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Abstract This paper presents a subpixel contour matching algorithm using a novel dynamic programming scheme. Unlike classical dynamic programming methods, where a discrete path is searched for across a graph, our approach allows the optimal continuous path to be determined. The matching is obtained as a piecewise parametric fonction, and no discretization is involved, nor any parameterized deformation assumed. As a side result, a measure of the deformation of the matched contours is obtained, yielding information on the quality of the match. The algorithm has been tested with different types of images, demonstrating its ability to deal with chains of contour segments as well as chains of contour edges, since the discretization of the contours does not limit the precision of the matches anymore.



1 Introduction We address the general problem of matching continuous contours in a pair of images. We are given an image containing a set of contours de ned by piecewise linear functions (e.g. obtained by linking the edge points calculated by an edge detector, or by polygonal approximation of contours) and a second image obtained by arbitrarily displacing and distorting these contours. No special assumptions are made, neither constraints imposed, although any local constraint could be added in a straightforward manner. For each contour in the rst image, we seek a continuous function associating to each point of the contour a point in the second image. We thus aim at solving the discretization problems which commonly occur when matching polygonal contours, as illustrated in Figure 1. The main drawbacks of previous research on subpixel matching, either using correlation measures [11] or geometric reasoning [3], are the use of strong local



Figure 1: Discrete vs. continuous matching. constraints restricting the matches to either epipolar lines or constraint lines, and the restriction to parameterizable deformations, either pure translation or orthographic projection of planar patches. Cohen [5] has proposed a formalism to deal with unknown deformations. However, the implementation is iterative and the use of a curvature measure forces a high degree of dierentiation along contours, thus requiring contour smoothing. Our approach, using dynamic programming, is related to work presented in [1][2][8][9][4]. These works all involve a discrete dynamic programming algorithm, whereas we propose a continuous algorithm.



2 Discrete Dynamic Programming To use dynamic programming for matching images, primitives must be arranged in sequence. In the case of contours, a natural ordering exists: the ordering of the edge points in each contour chain. For each pair of contours to be matched, a graph is constructed by placing on the x (resp. y) axis the edge points of the rst (resp. second) contour. Each node of the graph therefore represents a possible match of a point of the rst contour with a point of the second contour (Fig. 2), and a global match of the two contours de nes a path that crosses the graph from left to right. An elementary cost function is de ned for each portion of the path joining two successive nodes. The
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Figure 2: Two contours and the associated graph. optimal match between the two contours is the one with minimum cumulated cost. It is classically determined using the Viterbi algorithm, which relies on the following equation:



C (i; j ) = min fC (i ? 1; k) + c (i ? 1; k; i; j )g (1) k



where C (i ? 1; k) is the cumulated cost of the best path ending at node (i ? 1; k), and c the elementary cost of the arc joining nodes (i ? 1; k) and (i; j ). As can be seen from this equation, the cumulated cost of a node in column i of the graph only depends on the cumulated costs in column i ? 1 and on the cost of transition between column i ? 1 and column i. Thus, a simple algorithm yields the optimal path: for each node in a column of the graph, the minimum cumulated cost is calculated using equation (1). The node in the previous column associated with this path is remembered. Starting from the rst column, the algorithm proceeds to the next column until the last one is reached. Finally, the last column is searched for the node with minimum cost, and the optimum path is found by tracing back the remembered nodes. In order to deal with multiple or discontinuous contours, all candidate points are placed in each column of the graph, and not only the points of a single contour. A ctive point is also added in each column to account for the possible non-matching of the edge point. The elementary cost of an arc joining points of dierent contours or the ctive "unmatched" point is a constant. More sophisticated methods to deal with discontinuities have also been devised. See [8] for a good description of one such method. Two additional constraints can be used to ensure that the complexity of the algorithm is linear. First, only the monotonical paths need to be explored: if point i on the rst contour is matched with point j on the second contour, then point i + 1 can only be matched with a point after point j . Thus, for each point of the graph only three points need to be explored: the ones corresponding to horizontal, vertical, or diagonal arcs. Second, if the match of an edge point is known to lie in a certain neighbourhood, the



columns of the graph need not be complete. For each point on the rst contour, only those points of the second contour lying in the known neighbourhood should be retained. Any a priori knowledge on the transformation between the two images (epipolar constraint, maximal displacement...) can thus easily be incorporated and reduces the computational complexity of the algorithm.



3 Continuous Dynamic Programming 3.1 Minimizing a continuous cost function Our goal is now to nd the optimal continuous path, that is, the path is no more constrained to go through the nodes of the graph, as shown in Figure 3.



Figure 3: The usual discrete dynamic programming technique (left) vs. our approach (right). We will rst focus on a square portion of the graph, corresponding to the matching of two segments of the contours. Since the path can now cross the lines and columns of the graph anywhere, there are four possible types of path portions in this square portion, as illustrated in Figure 4. Considering for exemple the rst case in Figure 4, equation (1) can be rewritten as:
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(2) The minimization can no longer be done numerically, since y ?1 is now a continuous variable. However, given an analytical expression of c and C (i ? 1; y ?1 ), we can nd an analytical expression for the minimum. If we can nd a cost function such that the analytical expression of the minimum has the same shape as the cumulated cost (i.e. C (i; y ) has the same shape as C (i ? 1; y ?1)), then we can numerically compute the coecients of the analytical expression of the cumulated cost function. We show that this is possible when c is a convex second order polynomial. i
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Figure 4: Possible types of paths in a square portion of the graph (left), and corresponding matches (right). Let:



c = ay2?1 + by2 + 2cy ?1y + 2dy ?1 + 2ey + f and suppose that C (i ? 1; y ?1) can also be written as i
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a convex second order polynomial: C (i ? 1; y ?1 ) = y2?1 + 2 y ?1 + Substituting the terms in equation (2) yields: C (i; y ) = min F (i ? 1; y ?1 ; i; y ) ?1 i
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and the value of which is:



A



2 D2 ) (4) ) + ( F ? C (i; y ) = (B ? CA )y2 + 2(E ? CD A A C (i; y ) is a convex second order polynomial, which proves that it has the same shape as C (i ? 1; y ?1 ). i
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In the previous section, we showed that C1 and C2 are convex second order polynomials. We can thus analytically calculate the points of intersection of these two functions, resulting in intervals where C = C1 or C = C2, as shown in Figure 5. Finally, we have proven that, given a quadratic elementary cost function, the optimal path is piecewise linear (equation (3)), and its cost is piecewise quadratic (equation (4)).
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Figure 5: Partition of the cumulated cost function into piecewise quadratic intervals.



with: F = Ay2?1 + By2 + 2Cy ?1y + 2Dy ?1 + 2Ey + F and A = a +  etc. The function F to be minimized is a convex function of y whose minimum is obtained when: (3) y = ? Cy + D i
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C (i; y ) = min fC1(i; y ); C2(i; y )g
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In fact, equation (2) does not give the path with minimum cost of all possible paths, but only of those of the same type as Figure 4.a. Considering point (i; y ), the only possible paths leading to this point are those of type a or b in Figure 4. The path with minimum cost is thus given by : i
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3.2 Combining multiple cost functions
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The same results and demonstration hold for the other cases in Figure 4.



3.3 Limiting the number of quadratic portions of the cost function The cumulated cost function is piecewise quadratic, however, the number of its constituting portions increases as the calculation proceeds along the graph, since these portions tend to propagate from one square portion of the graph to the next (Figure 6). The complexity of the algorithm is thus no more linear in the number of nodes of the graph. In order to reduce complexity again to linear form, heuristic constraints must be added. One possibility is to x a lower bound on the size of a portion, discarding smaller portions. This implies that the maximal number of portions per node is xed, bringing the complexity of the algorithm back



Figure 6: Propagation of the quadratic intervals of the cost function along the graph. to linear form. However, this simpli cation bears with it a reduction in the resolution of the path. Another possibility is to approximate the cost functions in contiguous portions so as to merge these portions. We have only implemented the rst possibility, and experimental results showed that no signi cant degradation appears as long as the minimum size is no more than 20% of the side of a square in the graph.



3.4 The cost function Suppose that point X on the rst contour is matched with point Y on the second contour, and that point X on the rst contour is matched with point Y on the second contour. The translation vectors (disparity vectors) associated with each match are: T = Y ? X and T = Y ? X (Figure 7) and D = T ? T is the error between the matches. Since we want a quadratic cost function, a sensible choice is to de ne this cost function as the square of the norm of the error: c (X ; Y ; X ; Y ) = kD k2 i
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4.2 Ultrasound medical images The contour matching algorithm has also been applied to medical images. Figure 9 shows two images in a sequence of ultrasound images of the mitral valve. The contours were manually extracted and matched using our algorithm. The results show the ability of the algorithm to cope with large unparameterized deformations.



4.3 High resolution stereo
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algorithm to the simple synthetic contours shown in Figure 8. The two contours are the same, but with a dierent sampling rate, as indicated by the dots. Figure 8.a shows the matching produced by a discrete dynamic programming algorithm. As expected, discretization artifacts forbid the correct result to be obtained. Figure 8.b shows the result with our subpixel algorithm. The correct correspondences are recovered. Figure 8.c shows the quadratic portions described in section 3.2.
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In order to demonstrate the potential for high resolution 3D reconstruction of our algorithm, we applied it to a stereo pair of natural images. Figure 10 shows an image extracted from a trac sequence and the reconstructed 3D scene. Comparing with the results obtained with a discrete algorithm [7], the gain in resolution is evident.



4.4 Summary of the Experiments Table 4.4 summarizes the experiment of the subpixel contour matching algorithm. It shows the number of edge points extracted in each image, the number of matched edge points, and the CPU time measured on a Sun Sparc Station 10/41.
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Table 1: Numerical results.



Figure 7: Disparity vectors.



4 Experimental Results



4.1 A simple application exemple In order to demonstrate the strength of our approach, we rst applied the subpixel contour matching



Scene Simple exemple Medical images High res. stereo



Nb. Nb. points matches 70 46 19431



70 46 14751



CPU time



1.91 s 1.18 s 2 min 38 s



Figure 9: Ultrasound images of the mitral valve. Bottom: matching by continuous dynamic programming.



5 Conclusion



Figure 8: Contours with dierent sampling rates. (a) Matching by discrete dynamic programming. (b) Matching by continuous dynamic programming. (c) Zoom on the quadratic portions of the graph.



In this paper, we have described a novel dynamic programming scheme that yields a continuous solution to the problem of nding an optimal path on a 2D plane. An application to the elastic subpixel matching of contour images has been presented. The algorithm has been implemented and tested on numerous kinds of images to demonstrate its versatility. Excellent results on complex real images are obtained, and comparisons with the results obtained on the same images with a discrete algorithm show the gains in resolution that can be achieved by our approach. The analysis of the computational requirements of the algorithm and the CPU time required for the images presented show that the complexity overhead of the continuous dynamic programming is aordable. Our future work will concentrate on a theoretical justi cation of the cost function in order to strengthen the optimality of the matching.
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Figure 10: High resolution stereo. Top: original left image. Reconstructed scene (top side view): middle: matching by continuous dynamic programming, bottom: matching by a discrete algorithm.
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