or R is a known variable, and one needs to solve for  f by using Eq. 共7兲. Here, we also need to know the value of r = R + b. As mentioned above, for R → ⬁, b should be equal to 3F / 16 to avoid net surface charge. However, for finite R, b cannot be uniquely determined from the charge-neutrality requirement, as one can freely choose  f . Here, as a minimal model, we assume b to be a certain constant ¯b and ¯b is set to be 3F / 16, i.e., the value for a planar semi-infinite plane.10 Such model is referred as to the “constant-b model” hereinafter. The excess energy due to the formation of surface is given by Es ⬅ 2RL␥ = E − Nbulk ,



共11兲



where ␥ is defined as the surface free energy per unit area and bulk ⬅ 3EF / 5 is the per electron energy for bulk-metal electron gas. The per electron energy for the metal nanowire can be calculated as  = E / N with N and E expressed in Eqs. 共6兲 and 共9兲, respectively. The string tension 共i.e., excess energy per unit length兲14 is calculated as f = Es / L = 2R␥. In the following sections, we will discuss these quantities. In a grand-canonical ensemble 共open system兲, the number of electrons are variable while the Fermi energy  f is fixed. N and E can be directly obtained from Eqs. 共5兲 and 共9兲 by setting k f = kF and  f = EF. The grand-canonical potential can be defined as ⍀ = E − NEF



共13兲



where bulk = bulk − EF = −2EF / 5 and ¯V is the volume of the nanowire within a properly chosen dividing surface. The surface can only be unambiguously defined for a planar semiinfinite surface. In previous studies,27 a macroscopic number ¯ , is also defined and could be understood of electrons, N ¯ = w ¯V. through the relation N bulk



1 k2 k S+ C, 2V − 2 8 62



共14兲



where V and S are the volume and the surface area of the cavity, respectively; C is the surface mean curvature, which is defined as the surface integral over the arithmetic mean of 1 two-principle curvatures, K1 and K2, i.e., 兰dA 2 共K1 + K2兲. For 2 a cylindrical nanowire, one has V = r L, S = 2rL, and C = L. The number of electron is then given as N⬇



冕



kf



共15兲



2g共k兲dk,
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where the factor of 2 is due to spin degeneracy of electrons. Considering the constant-b model with r = R + ¯b, from Eq. 共15兲, we obtain



冉 冊 冉
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共16兲



where ¯␤ ⬅ ¯b / F. By letting ¯␤ = 3 / 16 and neglecting the highorder terms O共⌶−3兲 for large radii, Eq. 共16兲 becomes 0.00655 f ⬇1+ . EF ⌶2



共17兲



Note that there is no ⌶−1 correction in Eq. 共17兲. The asymptotic behavior of  f versus ⌶ from Eq. 共17兲 is plotted in Fig. 3 关the black curve in the inset of Fig. 3共a兲兴. For the excess energy, it is useful to separate it into a planar surface-energy term and curvature energy term when the liquid-drop model34 is used. Then, in the case of a nanowire, one has 1 Es = ␥ pS + ␥cC, 2



共12兲



and the excess grand potential due to the formation of surface is given by ⍀s = ⍀ − ¯Vwbulkbulk ,



g共k兲 =



共18兲



where S is the surface area and C the mean surface curvature with a suitably chosen boundary. Here we use the geometric boundary of the nanowire as the dividing surface, and then S = 2RL and C = L. Using Eq. 共11兲 with the total energy E=



冕
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one can obtain the excess energy Es. Neglecting the highorder terms O共⌶−1兲 of Es for large radii and comparing with Eq. 共18兲 yields
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compare the results from the above analysis with previous stabilized jellium model 共SJM兲, in Table I we list ␥ p and ␥c from Perdew et al.,35 Ziesche et al.,36 and in Eq. 共22兲. The agreement is satisfactory, and particularly, the agreement for Na and Cs is better than Al, indicating that the noninteracting electron-gas model is a good approximation to the interacting jellium model for the low-electron-density metals, see Table I for the bulk-metal average electron-density wbulk values of Al, Na, and Cs. For the grand-canonical ensemble with constants  f = EF and k f = kF in Eqs. 共15兲 and 共19兲, the result for N and ⍀ are already obtained by Stafford et al.27 For the surface excess grand potential, one needs to determine the dividing surface ¯ = ¯V / w . A natural choice for N ¯ is the expressatisfying N bulk sion of N derived from the Weyl expansion.27 Using this choice, one can easily show that



 2 8 ⍀s − , ⬇ EFL/F 10 45



FIG. 3. 共Color online兲 共a兲 Fermi energy level  f and eigenenergies n,兩l兩, 共b兲 surface free energy ␥, 共c兲 first derivative of ␥, and 共d兲 second derivative of ␥ versus nanowire radius R. Subband crossings are marked by green vertical dashed-dotted lines. The insets in 共a兲 and 共b兲 are the rescalings of 共a兲 and 共b兲 with the black solid curves from the asymptotic formulas of Eqs. 共17兲 and 共22兲, respectively.
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Note that ␥c is always positive for any ¯␤ ⱖ 0. For ¯␤ = 3 / 16, one has ␥ p = EF / 共20F2 兲 ⬅ ␥bf 共i.e., the surface free energy corresponding to the bulk film10兲, and ␥c = 0.0705EF / F. Thus, considering Eqs. 共11兲 and 共18兲, one can obtain



␥ = ␥p +



冉
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共22兲



The asymptotic behavior of ␥ versus ⌶ from Eq. 共22兲 is plotted in Fig. 3 关the black curve in the inset of Fig. 3共b兲兴. To



where  ⬅ r / F. This particular result for the EGM in a grand ensemble was derived previously in Ref. 29. Note that the linear term of r in Eq. 共23兲 is the same as that of the constant-b model with b = 3F / 16, but the constant term 共which is related to the curvature energy兲 is now negative. More results with a parametrized constraint 共the generalization of the Weyl-expansion expression兲 are also obtained in Ref. 31. It should be also noted that the planar surface energy ␥ p is rather sensitive to the choice of ¯␤ as indicated in Eq. 共20兲, e.g., when ¯␤ = 0 is chosen, i.e., the potential wall coincides with the geometric wall 共no electronic charge spilling兲, the ␥ p value becomes five times as big as that of ¯␤ = 3 / 16. In contrast to the results of taking ¯␤ = 0 in the EGM, taking ¯␤ = 3 / 16 as a benchmark value seems to be rather reasonable when we compare the result from the EGM with those from the SJM and first-principles DFT calculations, as will be shown in the following sections. On the other hand, the curvature energy in the EGM depends on the details of the model, which can be ambiguous for a metal nanowire. For example, for the canonicalensemble model, while it is certain that b should approach 3F / 16 as R → ⬁ to avoid the surface charge, the assumption of b = ¯b is less well justified. Similarly, in the grandcanonical-ensemble model, there can be other reasonable choices for the Gibbs surface that can give different curva-



TABLE I. Planar surface energy ␥ p and curvature energy ␥c from the SJM 共Refs. 35 and 36兲 and our asymptotic analysis 关Eq. 共22兲兴. Wigner-Seitz radius rs is in unit of Bohr radius aB; bulk-metal average 2 −3 electron density wbulk is in unit of a−3 B ⫻ 10 ; ␥ p and ␥c are in units of meV/ aB and meV/ aB, respectively.
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␥c in Ref. 35



␥c in Ref. 36



␥c in Eq. 共22兲



2.07 3.93 5.62



26.92 3.933 1.345



16.19 3.13 1.03



16.15 3.14 1.06



40.00 3.78 0.74



49.8 9.84 3.67



44.5 9.54 3.84



121.64 17.77 6.08
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ture energies. At this stage, it is unclear to us whether an unambiguous curvature energy can be derived in the EGM. Finally, we note that the choice of different constraints during metal deformation has been proposed to adapt the EGM to specific materials in Ref. 31. It will be interesting to explore this concept and apply it to the canonical-ensemble model also. The planar surface energy and curvature energy for the metals with high electron density cannot be well described by the constant-b model, as discussed above, even though the value of ¯b is, in principle, adjustable. For example, considering the slightly larger charge spilling for the high-electron-density metals,37 we can choose ¯␤ ⬇ 0.215 to fit the SJM planar surface energy of Al, but this value of ¯␤ results in an even larger curvature energy than that in Table I. In order to fit the EGM model to specific metals, the potential-well radius could be thus assumed to be a modified form, e.g., like r = R + b + c / R, where c is a specimendependent parameter. However, this could not be critical when one analyzes the shell structure and phase relations in electronic properties for a metal nanowire. B. Shell structure



Now consider the oscillation features and phase relations in the electronic shell structure of a metal nanowire as well as the dynamic properties. The Fermi energy level  f versus R from Eq. 共7兲 is plotted as the red solid curve in Fig. 3共a兲. The curve exhibits oscillatory damping around the bulk Fermi Energy EF and the asymptotic behavior toward large radii is described well by Eq. 共17兲, as indicated by the black solid curve in the inset of Fig. 3共a兲. At the subband 共i.e., eigenenergy n,兩l兩 crossing positions ⌶I=1,2,. . ., the curve is C0 continuous 共i.e., the curve is continuous but the corresponding first derivative discontinuous兲, and cusps appear as a series of local maxima. In contrast to metal nanofilms8,10 for which the distance  between any two neighboring cusps, i.e., the oscillation period, is approximately a constant value ⬃F / 2, the oscillation “period”  for metal nanowires is radius dependent, as shown in Fig. 3共a兲. The surface free energy ␥ = E − Nbulk calculated from Eq. 共11兲 with Eqs. 共6兲 and 共9兲 is plotted in Fig. 3共b兲. As R increases, ␥ exhibits decaying oscillations. The asymptotic behavior toward large radii agrees well with the formula of Eq. 共22兲, as indicated by the black solid curve in the inset of Fig. 3共b兲. While ␥ ultimately approaches the bulk film value ␥bulk, we can see significant deviation from the bulk value even as far as R ⬃ 4F, suggesting importance of the curvature energy term. This result is in very good agreement with the calculations based on the SJM.21 In addition, beats appear on the ␥ curve, which have been previously described as the superposition of a couple of dominant orbital frequencies from the Fourier analysis with a semiclassical model.18,22 An important difference between the curves of ␥ and  f versus R is that on the ␥ curve, the ␥ values at the positions ⌶I=1,2,. . . correspond to a series of left inflexions of local maxima instead of the cusps on the  f curve. For nanofilms where the oscillation is approximately periodic, this gives rise to an offset by ⬃ / 4 in the oscillation phases of ␥ and  f . This phase relation can also be confirmed from the syn-



chronization between the curves of  f and ␥⬘ 关the first derivative of ␥ with respect to ⌶, plotted in Fig. 3共c兲兴 versus R. The ␥ curve at the subband crossings is C1 continuous, i.e., ␥⬘ is continuous but the corresponding second derivative ␥⬙ discontinuous, as shown in Figs. 3共c兲 and 3共d兲. The value of ␥⬙ can reflect the thermodynamic stability of a nanowire. A generalized Nichols-Mullins model38 for surface diffusion predicts that the stability coefficient is proportional to S = ␥⬙ + ␥⬘ / R − ␥ / R2 ⬇ ␥⬙ for longitudinal perturbations. If S ⬎ 0, the corresponding nanowire is stable, and if S ⬍ 0, the nanowire is unstable. An expression equivalent to this criterion 关cf. Eq. 共7兲 in Ref. 29兴 is also obtained previously by Zhang et al. In terms of such criterion, from Fig. 3共d兲, the stable radii 共in unit of F兲 lie in the ranges 共0.20, 0.36兲, 共0.47, 0.59兲, 共0.66, 0.68兲, 共0.72, 0.80兲, 共0.86, 0.92兲, 共0.96, 1.01兲, 共1.05, 1.14兲,…, and other radii are unstable. Generally, two ends of a metal nanowire fabricated in experiments11,12,17–19 are in good electrical contact with two macroscopic metal electrodes, i.e., the nanowire can behave as an open system with exchange of electrons between the nanowire and the electrodes. For metal nanowires with good conductivity, Coulomb interactions lead to charge screening so that the local charge neutrality is a good approximation even for a relatively short nanowire,39 and thus the nanowire can be approximately treated as a closed system. Charge fluctuations and screening effects are also investigated by Kassubek et al.,40 who shows that for the nanowires with poor conductivity or large capacitance, charge screening can be weak, and then the effects of boundaries cannot be neglected. In the Au nanowire fabrication experiments of Kondo and Takayanagi11 as well as Oshima et al.,12 the observed stable radii 共in unit of F,Au = 0.52 nm兲 are around the values of 0.38, 0.56, 0.85, 0.92, 0.99, 1.09, 1.15,… No stable nanowires are observed in some regions 共i.e., the instability gaps兲, e.g., noticeably at the ranges 共0.40, 0.50兲 and 共0.58, 0.72兲. Note that the tiny stable range 共0.66, 0.68兲 from Fig. 3共d兲 is not significant due to the corresponding small ␥⬙ values. Thus, the thermodynamic stability from the model is in good agreement with that from the experiments. Since the stability pattern of a metal nanowire mainly originates from the oscillatory part in the surface energetics, the stable radii and instability gaps predicted from the above canonicalensemble model is basically identical to the results obtained previously by Zhang et al. using the grand-canonicalensemble model.29–31 In their model, the effects of temperature and noncylindrical geometrical deformation of a metal nanowire are also included. Next we describe the behavior of electron density. Figure 4共a兲 shows the three-dimensional 共3D兲 plot of electrondensity distribution w共兲 versus nanowire radius R from Eq. 共10兲. For any nanowire with a fixed R, w oscillates as the function of , exhibiting the Bardeen-Friedel oscillations,41 which are induced by the metal-vacuum surface, while for any fixed position , w oscillates as the function of R, exhibiting the QSE-induced oscillations. As two typical curves, the surface electron density w共 = R兲 and the center electron density w共 = 0兲 versus R are plotted in Fig. 4共b兲. All of them have the cusps with the same positions as that of  f , as marked by the vertical green lines in Figs. 3 and 4共b兲. For w共 = 0兲, there is a remarkable oscillation feature that the
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(a)



FIG. 4. 共Color online兲 共a兲 The 3D plot of electron-density distribution w共兲 versus nanowire radius R from Eq. 共10兲. 共b兲 Electron densities w at the center and the geometric surface of nanowires versus R. Subband crossings are marked by green vertical dasheddotted lines. Constant  is the electron density at the geometric surface for a bulk film 共Ref. 10兲.



“global” oscillation period is equal to ⬃F / 2, as shown in Fig. 4. The global minima on the red curve in Fig. 4共b兲 correspond to the quantum numbers 共l = 0 , n兲, n = 1 , 2 , 3 , . . . from small to big. Note that in term of the diameter, the period is ⬃F, being consistent with results for metal nanofilms.10 For w共 = R兲, the oscillatory curve 关the blue curve in Fig. 4共b兲兴 gradually approaches to the constant  = 0.4557. . ., the electron density at the geometric surface for a bulk film 关cf. Fig. 共a兲 in Ref. 10兴. The Fermi energy level  f is thermodynamically equivalent to the chemical potential . Because of the infinite potential-well barrier used in this model, we cannot calculate directly the work function W of a metal nanowire. Instead, we calculate the negative increment of chemical potential relative to the bulk limit: −⌬ = −共 − ⬁兲 = EF −  f , which can be viewed as the “work function relative to the bulk limit.”9 In order to visualize the phase relations, we plot the curves 共red solid兲 of ␥ and −⌬ versus R in Fig. 5共a兲 关the same as Fig. 3共b兲兴 and Fig. 5共b兲, respectively. There is again



FIG. 5. 共Color online兲 共a兲 Surface free energy ␥, 共b兲 −⌬ 共negative increment of chemical potential relative to the bulk limit兲, and 共c兲 elongation force F versus nanowire radius R. Subband crossings are marked by green vertical dashed-dotted lines. Dots on the curves correspond to the R values available according to Jia et al.’s DFT optimization calculations for Na helical nanowires 共Ref. 15兲.



an offset by ⬃ / 4 in the oscillation phases of ␥ and −⌬, as indicated by the green vertical dashed-dotted lines denoting the subband crossings. This is obvious because the phases of −⌬ and  f are opposite according to the definition of −⌬. It should be mentioned that for a 共more “realistic”兲 soft-wall effective potential Ueff共兲, the work function should be expressed as W = ⌬Ueff −  f , where ⌬Ueff = Ueff共 = ⬁兲 − Ueff共 = 0兲, which is the effective potential difference between at infinity and at the nanowire center. In principle, the effective potential Ueff could be obtained by self-consistently calculating the electron density and therefore the electrostatic potential plus the exchange-correlation part.8 Generally speaking, ⌬Ueff could be also oscillatory as a function of the size of a nanostructure 共e.g., nanofilm or nanowire兲. Therefore, in order to understand the phase relation between W and −⌬ as well as other electronic properties, the specific self-consistent calculations are desirable. Let us also examine the elongation force of a metal nanowire. When a nanowire elongates, we assume that the “geometric” or “jellium-background” volume V is conserved. In terms of the surface free energy ␥, the elongation force F is given as a function of the wire radius R as21
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冏 冏 冏



F=−



dE dL



=−



V



d共2RL␥兲 dL



冏



= − R␥ + R2 V



d␥ , dR 共24兲



which is shown in Fig. 5共c兲. The fluctuation of the elongation force F can be calculated as



冋



␦F = F − −



册



d共2RL␥bf兲 = F + R␥bf , dL



共25兲



in which the second term is due to the increase in the surface area when the nanowire elongates and is considered as a bulk wire. The curve 共red solid兲 of F versus R in Fig. 5共c兲 is in good agreement with the results from Zabala et al.’s SJM calculations for Al, Na, and Cs nanowires 共see Fig. 5 in Ref. 21兲. Again, the agreement for Na and Cs is remarkable, indicating that for low electron densities, the noninteracting electron-gas model is an excellent approximation to the interacting jellium model. From Fig. 5, the phases of F and −⌬ are opposite, and thus there is also an offset by ⬃ / 4 in the oscillation phases of ␥ and F. Here we also note that the elongation force and its fluctuation from Eqs. 共24兲 and 共25兲 are very similar to results obtained previously in the grand-canonical ensemble.24,25,27 It is possible to verify the above-predicted phase relations by either measuring experimentally or calculating from DFT the elongation force F, the work function W, and the thermodynamic stability. The latter is characterized by surface free energy ␥, string tension f, or per electron energy , and these three quantities can be shown to possess the same phase, while  f , −⌬, and F have the identical or opposite phase 关cf. Figs. 3共a兲, 5共b兲, and 5共c兲兴. For a metal electron-gas nanowire, the radius R is allowed to be continuous, as discussed above. For a real metal nanowire, the radius R is discrete, and these allowable values of R depend on the type of metal. For example, according to Jia et al.’s firstprinciples DFT optimization calculations for Na helical nanowires,15 the relatively favorable configurations can be determined, and the corresponding discrete radii are marked in Fig. 5 共as well as Fig. 7 below兲 by the dots on the curves. Thus, from our present electron-gas model, ␥, −⌬, and F of these Na helical nanowires will follow the dotted values connected with blue, green, and gray dashed curves, as shown in Figs. 5共a兲–5共c兲, respectively. The above analysis focuses on a closed system. The metal nanowires were also studied as an open system by using the free-electron model.24–29 Although the overall shell structures from the closed and open systems are similar, we note that in calculations of thermodynamic properties, various assumptions about the compressibility of electron gas during its deformation can lead to significant difference in macroscopic properties. Besides the curvature energy discussed in Sec. III A, we find that for incompressible electron gas, the subband crossings always correspond to the inflection points on the surface-free-energy curve versus radius; for completely compressible electron gas in an open system, the subband crossings correspond to the cusp positions on the surface-free-energy curve versus radius 共curves not shown here兲.



FIG. 6. 共Color online兲 String tensions versus nanowire radius R. Red solid curve in 共a兲 is obtained from f = 2R␥, where ␥ has been already plotted in Fig. 3共b兲. Data points in 共b兲 and 共c兲 are from DFT calculations in Ref. 14 for Ag and Au nanowires with different radii and configurations, respectively. Except the red solid curve in 共a兲, all other lines are to guide the reader’s eyes. Blue dots on the red solid curve correspond to the R values available in above DFT calculations, as marked by gray vertical lines. For all nanowire configuration details, see Ref. 14. C. Comparison of results from EGM and DFT



To demonstrate the usefulness of the EGM for ultrathin nanowires, let us also compare the results of the EGM with first-principles DFT calculations existing in literature. Since DFT calculations are performed for closed systems, we therefore use the constant-b model here. The string tension f = 2R␥ is shown as the red solid curve in Fig. 6共a兲. The string tensions from empirical-potential plus DFT optimization calculations by Tosatti et al.14 for Ag and Au nanowires with different radii and configurations are shown in Figs. 6共b兲 and 6共c兲, respectively. The agreement between the red solid curves and the available DFT data points is striking. Especially, the helical configuration 共7,3兲 for Ag or Au nanowire corresponds to a local minimum of the red curve, indicating its magic stability. The per electron energy  versus nanowire R is plotted as the red solid curve in Fig. 7共a兲, which is compared with the average binding energy per atom from empirical-potential plus first-principles DFT optimizations by Jia et al.15 for Na
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large radii for b = 0 becomes ␥ = ␥bulk共5 + 0.7997/ ⌶兲 关cf. Eq. 共22兲兴; also, when b = 0, the curve of  versus R 共not shown兲 does not exhibit any oscillations 关cf. Fig. 7共a兲 for b = 3F / 16兴 so that there are no minima or maxima on the curve. Therefore, an appropriate choice of b satisfying the charge-neutrality requirement is important, as discussed in Sec. II. Finally, we briefly explore a transport property. According to Landauer’s multichannel formula,42 the conductance G can be roughly estimated by I



G/G0 ⬇ 兺 j = j=1



I共I + 1兲 , 2



共26兲



where G0 ⬅ 2e2 / h is the quantum of conductance. Thus, the curve of G versus R is simply stepwise, as shown in Fig. 7共c兲. This is reasonably consistent with the results 关Fig. 7共d兲兴 from Jia et al.’s DFT calculations for Na nanowires.15



IV. CONCLUSION



FIG. 7. 共Color online兲 共a兲 Per electron energy versus R from  = E / N with N and E expressed in Eqs. 共6兲 and 共9兲, respectively. 共b兲 Average 共per atom兲 binding energy Eb versus R from firstprinciples DFT calculations in Ref. 15 for Na nanowires with different radii and configurations. 共c兲 Conductance G versus R from Eq. 共26兲. 共d兲 Conductance G versus R from the same DFT calculations as in 共b兲. Except the red solid curves, all other lines are to guide the reader’s eyes. Blue dots on the red solid curves correspond to the R values available in above DFT calculations, as marked by gray vertical lines. For all nanowire configuration details, see Ref. 15.



helical nanowires 共more favorable than other configurations兲 with different radii. The agreement between the red solid curve and these DFT data points is also striking. According to Jia et al.’s DFT optimization calculations,15 no stable configurations can be found between two radii of H0-2 and H0-3 as well as of H0-4 and H0-5. This is consistent with the red solid curve in Fig. 7共b兲, where the parts of the curve corresponding to these radius regions are around the maxima of the curve. Here we also mention that if the charge-neutrality requirement is ignored, i.e., b is simply set to be zero, the significant deviations from the curves of various physical properties versus radius will appear. For example, as discussed in Sec. III A, the surface free energy ␥ is very sensitive to the choice of b. From Eqs. 共20兲 and 共21兲, the asymptotic curve toward



In conclusion, an electron-gas model has been developed to investigate the oscillation behavior of various physical properties for a metal nanowire. Analysis of the model reveals that the electronic shell structure induces oscillations in various electronic properties with different phases. The basic behavior exhibited by our electron-gas model can be understood in terms of a correspondence between the local maxima 共cusps兲 in the Fermi energy 共which is related to the chemical potential or work function兲 and the inflection points located at the left of the local maxima of the surface free energy, as shown in Fig. 3. The model also predicts an oscillatory feature of electron density versus radius at the nanowire center with a global oscillation period which approximately equals half Fermi wavelength. By comparing with the previous free-electron models with constant chemical potential, we find that the main difference in our variable chemical-potential model is in the asymptotic behavior of surface energetics rather than the oscillatory features. In addition, the choice of potential-well boundary in the canonical ensemble or of constraints during deformation in the grandcanonical ensemble can also sensitively affect the asymptotic behavior, as noted previously by Urban et al.31 within a grand-canonical-ensemble free-electron model.
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