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ABSTRACT In the last ten years, monitoring the integrity of the civil infrastructure has been an active research topic, including in connected areas such as automatic control. It is important for mastering the aging of bridges, or the resistance to seismic events and the protection of the cultural heritage. A way to automatically monitor civil structures consists in comparing structural parameters that are retrieved from sensor data in a reference state and the current (possibly damaged) state. Subspace methods enjoy some popularity, especially in structural engineering, where large model orders have to be considered. In the context of detecting changes in the structural properties and the modal parameters linked to them, some subspace based fault detection residual has been recently proposed and applied successfully. However, most works assume that the unmeasured ambient excitation level during measurements of the structure in the reference and possibly damaged condition stays constant, which is not satisfied by any application. This paper contributes to the problem of the efficient implementation of a fault detection method that is robust to changes in the excitation. A recently developed subspace-based fault detection test is recalled that is robust to excitation change but also to numerical instabilities that could arise easily in the computations. This test is elaborated to a practical efficient implementation and some numerical tests show the efficiency of the proposed methods. Keywords: Subspace-based methods, damage detection, robustness, ambient excitation, vibration.



1 INTRODUCTION Subspace methods (e.g. [1]-[3]) enjoy some popularity, especially in vibration analysis of civil, aeronautical or mechanical structures, where large model orders have to be considered. The excitation is ambient and mostly unmeasured. In most cases it is impractical to use artificial excitation sources, such as shakers, where a part of the excitation is measured. In the last twenty years, monitoring the integrity of the civil infrastructure has been an active research topic, including in connected areas such as automatic control, for mastering the aging of 1 *
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bridges, or the resistance to seismic events and the protection of the cultural heritage. It is assumed that changes in the structural properties lead to changes in the eigenstructure of a system. In order to detect changes in the modal parameters linked to the structural parameters, often eigenstructure identification results are used and evaluated for changes, e.g. [4]. The modal parameters are not afflicted by different ambient excitations, but their automatic estimation and matching from measurements of different states of the structure might require an extensive preprocessing step. A subspace-based residual function that is robust to excitation change is considered in [5]. Recently, a modified whiteness test for damage detection, which is is robust to changes in the excitation, was proposed in [6] using Kalman filter innovations. In this paper, the subspace-based fault detection approach from [7]-[9] is considered. It uses a subspace-based residual built on the left null space of a nominal observability matrix of the system in a reference state. In a possibly damaged state it is then checked, whether the new data is still well described by the null space of the reference state, using a χ 2 -test on the residual. However, the data matrices in the subspace algorithms are influenced by the properties of the unmeasured ambient excitation. Most works on the subspace-based fault detection test assume that these properties stay constant between measurements of the investigated structure in the reference and possibly damaged condition, which is hardly the case for real applications. Robustness to non-stationary excitation within one measurement has already been addressed in [3]. We assume stationary excitation during one measurement, while the excitation covariance may change between measurements. In [10] a subspace-based fault detection test was described, which is robust to excitation changes. In this paper, the problem of robustness to changes in the unmeasured excitation of this fault detection method is addressed and numerical examples of the robust test are presented. This paper is organized as follows. After recalling the basic principles of subspace-based system identification and statistical fault detection in Section 2, the impact of a changing ambient excitation between measurements on the fault detection test is discussed in Section 3. An approach for robustness to changing excitation is presented in Section 4 and in Section 5, numerical results of the proposed algorithms are given. 2 STATISTICAL SUBSPACE-BASED FAULT DETECTION 2.1 Models and parameters The behaviour of a mechanical system is assumed to be described by a stationary linear dynamical system MZɺɺ(t ) + CZ (t ) + KZ (t ) = v(t ), Y (t ) = LZ (t ) ,



(1)



where t denotes continuous time, M, C and K are the mass, damping and stiffness matrices, highdimensional vector Z collects the displacements of the degrees of freedom of the structure, the nonmeasured external force v modelled as non-stationary Gaussian white noise, the measurements are collected in the vector Y and matrix L indicates the sensor locations. The eigenstructure of (1) with the modes µ and mode shapes ϕµ is a solution of det( µ 2 M + µ C + K) = 0, ( µ 2 M + µ C + K)φµ = 0, ϕ µ = Lφµ .



Sampling model (1) at some rate 1/τ yields the discrete model in state-space form



2



 X k +1 =   Yk =



AX k + Vk +1 CX k



(2)



The excitation (Vk ) k is an unmeasured Gaussian white noise sequence with zero mean and constant def



covariance matrix Q : E (VkVkT′ ) = Qδ ( k − k ′) , where E (⋅) denotes the expectation operator. The eigenstructure of (2) is given by det( A − λ I ) = 0, Aφλ = λφλ , ϕ λ = Cφλ., Then, the eigenstructure of the continuous system (1) is related to the eigenstructure of the discrete system (2) by eτµ = λ , ϕ µ = ϕλ .



The collection of modes and mode shapes (λ,ϕλ) is a canonical parameterization of system (2) and considered as the system parameter θ  Λ 



θ = ,  vec Φ 



(3)



where Λ is the vector whose elements are the eigenvalues λ and Φ is the matrix whose columns are the mode shapes ϕλ. Note that the identified system parameter θ is independent of the excitation of the system [3].



2.2 General SSI algorithm A subset of the r sensors may be used for reducing the size of the matrices in the identification process. These sensors are called projection channels or reference sensors. Let r0 be the number of reference sensors ( r0 ≤ r ) and p and q chosen parameters with pr ≥ qr0 ≥ n . To obtain the system parameter θ from measurements (Yk)k=1,…,N, the following general subspace algorithm is used. Denote a matrix Hp +1,q ∈ R



( p +1) r × qr0



as subspace matrix, whose estimate H p +1,q is built from



the output data (Yk ) k =1,…, N + p + q according to a chosen SSI algorithm. For example, the covariancedriven output-only subspace identification algorithm (Benveniste and Fuchs 1985, Peeters and De Roeck 1999) can be used with  R0  R1 Hp +1,q ∈=   ⋮   Rp



R1 R2 ⋮ R p +1



Rq −1   ⋯ Rq  ,  ⋱  R p + q  ⋯



Ri = E(Yk Yk(−refi )T ) ,



where E(·) denotes the expectation operator. The subspace matrix enjoys the factorization property Hp +1,q = Op +1Zq



(4)



into the matrix of observability 3



 C   CA   Op +1 =   ⋮   p CA  and a matrix Zq depending on the selected SSI algorithm. The observation matrix C is then found in the first block-row of the observability matrix O p+1 . The state transition matrix A is obtained from the shift invariance property of O p+1 . The actual implementation of this generic subspace identification algorithm uses a consistent estimate H p +1,q obtained from the output data according to the selected subspace identification algorithm. The SVD H p +1,q = U 1 



 ∆1 U0  0 



T 0  V 1   T  ∆ 0  V 0 



(5)



and its truncation at the model order n yields an estimate 1/ 2



O p +1 = U 1 ∆1



for the observability matrix, from which (C , A) and (λɵ , ϕɵ λ ) are recovered as sketched above. Note that the singular values in ∆1 are non-zero and O p+1 is of full column rank. 2.3 Subspace-based fault detection algorithm In [7]-[9] the statistical subspace-based fault detection method was described, which is designed for subspace algorithms satisfying factorization property (4). Let θ be the vector containing a canonical parameterization of the actual state of the system and θ0 the parameterization of the reference state, as defined in (3). A residual function compares the system parameter θ0 of a reference state with a subspace matrix H p +1,q computed on a new data sample (Yk ) k =1,…, N + p + q , corresponding to an unknown, possibly damaged state with system parameter θ . Assume that H p +1,q is a consistent estimate of Hp +1,q . To compare the states, the left null space matrix S = S (θ 0 ) of the observability matrix of the reference state is computed, which is also the left null space of the subspace matrix at the reference state because of factorization property (4). For example, S = U0 in (5). The characteristic property of a system in the reference state then writes S T H p +1,q = 0 and the residual vector ζ N with ζN θ



ζ N = N vec( S T H p +1,q )



(6)



describes the difference between the unknown state θ of matrix H p +1,q and the reference state θ0 . The damage detection problem is to decide whether the subspace matrix H p +1,q from the (possibly damaged) system (corresponding to θ ) is still well described by the characteristics of the reference state (corresponding to θ0 ) or not. This is done by testing between the hypotheses 4



H 0 : θ = θ0



(reference system),



H1 : θ = θ0 + δθ / N



( faulty system),



(7)



which can be done with the χ 2 -test [11] 2



T



−1



χ N = ζ N Σɵ ζ ζ N .,



(8)



The computation of the residual covariance matrix Σζ depends on the covariance of the subspace matrix def



Σ H = lim cov( N vec H p +1,q ),



(9)



N →∞



whose estimate is obtained in the reference state by cutting the available data into blocks and computing the sample covariance. Then, the covariance matrix Σζ can be obtained from



Σζ = ( I ⊗ S T )ΣH ( I ⊗ S )



(10)



ɵ H of Σ is computed on data due to (6), where ⊗ denotes the Kronecker product and an estimate Σ H of the reference state of the system.



3 IMPACT OF CHANGING EXCITATION ON FAULT DETECTION TEST In the fault detection test above it was assumed that Σ H in (9) is only computed in the reference state, which assumes that the unmeasured excitation (Vk ) k is stationary and does not change between the reference state θ0 and a possibly damaged state θ of the system. In practice, however, its covariance Q = E (VkVkT ) may change between different measurements of the system due to different environmental factors (wind, traffic, ...), while the excitation is still assumed to be stationary during one measurement. A change in the state noise covariance Q leads to a change in the subspace matrix Hp +1,q and its estimate H p +1,q and thus changes the residual function ζ N in (6). ɵ ζ of the residual's covariance is influenced by a change in the state noise, Thus, the estimate Σ depending on the actual Q , under which the residual ζ N θ is obtained. θ ζ N θWrite θ ΣζQ for the residual’s covariance under Q . However, the excitation and thus Q is in general unknown. Thus, consistent estimates of



ΣζQ under some Q might not correspond to consistent estimates of ΣζQ under ζ some (θ ,θ , Q) in an ɵ ζQ of ΣQ can only be obtained using the data unknown state. In this case, consistent estimates Σ ζ



corresponding to the excitation covariance Q , i.e. data of the actually tested state. All used subspace matrices are computed on new data corresponding to Q and the unknown state θ . Then, with (10) follows ɵ ζQ = ( I ⊗ S T )Σ ɵ H ( I ⊗ S ), Σ
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ɵ H is obtained using new data corresponding to the unknown state θ . The corresponding where Σ χ 2 -test statistics thus writes as 2



T



Q



χ N = ζ N (Σɵ ζ ) −1ζ N .



(11)



This computation of the residual's sensitivity and covariance using new data from the ɵH unknown state was already applied successfully, e.g. in [12]. However, the computation of Σ requires many samples and hence it would be favorable to compute it in the reference state. In the following section, a solution is proposed that takes into account a change in the excitation. 4 RESIDUAL ROBUST TO EXCITATION CHANGE A new possibility to compensate a change in the excitation covariance Q = E (VkVkT ) is the use of a residual function that is robust to these changes. In this section, a χ 2 -test on such a residual is recalled from [10]. The subspace-based fault detection test was derived based on the property that some system parameter θ0 agrees with a subspace matrix Hp +1,q iff OO pp +(1(θ 0))and and H Hpp+p1,+q1,qq have havethe thesame sameleft leftnull nullspace spaceSS. . H In Section 3 it was argued that subspace matrix Hp +1,q depends on the excitation covariance Q . Let U1 be the matrix of the left singular vectors of Hp +1,q . Then the analogous property O



(θ 0 ) and U1 have the same left null space S



p +1



holds. However, as U1 is a matrix with orthonormal columns, it is regarded as independent of the excitation Q . Matrix U1 is defined by a unique SVD to ensure no changing modal basis. Let H p +1,q be an estimate of the subspace matrix from a data sample of length N corresponding to the unknown, possibly faulty state θ and unknown state excitation covariance Q . From a unique SVD



H p +1,q = U 1 



 ∆1 U0  0 



T 0  V 1   T  ∆ 0  V 0 



the matrix U 1 is obtained, whose number of columns is the system order n . Note that the singular values in ∆ 0 are very small and tend to zero for N → ∞ . Then, a residual that is robust to a change in the excitation covariance can be defined as def



ξ N = N vec( S T U 1 ). which is also asymptotically Gaussien [10]. Then, the test between the hypotheses H 0 and H1 (7) is analogously achieved through the asymptotic χ 2 -test statistics



ξN



1



1



−1



−1



−1



γ N2 = ξ NT Σɵ ξ ξJN (J Σξ J ) 1 J Σξ ξ N



(12)
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ɵ ξ is a consistent estimate of the new residual’s covariance and comparing it to a threshold, where Σ Σξ . Note that Σξ can be computed on data corresponding to the reference state, as it does not



depend on the excitation covariance Q anymore. ɵ ξ is computed by propagating the covariance of the subspace matrix to the The estimate Σ covariance of the singular vectors by a sensitivity analysis [10]. Then it holds cov( N vecU 1 ) = J U cov( N vec H p +1,q )J UT , 1



1



where J U1 is the sensitivity of the left singular vectors vecU 1 with respect to vec H p +1,q . It follows ɵ ξ = ( I ⊗ S T )J Σ ɵ H J T ( I ⊗ S ). Σ U U 1



1



5 NUMERICAL RESULTS To validate the described robust fault detection algorithm from Section 4, a simulation study was made using a mass-spring model of six degrees of freedom (DOF), see Figure 10, which is observed at all six DOFs. Four cases of Gaussian stationary white noise excitation having a different covariance Q = E (VkVkT ) of the system were simulated: 1. Q = I 6 , represented by ○ in the figures, 2. Q = 42 I 6 ( □ ), 3. Q = 0.252 I 6 ( × ), 4. Q = diag (1, 2, 3, 4, 5, 6) 2 ( + ). Using this model, output-only data with 100000 samples was generated to obtain measurements in the reference state with each of the different excitations. Then, the stiffness of spring 2 was reduced by 5% and 10% compared to the reference state, and the simulations were repeated with newly generated excitations.



Figure 10: Simulated mass-spring chain.



On this simulated data, the performance of the fault detection algorithms was tested. The χ -test statistics is used in its empirical form. Three variants were tested: 2



2 T ɵ ζ−1ζ in (8), where the residual's covariance Σɵ ζ is computed only once in • test χ N = ζ N Σ N the reference state (Section 2.3), in Figure 1 (left), 2 T ɵ ζQ ) −1ζ in (11), where the residual's covariance Σ ɵ ζQ is computed each • test χ = ζ (Σ N



N



N



time in the tested state, where the excitation covariance is Q (Section 3), in Figure 2 (right), 7



2 T ɵ ξ−1ξɵ in (12), where the residual's covariance Σ ɵ ξ is computed only • robust test γɵ N = ξɵ N Σ N once in the reference state (Section 4), in Figure 2. For each state and excitation covariance, the 100000 available samples were cut into 4 parts with sample length N = 25000 . The resulting χ 2 -test values of the three different tests on this data are plotted in Figures 1 and 2 in the following order: the first 16 test values are computed in the reference state, the next 16 values with 5% stiffness reduction and the last 16 values with 10% stiffness reduction. In each of these states, 4 values correspond to one of the 4 different excitation covariances mentioned above. An empirical threshold (horizontal dashed line) to distinguish between reference states and damaged states is computed on the mean and variance of the χ 2 -test values of the 16 reference states.



Figure 1: Left: χ 2 -test (8) with the residual's covariance computed once in the reference state (Section 2.3), Right: χ 2 -test (11) with the residual's covariance computed in the tested state (Section 4).



Figure 2: New χ 2 -test (6.24) with the residual's covariance computed once in the reference state (Section 4). 8



As can be seen in Figure 1 (left), the classical χ 2 -test is strongly influenced by a different excitation covariance and no separation of the χ 2 -test values between reference and damaged states is possible. Recomputing the residual covariance on data of the currently tested state in Figure 1 (right) already leads to a better separation between reference and damaged states, where less than 1/ 5 of the values in the damaged states are below the threshold established by the reference states. With the new robust χ 2 -test in Figure 2, a clear separation between reference and damaged states is possible. Note also that the magnitude of damage is apparently linked to the obtained χ 2 -test values: Increasing the damage by factor 2 leads to χ 2 -test values that are approximately increased to factor 4, which is to be expected. 6 CONCLUSIONS In this chapter, the influence of changing excitation between the reference state and the possibly damaged state using the subspace-based fault detection test was clearly pointed out. Two modifications of the test are presented that take into account a changing ambient excitation of the investigated system. The resulting fault detection tests thus contribute to the applicability of the tests under operation conditions, where the unmeasured ambient excitation naturally varies. Especially the statistical fault detection test based on a noise-robust residual in Section 4 seems to be theoretically and practically promising. A study on real data under varying excitation has to be made to validate the algorithms under operation conditions. ACKNOWLEDGEMENTS This work was supported by the European projects FP7-PEOPLE-2009-IAPP 251515 ISMS and FP7-NMP CP-IP 213968-2 IRIS. REFERENCES [1] Benveniste, A. & Fuchs, J.J. 1985. Single sample modal identification of a non-stationary stochastic process. IEEE Transactions on Automatic Control, AC-30(1) 66-74. [2] Peeters, B. & De Roeck, G. 1999. Reference-based stochastic subspace identification for output-only modal analysis. Mechanical Systems and Signal Processing, 13(6) 855-878. [3] Benveniste, A. & Mevel, L. 2007. Nonstationary consistency of subspace methods. IEEE Transactions on Automatic Control, 52(6) 974-984. [4] Ramos, L.F., Marques, L., Lourenço, P.B., De Roeck, G., Campos-Costa, A., & Roque, J. 2010. Monitoring historical masonry structures with operational modal analysis: Two case studies. Mechanical Systems and Signal Processing, 24(5) 1291-1305. [5] Yan, A.-M. & Golinval, J.-C. 2006. Null subspace-based damage detection of structures using vibration measurements. Mechanical Systems and Signal Processing, 20(3) 611-626. [6] Bernal, D. & Bulut, Y. 2011. A Modified Whiteness Test for Damage Detection Using Kalman Filter Innovations. Proc. 27th International Modal Analysis Conference, Jacksonville, FL, USA. 9
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