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共Received 23 May 2002; accepted 20 August 2002兲 The physical properties of the square water model, which is a generalization of the square ice to nonzero temperatures, is studied as a function of temperature and electric field. We determined the fraction of hydrogen bonds 共HBs兲, the electric susceptibility, and the entropy of the model. We found that the usual independent-bond approximation gives poor predictions for the HB number when a polarization field is present. We compare the independent-bond results with Monte Carlo simulations, and with more accurate mean-field approximations obtained by the study of clusters of water molecules. At zero temperature, this model presents a first-order phase transition driven by the external electric field. The discontinuity in the HB number gives support to this behavior. We also obtained the exact partition function of the square water model in one dimension employing the transfer matrix technique. The zero field free energy in one dimension displays the same functional form on temperature as the one obtained in the two-dimensional version of the model via mean field approach. © 2002 American Institute of Physics. 关DOI: 10.1063/1.1513311兴



I. INTRODUCTION



molecular dynamic simulations, where water molecules are submitted to external electric fields. Sutmann10 explored the dielectric response and structural changes of water under strong external fields. They observed a transition from linear to nonlinear behavior of the polarization response, and a phase transition that leads to a structural ordering stabilized via HBs. Icelike structures were found at fields of 4 V/Å at room temperatures. Vegiri and Schevkunov11 also studied the structural changes of a small cluster of water molecules in the presence of an external static electric field. They observed the appearance of incomplete nanotubelike structures consisting of stacked squares arranged perpendicularly to the field direction at T⫽200 K. More simplified lattice models, such as square water, focus attention only on those thermodynamical properties that depend on the HB network structure. Square water is a two-dimensional lattice model that aims to represent the dependence of the number of HBs on temperature. This model is an extension to nonzero temperatures of the well-known square ice model proposed by Lieb.12 Square water and other similar lattice models were investigated by Nadler and Krausche.13 They employed simulations and independentbond analysis to obtain the thermodynamical properties of the model. In a recent paper, Guisoni and Henriques14 studied, through Monte Carlo simulations, the dissolution of nonpolar molecules inside square water. They observed that the solubility increases with temperature and a kind of hydrophobic hydration appears, due to the stable HB structure formed around the solute. In this work, we investigate a generalization of the square water model in which an external electric field is considered. We observed that the independent-bond approximation13 cannot give a quantitative account of the properties of this modified model. In particular, its predictions are in disagreement with Monte Carlo simulations. More accurate results can be obtained by extending the



Recent experimental and theoretical studies pointed out the enormous importance of the hydrogen bond 共HB兲 to the understanding of the structural and thermodynamical properties of liquid, supercooled, and solid water. It was shown that the water anomalous behavior, like the density maximum observed at 4 °C and at atmospheric pressure, the isothermal compressibility minimum at 46 °C, and the raise, upon cooling, of the constant pressure specific heat, are closely related to the HB network.1– 6 Several microscopic approaches such as 共a兲 modeling a broad range of potentials for molecular dynamic simulations and 共b兲 simple discrete lattice models, were proposed to model the intriguing behavior of the cooled water. We list in the following, some relevant theoretical works. Stanley and Teixeira7 used a simple correlated-site percolation theory to study the dependence of various dynamical and thermodynamical properties of water systems against temperature and pressure variations, the dilution with D2 O and the presence of impurities. They obtained an expression for the distribution of water molecules as a function of the number of bonds to be a binomial distribution, and their results were in excellent agreement with experimental data and computer simulations. Sastry et al.8,9 studied the thermodynamics of the supercooled water introducing a lattice model which does not exhibit any low temperature singular feature. The model assumes that each lattice cell can have its volume changed if hydrogen bonds are taken into account. Their results captured qualitatively the thermodynamical properties of the cooled water, and showed that the increase in compressibility upon lowering temperature is not related to any singular behavior. Other interesting studies were performed by employing a兲
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FIG. 1. The six possible water states for the square water. Here, the water molecules are represented by the contouring HOH and the oxygen atoms are placed at the lattice sites. States 5 and 6 are called stretched water: 共a兲 an allowed HB; 共b兲 a forbidden HB.



independent-bond calculations considering clusters containing more than four water molecules. Square water subjected to external fields exhibits a first-order phase transition at zero temperature, which can be seen in the discontinuous behavior of the HB number for a critical value of the electric field. This phase transition is related to an abrupt change in the structural profile of the water molecules in the lattice. This paper is organized as follows: In Sec. II we describe the square water model in the presence of an external electric field and we present the details of the simulation. In Sec. III we exhibit the calculations for the independent-bond and for the cluster approximations, and we compare them to the Monte Carlo simulations. We also determined the exact free energy for a one-dimensional version of the model. Finally, in Sec. IV, we present some discussions and our conclusions. II. MODEL AND SIMULATIONS



In this section we introduce the square water model primarily used to mimic the hydrogen bond network present in aqueous media. The square water model is represented by a two-dimensional square lattice which is completely filled with water molecules, one molecule at each site. Water molecules can be in one of the six different possible states as shown in Fig. 1. In Fig. 1 the water molecules are represented by the contouring HOH and the crossing of the vertical and horizontal lines indicates a site of the lattice. The different water states try to represent the orientation of the covalent hydrogen bonds in a real molecule and can lead, due to the lattice geometry, to the formation of up to two HBs per molecule. For the first four states, the molecules are arranged in the plane of the lattice while, for the last two, what is represented is the projection of the molecules on the plane of the lattice, since the plane containing their bonds is perpendicular to the lattice plane. In this model, we say that there is an HB between neighboring sites only when a single hydrogen atom is along the line connecting these sites. Some examples are shown in Fig. 1, where in 共a兲 there is an HB between the two sites, while in 共b兲 the bond is forbidden. We associate an energy ⫺ for each occurring HB, so the total energy of the system is given by U SW⫽⫺N HB where N HB is the number of HBs in the lattice containing N sites. Some important properties of the square water are the following: 共a兲 there is no phase transition, distortion, or density fluctuations; 共b兲 for all temperatures, the HB network percolates,
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that is to say, the probability p B of a single HB is always greater than 0.5 (1⭐N HB /N⭐2, which means, 0.5⭐p B ⭐1 for any temperature兲, the bond percolation threshold for the square lattice; 共c兲 its thermodynamical properties can be well described by the independent-bond13 approximation. The introduction of an external field to this model is straightforward. We can imagine a strong external electric field h aligning the electric moment dipoles of the water molecules, in such way that only one of the six allowed states is otherwise privileged. Then, the field breaks the symmetry of the six energetically equivalent states. So, the total energy is now written as U⫽⫺N HB⫺hN h , where N h is the number of aligned molecules with the field. The electric field strength h is measured in units of the . We will show that, for a suitable choice of the privileged state, and for some values of  and h, two phases appear, one of them rich, and the other poor in the number of aligned water molecules. One simple way to study the above-given model is by employing Monte Carlo simulations with the Metropolis algorithm.15 The simulations were carried out in the following way: 共a兲 A square lattice with N sites is completely filled with water molecules and we attributed, at random, the initial orientation of each molecule as being one of the six states shown in Fig. 1. 共b兲 We defined the polarization field in a such way that the molecules aligned with the field contribute with ⫺h to the total energy of the system. An interesting choice is to favor the stretched states 5 or 6 共in this paper, we choose state 5 as the preferential one兲. A pair of nearest- neighbor molecules in one of these states cannot form an HB. All other pairs, whose molecules are in the same state make an HB. 共c兲 We choose at random a molecule and try to change its state to another one also chosen randomly. Our trial is accepted with probability given by min关1,exp(⫺␤⌬E)兴. ⌬E is the change in energy of the system, ␤ ⫽(k B T) ⫺1 , where k B is the Boltzmann constant and T is the absolute temperature measured in units of /k B . This is the well-known Metropolis prescription.15 This algorithm leads to the formation of all HBs at T⫽0 and a random distribution of broken and unbroken HBs at T→⬁. The system reaches the thermodynamical equilibrium typically after 2.5⫻104 MCs where 1 MC equals N trials of changing the state of the system. 共d兲 After we reached the thermodynamical equilibrium we performed more 2.5⫻104 MCs to calculate the mean values of the quantities of interest. In Sec. III, we will give the Monte Carlo results and compare them to the independent-bond approximation. We will see that a more accurate calculation is necessary to reproduce all the features observed in the simulations.



III. CALCULATIONS



Let us consider a cluster approximation for the square water in the presence of an external applied field h. In this approximation, the physical properties of the system are obtained by dividing the lattice into groups of q molecules and assuming that these groups are independent. In this way, the partition function for a cluster of q water molecules is
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TABLE I. Number of degenerate configurations for a cluster with q⫽5 molecules. The number of HBs is a and b gives the number of molecules aligned with the field. The total number of configurations is 7776.



Z c⫽



a



b



N a,b



a



b



N a,b



a



b



N a,b



0 1 2 3 4 0 1 2 3 4



0 0 0 0 0 1 1 1 1 1



315 960 1130 600 120 126 670 1144 898 287



0 1 2 3 4 0 1 2 3 4



2 2 2 2 2 3 3 3 3 3



26 222 534 402 66 12 78 106 42 12



0 1 2 3 4 0 1 2 3 4



4 4 4 4 4 5 5 5 5 5



6 14 2 2 1 1 0 0 0 0



exp共 ⫺ ␤ U cl兲 ⫽ 兺 N a,b exp关 ␤ 共 a⫹bh 兲兴 , 兺 a,b 兵 cl其



共1兲



where the summation is over all configurations of the cluster, and U cl is the corresponding energy of the cluster. This sum can also be written as a double sum, where N a,b is the number of states available for a cluster. The index a⫽0, 1, . . . ,N c denotes the possible number of HBs in the cluster (N c is the maximum number of HBs兲, while b⫽0, 1, . . . ,q is the number of molecules aligned with the external field. Two important quantities can be derived from Eq. 共1兲: the mean number of molecules inside the cluster that are aligned with the external field, which can be determined by N h⫽



1  ln共 Z c 兲 1 ⫽ ␤ h Zc



bN a,b exp关 ␤ 共 a⫹bh 兲兴 , 兺 a,b



共2兲



and the total energy E⫽⫺



quently, different properties for the system. Cluster 2共c兲 better represents the square water model. In general, clusters formed by the superposition of clusters of the type 2共a兲, such as cluster 2共c兲, provide good results. We think this is due to the surface effects: While all sites in Fig. 2共b兲 are on the surface, in Fig. 2共c兲 some sites are not on the surface, and their contribution to the partition function becomes relevant. Before we present the results of the simulations and the cluster approximation, let us consider some special type of cluster with N water molecules, for which we can write a closed solution for h⫽0. This type of cluster presents some resemblance to the Cayley tree,16 for which is possible to find the exact partition function. In Fig. 2共d兲, we show an example of the cluster that we are talking about. Note that we have no closed loops in this cluster. Let’s begin the calculation of the partition function with a pair of water molecules. The number of possible configurations for these two



 ln共 Z c 兲 . ␤



From these quantities we can estimate the number of hydrogen bonds N HB⫽



⫺E⫺hN h . 



共3兲



Equations 共1兲–共3兲 are valid for any cluster size. The independent-bond approximation of Nadler and Krausche13 is obtained simply by setting q⫽2 and h⫽0. For the case q⬎2, we have only to find the weights N a,b to obtain the partition function Z c . For instance, Table I gives, for the cluster shown in Fig. 2共a兲, where q⫽5, all the possible values of N a,b by varying the parameters in the range 0⭐a ⭐4 and 0⭐b⭐5. For example, the number of states allowed to the cluster of Fig. 2共a兲 which presents four HBs and no molecule aligned with the field is 120 共fifth line of Table I兲. Considering all the possible independent states in the Table I, we obtained 7776 states. We will show that all the calculations performed with the cluster of Fig. 2共a兲 give nice results if compared with the simulations. Clusters of different sizes and shapes can be used in this approximation. However, it is interesting to note that not all shapes of clusters give a good approximation to this model. For example, we call attention to the two clusters of eight sites presented in Figs. 2共b兲 and 2共c兲. They furnish different partition functions, and conse-



FIG. 2. Schematic representation of four different clusters where the full circles indicate water molecules in one of their six possible states: 共a兲 cluster with five molecules; 共b兲 and 共c兲 clusters with eight molecules each but of different shapes; 共d兲 a cluster with connectivity similar to that assumed in the Cayley tree 共no closed paths兲.
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molecules giving one HB is 2⫻3 2 , because only three states of each molecule can contribute to the formation of the HB. Adding one more molecule to this pair, the number of configurations is multiplied by 3 共the number of states of this new molecule that contributes to the formation of an HB兲 because this factor does not depend on the place where we attach the third molecule 共we are building this cluster in a square lattice兲 and on the state of the other two molecules. This reasoning applies to all other molecules that we incorporate into the cluster, except those forming closed loops. These molecules connecting two branches of the chain do not have, in general, the same number of available states as the other molecules. Thus, disregarding closed loops, the number of states for N molecules forming (N⫺1) HBs is 2⫻3 N . One important feature of this special connectivity is that the number of states of the new attached molecule that contributes to the formation of the HBs is the same as the number that do not contribute. Therefore, if we grow a cluster connecting the water molecules one by one, and allow for n broken HBs, the number of possible states for this set of N molecules and 关 N⫺(n⫹1) 兴 HB, is 2⫻3 N times the number of ways we can arrange these n broken bonds inside the cluster. This is simply the combinatorial of (N⫺1) by n, and the partition function of this particular cluster, for h⫽0, is N⫺1



Z ct ⫽



兺



n⫽0



冉 冊 N⫺1 n



2⫻3 exp共 ␤ n 兲 N



⫽2⫻3 N 关 1⫹exp共 ␤  兲兴 N⫺1 ,



共4兲



where the summation is over all the possible number of HBs in the cluster. The free energy density in the thermodynamic limit (N→⬁) is ⫺ ␤ f ⫽ lim N→⬁



1 ln共 Z ct 兲 ⫽ln关 1⫹exp共 ␤  兲兴 ⫹ln共 3 兲 . N



共5兲



FIG. 3. Fraction of hydrogen bonds N HB /N as a function of the external field h for T⫽0.4. The dot-dashed curve is the result based on the independent-bond approximation (q⫽2), dashed curve (q⫽3), longdashed curve (q⫽4), and the full line 共results for q⫽5, 8, and 11兲. Connected circles represent the results of Monte Carlo simulations. The inset is a zoom around the maximum.



where c⫽exp(␤) and d⫽exp(␤h). By using a symbolic manipulation tool, such as the one provided by the software Maple, we can diagonalize the matrix F. We found four eigenvalues identical to zero, and the other two are given by  ⫾ ⫽2c⫹ 21 关 1⫹d⫾ 冑8c⫹8cd⫹17⫹2d⫹2d 2 ⫹4c 2 d 兴 ,



共7兲



where  ⫹ is the largest eigenvalue of the matrix. Again, in thermodynamic limit, the free energy density is ln共 Z 1d 兲 N N→⬁



⫺ ␤ f ⫽ lim



This free energy density is similar to the expressions obtained by Nadler and Krausche13 in the independent-bond approximation for the square water and for their simplified square water 共the water assuming only the states 1– 4 of Fig. 1兲 except by the constant ln(3). This constant is related to the entropy at zero temperature.13 We can check the above-given calculation by performing a similar analysis for a linear array of molecules. Then, we can employ the transfer matrix technique17 to obtain exact expressions for the partition function. Now we can also include the electric field h in the calculation. The partition function of the model, considering periodic boundary conditions, can be written as Z 1d ⫽ N1 ⫹•••⫹ N6 , where  i is the ith eigenvalue of the 6⫻6 transfer matrix given by



F⫽
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冉 冊 d



cd



cd



cd



d



d



c



1



1



1



c



c



1



c



c



c



1



1



1



c



c



c



1



1



c



1



1



1



c



c



c



1



1



1



c



c



,



共6兲



N N ln共  ⫹ ⫹ ⫺ 兲 N N→⬁



⫽ lim



⫽ lim N→⬁



冋



冉 冋 册 冊册



1 ⫺ N ln共  ⫹ 兲 ⫹ln 1⫹ N ⫹



⫽ln共  ⫹ 兲 ,



N



共8兲



where we have used that  ⫹ ⬎ ⫺ and thus limN→⬁ ( ⫺ / ⫹ ) N ⫽0. If we take h→0 in the last equation, we recover the result given in Eq. 共5兲. It is easy to understand why this happens, since our previous analysis applies almost to linear aggregates, where we disregarded possible closed loops. As reported by Nadler and Krausche,13 the independentbond approximation for the square water model is in good agreement with Monte Carlo simulations in two and three dimensions. Their results for the specific heat and the mean number of HBs as a function of temperature13 show that the agreement is indeed excellent in both approaches. Would we expect the same agreement if a symmetry breaking field is
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FIG. 4. Fraction of aligned molecules N h /N as a function of the external field h for T⫽0.4. The full line represents the results based on the independent-bond approximation (q⫽2), dashed line (q⫽5), dasheddotted line (q⫽8), dotted line (q⫽11), and the connected circles give the simulation results. Note the plateau around h⫽2. At the plateau region, and at low temperatures, the fraction of molecules in stretched states 5 and 6 dominates.



introduced into the problem? To answer this question, we performed some simulations for the two-dimensional case and we did some matchings with the independent-bond approximation and with our cluster approximation. In Fig. 3 we show the plot of the mean number of HBs as a function of the field h for T⫽0.4, and for clusters with q⫽2 共independent-bond approximation兲, 3, 4, 5, 8, and 11 molecules along with the Monte Carlo simulation data. We note that the results from Monte Carlo simulations, and the independent-bond approximation, do not match either quantitatively or qualitatively, while for clusters with q⫽5 or greater, the results are in good agreement with the simulation data. A maximum at h⬵2 appears in the Monte Carlo simulations, but not in the independent-bond approach. This maximum is present due to the ability of molecules in state 5 共molecules aligned with the external field兲 to form HBs with molecules in any other state. The probability to have an HB between two molecules, when one of them is in state 5 共or 12 ⯝0.48 when none of 6兲, is 116 ⯝0.54, while this value is 25 them is in state 5 共or 6兲. So, as we increase the external field, the population of state 5 grows, and the probability of formation of HBs also increases. This is true up to a given value of h, after which the probability must decrease. We note that for large values of h, the number of water molecules aligned with the field becomes equal to N, and the number of HBs goes to zero. In Fig. 4 we exhibit the fraction N h /N of water molecules aligned with the field as a function of the polarization field h for T⫽0.4, and for various cluster sizes. One more time, the discrepancy between the simulation data and the predictions based on the independent-bond approximation is clear. A plateau appears for a wide range of values of h 共it is more pronounced at low temperatures兲 indicating a change in the network of HBs formed by the water molecules. For low fields and temperatures, the number of water molecules in each one of the six possible states is near 1/6 and the number of HBs is near 2. Increasing the external
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FIG. 5. Snapshot from simulation showing the arrangement of water molecules at T⫽0 in a 5⫻4 lattice for the field h⫽2. Half of the molecules are in state 5 and the other half are in state 6.



field, the number of molecules in the stretched state 5 grows continuously up to a value that maximizes N HB and N h , while the population of the other states goes to zero. At high enough fields, we have N h /N→1. At T⫽0, the transition to N h /N→1 is not continuous. For example, Fig. 5 exhibits a snapshot taken from simulations of the arrangement of the water molecules for a set of 20 molecules in the region of the plateau at T⫽0. Note that half of the molecules is aligned with the external field 关state 共5兲兴, while the other half is in the other stretched state 共6兲. For the clusters we considered, q⫽4, 5, 8 and 11, the plateaus shown in Fig. 4 do not appear exactly at N h /N⫽1/2, as in the simulations, because for a finite cluster of arbitrary shape, the ratio between the two stretched states is not necessarily equal to 1, in order to achieve the correct pattern. For h⫽4 and T⫽0 we observe a transition in which the number of HBs jumps from 2 to zero while N h /N jumps from 1/2 to 1. Figure 6 shows this transition, where N HB vanishes abruptly at h⫽4 for a cluster with q⫽11 molecules 共the independent-bond approximation predicts h⫽2 for this transition兲. This is strong evidence that a phase transition is occurring. Other evidence leads us to



FIG. 6. Fraction of hydrogen bonds N HB /N as a function of the external field h for T⫽0.1. Dashed curve is the result for a cluster of size q⫽2, and the full line for q⫽5.
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FIG. 7. Entropy per particle s 共in units of k B ) as a function of the external field h for T⫽0.1. 共a兲 q⫽2, 共b兲 q⫽4, 共c兲 q⫽5, and 共d兲 q⫽11.



conclude that we indeed have a phase transition, and that it is of first order: the free energy is not analytic at T⫽0 and h ⫽4 共the critical field in two dimensions兲; the abrupt jump in the number of aligned molecules; an unusual behavior of the entropy, as shown in Fig. 7; and the divergence in the electric susceptibility defined by  ⫽  N h /  h. In Fig. 7, we plotted the entropy as a function of the external field for the temperature T⫽0.1. At h⫽0, we have for the entropy the value s 11⬃1.09 共for q⫽11), which is different from the exact one for the ice s ice⫽ 23 ln( 34)⬃0.43 indicating that surface effects for finite clusters are still not negligible. The entropies are given in units of k B . We expect that, for larger clusters, the entropy per particle will approximate to the exact value. On the other hand, at h c ⫽4, the critical field in two dimensions, the entropy has a maximum with the value s 11⬃0.189. This nonzero value of entropy at h c indicates the coexistence between two phases. In the one-dimensional case, the value of the entropy at h c ⫽2 共the critical field in one dimension兲 is s⬃0.4812 . . . . We obtained this value of entropy directly differentiating Eq. 共8兲, and taking the limits T→0 and h →2, and also by counting the number of states ⍀ accessible to the system at this field. This counting is merely pedagogical but it illustrates that at the critical field we really have a coexistence of two phases. It is easy to demonstrate that ⍀ is given by



N/2⫺1



⍀⫽



兺



x⫽0



冉



冊



N ⫹x⫺1 ! 2 . N ⫺x⫺1 ! 共 2x 兲 ! 2



冉



冊



共9兲



This is similar to the calculation of the number of modes for the solid of Einstein, in which we must distribute the energy quanta over the molecules.18 ⍀ is the number of ways we can distribute molecules between states 共5兲 and 共6兲 in a linear lattice, not allowing nearest-neighbor molecules to be in the state 共6兲, because this would increase the energy of the sys-
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FIG. 8. Electric susceptibility  as a function of the external field h, for a cluster of five molecules, and T⫽0.1 共full line兲, T⫽0.09 共dotted line兲, and T⫽0.08 共dashed line兲.



tem. In the thermodynamic limit, the entropy becomes s ⫽(1/N)ln(⍀*), where ⍀ * is the largest term in the summation of Eq. 共9兲, which is



冉



冊



N ⫹x * ⫺1 ! 2 ⍀ *⫽ , N ⫺x * ⫺1 ! 共 2x * 兲 ! 2



冉



冊



共10兲



where x * satisfies  ⍀ * /  x * ⫽0. This maximization is the same as for  ln(⍀*)/x*⫽0, because the logarithm increases monotonically. In this way, we can use the Stirling’s expansion, ln(A!)⬵A ln(A)⫺A to obtain x * ⫽ 冑5(N⫺2)/10. In the limit N→⬁ we have the following equation for the entropy per molecule:



冉 冊



5⫹ 冑5 1 ⬃0.4812 . . . , s⫽ ln 2 5⫺ 冑5



共11兲



which gives the same value of entropy obtained from Eq. 共8兲. Finally, in Fig. 8, we show the behavior of the electric susceptibility for a cluster of size q⫽5 as a function of the external field h, for some selected values of temperature. As the temperature decreases, the susceptibility rises, diverging at T⫽0 for the values h→0 and h⫽4. The transition at h ⫽4 is discontinuous, the fraction of molecules aligned with the field jumps from 1/2 to 1. On the other hand, the transition at h→0 is also of first order. In the absence of the field, the fraction of molecules in state 共5兲 is 1/6. The application of a very small field breaks the symmetry, and the fraction of the molecules in state 共5兲 jumps from 1/6 to 1/2. This is the trivial phase transition such as the one seen in the onedimensional Ising model. At T⫽0, the magnetization is zero and it jumps to 1 if an infinitesimal magnetic field is applied to the system.
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IV. CONCLUSIONS
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In this paper we studied the behavior of the square water model in the presence of an applied external electric field. We employed different approaches to describe the model, including the independent-bond approximation, cluster approximation, Monte Carlo simulations, and transfer matrix technique for the one-dimensional case. We observed that the independent-bond approximation fails to describe the thermodynamical properties of the model. The results for N HB and N h , obtained via Monte Carlo simulations, are better fitted by considering clusters. The results found within the cluster approximation results are almost insensitive to the size of the cluster for q⭓5. We also showed the emergence of a first-order phase transition induced by the external field at T⫽0. It is related to an abrupt change in the configurational structure of the water states 共structural phase transition兲. At the transition point we found that the number of HBs suffers a discontinuous jump. The electric polarization of the system is also discontinuous, and the entropy assumes a nonzero value at the transition point. We have also studied the one-dimensional version of the model by the transfer matrix method and we derived its free energy. By some general arguments, we have shown that the properties of the model in one dimension agree with those found for arbitrary large clusters where closed loops are not permitted.
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