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August 9, 2011 Abstract Let Fq be the field of q elements. An (n, k)-affine extractor is a mapping D : Fnq → {0, 1} such that for any k-dimensional affine subspace X ⊆ Fnq , D(x) is an almost unbiased bit when x is chosen uniformly from X. Loosely speaking, the problem of explicitly constructing affine extractors gets harder as q gets smaller and easier as k gets larger. This is reflected in previous results: When q is ‘large enough’, specifically q = Ω(n2 ), Gabizon and Raz [12] construct affine extractors for any k ≥ 1. In the ‘hardest case’, i.e. when q = 2, Bourgain [7] constructs affine extractors for k ≥ δn for any constant (and even slightly sub-constant) δ > 0. Our main result is the following: Fix any k ≥ 2 and let d = 5n/k. Then whenever q > 2 · d2 and p = char(Fq ) > d, we give an explicit (n, k)-affine extractor. For example, when k = δn for ¡ ¢2 constant δ > 0, we get an extractor for a field of constant size Ω( 1δ ). We also get weaker results for fields of arbitrary characteristic (but can still work with a constant field size when k = δn for constant δ > 0). Thus our result may be viewed as a ‘field-size/dimension’ tradeoff for affine extractors. For a wide range of k this gives a new result, but even for large k where we do not improve (or even match) the previous result of [7], we believe that our construction and proof have the advantage of being very simple: Assume n is prime and d is odd, and fix any non-trivial linear map T : Fnq 7→ Fq . Define QR : Fq 7→ {0, 1} by QR(x) = 1 if and only if x is a quadratic residue. Then, the function D : Fnq 7→ {0, 1} defined by D(x) , QR(T (xd )) is an (n, k)-affine extractor. Our proof uses a result of Hou, Leung and Xiang [14] giving a lower bound on the dimension of products of subspaces. ∗
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Introduction



In this paper we consider the problem of explicitly constructing affine extractors: Color a vector space , say with 2 colors, such that every large enough affine subspace has roughly the same number of points of each color. Let us define this formally. First, we say that a distribution P on {0, 1} is ²-close uniform if | Pr(P = 1) − 1/2| ≤ ². Definition 1 (Affine extractor). Fix integers 1 ≤ k ≤ n and a field Fq . A function D : Fnq 7→ {0, 1} is an (n, k)-affine extractor with error ², if for any k-dimensional affine subspace X ⊆ Fnq D(X) is ²-close to the uniform 1



1.1 Background and Motivation The question studied in this paper belongs to the fields of randomness extraction and pseudorandomness on which there has been a lot of work. We give some relevant background below. Extractors Loosely speaking, a randomness extractor is a function that produces random bits given a sample from a ‘weak random source’ - a distribution that ‘contains some randomness’, but is far from being completely random. More formally, let C be a class of distributions on some finite set Ω. We say that a function D is a deterministic extractor (from here on, ‘extractor’)2 for the class C, if for every distribution X in C, the distribution of D(X) is close to uniform. In the context of extractors, the standard way to measure how much randomness a distribution contains is through the notion of minentropy introduced by Chor and Goldreich [8]: The min-entropy of a distribution X on a finite set Ω is the largest number k such that for every x ∈ Ω, Pr(X = x) ≤ 2−k . For example, the uniform distribution on Ω has min-entropy log2 |Ω|. In particular for a given k > 0, X has min-entropy at least k if for every x ∈ Ω, Pr(X = x) ≤ 2−k . A counting argument shows that for any ‘not too large’ class C of high min-entropy sources, a random function D : Ω 7→ {0, 1} is with high probability an extractor for C. An important goal of this field is to broaden the classes of distributions for which efficiently computable extractors are known. (Another important goal which is not the focus of this paper is to maximize the number of random bits extracted from a sample of the source.) Various classes C of distributions were studied in the literature: The first construction of extractors can be traced back to von Neumann [38] who showed how to use many independent tosses of a biassed coin (with unknown bias) to obtain an unbiased coin. Blum [6] considered sources that are generated by a finite Markov-chain. Santha and Vazirani [28], Vazirani [35, 36], Chor and Goldreich [8], Barak et al. [1], Barak et al. [2], Dodis et al. [11], Raz [26] and Barak et al.[3] studied sources that 1



Affine extractors are usually defined as outputting many bits, and indeed one important goal is constructing affine extractors with large output length. However, as in this paper our new results are not related to the number of output bits, for simplicity we define affine extractors as boolean functions (see also Remark 5.1). 2 There is another very well-studied notion of ‘seeded extractor’ described later in this section. In this paper the notion of extractor always refers to a deterministic extractor.
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are composed of several independent samples from various classes of distributions. Trevisan and Vadhan [33] and Kamp et al. [15] studied sources which are samplable using limited computational resources . Chor et al. [9], Kamp and Zuckerman [16] Gabizon et al. [13] and Rao [25] studied ‘bit-fixing sources’ in which a subset of the bits is fixed and the rest of the bits are chosen randomly and independently ([25] actually studies the more general class of ‘low weight affine sources’). A negative result was given by Santha and Vazirani [28] that exhibit a very natural class of high min-entropy sources3 that does not have deterministic extractors. This led to the development of a different notion of extractors called ‘seeded extractors’. Such extractors are allowed to use a short seed of few truly random bits when extracting randomness from a source. (The notion of seeded extractors emerged from attempts to simulate probabilistic algorithms using weak random sources [37, 8, 10, 42, 43] and was explicitly defined by Nisan and Zuckerman [23].) Unlike deterministic extractors, seeded extractors can extract randomness from the most general class of sources: Arbitrary sources with high min-entropy. The reader is referred to [24, 21, 31, 34] for various surveys on seeded randomness extractors. Derandomization and Pseudorandomness Research in computational complexity has created much interest in explicitly constructing ‘pseudorandom objects’. Informally speaking, a pseudorandom object is an object(e.g. graph/function) that has a certain useful property that a random object would have with high probability. The precise meaning of ‘explicit’ can change according to the need of a desired application, and generally means computable given certain limited resources. For example, for a function D : {0, 1}n 7→ {0, 1} explicit could mean computable in poly(n) time. One could argue that there is inherent interest in understanding how to construct objects that ‘behave like random’, but such understanding is also intimately connected with progress in computational complexity: This is well known in the case of explicit constructions of functions with the ‘ultimate’ pseudorandom property - having high circuit complexity. A long line of research initiated by [32, 5, 40, 22] shows that such explicit constructions would imply the strongest derandomization results : BPP = P and AM = N P. Such results are a central goal of computational complexity theory. Furthermore, taking the meaning of ‘explicit’ to be ‘computable in N P’, explicitly constructing a function with superpolynomial circuit complexity implies P 6= N P. The celebrated result of Reingold [27] showing that SL = L relies on an explicit construction of a pseudorandom graph called an expander. And indeed, the object of interest in this paper is also a pseudorandom object: A random function D : Fq 7→ {0, 1} is with high probability an (n, k)-affine extractor, for example when k = O(log n) for any q ≥ 2. It might be hoped that understanding how to explicitly construct functions with a ‘simple’ pseudorandom property - ‘being balanced on every large enough affine subspace’ - will aid in the long run in explicitly constructing functions with high circuit complexity . Besides that, pseudorandom objects tend to find more immediate and local applications, most notably in derandomization of algorithms. For example, a construction from a previous paper on affine extractors 3



Min-entropy is a measure of the amount of randomness in the source. A distribution has min-entropy k if it gives no particular element probability greater than 2−k .
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[12] turned out to be useful for progress on derandomization of polynomial identity testing of depth 3-circuits. (This connection was made by Karnin and Shpilka [17] and later implicitly used in [18, 29].)



1.2 Previous Work and Our Result Intuitively, constructing affine extractors gets harder as the underlying field size q gets smaller and easier as the dimension k of the subspace gets larger. Gabizon and Raz [12] construct affine extractors for q = Ω(n2 ) for any k ≥ 1. When q = 2, Bourgain [7] constructs affine extractors for k ≥ δn for any constant (and even slightly sub-constant) δ > 0 (see also the simplification and improvement by Yehudayoff [41]). Ben-Sasson and Kopparty [4] recently managed to break the ‘linear-entropy barrier’ for q = 2, and construct weaker objects called affine dispersers for k = 6 · n4/5 over F2 . It seems that the results of [4] can easily be adapted using Weil’s theorem (see Section 2) to give affine extractors for k, q = O(n4/5 ). Our main result may be viewed as a ‘field-size/dimension’ tradeoff. The larger the dimension of the subspace, the smaller field size we can work with. Theorem 1. Fix a field Fq of characteristic p and integers 2 ≤ k ≤ n where n ≥ 25. Let s = 6n + 2. Assume that p > s and q > 2 · s2 . There is an explicit (n, k)-affine extractor D : Fnq 7→ 5·(k−1) √ {0, 1} with error ² = s/ q. In particular, when p > (5n/k) and q ≥ 2 · (5n/k)2 the theorem holds and we get an extractor with √ error ² = O((n/k)/ q). One interesting instantiation of Theorem 1 is when k = δn for constant δ > 0. In this case, we get an affine extractor for a field of constant size q = Ω((1/δ)2 ). Again, this does not match the result of Bourgain[7]. For the range ω(1) < k < n/ log n no other result to our knowledge4 gives explicit affine extractors for field size q = Ω((n/k)2 ). However, even for ranges of parameters where we do not improve previous or match previous results, we believe our construction and proof have the advantage of being very simple. An annoying drawback is the requirement for large characteristic. Basically, this is to due to the fact that many multinomial coefficients become zero in fields of small characteristic. We prove a weaker result for general characteristic. The following is an informal statement. For a precise one see Theorem 9. Theorem 2. Let Fq be a field of characteristic p. There is an explicit (n, k)-affine extractor whenever q > pO(n/kp) . For example when p is constant and k = δn for constant δ > 0, we get an extractor for constant field size. Finally, we mention that very recently Bourgain has obtained (still unpublished) results similar to ours for prime fields using different methods. 4



√ It seems that a yet unpublished result of the second author gives smaller field size for k = o( n).
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1.3 Organization of the paper In Section 2 we sketch the proofs of our theorems. In Section 3 we give necessary preliminaries. In Sections 4 and 5 we give our results for large characteristic. Section 6 gives our weaker results for general characteristic.
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Overview of the Proof



A central component in our proof is a theorem of Weil[39, 30] on the number of points on curves over finite fields and, more specifically, its applications to character sums. We roughly state the corollary of Weil’s theorem that we will use (see Subsection 3.1 for a precise formulation): Let f (t1 , . . . , tk ) be a non-constant polynomial of degree d over Fq where both d and q are odd. Then, when choosing (t1 , . . . , tk ) uniformly at random, the probability that f (t1 , . . . , tk ) is a quadratic residue in Fq is close to 1/2 provided q is a bit larger than d2 . For simplicity, we forget about the requirement of d being odd for the rest of this discussion. Thus, Weil’s theorem reduces the task of constructing an affine extractor to that of constructing a low-degree polynomial f : Fnq 7→ Fq that is non-constant on any k-dimensional subspace: Once we have such a polynomial, we simply output 0 or 1 according to whether f (x1 , . . . , xn ) is a quadratic residue in Fq , and we are guaranteed that this is an almost unbiased bit. More specifically, if we manage to construct a polynomial of degree d that is non-constant on affine subspaces of dimension k, we get an (n, k)-affine P extractor for field size roughly d2 . Gabizon and Raz [12] used the polynomial f (x1 , . . . , xn ) = ni=1 xii . It is not hard to show that this polynomial will be non-constant on any 1-dimensional affine subspace. Thus, they get an (n, 1)-affine extractor for q = Ω(n2 ). In this paper we show how to construct a polynomial f of degree roughly n/k that is non-constant on any k-dimensional affine subspace. Our construction is n . Let T : Fnq 7→ Fq be a non-trivial Fq -linear function. as follows. Let d be an integer larger than k−1 Given a vector x ∈ Fnq , we think of x as an element in the field Fqn . Define f (x) , T (xd ) (It is easy to see that when thinking of f as a multivariate polynomial over Fq it has degree d). We want to show that f is non-constant when restricted to k-dimensional subspaces. Fix an affine subspace X ⊆ Fnq whose linear component has basis a1 , . . . , ak ∈ Fnq , and translation b ∈ Fnq . That is, an element of X is of the form a1 · t1 + . . . ak · tk + b for some t1 , . . . , tk ∈ Fq . Let f |X (t1 , . . . , tk ) , f (a1 · t1 + . . . + ak · tk + b) be the restriction of f to X. It can be seen that the coefficient of a degree d monomial ti11 · · · tikk in f |X , is a non-zero5 multiple of T (ai11 · · · aikk ). If we could show that the monomials of total degree d in a1 , . . . , ak span Fnq over Fq , it would follow that one of them must have a non-zero image under T , and therefore f |X is non-constant of degree d. This will indeed follow from a theorem of Hou, Leung and Xiang [14] about the dimension of ‘products of subspaces’. From [14] we will deduce that when a1 , . . . , ak are linearly independent, the monomials of total degree d in them span6 a subspace of dimension at least (k −1)·d+1, or span the whole space. The theorem of [14] is actually more general, and we will give a self-contained 5 6



This is actually only true for large enough characteristic. Subsection 2.1 gives more precise details on this point. Actually, this will be true when n is prime
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proof of the specific result we need (see Subsection 3.2).



2.1



Working with arbitrary characteristic



We now explain the problem that arises in the sketch above for fields of small characteristic, and how to (partially) resolve it. Let f |X be as above. The coefficient of a degree d monomial ti11 · · · tikk in f |X is precisely d! · T (ai11 · · · aikk ) i1 ! · · · ik ! for some i1 + . . . + ik = d. When the characteristic p is smaller than d this coefficient could be zero even if T (ai11 · · · aikk ) 6= 0. Thus it is not enough any more to prove the degree d monomials in a1 , . . . , ak span Fnq over Fq . However, it turns out that we can take advantage of the small characterd! istic to prove that even the subset of monomials whose corresponding multinomial coefficient i1 !···i k! is non-zero ‘expand in dimension’. Then main property we use is that when a1 , . . . , ak are linearly independent so are ap1 , . . . , apk . Very roughly speaking, we will gain dimension only from powers of the form c · pl for c < p , rather than from every power, which is why our results for general characteristic are weaker. See Section 6 for details.



3



Preliminaries



Notation: Let f : Fnq 7→ Fq be a function. For an affine subspace X ⊆ Fnq defined by basis vectors a1 , . . . , ak ⊆ Fnq and translation vector b ∈ Fnq , we denote f restricted to X by f |X . That is, for t1 , . . . , tk ∈ Fq , f |X (t1 , . . . , tk ) , f (a1 · t1 + . . . + ak · tk + b). For a set Ω, we denote by UΩ the uniform distribution on Ω. For a function f : Ω 7→ Γ and a distribution P on Ω, we denote by f (P ) the distribution induced on Γ by sampling from P and applying f . We keep in mind a fixed Fq -vector space isomorphism of Fnq with the field Fqn . Using this, we often implictly identify vectors in Fnq with the corresponding elements in Fqn and use multiplication in this field.



3.1 Characters of Finite Fields and Weil’s Theorem Loosely speaking, given an abelian group G, a character on G is a map from G to complex roots of unity that preserves the group action. The characters of a finite field are the characters of the additive and multiplicative7 groups of the field. We will mostly use multiplicative characters. Definition 2 (Multiplicative character). A function χ : Fq → C is a multiplicative character of Fq if |χ(a)| = 1 for every a ∈ F∗q and χ(0) = 0 and χ(ab) = χ(a)χ(b) for every a, b ∈ Fq . The order of χ is the smallest integer m such that (χ(a))m = 1 for every a ∈ F∗q . 7



A character χ of F∗q is extended to 0 by χ(0) = 0.
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For our extractor we will use the ‘quadratic residue’ character (that exists whenever the field has odd characteristic). Definition 3 (Quadratic residue character). Let q = pl for some integer l and odd prime p. We define the multiplicative character χ1 : Fq → {−1, 0, 1} to be 1 for a non-zero quadratic residue, −1 for a quadratic non-residue, and 0 on 0. More concisely, χ1 (a) = a



q−1 2



.



We define the function QR : Fq → {0, 1} by QR(a) = 1 if χ1 (a) = −1, and QR(a) = 0 otherwise. That is, QR(a) = 1 for quadratic non-residues and 0 otherwise. Very useful theorems of Weil [39] state that for any low degree polynomial f that is not of a certain restricted form, the values of a field character ‘cancel out’ over the range of f (when viewed as a multi-set). We state this theorem for multiplicative characters. Theorem 3. [30][Theorem 2C 0 , page 43] Let χ be a multiplicative character of Fq of order m > 1. Let f (t) be a non-constant polynomial in Fq [t] of degree d. Suppose that f (t) is not of the form c · g(t)m for any c ∈ Fq and g(t) ∈ Fq [t]. Then ¯ ¯ ¯ ¯ ¯X ¯ ¯ ¯ ≤ d · q 1/2 . χ(f (t)) ¯ ¯ ¯t∈Fq ¯ For the case of a field character of order 2, Weil’s theorem actually shows that the character is an extractor for distributions of the form f (UFq ) for a low odd degree polynomial f . We formalize this in the following Corollary. Corollary 4. Let q = pl for some integer l and odd prime p. Let f (t) ∈ Fq [t] be a non-constant polynomial of odd degree m. Then QR(f (UFq )) is ²-close to uniform for ² = √dq . Proof. We include the proof for completeness although it is straightforward and identical to the one in [12]. We have   X X X χ1 (f (t)) =  1− 1 t∈Fq



· =q· · =q·



t∈Fq ,χ1 (f (t))=1



t∈Fq ,χ1 (f (t))=−1



¸ Pr (χ1 (f (t)) = 1) − Pr (χ1 (f (t)) = −1)



t←Uq



t←Uq



¸



Pr (QR(f (t)) = 0) − Pr (f (t) = 0) − Pr (QR(f (t)) = 1)



t←Uq



t←Uq



·



t←Uq



¸ = q · 2 · Pr (QR(f (t)) = 0) − 1 − q · Pr (f (t) = 0) t←Uq



·



t←Uq



¸ = 2q· Pr (QR(f (t)) = 0) − 1/2 −q· Pr (f (t) = 0) = 2q·|QR(f (Uq ))−U1 |−q· Pr (f (t) = 0) t←Uq



t←Uq



t←Uq
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, where in the last equality we assumed without loss of generality that Pr (QR(f (t)) = 0) ≥ 1/2.



t←Uq



Since χ1 is of order 2 and f (t) is not of the form c · g(t)2 for any c ∈ Fq and g(t) ∈ Fq [t] (as f has odd degree), using Theorem 3 we have |QR(f (Uq )) − U1 | =



1 X · χ1 (f (t)) + (1/2) · Pr (f (t) = 0) t←Uq 2q t∈F q



≤



m m m m 1 · mq 1/2 + ≤ √ + √ =√ . 2q 2q 2 q 2 q q



A similar statement can now be shown for multivariate low degree polynomials. Lemma 3.1. Let q = pl for some integer l and odd prime p. Let f (t1 , . . . , tk ) ∈ Fq [t1 , . . . , tk ] be a non-constant polynomial of total degree d for odd d < q. Then QR(f (UFkq )) is ²-close to uniform for ² = √dq . Proof. We note first that there must be an a = (a1 , . . . , ak ) ∈ Fkq such that the univariate ‘line restriction’ polynomial fa (t) , f (a · t) = f (a1 · t, . . . , ak · t) has degree exactly d: The coefficient of td in fa is f d (a) where f d is the d-homogeneous part of f , i.e., the sum of monomials of degree exactly d in f . By the Schwartz-Zippel lemma as d < q, there is an a ∈ Fkq such that f d (a) 6= 0 and therefore fa (t) has degree d. Furthermore, for such a ∈ Fkq , for all b = (b1 , . . . , bk ) ∈ Fkq , fa,b (t) , f (a · t + b) = f (a1 · t + b1 , . . . , ak · t + bk ) has degree exactly d - as the coefficient of td in fa,b is the same as the coefficient of td in fa . As the distribution f (UFkq ) is a convex combination of the distributions fa,b (UFq ) for the different ‘shifts’ b ∈ Fkq , the claim now follows from Corollary 4. (Note that in order to use Corollary 4 it was crucial that all the polynomials fa,b have odd degree and that is why we wanted them to have degree exactly rather than at most d).



3.2 Dimension Expansion of Products of Subspaces Let A, B ⊆ Fnq be Fq -linear subspaces. We define the ‘product subspace’ A · B , span(a · b|a ∈ A, b ∈ B), where the multiplication a · b is carried out in the field Fqn . Similarly, for an element a ∈ Fnq and linear subspace B ⊆ Fnq we denote by a · B the set {a · b|b ∈ B} (which is also a linear subspace of the same dimension as multiplication by a is a non-singular Fq -linear transformation). We observe that if a1 , . . . , al and b1 , . . . , bk are bases for A and B respectively, then 8



A · B = span(ai · bj |1 ≤ i ≤ l, 1 ≤ j ≤ k), i.e., ‘it is enough to take products of basis elements’. The following theorem of Hou, Leung and Xiang[14] generalizes a famous Theorem of Kneser (see [14] for background). It gives a lower bound on the dimension of a product of subspaces. We state the theorem for completeness but will only use the corollary below. Theorem 5 ([14] Theorem 2.4). Let E ⊂ K be fields and let A and B be finite-dimensional E-linear subspaces of positive dimension. Suppose that every algebraic element in K is separable over E. Then dimE (A · B) ≥ dimE (A) + dimE (B) − dimE (H(A · B)) where H(A · B) = {x ∈ K|x · A · B ⊆ A · B} is the stabilizer of A · B in K. Corollary 6. Let Fq be any field, and let n be prime. Let A and B be Fq -linear subspaces of Fnq having positive dimension. Then dim(A · B) ≥ min{n, dim(A) + dim(B) − 1} We give a self-contained proof of the corollary. Proof. We proceed by induction on dim(A). As a base, observe that the result holds trivially when dim(A) = 1. For the inductive step, we may then assume that dim(A) > 1. We may also assume that B 6= Fnq as the theorem is immediate in this case. Note that we may freely replace A by g · A (or B by g · B) for some g ∈ Fnq as this has no effect on dim(A) (dim(B)) or dim(A · B). By this operation, we may assume that 1 ∈ A ∩ B. Since dim(A) > 1, we may choose a ∈ A \ Fq . Let ` be the smallest nonnegative integer so that a` 6∈ B (this must exist since Fnq = span(1, a, a2 , . . . , an−1 ) for any a ∈ Fnq \ Fq when n is prime, and B 6= Fnq ) and note that ` > 0 by the assumption that 1 ∈ B. Next, replace B by the set a−(`−1) · B. It now follows that 1 ∈ B and a 6∈ B, so A ∩ B is a proper nonempty subset of A. Consider the Fq -linear subspaces A ∩ B and A + B and observe that (A ∩ B) · (A + B) ⊆ A · B. The next equation follows from this and the induction hypothesis applied to A ∩ B and A + B. dim(A · B) ≥ dim((A ∩ B) · (A + B)) ≥ min{n, dim(A ∩ B) + dim(A + B) − 1} = min{n, dim(A) + dim(B) − 1}. This completes the proof. Remark 3.2. We note that • The above proof is an analogue of the proof of the Cauchy-Davenport theorem, stating that for subsets A, B ⊆ Zp , |A + B| ≥ min{p, |A| + |B| − 1}. • Corollary 6 is not true when n is not prime. This can be seen by taking A = B = Fqm to be a proper subfield Fq ( Fqm ( Fqn . 9
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The Main Construction



Theorem 7. Fix a field Fq of characteristic p and integers 2 ≤ k ≤ n such that n is prime. Fix n any integer d with k−1 ≤ d < p. Let T : Fnq 7→ Fq be a non-trivial Fq -linear mapping. Then the polynomial f : Fnq 7→ Fq defined by f (x) = T (xd ) is non-constant on all affine subspaces of dimension k. Furthermore, for any k-dimensional affine subspace X, f |X has total degree exactly d. Proof. Fix any k-dimensional affine subspace X. Then f |X (t1 , . . . , tk ) = T ((a1 · t1 + . . . + ak · tk + b)d ). Fix non-negative integers i1 , . . . , ik with i1 + . . . + ik = d. Note that the coefficient of ti11 · · · tikk in f |X is µ ¶ d! d! ik i1 T · a1 · · · ak = · T (ai11 · · · aikk ), i1 ! · · · ik ! i1 ! · · · ik ! where the equality follows as T is Fq -linear. We would like to prove that one of these coefficients is non-zero. As p > d, the above coefficient is non-zero if and only if T (ai11 · · · aikk ) 6= 0. We will prove that the set of monomials in the ai ’s of total degree d span Fnq over Fq . Thus, one of these monomials must be mapped by T to a non-zero value in Fq , and therefore f |X is non-constant of total degree d. For this purpose, for 1 ≤ j ≤ d define Aj ⊆ Fnq to be the subspace spanned by the set of monomials in the ai ’s of total degree exactly j. That is Aj , span(ai11 · · · aikk |i1 + . . . + ik = j). We will prove by induction that dim(Aj ) ≥ min{n, (k − 1) · j + 1} (from which the theorem will follow): For j = 1, A1 = span(a1 , . . . , ak ) and as the ai ’s are linearly independent the claim follows. Now assume the claim for j − 1. Note that Aj = Aj−1 · A1 . Thus, using Corollary 6, dim(Aj ) ≥ min{n, (k − 1) · (j − 1) + 1 + k − 1} = min{n, (k − 1) · j + 1}.



Remark 4.1. After writing the paper it was pointed to us that the dimension argument in the above proof could be deduced directly from Theorem 4.1 of [14] (who were also interested in ‘the dimension of powers of subspaces’). However, for the sake of simplicity and being self-contained we kept the proof as is.
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Affine Extractors for Large Characteristic



We restate and prove our main theorem. Theorem 1. Fix a field Fq of characteristic p and integers 2 ≤ k ≤ n where n ≥ 25. Let 6n s = 5·(k−1) + 2. Assume that p > s and q ≥ 2 · s2 . There is an explicit (n, k)-affine extractor √ D : Fnq 7→ {0, 1} with error ² = s/ q. Proof. Choose a prime n ≤ n0 ≤ (6/5) · n (which always exists for n ≥ 25 according to Nagura’s improvement of the Bertrand-Chebychev Theorem [20]) and pad x ∈ Fnq with zeros to get a vector 0 0 in Fnq . Let f : Fnq 7→ Fq be the polynomial in Theorem 7 where we take d to be the smallest odd n0 . Let D : Fnq 7→ {0, 1} be defined as D(x) , QR(f (x)). From Theorem integer that is at least k−1 0 7 we know that for any k-dimensional affine subspace X ⊆ Fnq , f |X is non-constant of degree exactly d. Therefore, for any such X from Lemma 3.1 we know that D(X) is ²-close to uniform for √ √ ² = (d/ q) ≤ (s/ q) and the theorem follows. Remark 5.1. Using the methods of Gabizon and Raz [12] we could extend our extractor to extract (1 − δ) · log q bits for any constant δ > 0 at the expense of requiring a field of size q ≥ (n/k)O(1/δ) .
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Working with Arbitrary Characteristic



Our results in the previous sections required a field of characteristic at least roughly n/k. In this section we present weaker results for fields of arbitrarily small characteristic. Throughout this section p will denote the characteristic of the field Fq . The following will be very useful. Claim 6.1. Let a1 , . . . , ak ∈ Fnq be linearly independent vectors over Fq . Then for any integer l ≥ 0, l



l



ap1 , . . . , apk are linearly independent over Fq (where powering is done in the field Fqn ). Proof. Assume for contradiction that for some c1 , . . . , ck ∈ Fq , not all zero,



0=



k X



pl



cj · a j =



Ã k X



j=1



Pk



pl j=1 cj · aj



= 0. Then,



!pl 1/pl



cj



· aj



,



j=1



where we used the fact that raising to the power pl is one-to-one over Fq , so there is always a pl ’th P 1/pl root. Therefore kj=1 cj · aj = 0, a contradiction. The following definition will be used to characterize when a multinomial coefficient is non-zero mod p.
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Definition 4. Let d = ps − 1 = (p − 1) · (1 + p + . . . + ps−1 ) for some positive integer s. Let i1 , . . . , ik be non-negative integers such that i1 + . . . + ik = d. For 1 ≤ j ≤ k, write ij in base p, i.e., ij = ij,0 + ij,1 · p + . . . + ij,s−1 · ps−1 , where 0 ≤ ij,l ≤ p − 1. We say that i1 , . . . , ik p-cover d if for every 0 ≤ l ≤ s − 1, k X ij, l = p − 1. j=1



The following claim is a very special case of Lucas’s Theorem [19] and can be verified easily. Claim 6.2. Let d¡ = ps¢ − 1 for some positive integer s. Let i1 , . . . , ik be non-negative integers that d d! p-cover d. Then i1 ...i is non-zero mod p. = i1 !···i k k! We show that the set of monomials corresponding to p-covering sequences expand in dimension. Lemma 6.1. Let a1 , . . . , ak ∈ Fnq be linearly independent. For l ≥ 1 denote Al , span(ai11 · · · aikk | i1 , . . . , ik p-cover pl − 1). Then dim(Al ) ≥ min{n, l · (p − 1) · (k − 1)}. Proof. We prove the claim by induction on l. For l = 1, note that A1 is simply the span of monomials in a1 , . . . , ak of total degree p − 1. As the aj ’s are independent, using Corollary 6 as in the proof of Theorem 7, we get that dim(A1 ) ≥ min{n, (k − 1) · (p − 1) + 1}. Assume the claim for l − 1. Note that Al = Al−1 · B where l−1



B , span(a1c1 ·p



· · · ackk ·p



l−1



l−1



| c1 + . . . + ck = p − 1). l−1



l−1



l−1



Note that B is the span of monomials in ap1 , . . . , apk of total degree p − 1 . As a1p , . . . , akp are linearly independent (by Claim 6.1), dim(B) ≥ min{n, (k − 1) · (p − 1) + 1}. Therefore using Corollary 6, dim(Al ) ≥ min{n, (l − 1) · (p − 1) · (k − 1) + (p − 1) · (k − 1) + 1 − 1} = min{n, l · (p − 1) · (k − 1)}.



We now prove an analogue of Theorem 7. To construct extractors for both even and odd-sized fields, we need to state the theorem about two very similar polynomials. n Theorem 8. Fix integers 2 ≤ k ≤ n such that n is prime. Let s = d (p−1)·(k−1) e, and let d = ps − 1 and d0 = 2 · ps − 1. Let T : Fnq 7→ Fq be a non-trivial Fq -linear mapping. Then, • The polynomial f : Fnq 7→ Fq defined by f (x) = T (xd ) is non-constant on all affine subspaces of dimension k. Furthermore, for any k-dimensional affine subspace X, f |X has total degree exactly d. 0



• The polynomial f 0 : Fnq 7→ Fq defined by f 0 (x) = T (xd ) is non-constant on all affine subspaces of dimension k. Furthermore, for any k-dimensional affine subspace X, f 0 |X has total degree exactly d0 . 12



Proof. Fix any k-dimensional affine subspace X. Then, f |X (t1 , . . . , tk ) = T ((a1 · t1 + . . . + ak · tk + b)d ). Fix i1 , . . . , ik with i1 + . . . + ik = d. Note that the coefficient of ti11 · · · tikk in f |X is µ ¶ d! d! ik i1 T · a1 · · · ak = · T (ai11 · · · aikk ). i1 ! · · · ik ! i1 ! · · · ik ! We would like to prove that one of these coefficients is non-zero. By Claim 6.2, when i1 , . . . , ik p-cover d the above coefficient is non-zero if and only if T (ai11 · · · aikk ) 6= 0. By Lemma 6.1, the monomials of the form ai11 · · · aikk where i1 , . . . , ik p-cover d span a subspace of dimension at least min{n, s · (p − 1)(k − 1)} = n, and thus span all of Fnq . Therefore, one of the monomials ti11 · · · tikk of total degree d will have a non-zero coefficient in f |X . For the statement about f 0 , note that 0



f 0 |X (t1 , . . . , tk ) = T ((a1 · t1 + . . . + ak · tk + b)d ) s



= T ((a1 · t1 + . . . + ak · tk + b)d · (a1 · t1 + . . . ak · tk + b)p ) s



s



s



s



s



= T ((a1 · t1 + . . . + ak · tk + b)d · (ap1 · tp1 + . . . apk · tpk + bp )). In particular, we can see that for any i1 , . . . , ik that p-cover d the coefficient of the degree d0 monops ik i1 mial t1 · · · tk · t1 is s d! · T (ai11 · · · aikk · ap1 ), i1 ! · · · ik ! s



which is non-zero if and only if T (ai11 · · · aikk · ap1 ) 6= 0. As multiplying a set of monomials by the s fixed element ap1 cannot reduce the dimension of their span, f 0 |X must have a monomial of degree d0 with non-zero coefficient.



To construct an extractor for all field sizes we need a version of Weil’s theorem regarding additive characters of fields of even size (which are simply linear mappings from the field to F2 ). The following Lemma follows from Theorem 2E in [30] (see also [12] for a statement) in the same way Lemma 3.1 followed from Theorem 3 and Corollary 4. Lemma 6.2. Let q = 2l for some integer l. Let f (t1 , . . . , tk ) ∈ Fq [t1 , . . . , tk ] be a non-constant polynomial of total degree d for odd d < q. Let T r : Fq 7→ F2 be a non-trivial F2 -linear mapping. Then T r(f (UFkq )) is ²-close to uniform for ² = √dq . Finally, we prove our main theorem for arbitrary characteristic.
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Theorem 9. Fix a field Fq of characteristic p and integers 2 ≤ k ≤ n where n ≥ 25. Let8 11n t = 2 · p k·p . Assume that q ≥ 2 · t2 . There is an explicit (n, k)-affine extractor D : Fnq 7→ {0, 1} with √ error ² = t/ q. Proof. Choose a prime n ≤ n0 ≤ (6/5) · n (which always exists for n ≥ 25 according to [20]) and 0 0 pad x ∈ Fnq with zeros to get a vector in Fnq . Let f, f 0 : Fnq 7→ Fq be the polynomials in Theorem 8 0 . From Theorem 8 we know that for any k-dimensional affine subspace X ⊆ Fnq , f |X and f 0 |X are non-constant of degree at most9 n0



11n



2 · pd (p−1)·(k−1) e − 1 ≤ 2 · p p·k = t. Furthermore, when q (and therefore p) is even f |X has odd degree, and when q is odd f 0 |X has odd degree. When q is even define D(x) , T r(f (x)), for some non-trivial F2 -linear mapping T r : Fq 7→ F2 . When q is odd define D(x) , QR(f 0 (x)). It now follows from Lemma 6.2 and Lemma 3.1 that √ D(X) is ²-close to uniform for ² = (t/ q). Remark 6.3. In the case of characteristic 2 our extractor has a particularly simple presentation: It is simply of the form D(x) = T (xd ) for any non-trivial F2 -linear transformation Fnq 7→ F2 .
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