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In this note we describe certain subgroups of GLn and SLn . The computations done here might look completely out of blue but they fit in the general theory of Algebraic groups and provide an important example. 1. Borel and Parabolic Subgroups A flag of length k in a vector space V is a sequence of subspaces such that V0 ⊂ V1 ⊂ . . . ⊂ Vk where the inclusions are proper. Let dim(Vi /Vi−1 ) = ri then we have r1 +· · ·+rk = n. Let Fr1 ,...,rk denote the set of all flags of length k corresponding to the decomposition n = r1 +. . .+rk . Then GLn (F) acts on Fr1 ,...,rk transitively. The stabiliser subgroup of this action is called a parabolic subgroup. A flag of length n is called a full flag and the corresponding decomposition of n is 1 + · · · + 1. The stabiliser subgroup of a full flag is called a Borel subgroup which is a parabolic subgroup. The stabiliser of GLn (F) acting on F1,...,1 is Tn (F), the set of invertible upper triangular matrices. And a general parabolic subgroup is set of matrices which have blocks of ri × ri size on diagonals and non zero entries above that and 0’s below that. Let Gk (V ) be the set of all k dimensional subspaces of V . Denote G(V ) = ∪k Gk (V ), called Grassmanian. Then GLn acts on Gk (V ) transitively and also acts on G(V ). One can define a map from Fn to G(V ) and the action restricts to subset of flags. Remarks 1. The Grassmanian can be embedded in to product of projective spaces via exterior powers. They are closed Zariski subsets hence a projective variety. Also the embedding of flags in Grassmanian is closed and hence it forms a closed variety. This implies G/P , for a parabolic P , is projective variety. In general in the theory of algebraic groups one defines a subgroup P of an algebraic group G parabolic if G/P is a projective variety. Let Ru be the maximal connected normal unipotent subgroup of a parabolic subgroup P . Then the exact sequence 1 → Ru → G → G/Ru → 1 splits, i.e., 1
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there exists a subgroup L of G which is isomorphic to G/Ru and G = LRu . This is called Levi decomposition of a group G. The Levi decomposition for a parabolic subgroup P is given by L, set of all block diagonal matrices of P and Ru , the set of strictly upper triangular unipotents of P . One can prove that Ru is a solvable normal subgroup of P . We will make use of the parabolics corresponding to the decomposition n = 1 + · · · + 1 + 2 + 1 + · · · + 1. Proposition 1.1. The group Tn (F), set of upper triangular matrices, is a solvable group and the subgroup Un (F), upper triangular matrices having 1 on the diagonal, is a nilpotent group. 2. Maximal Tori In this section we denote K for an algebraically closed field and an algebraic ¯ We are going to worry about following two closure of F will be denoted by F. questions. (1) When a (or a bunch of them) matrix can be diagonalised? (2) When a (or a bunch of them) matrix can be upper triangulised? Proposition 2.1. An element g ∈ GLn (F) is diagonalisable if and only if its minimal polynomial is a product of distinct linear factors over F. Proof. Suppose the minimal polynomial is mg (X) = (X − λ1 ) · · · (X − λr ). Then L show that V = i ker(g − λi ). The rest of the proof uses comaximility of certain polynomials (chinese remainder theorem).  Proposition 2.2. Any element t ∈ End(V ) can be upper triangulised if and only if its minimal polynomial has all its root over F. Proof. Proof is by induction on the dimension of V .







The notion of a matrix being diagonalisable is not so nice if the field is not algebraically closed. We generalise this definition and say that an element g ∈ ¯ is diagonalisable. An element Mn (F) is semisimple if g as an element of Mn (F) A ∈ Mn (F) is called nilpotent (unipotent) if Ar = 0 for some r (A − I is nilpotent). Proposition 2.3. Let M be commutating set of matrices over algebraically closed field K, then M is triangulaisable. In case M has a subset N consisting of semisimple matrices, N can be diagonalised at the same time. Proof. For proof see the notes titled Jordan Decomposition.







Corollary 1. A commuting set of diagonalisable matrices can be simaltiounasly diagonalised.
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A subgroup S of GLn (K) is called a torus if it is abelian and consists of semisimple elements only. A subgroup T is called maximal torus if it is a torus and maximal among all tori. Let T be the set of all diagonal matrices in GLn (K) (respectively in SLn (K)). Then T is a maximal torus. Proposition 2.4. Any maximal torus of GLn (K) or SLn (K) is conjugate to the diagonal maximal torus T described above. Proof. Use simultaneous diagonalisation.







Note that over arbitrary field all maximal tori need not be conjugate. For example in SL2 (R) there are two nonisomorphic tori, one of them is the diagonal torus and the other one is SO(2). 3. Structure of GLn and SLn In this section we take the field K, algebraically closed. We denote by T the set of diagonal matrices in SLn . Let N ⊂ GLn be the group of monomial matrices (matrices having precisely one nonzero entry in each row and each column). Then, Proposition 3.1. The normalizer of T in GLn is NGLn (T ) = N and the centralizer NGLn (T ) ∼ is ZGLn (T ) = T . Then the Weyl group W = ZGL = Sn , the symmetric group n (T ) on n symbols, i.e., we have following exact sequence: {1} → T → N → Sn → {1}. Corollary 2. The Weyl group for SLn is isomorphic to Sn . We look at the parabolic subgroups corresponding to n = 1+. . .+1+2+1 . . .+1. For each parabolic we can define Weyl group WP which is generated by one element of order 2. These elements generate the Weyl group of SLn (K). Also we notice that the subgroup generated by I + αeij together with I + αji forms a copy of SL2 (K). These subgroups are called root subgroups. Theorem 3.2 (Bruhat Decomposition). Any element A ∈ GLn can be written as A = LP DU where L is a unipotent upper triangular matrix, P a permutation matrix, D a diagonal matrix and U a unipotent upper triangular matrix. Hence GLn = BW B = U W B = ∪P ∈W U P B where B is upper triangular matrices, W (Weyl group) is isomorphic to Sn and U is the set of unipotent upper triangular matrices. Proof. The proof is nothing but row and column operations.
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4. Exercises Here K denote an algebraically closed field and F any field. Exercise 1. The group Tn (F), set of upper triangular matrices, is a solvable group and the subgroup Un (F), upper triangular matrices having 1 on the diagonal, is a nilpotent group. Exercise 2. Let dim(V ) = 2, 3, 4. Fix a basis of V and write down all parabolic subgroups (standard) and also write there a Levi decomposition for each of them. Exercise 3. Describe the parabolic subgroup corresponding to the decomposition n = 1 + · · · + 1 + 2 + 1 · · · + 1 and n = r + s where r, s > 1 in GLn and SLn and its Levi decomposition. Exercise 4. Give an example of a matrix which is not diagonalisable over R but semisimple over R. Exercise 5. Give example of nonisomorphic maximal tori in SLn (R). Hence they are not conjugate. Exercise 6. Show that there exists an element t ∈ T , a maximal torus, such that centraliser of t in GLn (K) is T . Exercise 7. What is the centraliser of a semisimple element in GLn (K)? How can you relate it to Levi decomposition of a parabolic subgroup? Exercise 8. Give proof of Proposition 2.2. Exercise 9. Write down the Bruhat decomposition for SL2 (K) explicitely. Exercise 10. Prove that any semisimple element of SL2 (K) is conjugate to its own inverse (the conjugating element is the Weyl group element).
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