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Counting Methods Practice (Solutions) 1. How many zip codes are possible using. . . (a) The old style (five digits)? Solution: 10 × 10 × 10 × 10 × 10 = 100, 000 (b) The new style (nine digits)? Solution: 10 × 10 × 10 × 10 × 10 × 10 × 10 × 10 × 10 = 1, 000, 000, 000 (c) Why do you think the U.S. Postal Service introduced this new system? Solution: There are way more possible zip codes with the new system! (d) How many five-digit codes are possible if the first digit must be odd? Solution: There are 5 odd digits. 5 × 10 × 10 × 10 × 10 = 50, 000 (e) What is the probability that a randomly chosen five-digit code has an odd first digit? Solution: P (First Digit Odd) =



50, 000 n(First Digit Odd) 1 = = n(Total Zip Codes) 100, 000 2



(f) What is the probability that a randomly chosen five-digit code has 9 as its first digit, 8 as its second digit, and 3 as its last digit? Solution: There is only 1 way to have 9 as the first digit, 1 way to have 8 as the second digit, and 1 way to have 3 as the last digit: 1 × 1 × 10 × 10 × 1 = 100. P =



100 1 = 100, 000 1, 000



2. Standard license plates in the state of Minnesota have three letters followed by three digits. (a) How many possible plates exist?
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Solution: 26 × 26 × 26 × 10 × 10 × 10 = 17, 576, 000 (b) How many plates exist if neither digits nor letters can be repeated? Solution: 26 × 25 × 24 × 10 × 9 × 8 = 11, 232, 000 (c) How many plates exist if the only restriction is that letters and numbers cannot be adjacently placed? (Ex: FRF-181 is okay, but FFR-118 is not.) Solution: 26 × 25 × 25 × 10 × 9 × 9 = 13, 162, 500 (d) What is the probability of choosing a random license plate whose letters spell out the word “DAB”? Solution: 1 × 1 × 1 × 10 × 10 × 10 = 1, 000 P =



1, 000 1 = 17, 576, 000 17, 576



(e) What is the probability of choosing a random plate whose letters spell out either “DAB” or “FRY”? Solution: Ways for “DAB” = 1, 000. “FRY”: 1 × 1 × 1 × 10 × 10 × 10 = 1, 000. “DAB” + “FRY” = 2, 000. P =



2, 000 1 = 17, 576, 000 8, 788



(f) How many total possible plates would there be if the Department of Transportation of Minnesota (MnDOT) decided to allow either 3 letters followed by 3 digits or 3 digits followed by 3 letters? Solution: 3 letters followed by 3 digits: 26 × 26 × 26 × 10 × 10 × 10 = 17, 576, 000 3 digits followed by 3 letters: 10 × 10 × 10 × 26 × 26 × 26 = 17, 576, 000 Total possible plates: 17, 576, 000 + 17, 576, 000 = 35, 152, 000
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3. Find the number of ways to draw (from a standard deck of 52 cards) a five-card hand consisting of. . . (a) Any five cards. Solution: Choosing 5 cards from the 52 total cards. Order doesn’t matter, so we want to use combinations. 52 C5 = 2, 598, 960



(b) All Spades. Solution: There are 13 Spades in the deck. So, we want to choose 5 cards from those 13 spades. 13 C5 = 1, 287



(c) Any five cards of the same suit. Solution: This is similar to the last case, but we want to choose 1 of the 4 possible suits first, and then choose 5 cards from the 13 cards in that suit. 4 C1



×



13 C5



= 4 × 1, 287 = 5, 148



(d) Three jacks and two aces. Solution: There are 4 jacks in the deck and 4 aces in the deck. We want to choose 3 of the 4 jacks and 2 of the 4 aces. 4 C3 × 4 C2 = 4 × 6 = 24



(e) three face cards. Solution: Each suit has 3 face cards: a jack, a queen, and a king. This makes 12 total face cards in the deck. We want to choose 3 of these 12 cards. 12 C3



= 220



So there are 84 ways to draw three face cards, but we only have 3 of the 5 cards in our hand. We need to choose 2 more from the remaining 49 cards in the deck. 49 C2



= 1, 176



IB SL Math Studies



Counting Methods Practice - Page 4 of 9



May 12, 2016



Now we just need to multiply these two numbers together. 220 × 1, 176 = 258, 720



4. Suppose that in a cooler is 24 cans of pop: 8 Root Beers, 8 Orange Sodas, and 8 Diet Cokes. If you pull out five pop cans from the cooler at random, find the probability that: (a) All five cans are Root Beer. Solution: We don’t care about the order we pull the cans out of the cooler, so we are going to be using combinations here. Our sample space, U , will be the number of ways to draw 5 cans out of the cooler of 24 cans. n(U ) = 24 C5 = 42, 504 Now we need to find the number of ways to choose 5 Root Beers. Let E be the event that we draw 5 cans of Root Beer. There are 8 cans of Root Beer in the cooler, so we want the number of ways to choose to choose 5 of those 8 cans. n(E) = 8 C5 = 56 Therefore the probability of choosing all 5 cans as Root Beer is. . . P (E) =



n(E) 56 13 = = n(U ) 42, 504 10, 626



(b) All five cans are either Orange Soda or Diet Coke. Solution: You can interpret this question in more than one way: 1. All five cans are Orange Soda OR all five cans are Diet Coke (all 5 of one type). 2. All five cans are Orange Soda or Diet Coke (can be mixed together). I’ll find the probability of both ways. Interpretation 1 The number of ways to get 5 cans of the same type was already found in (a): 8 C5 = 56. So we just need to add the ways to get all Orange Soda, 56, to the ways to get all Diet Coke, 56. 56 + 56 = 112
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So, then the probability must be: 2 112 = 42, 504 759 Interpretation 2 In this interpretation we want to choose 5 cans from the 16 cans that are Orange Soda or Diet Coke. There are 16 C5 = 4, 368 ways to do this. Therefore, the probability is: 4, 368 26 = 42, 504 253



(c) All five cans are of one kind. (The kind is not specified.) Solution: This is similar to part (a), but now we need to take into account that there are three different types of pop in the cooler. How I think about this is first we need to choose a type of pop, which can be done in 3 C1 = 3 ways, and then once the flavor is chosen, we choose 5 cans from the 8 cans of that flavor, which can be done in 8 C5 = 56 ways. Putting this together we get that there are one kind. Therefore, the probability is. . .



3 C1



× 8 C5 = 168 ways to select five cans of



1 168 = 42, 504 253



5. Find the probability of drawing a seven-card hand with. . . (a) No aces. Solution: First off, since we are solving for probabilities, we want to determine the size of our sample space. Our sample space, U , will consist of all possible 7-card hands we can be dealt from a deck of 52 cards. So, we want to find the number of ways we can choose 7 of the 52 cards to be dealt to us. n(U ) = 52 C7 = 133, 784, 560 We know that there are 4 aces in a regular deck of cards (one ace of each suit). Therefore, there are 48 cards that are not aces in the deck. We want to choose 7 of these 48 cards. If E is the event that we get no aces, then. . . n(E) =



48 C7



= 73, 629, 072
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Therefore, the probability of E, being dealt a 7-card hand with no aces is. . . P (E) =



73, 629, 072 4, 257 n(E) = = n(U ) 133, 784, 560 7, 735



(b) Exactly one ace. Solution: Our sample space is the same as in (a). In this situation we want to find the number of ways to be dealt one ace and 6 other cards that are not aces. The number of ways to be dealt one ace is 4 C1 = 4. We want the other 6 cards to not be aces, so there are 48 cards in the deck to choose from. We want to choose 6 from those 48 cards: 48 C6 = 12, 271, 512. Therefore, if we let E be the event of getting dealt exactly 1 aces, n(E) = 4 C1 ×



48 C6



= 4 × 49, 086, 048



This makes the probability of getting dealt exactly one ace P (E) =



n(E) 49, 086, 048 2, 838 = = n(U ) 133, 784, 560 7, 735



(c) Exactly two aces. Solution: This situation is very similar to the last situation in (b), except this time we want to choose 2 aces from the 4 aces and we want to choose 5 cards from the 48 non-aces in the deck. Let E be the event of being dealt a hand with exactly 2 aces. n(E) = 4 C2 ×



48 C5



= 6 × 1, 712, 304 = 10, 273, 824



Therefore, the probability of being dealt a hand with exactly 2 aces is. . . P (E) =



n(E) 10, 273, 824 594 = = n(U ) 133, 784, 560 7735



(d) At least one ace. Hint: P (at least one ace) = 1 − P (¬(at least one ace))
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Solution: What the hint is getting at is that we know that the probability of some event E happening added to the probability of its complement, E 0 , must equal 1: P (E)+P (E 0 ) = 1. Some times it is easier to compute the complement of an event than the even itself. If E is the event of there being at least one ace dealt to us (notice that this means there could be 1, 2, 3 or 4 aces in our hand), then E 0 would be the event of there being 0 aces in our hand. We’ve already found the probability of getting no aces in our hand in part (a). So. . . P (E 0 ) =



4, 257 7, 735



We’ll just subtract this number from 1 and then we’ll have our answer! P (E) = 1 − P (E 0 ) = 1 −



4, 257 3, 478 = 7, 735 7, 735



6. A bird owner owns 10 Macaws, 13 African Greys, 7 Cockatoos, and 9 Amazons. She must organize a committee of 12 birds to test brand new toys for the Crazy Bird Company. In how many ways can she organize this committee if it must contain 3 birds of each type?



Solution: As soon as you see the word “committee” you know that you need to use combinations. Since we want to have 3 birds from each type, we will be choosing 3 birds from the number of birds in that category. Remember, you can use Pascal’s Triangle to find these! • Choosing Macaws:



10 C3



• Choosing African Greys:



= 120 13 C3



= 286



• Choosing Cockatoos: 7 C3 = 35 • Choosing Amazons: 9 C3 = 84 To find the total way we could organize the committee, then, we need to multiply all of these together. 10 C3 × 13 C3 × 7 C3 × 9 C3 = 120 × 286 × 35 × 84 = 100, 900, 800 That’s a lot of different bird committees to choose from! 7. There are 15 baby cockatiel birds in a large cage. Seven are yellow, while the rest are grey. If you randomly take 5 cockatiels out of a cage, what is the probability that. . .
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(a) None are yellow? Solution: Since we are finding probabilities, first we want to determine the sample space, U . The sample space consists of all the ways we can choose 5 cockatiels from the cage. So, we want to choose 5 cockatiels from the 15 total cockatiels: n(U ) =



15 C5



= 3, 003.



Now we want to figure out the number of ways that we can choose 5 cocaktiels so that none of them are yellow, that is, so that all 5 cockatiels are grey. Let’s let E be the event that none of the 5 cockatiels selected are yellow. Since 7 cockatiels are yellow, the other 8 must be grey. Therefore, for E, we want to to find the number of ways to choose 5 of those 8 cockatiels. n(E) = 8 C5 = 56 So, now, the probability of none of the cockatiels being yellow must be P (E) =



56 8 n(E) = = n(U ) 3, 003 429



(b) At least one of them is yellow? Solution: Let E be the event that at least one cockatiel is yellow. Then, E 0 must be the event that none of the Like in the solution for 7(d), we can find the probability that at least one of the cockatiels is yellow by subtracting the probability that none of the cockatiels is yellow from 1: P (E) = 1 − P (E 0 ). We found in part (a) that P (E 0 ), the probabilitiy that none of the cockatiels is yellow, is 8 . 429 Therefore, the probability that at least one of the cockatiels selected is yellow is given by. . . P (E) = 1 − P (E 0 ) = 1 −



8 421 = 429 429



8. A multiple-choice test has 20 questions, each of which is worth 5 points. Each question has 5 possible answers. (a) In how many ways can the test be finished?
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Solution: There are 5 ways to answer each question and there are 20 questions. Therefore the number of ways to answer the test is 520 = 95, 367, 431, 640, 625 . (b) What is the probability that a person receives 100 points by guessing randomly? Solution: To receive 100 points one must answer every question correctly. There is only one way to answer the test correctly, therefore the probability must be. . . P =



1 95, 367, 431, 640, 625



There is a pretty low chance of getting a 100 by randomly guessing! (c) What is the probability that a person receives no points by guessing randomly? Solution: There are 4 ways to answer each question incorrectly. Therefore, when randomly guessing, the probability of guessing incorrectly on each question is 45 . Since there are 20 questions, the probability of answering all 20 questions incorrectly is. . .  20 2, 099, 511, 627, 776 4 = 5 95, 367, 31, 640, 625
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