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SINGULARLY PERTURBED LOADS FOR A NONLINEAR TRACTION BOUNDARY VALUE PROBLEM ON A SINGULARLY PERTURBED DOMAIN. M. DALLA RIVA and M. LANZA DE CRISTOFORIS



Abstract This paper treats the equilibrium of a family of linearly elastic bodies in n dimensional Euclidean space containing a small hole of arbitrary shape of size  with the traction on the hole depending nonlinearly on the displacement and depending in a singular way on . Under suitable assumptions we illustrate that this problem has a solution for small  and we analyze its behaviour as  tends to 0. Our approach is different from standard methods of asymptotics.



Keywords : Nonlinear traction boundary value problem; singularly perturbed domain; linearized elastostatics; real analytic continuation. This paper is devoted to present applications of a functional analytic approach to the analysis of nonlinear traction boundary value problems for the system of equations of linearized elastostatics in a domain with a small cavity. We first introduce the problem on a domain with no cavity, and then we define a problem on a domain with a cavity. We fix once for all n ∈ N \ {0, 1},



α ∈]0, 1[ ,



ω ∈]1 − (2/n), +∞[ ,



where N denotes the set of natural numbers including 0. Then we choose a subset Ωo of Rn satisfying the following assumption. It is a bounded open connected subset of Rn of class C 1,α (1) containing 0 and it has a connected exterior (and thus no holes). 1



For the definition of functions and sets of the usual Schauder class C 0,α or C 1,α , we refer for example to Gilbarg and Trudinger [7, §6.2] (see also [3, §2]). Then we consider the map T (ω, ·) of Mn (R) to Mn (R) defined by T (ω, A) ≡ (ω − 1)(tr A)I + (A + At ) ∀A ∈ Mn (R). Here Mn (R) denotes the set of n×n matrices with real entries, and I denotes the identity matrix, and tr A, At denote the trace and the transpose matrix to A, respectively. We note that (ω − 1) plays the role of ratio between the first and second Lam´e constants. Next we introduce the functions a ∈ C 0,α (∂Ωo , Mn (R)) ,



g ∈ C 0,α (∂Ωo , Rn ) ,



(2)



and we consider the ‘unperturbed’ linear traction boundary value problem  div (T (ω, Du)) = 0 in Ωo , (3) T (ω, Du(x))ν o (x) = a(x)u(x) + g(x) ∀x ∈ ∂Ωo , where ν o denotes the outward unit normal to ∂Ωo . We know that if det a(·) does not vanish identically in ∂Ω , ξ t a(x)ξ ≤ 0 ∀x ∈ ∂Ω, ∀ξ ∈ Rn ,



(4) (5)



then problem (3) admits a unique solution u˜ ∈ C 1,α (clΩo , Rn ) (cf. e.g., [3, Thm. 2.2].) Next we consider Ωi as in (1) and we take 0 ∈]0, 1[ such that clΩi ⊆ Ωo for || ≤ 0 , and we set Ω() ≡ Ωo \ clΩi , and we introduce a continuous function Gi of ∂Ωi × Rn to Rn , and a function γ of ]0, 0 [ to ]0, +∞[, and we consider the following nonlinear problem for  ∈]0, 0 [,  in Ω() ,  div (T (ω, Du)) = 0 1 i −T (ω, Du(x))νΩi (x) = γ() G (x/, u(x)) ∀x ∈ ∂Ωi , (6)  o o T (ω, Du(x))ν (x) = a(x)u(x) + g(x) ∀x ∈ ∂Ω , where νΩi denotes the outward unit normal to ∂Ωi . We are interested in the behaviour of families of solutions {u(, ·)}∈]0,0 [ of (6) for some 0 > 0 as  tends to 0. We say that the family {u(, ·)}∈]0,0 [ converges in clΩo \ {0} to a function f defined on clΩo provided that ∀x ∈ clΩo \ {0} .



lim u(, x) = f (x) →0



We say that the family {u(, ·)}∈]0,0 [ converges microscopically in Rn \ Ωi to a function f1 defined on Rn \ Ωi provided that lim u(, x) = f1 (x) →0
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∀x ∈ Rn \ Ωi .



We note that the function u(, x) for x ∈ 1 clΩ() is a ‘rescaled’ version of u(, x) for x ∈ clΩ(), and we think of it as the ‘microscopic’ version of u(, x). In our analysis, we always assume that the function γ, which determines the singularity of our boundary traction, has a prescribed limiting behaviour. We first consider the case in which the limit γm ≡ lim γ −1 ()(log )δ2,n →0



exists in R ,



where δ2,n = 1 if n = 2, δ2,n = 0 if n > 2. In such a case we show that there exists a family of solutions {u(, ·)}∈]0,0 [ which both converges in clΩo \ {0} and converges microscopically in Rn \Ωi (cf. Theorem 0.1.) Then we consider the case in which γm ≡ lim γ −1 ()(log )δ2,n = ∞ , →0



γM ≡ lim →0



γ() = +∞ . n−1



In such a case however, we consider a problem in which the right hand side of 1 the second equation in (6) is replaced by γ() Gi (x/, γ()−1 (log )−δ2,n u(x)). For a discussion on such a choice, we refer to [4]. Thus we consider the problem  in Ω() ,  div (T (ω, Du)) = 0 1 i −1 −δ2,n −T (ω, Du(x))νΩi (x) = γ() G (x/, γ() (log ) u(x)) ∀x ∈ ∂Ωi ,  T (ω, Du(x))ν o (x) = a(x)u(x) + g(x) ∀x ∈ ∂Ωo , (7) and we show that there exists a family of solutions {u(, ·)}∈]0,0 [ of (7) which converges in clΩo \ {0} and which does notnnecessarily converge microscopo γ() n i ically in R \ Ω , although we show that (log )δ2,n u(, ·) converges ∈]0,0 [



n



i



microscopically in R \ Ω . Thus in a sense, we can say that (log )δ2,n represents a microscopically critical behaviour for γ as  tends to 0 (cf. Theorem 0.2.) Finally, we consider the case in which γM ∈ [0, +∞[ If γM ∈]0, +∞[, we show that there is a family of solutions {u(, ·)}∈]0,0 [ of (7) which converges in clΩo \ {0} and which does not o n necessarily converge n i u(, ·) microscopically in R \ Ω , although we can show that (logγ() )δ2,n ∈]0,0 [



converges microscopically in Rn \ Ωi . If γM = 0, we show that there is a family of solutions {u(, ·)}∈]0,0 [ of (7) which does not necessarily converge in clΩo \ {0} and which does not n necessarily o converge microscopically in γ() n i converges in clΩo \ {0} R \ Ω , although we show that n−1 u(, ·) ∈]0,0 [



3



and that



n



o



γ() u(, ·) (log )δ2,n ∈]0,0 [ n−1



converges microscopically in Rn \ Ωi . Thus



in a sense we can say that  represents a critical behaviour for γ as  tends to 0 (cf. Theorem 0.3.) We also note that in all cases considered above, we can show that our families of solutions are unique in a local sense which we do not clarify here. However, our main interest is focused on the description of the behaviour of u(, ·) when  is near 0, and not only on the limiting value. Actually, we pose the following two questions. (j) Let x be a fixed point in clΩo \ {0}. What can be said on the map  7→ u(, x) when  is close to 0 and positive? (jj) Let x be a fixed point in Rn \ Ωi . What can be said on the map  7→ u(, x) when  is close to 0 and positive? Questions of this type have long been investigated for linear problems with the methods of Asymptotic Analysis and of the Calculus of the Variations. Here, we mention Dal Maso and Murat [6], Kozlov, Maz’ya and Movchan [8], Maz’ya, Nazarov and Plamenewskii [10], Ozawa [11], Ward and Keller [12]. We also mention the seminal paper of Ball [1] on nonlinear elastic cavitation. For more comments, see also [3]. Our main results in this sense are Theorems 0.1, 0.2, 0.3 and answer questions (j), (jj) in the spirit of [9]. We now consider case γm ∈ R by the following result of [2]. Theorem 0.1. Let γm ∈ R. Let a satisfy (4), (5). Let the superposition operator FGi which takes v ∈ C 0,α (∂Ωi , Rn ) to the function FGi [v] defined by FGi [v](x) ≡ Gi (x, v(x))



∀x ∈ ∂Ωi ,



(8)



map C 0,α (∂Ωi , Rn ) to itself and be real analytic. Assume that the limiting boundary value problem div (T (ω, Dui )) = 0



in Rn \ clΩi , (9)  −T (ω, Dui (x))ν i (x) = γm Gi x, (1 − δ2,n )ui (x) (10)  Z δ2,n ω + 2 i i T (ω, Du )ν dσ + u˜(0) ∀x ∈ ∂Ωi , + 4π ω + 1 ∂Ωi n−2+δ2,n ],i sup |x| |u (x)| < ∞ , sup |x|n−1+δ2,n |Du],i (x)| < ∞, (11)



x∈Rn \Ωi



x∈Rn \Ωi



where ν i = (νji )j=1,...,n denotes the outward unit normal to ∂Ωi , and where Z ],i i u (x) ≡ u (x) − δ2,n Γn (ω, x) T (ω, Dui )ν i dσ (12) ∂Ωi
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1,α (Rn \ Ωi , Rn ). Here for all x ∈ Rn \ Ωi , admits at least a solution u˜i ∈ Cloc j Γn (ω, ·) ≡ (Γn,l (ω, ·))l,j=1,...,n denotes fundamental solution of the operator ∆ + ω∇div in Rn . Let F i be the matrix valued function on ∂Ωi defined by   Z δ2,n ω + 2 i i i i i u (x)+ F (x) ≡ −Dξ G x, (1 − δ2,n )˜ T (ω, D˜ u )ν dσ + u˜(0) , 4π ω + 1 ∂Ωi



for all x ∈ ∂Ωi . R m (ω+2) If n = 2, we assume that the matrix I − γ4π(ω+1) F i dσ is invertible. ∂Ωi If n ≥ 3 and γm > 0, we assume that −F i satisfies assumptions (4), (5) on ∂Ωi (while in case γm = 0, we do not assume that −F i satisfies (4), (5).) Then there exist 0 ∈]0, 0 [ and a family {u(, ·)}∈]0,0 [ such that u(, ·) belongs to C 1,α (clΩ(), Rn ) and solves (6) for all  ∈]0, 0 [, and such that the family {u(, ·)}∈]0,0 [ converges in clΩo \ {0} to u˜, and converges microscopically in Rn \ Ωi to Z δ2,n ω + 2 i T (ω, D˜ ui )ν i dσ + u˜(0) . (1 − δ2,n )˜ u (·) + 4π ω + 1 ∂Ωi Moreover, the following two statements hold. ˜ be a bounded open subset of Ωo \ {0} such that 0 ∈ ˜ Then (i) Let Ω / clΩ. 0 there exist Ω˜ ∈]0,  [, and an open neighborhood Uγm of (0, 0, γm ) in R3 , ˜ Rn ) such and a real analytic operator UΩ˜ of ] − Ω˜ , Ω˜ [×Uγm to C 1,α (clΩ, that ˜ ⊆ Ω() Ω ∀ ∈] − Ω˜ , Ω˜ [ , (13) and such that  Ξm,n () ≡ (log )δ2,n ,



n−2 (log )δ2,n , (log )δ2,n γ()



 ∈ Uγm ,



for all  ∈]0, 0 [, and such that u(, x) = UΩ˜ [, Ξm,n []] (x)



˜ , ∀ ∈]0,  ˜ [ . ∀x ∈ clΩ Ω



˜ be a bounded open subset of Rn \clΩi . Then there exist  ˜ ∈]0, 0 [, (ii) Let Ω Ω,r and an open neighborhood Uγm of (0, 0, γm ) in R3 , and a real analytic 1,α ˜ Rn ) such that map UΩ˜r of ] − Ω,r (clΩ, ˜ , Ω,r ˜ [×Uγm to C ˜ ⊆ 1 Ω() Ω 



∀ ∈] − Ω,r ˜ , Ω,r ˜ [\{0}



and such that u(, x) = UΩ˜r [, Ξm,n []] (x) 5



˜ , ∀ ∈]0,  ˜ [ . ∀x ∈ clΩ Ω,r



(14)



We now consider case γm = ∞, γM = +∞ by the following result of [4]. Theorem 0.2. Let γm = ∞, γM = +∞. Let a satisfy (4), (5). Let the superposition operator FGi defined by (8) be real analytic in C 0,α (∂Ωi , Rn ). Assume that the limiting boundary value problem consisting of (9), and of  i i i (15) −T (ω, Du (x))ν (x) = G x, (1 − δ2,n )ui (x)  Z δ2,n ω + 2 i i + T (ω, Du )ν dσ ∀x ∈ ∂Ωi , 4π ω + 1 ∂Ωi 1,α and of (11), (12) has at least a solution v˜i ∈ Cloc (Rn \ Ωi , Rn ). Let G i be the matrix valued function on ∂Ωi defined by   Z δ2,n ω + 2 i i i i i T (ω, D˜ v )ν dσ , (16) G (x) ≡ −Dξ G x, (1 − δ2,n )˜ v (x)+ 4π ω + 1 ∂Ωi



for all x ∈ ∂Ωi . (ω+2) R G i dσ is invertible. If If n = 2, we assume that the matrix I − 4π(ω+1) ∂Ωi n ≥ 3, we assume that −G i satisfies assumptions (4), (5) on ∂Ωi . Then there exist 0 ∈]0, 0 [ and a family {u(, ·)}∈]0,0 [ such that u(, ·) belongs to C 1,α (clΩ(), Rn ) and solves (7) for all  ∈]0, 0 [, and such that the family {u(, ·)}∈]0,0 [ converges in clΩo \ {0} to u˜, and such that lim+



→0



γ() u(, x) (log )δ2,n = (1 − δ2,n )˜ v i (x) +



(17) δ2,n ω + 2 4π ω + 1



Z



T (ω, D˜ v i )ν i dσ



∀x ∈ Rn \ Ωi .



∂Ωi



Moreover, the following statements hold. ˜ be a bounded open subset of Ωo \ {0} such that 0 ∈ ˜ Then (i) Let Ω / clΩ. 0 there exist Ω˜ ∈]0,  [, and an open neighborhood U1 of (0, 0, 1 − δ2,n , 0) ˜ Rn ) in R4 , and a real analytic operator UΩ˜ of ]−Ω˜ , Ω˜ [×U1 to C 1,α (clΩ, such that (13) holds, and such that  n−1  γ()  −δ2,n Ξn () ≡ , γ(), (log ) , ∈ U1 , γ() (log )δ2,n for all  ∈]0, 0 [, and such that u(, x) = UΩ˜ [, Ξn []] (x) 6



˜ , ∀ ∈]0,  ˜ [ . ∀x ∈ clΩ Ω



˜ be a bounded open subset of Rn \clΩi . Then there exist  ˜ ∈]0, 0 [, (ii) Let Ω Ω,r and an open neighborhood U1 of (0, 0, 1 − δ2,n , 0) in R4 , and a real n analytic map UΩ˜r,1 of ] − Ω,r ˜ , Ω,r ˜ [×U1 to R , and real analytic maps 1,α ˜ Rn ) such that (14) UΩ˜r,j for j = 2, 3 of ] − Ω,r (clΩ, ˜ , Ω,r ˜ [×U1 to C holds and such that u(, x) = δ2,n



 log  r,1  UΩ˜ [, Ξn []] + U r,2 [, Ξn []](x) γ() γ() Ω˜ +UΩ˜r,3 [, Ξn []](x)



˜ , ∀ ∈]0,  ˜ [ . ∀x ∈ clΩ Ω,r



We now consider case γm = ∞, γM ∈ [0, +∞[ by the following result of [5]. Theorem 0.3. r Let γm = ∞, γM ∈ [0, +∞[. Let a satisfy (4), (5). Let the superposition operator FGi defined by (8) be real analytic in C 0,α (∂Ωi , Rn ). Assume that the limiting boundary value problem consisting of (9), (15), and of div (T (ω, Duo )) = 0 in Ωo , T (ω, Duo (x))ν o (x) − a(x)uo (x)  n Z X i i Tlj (ω, Du )νj dσ T (ω, DΓln (ω, x))ν o (x) =− ∂Ωi



l,j=1







Z



+a(x) Γn (ω, x)



i



i



T (ω, Du )ν dσ



 + γM g(x)



∀x ∈ ∂Ωo ,



∂Ωi



where Γln (ω, ·) ≡ (Γln,j (ω, ·))j=1,...,n , and of (11), (12), has at least a solution 1,α (w˜ i , w˜ o ) in Cloc (Rn \ Ωi , Rn ) × C 1,α (clΩo , Rn ). Let Hi be the matrix valued function on ∂Ωi defined by the right hand side of (16) with v˜i replaced by w˜ i . (ω+2) R Hi dσ is invertible. If n = 2, we assume that the matrix I − 4π(ω+1) ∂Ωi If n ≥ 3, we assume that −Hi satisfies assumptions (4), (5) on ∂Ωi . Then there exist 0 ∈]0, 0 [ and a family {u(, ·)}∈]0,0 [ such that u(, ·) belongs to C 1,α (clΩ(), Rn ) and solves (7) for all  ∈]0, 0 [, and such that the R o family { γ() ˜ i )ν i dσ+ n−1 u(, ·)}∈]0,0 [ converges in clΩ \{0} to Γn (ω, ·) ∂Ωi T (ω, D w w˜ o (·), and such that condition (17) with v˜i replaced by w˜ i holds. Moreover, the following two statements hold. ˜ be a bounded open subset of Ωo \{0} such that 0 ∈ ˜ Then there (i) Let Ω / clΩ. 0 2 exist Ω˜ ∈]0,  [, and an open neighborhood UγM in R of (γM , 1 − δ2,n ),



7



˜ Rn ) such and a real analytic operator UΩ˜ of ]−Ω˜ , Ω˜ [×UγM to C 1,α (clΩ, that (13) holds, and such that   γ() −δ2,n ΞM,n () ≡ ∈ UγM , (log ) n−1 for all  ∈]0, 0 [, and such that u(, x) =



n−1 U ˜ [, ΞM,n ()](x) γ() Ω



˜ , ∀ ∈]0,  ˜ [ . ∀x ∈ clΩ Ω



˜ be a bounded open subset of Rn \clΩi . Then there exist  ˜ ∈]0, 0 [, (ii) Let Ω Ω,r and an open neighborhood UγM in R2 of (γM , 1−δ2,n ), and a real analytic r,j n map UΩ˜r,1 of ] − Ω,r ˜ , Ω,r ˜ [×UγM to R , and real analytic maps UΩ ˜ for 1,α ˜ Rn ) such that (14) holds and j = 2, 3 of ] − Ω,r (clΩ, ˜ , Ω,r ˜ [×UγM to C such that u(, x) = δ2,n



 log  r,1  UΩ˜ [, ΞM,n []] + UΩ˜r,2 [, ΞM,n []](x) γ() γ() n−1  ˜ , ∀ ∈]0,  ˜ [ . U r,3 [, ΞM,n []](x) ∀x ∈ clΩ + Ω,r γ() Ω˜
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