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共Received 8 March 2007; accepted 1 June 2007; published online 24 August 2007兲 In this paper, we consider the spatiotemporal dynamics in a ring of N mutually coupled selfsustained oscillators in the regular state. When there are no parameter mismatches, the good coupling parameters leading to full, partial, and no synchronization are derived using the properties of the variational equations of stability. The effects of the spatial dimension of the ring on the stability boundaries of the synchronized states are performed. Numerical simulations validate and complement the results of analytical investigations. The influences of coupling parameter mismatch on the forecasted stability boundaries are also highlighted. © 2007 American Institute of Physics. 关DOI: 10.1063/1.2752490兴 The rhythm emitted by a self-sustained system is entirely determined by its internal properties. This rhythm is maintained by an internal source of energy that compensates the dissipation in the system. Such a system can then be described by a stable limit cycle. A network of such systems is of interest for technological applications in industries and for the understanding of biological processes involving self-sustained behavior. Thus, we consider a ring of N mutually coupled self-sustained systems modeled by the van der Pol oscillators. We use analytical methods based on the transverse Fourier transform diagonalization, the Whittaker method, and Floquet theory in order to forecast the stability boundaries of the synchronized states. When there are no parameter mismatches, these stability boundaries are evaluated and compared to the numerical results obtained through the fourth-order Runge-Kutta algorithm. When there are mismatches between coupling parameters, numerical simulations enable us to investigate their consequences on the stability boundaries predicted. Some potential applications of the study are given. I. INTRODUCTION



The synchronization phenomena are widespread in nature, arising in diverse areas of science, which include physics, chemistry, engineering, astronomy, and biology.1 Their study is often done through low-dimensional coupled nonlinear systems whose temporal behavior is periodic or chaotic. a兲
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But since many physical, chemical, or biological systems of interest as fluid flows or functional units in pacemakers of human hearts require to account the high dimension of the system to be investigated, spatially extended systems are then of great interest and that can well explain the greatest effort devoted to spatiotemporal problems nowadays. In that path, one of the most investigated types of spatially extended system is the coupled map lattice 共CML兲, which is basically composed by a local dynamical unit that undergoes discrete temporal evolution interacting with other units through a given coupling precision. In such a model, both space and time are discrete variables but with a continuous state variable.2 When nearest neighbors coupling is considered, the CML can be used to describe a chain of spheres or pendula linked via soft springs.3,4 On the other hand, when the interaction strength decays slowly with the distance along the lattice, as in the case of nonlocal coupling, CMLs are used in models of assemblies of biological cells with oscillatory activity when their interaction is mediated by some rapidly diffusing chemical substance.5 Apart from these two types of couplings above, attention has also been focalized in CML to the intermediate range couplings that consider a finite number of non-nearest neighbors, usually with the same weight,6 and also to the infinite range coupling as power-law coupling. In this last scheme of coupling, the coupling strength decays with the lattice distance r as a power law r␣, where ␣ stands for a real parameter expressing the effective range of the interaction between sites. Such type of coupling has been proposed in models of some biological neural networks7 and has also been used recently to perform the synchronization properties of a one-dimensional chain of coupled van der Pol oscillators.8
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FIG. 1. Ring of N mutually coupled van der Pol oscillators.



However, there is a lack of ability for CMLs to relate their quantitative features to the measurable properties of real physical systems. That is why the interest encountered in coupled identical maps is now switching towards the analysis of coupled continuous time systems, which have a more direct connection with the properties of real systems. From these studies have emerged some remarkable parallels between the observed symmetries of gaits, the network of symmetrically coupled cells with and without diffusive interaction in regular and chaotic states, and generalities of coupled nonlinear differential equations.9–15 The case where the oscillators display self-sustained oscillations is also of great interest since it possesses a mechanism to damp oscillations which grow too large and also a source of energy that pumps those which become too small. In that spirit, we have studied the synchronized states in a ring of four electrical oscillators described by the mutually coupled van der Pol equations.16 The Floquet theory and the Whittaker method have been used to analyze the stability of the synchronization in the ring. The effects of a locally injected signal on the stability boundaries of the synchronized states have been also found and a stability map displaying domains of synchronization drawn. Recently, these results have been experimentally validated and the consequences of parameter mismatch also highlighted.17 Our aim here is to extend the previous study to more than four oscillators in order to improve our understanding of large networks constituted of self-sustained oscillators. Therefore, we consider in this paper a ring of N mutually coupled self-sustained oscillators and we aim to deal with its spatiotemporal dynamics in the autonomous states using both analytical and computational investigations.



ring can be built by using TL-082 operational amplifiers and AD-633 multipliers.17 The volt-ampere characteristic of the nonlinear resistor for the kth unit is expressed by a symmetric cubic nonlinearity, which is illustrated by ik = − a1Vk + a3V3k ,



a1,a3 ⬎ 0;



k = 1,2, . . . ,N.



共1兲



This form of nonlinearity was introduced by van der Pol, who considered a lumped oscillator with two degrees of freedom to discuss simultaneous multimode oscillations.18 The system under consideration is described by the following set of dimensionless nonlinear differential equations:16 x¨1 − 共1 − x21兲x˙1 + x1 = K共x2 − 2x1 + xN兲, x¨k − 共1 − x2k 兲x˙k + xk = K共xk+1 − 2xk + xk−1兲, ⯗



⯗



⯗



⯗



⯗,



共2兲



x¨N − 共1 − xN2 兲x˙N + xN = K共x1 − 2xN + xN−1兲. The overdot denotes time derivative, xk represents the amplitude of the voltage at the kth oscillator,  the parameter of nonlinearity 共a positive coefficient兲, and K the coupling parameter.



II. SYSTEM CONFIGURATION AND PROBLEM STATEMENT



The structure considered in Fig. 1 is a ring of N identical, mutually coupled, self-sustained systems described by coupled van der Pol oscillators. Each oscillator consists of a nonlinear resistor NR, an inductor L, and a condenser C, all connected in parallel as depicted in Fig. 2. The coupling between the N identical oscillators is realized here through an inductor Lc 共low-pass oscillators兲, but can also be done with a capacitor 共high-pass oscillators兲. Experimentally, the



FIG. 2. A van der Pol oscillator.
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Here we have just considered the case where each uncoupled oscillator behaves periodically and we aim to understand how a large but finite network of interacting dynamical systems will behave collectively. Since the case where each system possesses a stable limit cycle has turned out to be particularly fruitful, many studies have been inspired by biological example ranging from the mutual synchronization of cardiac pacemaker cells, to rhythmically flashing fireflies and chorusing crickets, to wave propagation in the heart, brain, intestine, and nervous systems 共see Ref. 19 and references therein兲. The investigation of such a system modeled by Eqs. 共2兲 is of interest because of its potential applications. In living systems, for example, the possible physiological significance of this model is that of a narrow tube segment for the duodenum or intestines. The model for the duodenum should comprise a tube of oscillators having cells both around the periphery and along the axes of the tube rather than a onedimensional chain, and thus a ring of oscillators could represent a narrow cross-sectional slice through the duodenum.20,21 The model investigated here can be of interest for the study of some biochemical process. Indeed, it has been found that the biological circadian clock of the fruit fly Drosophila is described by limit cycle oscillations.22 The fact that Goldbeter’s five-variable model has been demonstrated to be a biochemical analog of a van der Pol equation23 indicates that the van der Pol oscillator can serve as a simple model of a biological oscillator for the circadian clock that is characterized by a period of the order of 24 h. In biotechnology, this model can be viewed as a ring of immobilized self-sustained enzymes. Indeed, the use of immobilized enzymes has greatly minimized the cost of production by permitting repeated use of the enzymes and has substantially increased the stability of the enzymes themselves. The enzymes are related to the support and do not migrate in the product, so that one can easily separate them from the product. One can reuse the enzymes several times, which is often necessary to make profitable the process.24 In such a case, the coupling between cells is described by the diffusion of their solute concentration and it is written as the difference in the concentration. Since within each system there are inhibitors 共negative direction of solute flow兲 and promoters 共positive direction of solute flow兲 that determine the direction of the solute flow, it follows that the coupling coefficient can be negative or positive. The model under investigation is also exploited in electronics engineering as a network of parallel microwave oscillators.25,26 Such a network is helpful to investigate the possibility of simultaneous multimode oscillations and, consequently, the stability of several nonresonant modes of oscillations under specific boundary conditions.27 In such a case, when launching the N van der Pol oscillators with a set of N different initial conditions, they will finally circulate on the unique limit cycle but with N diverse phases. Thus, the goal of the synchronization is then to phase lock these oscillators such that their phases will be equal as the time continuously increases.



III. STABILITY ANALYSIS OF THE SYNCHRONIZATION A. Analytical survey



The model is only interesting if the resulting dynamical state is stable. This requires that each of the perturbed trajectories returns to its original limit cycle. The stability of the system can be studied through the linearization of Eqs. 共2兲 around the unperturbed limit cycle xo according to



¨  − 共1 − x2o兲˙  + 共1 + 2xox˙o兲 = K共+1 − 2 + −1兲,



 = 1,2, . . . ,N,



共3兲



where  = x − xo. xo is the classical periodic limit cycle of the uncoupled van der Pol equation. The stability of the synchronized states of that highdimensional equation can be reduced to a more tractable low-dimensional set of variational equations through the idea of synchronization manifold,28 which is a hyperplane where synchronized dynamics is constrained. On such a manifold, the stability of the synchronized states is insured if variations transverse to this manifold decay with time while variations within the synchronization manifold do not affect the stability of the synchronous motions. Thus, transverse Fourier transform diagonalization is used to uncouple these variational equations and to isolate the stability of the synchronization manifold from the transverse directions. Consequently, the variational equations 共3兲 can be rewritten in the following form as shown in the Appendix:



冋



冉 冊册



˙ + 1 + 2x x˙ + 4K sin2 k ¨ − 共1 − x2兲⌰ ⌰ k k o o o N



⌰k = 0, 共4兲



0 ⱕ k ⱕ N − 1.



⌰k represent new variational variables expressed in the diagonal base. The mode k = 0 stands for the longitudinal mode because it governs the dynamics of the system within the synchronization manifold while ⌰k 共k ⫽ 0兲, which decides the linear stability of the perturbation is the transverse mode. Generally in the literature, Lyapunov exponents and Floquet multipliers are, respectively, used for the limit cycle and chaotic cases to establish the stability of motions transverse to the synchronization manifold. But here, our main goal is to extend the analytical tools developed in Ref. 16 via the Whittaker method29 and the Floquet theory29,30 to forecast the stability of such a high-dimensional system. In the case of pure sinusoidal limit cycle, which corresponds to small values of  共0 ⬍   1兲, it comes that the solution xo can be defined as xo = A cos共t − 兲.



共5兲



The values of A, , and  are those used in Ref. 16; that is A = 2.00,  = 0.999, and  = 0.10. Considering the rescaling



 = t − ,



=



 2 共A − 2兲, 4



F共兲 =



A2 cos 2, 2
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G k共  兲 =



冋 冉 冊 冋 冕 册



册



1 2 k − A2 sin 2 , 2 1 + 4K sin  N



⌰k = k exp −



1 2



F共⬘兲d⬘ exp共− 兲,



it comes that the stability process will be discussed through the following set of independent Hill equations:29,30



¨ k + 共aok + 2a1ssin 2 + 2a1ccos 2 + 2a2ccos 4兲k = 0, 共6兲



0 ⱕ k ⱕ N − 1, with the quantities aok =



冋



册



冉 冊



1 2 2  2A 4 2 k 2 1 + 4K sin − − 1兲 − , 共A 16 32 2 N



a1s = −



A2 , 4



a1c = −



冉 冊



 2A 2 A 2 −1 , 82 2



a2c = −



FIG. 3. 共Color online兲 The behavior of Hkn at the second main parametric resonance for N = 10.



 2A 4 · 642



From the expressions of Gk共兲, it appears that if the coupling parameter K belongs to the interval defined as



of the synchronization process is achieved is given as follows: 2 2 Hnk = 共aok − n2兲2 + 2共aok + n2兲2 + 4 − ans − anc ⬎ 0,



共9兲 k = 1,2, . . . ,N − 1.



all the transverse modes will grow indefinitely and therefore instability will take place in the ring. For the reasons of symmetry due to the quantity sin2共k / N兲, we assume throughout this study that N is taken even 共which we consider for convenience兲. Thus, all modes are unstable for K 苸 兴 − ⬁ , −0.25关 within which they are out from the transverse manifold. It should be stressed that the stability boundaries of the system depend only on the size of the ring 共namely, the parameter N兲 and the coupling parameter K. These stability boundaries are to be found around the two main parametric resonances defined at aok = n2 共n = 1 , 2兲. According to the Floquet theory,29,30 the transverse modes may decay to zero or grow to infinity and, consequently, their stability could be decided for some ranges of the coupling parameter K. Thereby, the Whittaker method29 is called to discuss the unstable solutions by assuming that each solution of Eqs. 共6兲 at the nth unstable domain is defined as



k = e



␣k



sin共n − 兲,



共7兲



with ␣k being the characteristic exponents and  a parameter. When the solution 共7兲 is coupled with Eqs. 共6兲, it comes after equating both coefficients of sin n and cos n separately to zero that the characteristic exponents have the following expressions: 2 2 ␣2k = − 共aok + n2兲 + 冑4n2aok + ans + anc .



共8兲



In order to realize the stability of the synchronization process, the Fourier modes must belong to the transverse manifold and go to zero when the time is increased. Thus the real part of − ± ␣k should be negative. Taking into account that  is a positive real, the stability condition is then reduced to 2 ⬎ ␣2k . Accordingly, the condition under which the stability



In the second main parametric resonance 共n = 2兲, the above criteria are always satisfied 共H2k ⬎ 0兲. In order to show clearly how this is valid, we have plotted in Fig. 3 the behavior of H2k for N = 10 and one can observe that H2k ⬎ 0 for all the modes. The validity of these criteria for N = 20 and N = 30 has also been checked and similar behaviors have been obtained. The stability analysis of the synchronization process is reduced in the first parametric resonance 共n = 1兲 through the expression H1k for the coupling strength K continuously increasing from −0.25 to +⬁. The presence of the quantity sin2共k / N兲 in the expression of aok allows us to tackle the stability of the modes just from k = 1 to k = N / 2. When the coupling is turned off, i.e., K = 0, the system is uncoupled and the Fourier modes are lying on the synchronization manifold. But as soon as the coupling parameter is turned on, i.e., K ⫽ 0, the stability of the modes, whose velocities are defined as vk =



冉 冊



4 2 k , 2 sin  N



k = 1,2, . . . ,N − 1,



共10兲



is submitted to the realization of H1k . Thus, for a given value of N, three main dynamical states can be developed into the ring when K varies. First, the ring will be considered as fully synchronized 共FS兲 or in complete synchronization if all H1k are positive. In such a case, all oscillators are phase locked since they display the same dynamics, and therefore, the ring is in the complete synchronization state. Second, if some H1k remains positive while others become negative, the ring is partially synchronized 共PS兲 and clusters are observed. In such a state, all clusters show different dynamics while within each of them, the oscillators are phase locked. Third, and lastly, if all H1k are negative, there will be no synchronization 共NS兲. In such a domain, the oscillators continuously drift away from
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their original limit cycles. This occurs because the restoring force turns out to be repelling and the cycle loses its attraction character of the distributed trajectory. Throughout this a a a 共N兲, DFS 共N兲, and DPS 共N兲 will refer to as analytisurvey, DNS cal domains of instability 共where no synchronization is possible兲, full synchronization, and partial synchronization, respectively, for a given number of oscillators. In order to seek the effects of the space dimension 共represented here by the number N of the oscillators兲 on the stability boundaries of the synchronization process, three values of N are chosen arbitrarily and the following results are obtained. In the case where the ring is composed of N = 10 oscillators, these domains are a 共N DFS



= 10兲 = 兴 − 0.250,− 0.0057 兴 艛 关0.0206, + ⬁ 关,



a 共N = 10兲 = 关− 0.0056,− 0.0006兴 艛 关0.0020,0.0205兴, 共11兲 DPS a 共N = 10兲 = 兴 − 0.0006,0 关 艛 兴 0,0.0020关. DNS a 共N = 10兲, all the transverse modes ⌰k will decay to Within DFS zero as time goes on. In that situation, the ring is fully synchronized and all of the modes are within the synchronizaa 共N tion manifold. On the other hand, for any K within DPS = 10兲, the PS or clustering is displayed. Such a situation can be explained by the fact that some of the Fourier modes begin to move out continuously from the domain of complete synchronization and enter in the transverse synchronization manifold, where variations transverse to the synchronization manifold do not decay with time 共H1k ⬍ 0兲, while the other modes remain within the synchronization manifold 共H1k ⬎ 0兲. The first mode that leaves the synchronization manifold is the fastest one 共vN/2兲, while the slowest mode 共v1兲 is the last one that enters in the transverse synchronization manifold. Accordingly, the network of oscillators cleaves into subgroups, called clusters, such that all oscillators within one cluster move in perfect synchrony but the motions of different clusters are not synchronized at all. As K increases in that area, four subdomains are found as follows: a 共N = 10兲 = 关− 0.0056,− 0.00160兴 艛 关0.0057,0.0205兴, DPS1 a 共N = 10兲 = 关− 0.00150,− 0.0009兴 艛 关0.003,0.0056兴, DPS2



共12兲 a DPS3 共N = 10兲 = 兴 − 0.0009,− 0.0006 关 艛 兴 0.0022,0.0030 关 , a 共N = 10兲 = 关0.0020,0.0021兴. DPS4 a a a 共N = 10兲, DPS2 共N = 10兲, DPS3 共N In these subdomains DPS1 a = 10兲, and DPS4共N = 10兲 are found, respectively, 7, 5, 3, and 1 linearly stable Fourier modes. a 共N = 10兲, the Fourier modes increase For any K 苸 DNS continuously, or possess a bounded oscillatory behavior, but never go to zero with increasing time. In other words, all the Fourier modes belong to the transverse synchronization manifold in such a domain since all of them have already left the domain of full synchronization. We have also considered the case where 20 and 30 oscillators have been enrolled in the process and the following results are obtained, respectively:



Chaos 17, 033109 共2007兲 a DFS 共N = 20兲 = 兴 − 0.250,− 0.0222 关 艛 兴 0.0800, + ⬁ 关 , a DPS 共N = 20兲 = 关− 0.0222,− 0.0006兴 艛 关0.0020,0.0800兴, 共13兲 a DNS 共N = 20兲 = 兴 − 0.0006,0 关 艛 兴 0,0.0020 兴 , a DFS 共N = 30兲 = 兴 − 0.250,− 0.0494 关 艛 兴 0.1792, + ⬁ 关 , a 共N = 30兲 = 关− 0.0494,− 0.0006兴 艛 关0.0020,0.1792兴, 共14兲 DPS a DNS 共N = 30兲 = 兴 − 0.0006,0 关 艛 兴 0,0.0020 关 . a 共N = 10兲, Following the comparison of the domains DPS a a DPS共N = 20兲, and DPS共N = 30兲, it can be noticed that the range, where clusters emerge in the ring, increases with the size of N. But some of these clusters are of less interest since they occur just for a single value or for a small range of the coupling parameter K. For example, when the ring possesses N = 20 oscillators, 1, 2, 3, 4, and 5, stable Fourier modes a emerge within the domain DPS 共N = 20兲, respectively, for K = 0.0020, K = 0.0021, K = −0.0006艛 关−0.0022, 0关 艛兴0 , 0.0024兴, K 苸 关−0.0008, −0.0007兴 艛 关0.0025, 0.0029兴, and K 苸 关−0.0010, −0.0009兴 艛 关0.0030, 0.0039兴. From the analytical investigation, one can notice that as N increases, the domain of FS is reduced. Such a situation can be explained by the fact that as the number of oscillators involved in the system increases, the degrees of freedom become increasingly important. Therefore, a high value of the coupling force K is required in order to overcome the constraints.



B. Results of the numerical simulations



In order to check the validity of the above analytical results, we have solved numerically Eqs. 共2兲 using the fourth-order Runge-Kutta algorithm. Numerically, the FS state is achieved if all the oscillators of the system are in synchrony. This means that the synchronized state defined by the N constraints x1 = x2 = x3 = ¯ = xN, with the precision or tolerance h = 10−3, are in the synchronization manifold and therefore the stability of the process is realized. For higher accuracy, the duration of the simulation has been extended to n n n 共N兲, DPS 共N兲, and DNS 共N兲 will refer to as nu105. Here, DFS merical ranges where full, partial, and no synchronization are realized, respectively. It should be underlined that in the regions where PS are found, degenerated FS can be obtained, closely to the choice of initial conditions and the number of oscillators which are taken into account during the process. This result is similar to that obtained by Chembo and Woafo in the study of transitions from spatiotemporal chaos to cluster and complete synchronization states in a shift-invariant set of coupled nonlinear oscillators.31 From the above numerical criterion, the following results have been obtained for N = 10, N = 20, and N = 30. In the first case, where the ring is composed of N = 10 oscillators, one finds that the full synchronization, partial synchronization, and no synchronization states are, respectively, achieved for the ranges of K, obtained as
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FIG. 4. 共Color online兲 The boundaries for full synchronization in the parametric plan N共K兲.



n DFS 共N = 10兲 = 兴 − 0.2480,− 0.0088 关 艛 兴 0.0209, + ⬁ 关 ,



n DNS 共N = 20兲 = 关− 0.0210,0 关 艛 兴 0,0.0180兴



艛 关0.0330,0.0640兴. n 共N DPS



= 10兲 = 关 − 0.0088,− 0.0060 关 艛 兴 0.0074,0.0209 兴 , 共15兲



n 共N = 30兲 = 兴 − 0.2490,− 0.0880 关 艛 兴 0.1950, + ⬁ 关 , DFS



n 共N = 10兲 = 关− 0.0006,0 关 艛 兴 0,0.0074兴. DNS



As soon as the number of oscillators in the ring increases, one still observes the three main dynamical states above but for different ranges of K. For instance, in the case where the ring is composed of N = 20 oscillators, these dynamical states are obtained as follows: n 共N = 20兲 = 兴 − 0.2480,− 0.0380 关 艛 兴 0.0856, + ⬁ 关 , DFS



n DPS 共N = 20兲 = 关 − 0.0380,− 0.0210 关 艛 兴 0.0180,0.0330关



艛 兴 0.0640,0.08560兴,



At least when 30 oscillators constitute the network, all the oscillators are, respectively, in synchrony, clustering, and in the instability states for the following domains:



共16兲



n DPS 共N = 30兲 = 关− 0.0880,− 0.0310兴 艛 关0.0080,0.0140兴



艛 关0.101,0.1950兴,



共17兲



n DNS 共N = 30兲 = 兴 − 0.0310,0 关 艛 兴 0,0.0080 关



艛 兴 0.0140,0.101 关 . From these numerical results, it comes that some clusters that have been derived analytically have not emerged from a direct numerical resolution of Eqs. 共2兲. Such situations can be explained by the fact that some clusters observed during



FIG. 5. 共Color online兲 The Lyapunov exponent showing the lack of chaos in the system when N = 10.



Downloaded 17 Oct 2007 to 130.34.163.65. Redistribution subject to AIP license or copyright, see http://chaos.aip.org/chaos/copyright.jsp



033109-7



Spatiotemporal synchronization dynamics



the analytical treatment were very unstable since they were defined just for a single value or an extremely short range of the coupling coefficient K. On the other hand, some ranges of clusters and instability not forecasted analytically are present during numerical simulations. Concerning these subdomains of instabilities and clusters, one believes that their occurrence comes from the nonlinear terms we have discarded in the variational equations 共3兲. Nevertheless, in spite of the presence of such subdomains, the analytical investigation gives a good indication on the range of K to foretell the three main dynamical states in the network studied here and, additionally, there is a good assent between both numerical and analytical results as one can observe in Fig. 4, which displays the stability boundaries of the three main dynamical states. In that figure, plotted for K 苸 兴 − 0.25, 0.30兴, the analytical boundaries are denoted by line while the numerical results are denoted by line points. It should be stressed that for each of these main dynamical states, all the oscillators are in the regular state and thus, there is no chaos in the ring. This is shown in Fig. 5 through the Lyapunov exponent, one of the main elements which characterizes existence of chaos in a system. Indeed, a chaotic behavior corresponds to a positive Lyapunov exponent while from that figure, depicted for N = 10, the Lyapunov exponent is always negative for each set of the coupling parameter belonging to each of the three main dynamical states. When N = 20 and N = 30, it should be underlined that negative Lyapunov exponents have been also obtained 共data not shown兲. In order to illustrate our results, let us show graphically some space-time-amplitude diagrams that display some features mentioned during our survey for some values of the coupling strength taken in the areas of the three main dynamical states found. When considering the domain of instability, we find in Fig. 6, respectively, for N = 10, N = 20, and N = 30 that no synchronization is possible. But in Fig. 7 represented for N = 10, N = 20, and N = 30, it is found that after the transition time, which varies with the size of the network, oscillations generated by the network behave in perfect synchrony since the constraints x1 = x2 = x3 = ¯ = xN are satisfied. Figure 8 shows clusters synchronization for N = 10, N = 20, and N = 30, and one can observe that the number of clusters increases with N. To illustrate the situation where degenerated FS is obtained from the area of PS we have plotted in Fig. 9 the behavior of the ring for two different sets of initial conditions when N = 20, and it appears that the ring can switch from one dynamical state 共clustering兲 to another one 共full synchronization兲 without changing any physical parameters in the device. Such a situation may be useful, since one can control the process behavior in order to produce a desired output without changing any physical parameters of the system but only the set of initial conditions. All previous results have been obtained when there is no parameter mismatch between oscillators in the ring. Nevertheless, since parameter mismatches are encountered in real systems, it sounds interesting to also consider such a case. In a biological system, for example, parameter mismatch can be related to the complexity of enzymatic reactions included in the coupling process. Indeed, due to some internal parameters of the system, the coupling strength can sometimes be-
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FIG. 6. 共Color兲 Space-time-amplitude plots showing the instability in the system: 共a兲 N = 10, K = −0.30; 共b兲 N = 20, K = −0.0002; and 共c兲 N = 30, K = −0.25.



have nonidentically between the oscillators enrolled in the process. In that event, it might happen that the nearestneighboring oscillators are coupled to a considered oscillator through a same or different energy of activation due to a
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FIG. 7. 共Color兲 Space-time-amplitude plots showing the full synchronization: 共a兲 N = 10, K = 0.30; 共b兲 N = 20, K = −0.10; and 共c兲 N = 30, K = 0.70.



conformational spread.32,33 Such nonidentical coupling coefficients are considered by assuming that the coupling strength can vary randomly in between the oscillators. For instance, this can be done when replacing in Eqs. 共2兲 the
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FIG. 8. 共Color兲 Space-time-amplitude plots showing the clusters synchronization: 共a兲 N = 10, K = −0.0075; 共b兲 N = 20, K = 0.020; and 共c兲 N = 30, K = −0.05.



coupling parameter by K0 + K ⫻ random. In the case where K0 = 0.1K, we obtain from numerical simulations that the full, partial, and no synchronization states are now available in the system for the following range of K:
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ˆ n 共N = 10兲 = − 0.2480,− 0.0015关 艛 兴0.0145, + ⬁ 关, D FS ˆ n 共N = 10兲 = 关− 0.0015,− 0.0004关 艛 兴0.0133,0.0145兴, D PS



共18兲



ˆ n 共N = 10兲 = 关− 0.0004,0 关 艛 兴 0,0.0133兴, D NS ˆ n 共N = 20兲 = 兴 − 0.2470,− 0.0071 关 艛 兴 0.0576, + ⬁ 关 , D FS ˆ n 共N = 20兲 = 关− 0.0071,− 0.0024关 艛 兴0.0523,0.0576兴, D PS



共19兲



ˆ n 共N = 20兲 = 关− 0.0024,0 关 艛 兴 0,0.0523兴, D NS ˆ n 共N = 30兲 = 兴 − 0.2474,− 0.1257 兴 艛 兴 − 0.0910,− 0.0170 关 艛 兴 0.1300, + ⬁ 关 , D FS ˆ n 共N = 30兲 = 关− 0.0170,− 0.005兴 艛 关0.005,0.008兴 艛 关0.011,0.0170兴 艛 关0.0620,0.1040兴 艛 关0.1160,0.1300兴, D PS



共20兲



ˆ n 共N = 30兲 = 兴 − 0.1257,− 0.0910 兴 艛 兴 − 0.005,0 关 艛 兴 0,0.005 关 艛 兴 0.008,0.011 关 D NS 艛 兴 0.0170,0.0620 关 艛 兴 0.1040,0.1160 关 .



By comparing the results appearing in Eqs. 共15兲–共17兲 to those of Eqs. 共18兲–共20兲, we notice that in spite of the coupling parameter mismatch, which contributes to increasing the range of instability, and slightly those of complete synchronization and clustering states as N increases, the three main dynamical states, FS, PS, and NS, remain available within the ring. IV. CONCLUSION



In this paper, we have studied the spatiotemporal dynamics in the ring of N mutually coupled self-sustained systems modeled by the van der Pol oscillators. Using the transverse Fourier diagonalization, the stability analysis has enabled us to derive a set of independent Hill’s equations from which the Floquet theory and the Whittaker method have helped to forecast analytically the three main dynamical states able to be displayed by such a model. The analytical approach developed here has been confirmed by numerical simulations. It should be stressed the possible existence of degenerated FS states in the region where clustering is found, depending on the initial conditions and number of oscillators. One should also emphasize from our results that the domains where synchronous activities occur are reduced while the range of cluster synchronization increases when the spatial dimension N of the ring becomes more and more important. Our results suggest that in the case of self-sustained cells, both inhibitory 共K ⬍ 0兲 and excitatory 共K ⬎ 0兲 cells are involved in the synchronization process. The critical value of the coupling strength obtained suggests, for instance, that even if the inhibitory cells can contribute to the achievement of the phase-locking process, there is a forbidden area within which they inhibit any synchronized states and lead, rather, the system to an unstable state for any number of cells



present in the network. To determine such a critical boundary is helpful for avoiding instability and the loss of synchronization. Indeed, the time during which enzymes are not stable in the model under investigation corresponds to the period where they are not able to take part in a reaction process because of the modification of their structures. Thus, the product of reaction cannot be obtained or is not sufficiently available. Such a situation is, for instance, catastrophic in biochemistry for glycolic oscillations in muscle. The state of synchronization corresponds to the instant where the wave signal emitted appears to be more powerful for any considered system. On the other hand, states of cluster synchronization 共clustering兲 displayed by the model is also of interest since they correspond to the situation where many subunits within the network are synchronized but their different motions are not. Such situations have potential implications in automation engineering. The influence of parameter mismatch in the ring has been investigated and we noticed that even if the stability boundaries of the FS and PS change slightly with increasing N, while those of the NS increases, the three main dynamical states remain available. An interesting survey will be to consider the delay effect between the dynamics of oscillators. To handle the case where one oscillator interacts with all the others could also help to improve these preliminary results.



APPENDIX: DIAGONAL TRANSFORMATION OF THE VARIATIONAL EQUATIONS „3…



The set of Eqs. 共2兲 can be rewritten as follows:
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¨  = 共1 − xs2兲˙  − 共1 + 2xsx˙s兲 N



+ K 兺 D⌿兩共x1,x2, . . . ,xN兲兩xs , =1



共A3兲



where  = x − xs, while D is the differential operator acting on coordinates of the th oscillator. Because of the coupling shift invariance, relation 共A2兲 can be exploited to express all the derivatives D⌿共x1 , x2 , . . . , xN兲xs in terms of the derivative of ⌿0共x1 , x2 , . . . , xN−1兲. Thus, Eqs. 共A3兲 become N−1



¨  = ⌼˙  + ⌫ + K 兺 D−⌿0兩共x0,x1, . . . ,xN−1兲兩xs , =0



共A4兲



where ⌼ = 共1 − xs2兲,



⌫ = − 共1 + 2xsx˙s兲.



By defining the following backward sequence: 共⌿兲N−1 =0 = 共兩⌫ + KD0⌿0兩xs,兩KDN−1⌿0兩xs, 兩KDN−1⌿0兩xs, . . . ,兩KD1⌿0兩xs兲,



共A5兲



the variational equations 共A4兲 can be expressed in the form of the discrete circular convolution, N−1



¨  =



兺 ⌿− + ⌼˙ ,



 = 0,1, . . . ,N − 1.



=0



共A6兲



We now introduce the discrete Fourier transforms 共DFT兲 of the sequence 共A5兲 and the sequence 共0 , 1 , . . . , N−1兲 as follows: ⌽k = FIG. 9. 共Color兲 Space-time-amplitude plots showing transition from partial synchronization 共a兲 to complete synchronization 共b兲 for two different sets of initial conditions.



⯗



⯗



⯗,



⌿ e 冑N 兺 =0 1



2ik/N



共A7兲



,



N−1



 e 冑N 兺 =0



2ik/N



N−1



x¨2 = 共1 − x22兲x˙2 − x2 + K⌿2共x1,x2, . . . ,xN兲, ⯗



N−1



共A8兲



.



In order to define  as a function of ⌰k, let us evaluate the quantity



x¨1 = 共1 − x21兲x˙1 − x1 + K⌿1共x1,x2, . . . ,xN兲,



⯗



⌰k =



1



共A1兲



Ꭽ=



=



x¨N = 共1 − xN2 兲x˙N − xN + K⌿N共x1,x2, . . . ,xN兲. The functions ⌿ 共 = 1 , 2 , . . . , N兲 describe the coupling of the th oscillator to its nearest neighbors while K is the scalar coupling. For this survey, a shift-invariant coupling ⌿ = x+1 − 2x + x−1 is considered and the shift invariance of the coupling is expressed algebraically as ⌿共x,x+1, . . . ,x+N兲 = ⌿+1共x−1,x, . . . ,x+N−1兲, 共A2兲 for  ,  = 1 , 2 , . . . , N and where all indices are to be taken mod N. The stability analysis of the system starts with the linearization of system 共A1兲 around the unperturbed state xs. Thus, the following set of linear variational equations are obtained:



e 兺 k=0 1



−2ik/N



N−1



冑N 兺 l=0



⌰k =



1



N−1



e 冑N 兺 k=0



N−1 −2ik/N



e−2ikl/Nl 兺 l=0



N−1



l 兺 e2ik共l−兲/N .



共A9兲



k=0



Let us consider WN = e2i/N the Nth root of Ꭽ. Then, we have 共A10兲



WNN = 1, and the following geometrical sequence: 1 + WN + ¯ + WN−1 =



1 − WNN = 0. 1 − WN



共A11兲



if ˜l ⫽ 0,



共A12兲



Thus, ˜



N−1



兺 k=0



˜ WNkl =



1 − WNNl 1−



˜ WNl



=0



while
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N−1



兺 k=0



if ˜l = 0.



WNk.0 = N



From the relations 共A12兲 and 共A13兲, we obtain that



兺 k=0



N␦˜l,0 .



共A14兲



Thus,



−2ik/N



共A16兲



.



N−1



Ꭽ=



lN␦l, = 冑N . 冑N 兺 l=0 1



¨  =



N−1



共A15兲



N−1



N−1



¨ = 1 兺 e2ik/N¨ = 1 兺 e2ik/N ⌰ k  冑N =0 冑N =0



冉兺



N−1



⌿−ll + ⌼˙ 



l=0



N−1 N−1 N−1 N−1



=



1 兺 N3/2 =0



=



1 兺 N3/2 m=0



 = 0,1, . . . ,N − 1.



共A17兲



冊 ⌼



N−1



1



N−1



兺 e−2iq/N⌰˙ q 兺 兺 兺 e2ik/Ne−2im共−l兲/Ne−2inl/N⌽m⌰n + 冑N 兺=0 e2ik/N 冑N q=0 l=0 m=0 n=0



N−1 N−1



兺 n=0



N−1 N−1



⌽ m⌰ n 兺



兺 =0 l=0



e2i共k−m兲/Ne2il共m−n兲/N +



⌼



N−1 N−1



兺e 冑N 兺 =0 q=0



N−1



N−1 N−1



1 = 3/2 兺 N m=0



⌿−ll + ⌼˙ , 兺 l=0



Consequently, using the relation 共A8兲, it comes that



This latter relation yields



2i共k−q兲/N



⌼ ˙ N␦ = 冑N⌽ ⌰ + ⌼⌰ ˙ = ⌽m⌰nN ␦k,m␦m,n + 兺 ⌰ 兺 q k,q k k k N q=0 n=0 2



From this latter relation and using the sequence 共A5兲, we obtain Eqs. 共3兲, ¨ = ⌼⌰ ˙ + 关⌫ − 2K + Ke2i共N−1兲k/N + Ke2ik/N兴 ⌰ k k



冋 冉 冋



˙ + ⌫ − 2K 1 − cos 2k = ⌼⌰ k N



冊册



⌰k



冉 冊册



˙ − 1 + 2x x˙ + 4K sin2 k = 共1 − xs2兲⌰ k s s N



⌰k ,



where k = 0 , 1 , . . . , N − 1. 1



⌰ ke 冑N 兺 k=0



Relation 共A6兲 can take the following expression by considering permutation of indices:



N−1 ˜ WNkl =



N−1



1



 =



共A13兲



A. Pikovsky, M. Rosenblum, and J. Kurths, Synchronization: A Universal Concept in Nonlinear Sciences 共Cambridge University Press, New York, 2001兲. 2 K. Kaneko, in Theory and Applications of Coupled Map Lattices, edited by K. Kaneko 共Wiley, Chichester, 1993兲. 3 K. Kaneko, Physica D 34, 1 共1989兲. 4 A. M. Batista, R. L. Viana, and S. R. Lopes, Phys. Rev. E 61, 5990 共2000兲. 5 Y. Kuramoto and H. Nakao, Physica D 103, 294 共1997兲. 6 R. Kozma, Phys. Lett. A 244, 85 共1998兲. 7 S. Raghavachari and J. A. Glazier, Phys. Rev. Lett. 74, 3297 共1995兲. 8 S. E. de S. Pinto, S. R. Lopes, and R. L. Viana, Physica A 303, 339 共2002兲. 9 J. Collins and I. Stewart, J. Nonlinear Sci. 3, 349 共1993兲. 10 M. Golubitsky, I. Stewart, P.-L. Buono, and J. J. Collins, Physica D 115, 56 共1993兲.



冋兺



N−1



=0



˙ ⌰ q



册



˙ . ⌿e2ik/N ⌰k + ⌼⌰ k
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