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Incomplete and Preliminary



I NTRODUCTION This note is organized as follows: Section 1 provides an alternative method to derive the ´ (1998) and Basov (2002). Secoptimal allocation for Principal 2, following Rochet and Chone tion 2 provides the proofs left unsolved in the main paper. In section 3 we solve for optimal nonlinear pricing under merger, i.e. when the two firms jointly maximize their profit as a single monopolist. Section 4 solves the counterfactual nonlinear pricing for single product monopoly with two dimensional parameter.



1..



O PTIMAL A LLOCATION RULE



In this section we characterize the optimal nonlinear pricing that does not use the “aggre´ gation method,” but uses the multidimensional screening method as in Rochet and Chone (1998) and generalized by Basov (2001). In our case, each publisher can sell one type of advertisement (qi ∈ R+ ) but agents have two types (θ ∈ R2 ) ∼ F (·, ·) so perfect screening is not possible, so we use the generalization in Basov (2001).1 The preferences of an agent of type (θ) is: u(q1 , q2 ; θ) = θ1 q1 + θ2 q2 −



b1 2 2 q1



−



b2 2 2 q2



+ cq1 q2 . The first publihser offers quadratic tariff



function and is given by



T1 (q1 ) =



    γ 1 + α 1 q1 +   



β1 2 2 q1



0



ifq > q10



(1)



ifq ≤ q10



Let the indirect utility of agent with type (θ) be W (θ) and is defined as W (θ) = u(q1 (θ), q2 (θ); θ) − T1 (q1 (θ)) − T2 (q2 (θ)), where qi (θ) is the optimal quantity of good i purchased by agent of type θ. Suppose, an agent decides to buy only from P1, some optimal quantity while consuming q20 for free from P2, then let’s denote his indirect utility to be w1 (θ), which is defined as   b1 2 b2 2 1 2 w1 (θ) = max θ1 q˜1 + θ2 q20 − q˜1 − q20 + c˜ q1 q20 − γ 1 − α1 q˜1 − β 1 q˜1 . q˜1 ≥q10 2 2 2 1



Whenever possible, we shall use θ to denote a vector of (θ1 , θ2 ).



After determining the optimal q1 (θ) via the FOC, and substituting back, w1 (θ) can be written as



(θ1 − α1 )2 w1 (θ) = −γ 1 + + 2(b1 + β 1 )







   c2 c(θ1 − α1 ) b2 2 q20 . + θ2 q20 + − b1 + β 1 2(b1 + β 1 ) 2



(2)



If an agent of type θ buys q2 > q20 , from P2 and optimal q1 (θ) from P1, then his/her (indirect)utility is W (θ). Whereas, if he/she buys only q20 from P2, then it is w1 (θ). This means the difference in the utility from deciding to buy q2 > q20 from P2 is just the difference between W (θ) and w1 (θ). With some calculation it can be shown that W (θ) = w1 (θ) + s(q2 , θ), where s(q2 , θ) is the residual utility that an agent gets by consuming optimal amount of q2 and is    b2 2 c(θ1 − α1 + cq2 ) 2 (q2 − q20 ) − (q2 − q20 ) − T2 (q2 ) . s(q2 (θ), θ) = max θ2 + q˜2 ≥q20 b1 + β 1 2 Therefore, for P2, an agent with type θ can be thought of as having s(q2 , θ) as the utility function. From earlier assumptions we know that s(q2 (θ), θ) satisfies envelope conditions: ∂s(q2 (θ), θ) = v2 (q2 (θ)) = (q2 (θ) − q20 ) ∂θ2 ∂s(q2 (θ), θ) c(q2 (θ) − q20 ) s1 (q2 (θ), θ) = = v1 (q2 (θ)) = . ∂θ1 b1 + β 1 s2 (q2 (θ), θ) =



We denote q2 − q10 = q˜2 and write the tariff as a function of the information rent (indirect residual utility) as T2 (θ) = θ2 q˜2 +



c(θ1 − α1 )˜ q2 c2 (˜ q2 + q20 )˜ q2 b2 2 + − (˜ q + 2q20 (˜ q2 + q20 )) − s(θ). b1 + β 1 b1 + β 1 2 2



Then the expected profit of P2, with Θ∗ ⊂ Θ being those who buy more than q20 , can be written as   2  c(θ1 − α1 ) c q˜2 b2 E(Π2 ) = θ2 + q˜2 + − b2 q20 (˜ q2 + q20 ) − q˜22 b1 + β 1 b1 + β 1 2 Θ∗ i ∗ −m2 q˜2 − m2 q20 − s(θ) f (θ)dθ − m2 q20 F (θ ) − K2 . Z



h



The optimal quantity and pricing rule will maximize the expected profit conditional on the fact that the agents will choose their quantity appropriately and that every body wants to participate. Before we move on, let’s look into the issue of participation in detail. First, from the perspective of P2, s(q2 , θ) is the additional utility that an agent θ gets from consuming q2 , while his total utility is his indirect utility W (θ). Also, recall that if the agent chooses not to 2



consume more than q20 from P2, then he gets w1 (θ) if he consumes some amount from P1 or he gets u(q10 , q20 , θ) if he consumes the free quantity. Therefore, an agent will participate in the contract with P2 if and only if the gain from participating is at least as much as not participating at all. In other words, the participation constraint is: for all θ ∈ Θ, W (θ) ≥ max{w1 (θ), u(q10 , q20 , θ)} ⇒



w1 (θ) + s(q(θ), θ) ≥ max{w1 (θ), u(q10 , q20 , θ)}



⇒



w1 (θ) + s(q(θ), θ) ≥ w1 (θ)



∴



s(q(θ), θ) ≥ 0.



The third inequality follows from the fact that w1 (θ) is the utility that results when the agent finds it optimal to purchase q1 > q10 while he purchases only q20 . Therefore, the utility q1 (θ) has to be at least as much as u(q10 , q20 , θ). Then P2’s objective function is to choose optimal rent that is given to an agent of type θ, with the constraints that the rent so induced is implementable and satisfies participation constraints. Following the literature on implementability, the sufficient condition for implementability is that the rent function has to be convex when evaluated at optimal consumption and the participation constraint must be satisfied. So the optimization problem of P2 is maxs E(Π1 ) such that s(·) is convex; and s(θ) ≥ 0. Let, p1 = v1 (θ) =



c ˜2 b1 +β 1 q



and p2 = v2 (θ) = q˜2 . Since the dimension of type is more than



the dimension of goods, for P2, not all points in the utils space will be feasible. The set of feasible points forms a smooth subset (1 dimensional manifold) in R2+ . This subset can be characterized as : A = {p ∈ R2+ : a(p1 , p2 ) = 0}, for some function a : R2 → R. Now, in terms of the newly introduced utils, P2’s problem is ZZ E(Π2 ) =



Θ∗



2 hX



 θ i pi +



i=1



   i c2 q20 − cα1 c2 b2 − b2 q20 − m2 p2 + − p22 − s(θ) dF (θ) b1 + β 1 b1 + β 1 2



−(K2 + m2 q20 ),



(3)



s.t 5 s(θ) = z, s(·) − convex, a(p1 , p2 ) = 0.



(4)



For existence and uniqueness results and the interpretation of the constraints see Basov (2001). First we drop the convexity assumption, and derive optimal contract for the “relaxed” prob-



3



lem. The Hamiltonian can for the problem becomes



H(p) =



" 2 X



 θ i pi +



i=1



#    c2 c2 q20 − cα1 b2 p22 − s(θ) f (θ) − b2 q20 − m2 h2 + − b1 + β 1 b1 + β 1 2



−(K2 + m2 q20 ) +



2 X



λi (θ)pi + µ(θ)a(p1 , p2 ),



i=1



where λ is the costate vector for the envelope condition 5s(θ) = p while µ is the Lagrange multiplier on the constraint a(p1 , p2 ) = 0. Let, 



c2 q20 − cα1 − b2 q20 − m2 b1 + β 1



then we can use a(z) =



H=



2 X



cp2 b1 +β 1



θi pi + xp2 −



 = x,



b2 c2 − 2 b1 + β 1



 = e.



− p1 = 0 and re write H(z) as !



ep22







− s f (θ) +



2 X



 λi (θ)pi + µ(θ)



i=1



i=1



cp2 − p1 b1 + β 1



 − (K2 + m2 q20 ).



Let ν be the unit vector, normal to the boundary of participation and pointing outwards. Then from Basov (2001) we have T HEOREM 1: Suppose that the rent function s(θ) solves the relaxed problem. Then the solution characterized by the following conditions: there exists a continuously differentiable vector function λ : R2 → R2 , and a continuously differentiable function µ : R2 → R, such that ∂H ≤ 0; ∂s < λ, ν > ≥ 0; divλ +



a.e.on a.e.on



Θ∗



(5)



∂Θ∗ .



(6)



Inequalities (5) and (6) becomes equalities at interior of participation region Θ∗ , i.e whenever s(θ) > 0. For a given vector λ, z is determined by pi ∈ arg max H.



(7)



In the Hamiltonian, we should interpret the term e˜ q22 −x˜ q2 as the pseudo-cost of producing q. And under the condition that b2 >



2c2 b1 +β 1



it can be shown that this cost is strictly convex in



q˜2 . As this condition depends on the optimal pricing chosen by P1, it is taken as parameter by P2, while choosing its own optimal contract. For our purpose we shall assume that this
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inequality is true, and shall verify it ex post. This new pseudo-cost function makes our case directly comparable to the case in Basov. From these three conditions we get dλ1 dλ2 + − f (θ) ≤ 0; a.e. on Θ, dθ1 dθ2 λ1 ν 1 + λ2 ν 2 ≥ 0; a.e. on ∂Θ, ∂H = 0 ⇒ λ1 = µ(θ) − θ1 f (θ) ∂p1 ∂H µ(θ)c = 0 ⇒ λ2 = −(θ2 + x − 2ep2 )f (θ) − ∂p2 b1 + β 1 µ(θ)c , ⇒ λ2 = −(θ2 + x − 2es2 (θ))f (θ) − b1 + β 1 where the last equality follows from the envelope condition, i.e.



∂s(θ1 ,θ2 ) ∂θ2



(8) (9) (10)



(11) = p2 . Differentiating



(10) and (11) w.r.t θ1 and θ2 , respectively, we get dλ1 dθ1 dλ2 dθ2



= µ1 (θ) − f (θ) − θ1 f1 (θ), = −(1 − 2es22 (θ))f (θ) − (θ2 + x − 2es2 (θ))f2 (θ) −



µ2 (θ)c . b1 + β 1



Here, for functions f (θ) and µ(θ) we use subscript to denote the partial derivative with respect to that argument. Substituting each of the above expressions in (8) gives us µ2 (θ)c − f (θ) ≤ 0 b1 + β 1 µ (θ)c ⇒ (2es22 (θ) − 3)f (θ) + (2es2 (θ) − θ2 − x)f2 (θ) + µ1 (θ)(θ) − θ1 f1 (θ) − 2 =0 (12) b1 + β 1



µ1 (θ) − f (θ) − θ1 f1 (θ) − (1 − 2es22 (θ))f (θ) − (θ2 + x − 2es2 (θ))f2 (θ) −



For the first part we shall focus only on substitute goods, i.e. c < 0. The inequality (9), binds at the boundary where the agent values the good 2 the most, i.e at (θ1 , θ2 ), which, in the contract literature is known as no distortion on top. Hence, µ(θ1 , θ2 ) − θ1 f1 (θ1 , θ2 ) = 0; −(θ2 + x − 2es2 (θ1 , θ2 ))f (θ1 , θ2 ) −



(13) µ(θ1 , θ2 )c = 0. b1 + β 1



(14)



From (13) we notice that the multiplier is a a function of θ2 only through the density function.
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Hence we conjecture that the multiplier is µ(θ) = θ1 f (θ). Hence, µ1 (θ) = θ1 f1 (θ) + f (θ), which satisfies (13) and µ2 (θ) = θ1 f2 (θ). Now for notational ease we make a change of variable, y(θ) = s1 (θ), from (13) we get θ1 f2 (θ)c (2ey1 (θ) − 3)f (θ) + (2ey(θ) − θ2 − x)f2 (θ) + θ1 f1 (θ) + f (θ) − θ1 f1 (θ) − =0 b1 + β 1   θ1 c 2ey1 (θ)f (θ) + 2ey(θ) − − θ2 − x f2 (θ) − 2f (θ) = 0; b1 + β 1     cθ1 ∂ 2eyf (θ) − ∴ + θ2 + x f (θ) = f (θ). (15) ∂θ2 b1 + β 1 Therefore, the optimal contract is characterized by the PDE (15) with the boundary condition: 



cθ1 − θ2 + x − b1 + β 1



 f (θ1 , θ2 ) + 2ey(θ1 , θ2 )f (θ1 , θ2 ) = 0.



(16)



Integrating both sides of (16), with respect to θ2 , we get   Z θ2 cθ1 ∂ 2ey(θ1 , t)f (θ1 , t) − ( + t + x)f (θ1 , t) dt = k0 + f (θ1 , t)dt b1 + β 1 θ2 ∂t θ2     cθ1 2ey(θ1 , θ2 )f (θ1 , θ2 ) − + θ2 + x f (θ1 , θ2 ) b1 + β 1     Z θ2 cθ1 − 2ey(θ1 , θ2 )f (θ1 , θ2 ) − f (θ1 , t)dt + θ2 + x f (θ1 , θ2 ) = k0 + b1 + β 1 θ2     Z θ2 cθ1 − 2ey(θ1 , θ2 )f (θ1 , θ2 ) − + θ2 + x f (θ1 , θ2 ) = k0 + f (θ1 , t)dt b1 + β 1 θ2   Rθ cθ1 + θ + x f (θ1 , θ2 ) − k0 − θ22 f (θ1 , t)dt 2 b1 +β 1 y(θ1 , θ2 ) = 2ef (θ1 , θ2 )   Rθ cθ1 + θ + x f (θ1 , θ2 ) − k0 − θ22 f (θ1 , t)dt 2 b1 +β 1 ∂s(θ1 , θ2 ) q˜2 (θ1 , θ2 ) = p2 = = y(θ1 , θ2 ) = , ∂θ2 2ef (θ1 , θ2 ) Z



or,



or,



or,



or,



θ2



where the third equality follows from the boundary condition (16), and evaluating the above
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at θ2 gives k0 = 0.. Therefore the optimal contract is



q(θ1 , θ2 ) =



cθ1 b1 +β 1



+ θ2 −



c2 q20 +cα1 b1 +β 1







b2 −



R θ2



− m2 − 



f (θ1 ,t)dt f (θ1 ,θ2 )



θ2



2c2 b1 +β 1



,



(17)



which is the same as we found using the aggregation method. The allocation rule for the first principal can be determined analogously and hence not pursued. Note that, unlike in Rochet ´ (1998), optimal allocation rule never generates perfect screening because of the and Chone difference in dimension of instrument and agent’s type. Therefore, the agent’s type is divided into only two subsets, one where they are screened out and offered only qi0 , i = 1, 2 and the other is bunching of “second kind” where agents with type hi = θi +



cθj bj +β j , j



6= i, i, j ∈ {1, 2},



get the same good qi (hi ).



2..



P ROOFS



In this section we collect the proof of Theorem 3.1 Proposition 3.4 and Proposition 3.5 and derive equations (A.5)-(A.8). Proof of Theorem (3.1) ´ (1998) and therefore for origiThe proof relies on the existence result in Rochet and Chone nal treatment see the paper. Even though their paper is concerned with a multidimensional screening for a monopoly, it is general enough to be applicable for the case of follower. For P2, contract chosen by P1 can be treated as exogenous parameters which affect the profit. ´ Therefore, working with the sufficient statistic z2 the existence result from Rochet and Chone (1998), Theorem 1 is applicable. The proof entails standard steps: First, we show that Π2 as a function of s2 is continuous and concave on Z2∗ (defined below) and Z2∗ is closed and convex. Then we show that Π2 is coercive (defined below). The uniqueness of the optimal best response follows from the concavity. We define a normed vector space of functions H1 (Z2 ), functions s2 from Z2 = [z 2 , z 2 ] to R, such that s2 and 5s2 are square integrable, i.e. H1 (Z2 ) = {s2 : s2 ∈ L2 (Z2 ), 5s2 ∈ L2 (Z2 )},2 2



H1 (Z2 ) is a Hilbert space also known as a Sobolev space, where the functions and their first derivatives are square integrable and vanish at the boundary. We are interested in such spaces because the elements in this space are well behaved, thus enabling one to show that partial differential equations that characterize optimal nonlinear prices have solutions.
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with norm defined as



Z



(s22 + || 5 s2 ||2 )dz2 .



|s2 |H1 = Z2



From lemma (3.1) in the text, we know 5s2 (z2 ) = q2 (z2 ), and suppressing z2 we can write the expected profit for P2 as Z



[T2 (5s2 ) − m2 5 s2 ] 1(s2 ≥ s02 )g2 (z2 )dz2 − K2 − m2 q20 G2 (z20 ) Z2 )  Z ( cα1 − c2 5 s2 b2 2 = z2 − (5s2 − q20 ) − (5s22 − q20 ) − m2 (5s2 ) − s2 b1 + β 1 2 Z2∗



Π(s2 ) =



×g2 (z2 )dz2 − K2 − m2 q20 G2 (z20 ), where Z2∗ = {s2 ∈ H1 (Z2 ) : s2 ≥ s02 } and s02 is the utility if an agent of type z2 decides to purchase only q20 . Our objective is to show that there exists s∗2 ∈ Z2∗ such that Π2 (s∗2 ) ≥ Π2 (s2 ) for all s2 ∈ Z2∗ . Given the contract choice of P1, continuity of Π2 (s2 ) as a function of s2 ∈ Z2∗ follows from our assumption of continuity of g2 (z2 ) and the definition of the functional Π2 . The functional can be shown to be concave (see the main text) then the existence follows if we can show that Π2 (s2 ) is coercive, i.e. Π2 is coercive if Π2 (s2 ) → −∞ when |s2 | → ∞; see Kinderlehrer and Stampacchia (1980) for proof of this sufficient condition. Intuitively, coercive functions are those functions that decrease without limit on any path that extends to infinity. For all s2 ∈ H1 (Z2 ), let s2 be the mean value of s2 in Z2 , i.e. s2 =



1 |Z2 |



R



Z2 s2 (z2 )dz2 .



Then from Poincar´e’s inequality implies existence of a constant M < ∞ such that for s2 ∈ H1 (Z2 ), |s2 − s2 | ≤ M | 5 s2 |L2 . Then using s2 = s2 − s2 + s2 we get |s2 |2L2 = |s2 − s2 + s2 |2 = |s2 − s2 |2L2 + s22 ≤ M 2 | 5 s2 |2L2 + s22 . Then from the definition of the norm in H1 (Z2 ) we note the following relationship: |s2 |H 1 → ∞ ⇔ either| 5 s2 |2L2 → ∞, or s22 → ∞.



8



(18)



Then we observe the following relation: Π2 (s2 ) ≤ ≤ =



≤



(



)  c2 · 5s2 b2 2 ) − m2 · 5s2 − s2 g2 (z2 )dz2 z2 + (5s2 − q20 ) − (5s22 − q20 b1 + β 1 2 Z2 )  Z ( c2 · 5s2 b2 b 2 2 z2 + 5 s2 − · 5s22 + q20 − m2 · 5s2 − s2 g2 (z2 )dz2 b1 + β 1 2 2 Z2 Z b2 2 (z2 · 5s2 − (s2 − s2 )) g2 (z2 )dz2 − s2 + q20 2 Z2 )  Z ( b2 c2 2 5 s2 + m2 · 5s2 g2 (z2 )dz2 − − 2 b1 + β 1 Z2   Z b2 2 b2 c2 (z2 · 5s2 − (s2 − s2 )) g2 (z2 )dz2 − s2 + q20 −  − | 5 s2 |2L2 2 2 b + β 1 Z2 1 Z



Therefore, Π2 (s2 ) ≤ M | 5 s2 |L2 − s2 +



b2 2 q − 2 20







b2 c2 − 2 b1 + β 1







| 5 s2 |2L2



(19)



which with (A.1) implies that if |s2 |H 1 → ∞ then Π2 → −∞. Now suppose s12 and s22 are two optimal best response. Then, using concavity of the functional Π2 we can show that the optimal s2 is unique. Once s2 is unique, it is clear that q2 (·) that implements s2 is unique and so is z20 . Proof of Proposition 3.4: It is important to observe that not only q but also z 1 , z 1 and Ψ(t) are functions of α1 and β 1 . Therefore, we shall use Leibniz’s method to compute the first order necessary conditions. First we do some calculations:  (cα2 + c2 q20 )(b1 + β 1 ) 2c2 (b1 + β 1 ) − (b + β ) t − − α1 1 1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1)  2    2c (b1 + β 1 ) − b2 l2 (b1 + β 1 )2 + 2c2 (b1 + β 1 )(l2 − 1) (cα2 + c2 q20 )(b1 + β 1 ) t − + α 1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) At − B.



 Ψ(t)



= = =



9



The FOC with respect to α1 is: dq (1 − G1 (Ψ(q)))(α1 + β 1 q 1 − m1 ) + dα1 | {z }



q1



Z



q10



ρ1 (z 1 − Ψ(t))ρ1 −1 (−Ψα1 )(α1 + β 1 t − m1 ) (z 1 − z 1 )ρ1



=0



 ρ1







z 1 − Ψ(t) dt = 0 z1 − z1   Z q1 Z q1 ρ1 (z 1 − Ψ(t))ρ1 −1 ρ1 (z 1 − Ψ(t))ρ1 −1 −Ψα1 (α1 − m1 ) dt + β tdt 1 (z 1 − z 1 )ρ1 (z 1 − z 1 )ρ1 q10 q10 ρ1 Z q1  z 1 − Ψ(t) + dt = 0 z1 − z1 q10 +



⇒



⇒



−Ψα1



q1



 Z (α1 − m1 )



q10



Z



q1







+ q10



z 1 − At + B z1 − z1



ρ1 (z 1 − At + B)ρ1 −1 dt + β 1 (z 1 − z 1 )ρ1



q1



Z



q10



ρ1 (z 1 − At + B)ρ1 −1 tdt (z 1 − z 1 )ρ1







 ρ1 dt = 0.



We can evaluate each term separately as follows: First Term: q1



Z ρ1



(z 1 − At + B)ρ1 −1 dt



−



=



q10



1 A



ρ ν 21



=



q1



Z



0



{(z 1 − At + B)ρ1 } dt = −



q10 ρ − ν 11



A



q1 1 (z 1 − At + B) A q10



,



where ν 1 = z 1 − Aq 1 + B and ν 2 = z 1 − Aq10 + B. Second Term: Z



q1



ρ1 (z 1 − At + B)ρ1 −1 tdt



1 A



Z



q1



0



{(z 1 − At + B)ρ1 } tdt



=



−



=



  Z q1 1 ρ ρ − q 1 ν 11 − q10 ν 21 − (z 1 − At + B)ρ1 dt . A q10



q10



q10



Let z 1 − At + B = x, then we can rewrite the last expression in the parenthesis as −



1 A



Z



ν1



xρ1 dx = −



ν2



1+ρ1



ν1



1+ρ1



− ν2 A(1 + ρ1 )



,



which when substituted back to the previous expression allows us to write the second term as Z



q1



ρ



ρ1 (z 1 − At + B)ρ1 −1 tdt =



q10



Third term: Z



q1



ρ



1+ρ



1+ρ



1 q10 ν 21 − q 1 ν 11 ν − ν2 1 − 1 2 . A A (1 + ρ1 )



(z 1 − At + B)ρ1 dt = −



q10



10



1+ρ1



ν1



1+ρ1



− ν2 A(1 + ρ1 )



.



Putting together the FOC becomes ρ



ρ



ρ



ρ



1+ρ



1+ρ



1+ρ



1+ρ1



1 Ψα1 (α1 − m1 )(ν 21 − ν 11 ) − ν2 Ψα1 β 1 (q10 ν 21 − q 1 ν 11 ) Ψα1 β 1 (ν 1 1 − ν 2 1 ) ν − + − 1 2 A A A (1 + ρ1 ) A(1 + ρ1 )   (1+ρ1 ) (1+ρ ) (ν 2 − ν1 1 ) Ψ α1 β 1 ρ ρ ρ ρ −Ψα1 (α1 − m1 )(ν 21 − ν 11 ) − Ψα1 β 1 (q10 ν 21 − q 1 ν 11 ) − −1 = 0. A (1 + ρ1 )



−



⇒



=0



We can write Ψβ 1 (t) = Jt + D after some straightforward calculation and substitution, as shown later. Let z 01 = z1 ∂β 1



and similarly we define z 01 , and let 4z 0 = z 01 − z 01 . Some preliminary calculations: Ψ α1



=



∂Ψ(t) c2 (l2 − 1) −c2 (l2 − 1) − b2 l2 (b1 + β 1 ) + 2c2 (l2 − 1) = − (b l (b +β )−2c2 (l −1)) −1= 2 2 1 2 1 ∂α1 (b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1)) (b1 + β 1 ) (b1 +β )



=



c2 (l2 − 1) − b2 l2 (b1 + β 1 ) . (b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1))



1



Since ν 1 is just the first order condition for z 1 where the type z 1 purchases the optimal quantity, a necessary condition for optimality is that it must be equal to zero. Therefore, in what follows we shall substitute ν 1 = 0. So, the first order condition with respect to α1 becomes  (1+ρ1 ) ) (ν 2 Ψ α1 β 1 −1 =0 A (1 + ρ1 )   Ψ α1 β 1 ν2 or, Ψα1 (α1 − m1 ) + Ψα1 β 1 q10 + −1 = 0. A (1 + ρ1 ) ρ



ρ







Ψα1 (α1 − m1 )ν 21 + Ψα1 β 1 q10 ν 21 +



Next, we solve ν 2 to get ν 2 = z 1 − Aq10 + M1 + M2 α1 , where M1 and M2 are determined by B, as shown below: B



= = = = =



(cα2 + c2 q20 )(b1 + β 1 ) + α1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) c(ζ 2 + l2 m2 )(b1 + β 1 ) + c(cα1 + c2 q20 )(l2 − 1) + c2 q20 (b1 + β 1 ) + α1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1)   c(ζ 2 + l2 m2 )(b1 + β 1 ) + c3 q20 (l2 − 1) + c2 q20 (b1 + β 1 ) c2 (l2 − 1) + α 1 + 1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1)   c(ζ 2 + l2 m2 )(b1 + β 1 ) + c3 q20 (l2 − 1) + c2 q20 (b1 + β 1 ) b2 l2 (b1 + β 1 ) − c2 (l2 − 1) + α 1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) M1 + M2 α 1 .



Substituting everything in the FOC we get



or,



  Ψ α1 β 1 z 1 − Aq10 + M1 + M2 α1 Ψα1 (α1 − m1 ) + Ψα1 β 1 q10 + −1 =0 A (1 + ρ1 )       Ψ α1 β 1 Ψ α1 β 1 M2 z 1 − Aq10 + M1 α 1 Ψ α1 + −1 + Ψα1 (β 1 q10 − m1 ) + −1 = 0, A (1 + ρ1 ) A (1 + ρ1 )
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and solving for α1 , we get α1 =



AΨα1 (1 + ρ1 )(m1 − β 1 q10 ) + (A − Ψα1 β 1 )(z 1 − Aq10 + M1 ) {Ψα1 A(1 + ρ1 ) + M2 (Ψα1 β 1 − A)}



which is equation (A.6). To determine optimal β 1 we optimize with respect to β 1 : ∂q 1 (1 − G1 (Ψ(q 1 )))(α1 + β 1 q 1 − m1 ) 1 + ∂β 1 (z 1 − z 1 )ρ1 | {z }



q



Z



n ρ1 (z 1 − Ψ(t))ρ1 −1 (z 01 − Ψβ 1 )(α1 + β 1 t − m1 )



q10



=0



Z o +(z 1 − Ψ(t))ρ1 t dt −



q1



q10



ρ1 4 z10 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = 0 (z 1 − z 1 )ρ1 +1



We can express Ψ(t)β 1 as an explicit function of t: Ψ(t)β 1



∂Ψ(t) 2c2 l2 − 2b2 l2 (b1 + β 1 ) − 2c2 l22 b2 (b1 + β 1 ) − b22 l22 (b1 + β 1 )2 t = ∂β 1 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1)



=



{c(ζ 2 + l2 m2 ) + c2 q20 }(b1 + β 1 )b2 l2 − b2 l2 c(cα1 + c2 q20 )(l2 − 1) − c(ζ 2 + l2 m2 ) − c2 q20 b2 l2 (b1 + β 1 ) − 2c2 (l2 − 1) Jt + D. +



= Taking



1 (z 1 −z 1 )ρ1



common from the first order condition, we get



Z



q



n



o ρ1 (z 1 − At + B)ρ1 −1 (z 01 − Jt − D)(α1 + β 1 t − m1 ) + (z 1 − At + B)ρ1 t dt



q10 q1



Z −



q10



Z



q



ρ1 4 z10 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = 0 (z 1 − z 1 )



ρ1 (z 1 − At + B)ρ1 −1 (z 01 − D)(α1 − m1 ) − ρ1 (z 1 − At + B)ρ1 −1 J(α1 − m1 )t



or, q10



+ρ1 (z 1 − At + B)ρ1 −1 (z 01 − D)β 1 t − ρ1 (z 1 − At + B)ρ1 −1 Jβ 1 t2 + (z 1 − At + B)ρ1 tdt Z q1 ρ1 4 z10 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = 0 − q10 (z 1 − z 1 ) Z q Z q1 (z 01 − D)(α1 − m1 ) ρ1 (z 1 − At + B)ρ1 −1 dt − J(α1 − m1 ) ρ1 (z 1 − At + B)ρ1 −1 tdt



or,



q10



+(z 01 − D)β 1



Z



q1



q10



ρ1 (z 1 − At + B)ρ1 −1 dt − Jβ 1



q10



Z



q1



+



(z 1 − At + B)ρ1 tdt −



Z



q1 q10



(z 01 − D)(α1 − m1 )



q1



ρ1 (z 1 − At + B)ρ1 −1 t2 dt



q10



q10



or,



Z



Z



q



ρ1 4 z10 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = 0 (z 1 − z 1 )



ρ1 (z 1 − At + B)ρ1 −1 dt − (J(α1 − m1 ) − (z 01 − D)β 1 )



q10



Z



q1



×



ρ1 (z 1 − At + B)ρ1 −1 tdt − Jβ 1



q10



Z



q1 q10



q1



ρ1 (z 1 − At + B)ρ1 −1 t2 dt



q10 ρ1



Z



q1



(z 1 − At + B) tdt −



+



Z



q10



ρ1 4 z10 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = 0 (z 1 − z 1 )
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Now, ignoring the coefficients, we solve the integration. First Term: q



Z



ρ1 (z 1 − At + B)ρ1 −1 dt = −



q10



Second Term: Z q1



ρ1 (z 1 − At + B)ρ1 −1 tdt = −



q10



=−



q1



Z



ρ



ρ



q



Z



{(z 1 − At + B)ρ1 }0 dt =



q10



ν 21 − ν 11 . A



t{(z 1 − At + B)ρ1 }0 dt



q10



  Z q1 Z ρ ρ q10 ν 21 − q 1 ν 11 1 q1 1 ρ ρ q 1 ν 11 − q10 ν 21 − (z 1 − At + B)ρ1 dt = + (z 1 − At + B)ρ1 dt A A A q10 q10 ρ



ρ



1+ρ



1+ρ



1 q10 ν 21 − q 1 ν 11 − ν1 1 ν + 2 2 . A A (1 + ρ1 )



= Third Term Z q1



1 A



1 A



ρ1 (z 1 − At + B)ρ1 −1 t2 dt = −



q10



1 A



Z



q1



t2 {(z 1 − At + B)ρ1 }0 dt



q10



  Z q1 Z ρ 2 ρ1 q10 ν 2 − q 21 ν 11 1 2 ρ1 2 q1 2 ρ1 ρ1 =− + q ν − q10 ν 2 − 2 t(z 1 − At + B) dt = t(z 1 − At + B)ρ1 dt. A 1 1 A A q10 q10 1 −1 ρ



1 Let (z 1 − At + B)ρ1 = x, then dt = − x Aρ



1



Z



q1



ρ



ν 11



Z



ρ1



t(z 1 − At + B) dt =



ρ



ν 21



q10



=−



dx, which allows us to solve the integration in the last expression:



(z 1 + B) A2 ρ1



ρ



ν 11



Z



1 ρ1



x



ρ



dx +



ν 21



1+ 2



ρ



1



ρ



1 A2 ρ1



1+ ρ2



{ν 1 } ρ1 − {ν 21 } + 1 A2 ρ1 ( ρ2 + 1)



1



=−



1



(z 1 + B) − x ρ1 x A ρ



ν 11



Z



x



ρ



2 ρ1



−1



x ρ1 − Aρ1



dx = −



! dx



  1+ 1 1+ 1 ρ ρ (z 1 + B) {ν 11 } ρ1 − {ν 21 } ρ1



  1+ρ 1+ρ (z 1 + B) ν 1 1 − ν 2 1 A2 (1 + ρ1 )



1



1 ) ρ1



A2 ρ1 (1 +



ν 21



2+ρ



+



2+ρ



ν1 1 − ν2 1 A2 (2 + ρ1 )



Therefore, the third term becomes Z



q1



ρ1 (z 1 − At + B)ρ1 −1 t2 dt =



2 ρ1 q10 ν2



q10



− A



ρ q 21 ν 11



−



  1+ρ 1+ρ 2(z 1 + B) ν 1 1 − ν 2 1 A3 (1



+ ρ1 )



2+ρ



+



Fourth term: (following the derivation for the third term) Z



q1



q10



1+ρ



(z 1 − At + B)ρ1 tdt =



1+ρ1



(z 1 + B)(ν 2 1 − ν 1 A2 (1 + ρ1 )
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)



2+ρ



+



2+ρ



ν1 1 − ν2 1 . A2 (2 + ρ1 )



2+ρ1



2(ν 1 1 − ν 2 A3 (2 + ρ1 )



)



The Fifth Term: Z q1 Z q1 n ρ1 4 z10 ρ1 4 z10 (α1 − m1 )(z 1 − At + B)ρ1 (α1 + β 1 t − m1 )(z 1 − At + B)ρ1 dt = (z 1 − z 1 ) q10 (z 1 − z 1 ) q10 Z q1 0 ρ1 o 0 ρ 4 z1 β 1 (z 1 − At + B) t 4z1 (α1 − m1 ) ρ1 (z 1 − At + B)ρ1 dt + 1 dt = (z 1 − z 1 ) (z 1 − z 1 ) q10 Z ρ 4 z10 β 1 q1 + 1 (z 1 − At + B)ρ1 tdt (z 1 − z 1 ) q10 1+ρ1



1+ρ



=



4z10 ρ1 (α1 − m1 )(ν 2 1 − ν 1 A(z 1 − z 1 )(1 + ρ1 )



)



1+ρ



−



1+ρ1



4z10 ρ1 β 1 (z 1 + B)(ν 1 1 − ν 2 A2 (z 1 − z 1 )(1 + ρ1 )



)



2+ρ



+



2+ρ



4z10 ρ1 β 1 (ν 1 1 − ν 2 1 ) A2 (z 1 − z 1 )(2 + ρ1 )



Now, putting all the terms together we get the following first order condition for β 1 : ( ) 1+ρ ρ ρ 1+ρ ρ ρ q10 ν 21 − q 1 ν 11 ν2 1 − ν1 1 (z 01 − D)(α1 − m1 )(ν 21 − ν 11 ) 0 − {J(α1 − m1 ) − (z 1 − D)β 1 } + A A A2 (1 + ρ1 )     1+ρ 1+ρ 2+ρ 2+ρ  q 2 ν ρ1 − q 2 ν ρ1 2(z 1 + B) ν 1 1 − ν 2 1 2(ν 1 1 − ν 2 1 )  10 2 1 1 −Jβ 1 − +   A A3 (1 + ρ1 ) A3 (2 + ρ1 ) ) ( ( 2+ρ 2+ρ1 1+ρ 1+ρ 1+ρ 1+ρ − ν2 1 ν 4z10 ρ1 (α1 − m1 )(ν 2 1 − ν 1 1 ) (z 1 + B)(ν 2 1 − ν 1 1 ) + 1 2 − + 2 A (1 + ρ1 ) A (2 + ρ1 ) A(z 1 − z 1 )(1 + ρ1 ) ) 2+ρ 2+ρ 1+ρ 1+ρ 4z10 ρ1 β 1 (ν 1 1 − ν 2 1 ) 4z10 ρ1 β 1 (z 1 + B)(ν 1 1 − ν 2 1 ) + = 0. − A2 (z 1 − z 1 )(1 + ρ1 ) A2 (z 1 − z 1 )(2 + ρ1 ) Taking



1 A



common and re arranging the terms gives us ρ



ρ



ρ



ρ



(z 01 − D)(α1 − m1 )(ν 21 − ν 11 ) − {J(α1 − m1 ) − (z 01 − D)β 1 }(q10 ν 21 − q 1 ν 11 )   {J(α1 − m1 ) − (z 01 − D)β 1 } 2Jβ 1 (z 1 + B) 4z10 ρ1 {β 1 (z 1 + B) − A(α1 − m1 )} z1 + B + − − + A A A2 A(z 1 − z 1 ) ! !   1+ρ1 1+ρ1 2+ρ1 2+ρ 0 ν2 − ν1 ν1 − ν2 1 4z1 ρ1 β 1 ρ 2 ρ1 − Jβ 1 (q10 ν 2 − q 21 ν 11 ) − = 0. × + 2Jβ 1 − 1 (1 + ρ1 ) z1 − z1 A2 (2 + ρ1 ) ρ



Then when we substitute ν 1 = 0, and taking ν 21 (6= 0) common, we get (z 01 − D)(α1 − m1 ) − q10 {J(α1 − m1 ) − (z 01 − D)β 1 }   {J(α1 − m1 ) − (z 01 − D)β 1 } 2Jβ 1 (z 1 + B) 4z10 ρ1 {β 1 (z 1 + B) − A(α1 − m1 )} z1 + B + − − + A A A2 A(z 1 − z 1 )   0 2 4z1 ρ1 β 1 ν2 ν2 2 × − Jβ 1 q10 + + 2Jβ 1 − 1 = 0, (1 + ρ1 ) z1 − z1 A2 (2 + ρ1 ) our desired equation (A.7). Proof of Proposition 3.5: The lowest type for P 1 amongst all those who buy at least q10 , is (θ∗1 , θ2 ). Recall the definition of θ∗1 from previous section. Let w2 (q2 (θ∗1 , θ2 ); θ∗1 , θ2 ) be the utility that the type (θ∗1 , θ2 ) gets by consuming optimal q2 and only q10 . Notice that given the type in other dimension, the agent will always have interior solution for q2 . Then if we recall W1 (θ∗1 , θ2 ; x) to be the indirect utility of consuming optimal pair of (q1 , q2 ) when P1 charges γ 1 = x, then the difference between the two W1 (·, ·; x) − w2 (·; ·, ·) is the extra utility from participating in contract with P1. Since
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this type is the least favorable one from the perspective of P1, optimal γ 1 should be such that it takes away all the extra utility for such type that accrues from participating with P1. Therefore we get γ 2 = arg min{W1 (θ∗1 , θ2 ; x) − w2 (q2 (θ∗1 , θ2 ); θ∗1 , θ2 )}. x



When only q10 is consumed then the first order condition gives us that the optimal q2 (θ∗ ; q10 ) =



θ 2 −α2 +cq10 , where b2 +β 2



θ∗ is the type pair we are concerned with. Therefore, w2 (q2 (θ∗ ; q10 ); θ∗ )



=



θ∗1 q10 + (θ2 − α2 + cq10 )







θ2 − α2 + cq10 b2 + β 2



 −



(b1 + β 2 ) 2







θ2 − α2 + cq10 b2 + β 2



2



b1 2 q10 − γ 2 2 (θ2 − α2 + cq10 )2 b1 2 θ∗1 q10 − q10 − γ2 + 2 2(b2 + β 2 ) −



=



However, without any such restrictions, optimal consumption pairs are q2 (θ∗ )



=



θ2 − α2 + cq1 (θ∗ ) ; b2 + β 2



q1 (θ∗ ) =



θ∗1 − α1 + cq2 (θ∗ ) , b1 + β 1



which when solved simultaneously, gives us q2 (θ∗ )



=



q1 (θ∗ )



=



(θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) (b1 + β 1 )(b2 + β 2 ) − c2   ∗ (θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) θ 1 − α1 c . + b1 + β 1 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c2



Observe that we intend to minimize the difference between W1 and w2 by choosing x, which appears linearly only in W1 we can choose the γ 1 such that ignoring x in W1 γ 1 = W1 − w2 . To get W1 we substitute all the expression back into the indirect utility function to get: γ1



=



(θ∗1 − α1 )q1 (θ∗ ) + (θ2 − α2 )q2 (θ∗ ) − −γ 2 + cq1 (θ∗ )q2 (θ∗ ) − θ∗1 q10 +



=



b1 + β 1 b2 + β 2 q2 (θ∗ )2 (θ∗ )2 − q 2 1



(θ2 − α2 + cq10 )2 b1 2 q10 + γ 2 − 2 2(b2 + β 2 )



(θ∗1 − α1 )2 c(θ∗1 − α1 )(θ2 − α2 ) c2 (θ∗1 − α1 )2 + + 2 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c (b1 + β 1 ){(b1 + β 1 )(b2 + β 2 ) − c2 } " 2 (θ2 − α2 )2 (b1 + β 1 ) c(θ2 − α2 )(θ∗1 − α1 ) b1 + β 1 θ∗1 − α1 + + − (b1 + β 1 )(b2 + β 2 ) − c2 (b1 + β 1 )(b2 + β 2 ) − c2 2 b1 + β 1  2 # 2c(θ∗1 − α1 ) (θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) (θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) c2 + × + b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c2 (b1 + β 1 )2 (b1 + β 1 )(b2 + β 2 ) − c2  2 b2 + β 2 (θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) c(θ∗1 − α1 ) (θ2 − α2 )(b1 + β 1 ) + c(θ∗1 − α1 ) − + × 2 (b1 + β 1 )(b2 + β 2 ) − c2 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c2  2 ∗ 2 (θ2 − α2 )(b1 + β 1 ) + c(θ1 − α1 ) (θ2 − α2 + cq10 )2 c b1 2 ∗ − θ q + q + 10 1 10 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c2 2 2(b2 + β 2 )
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γ1



=



=



(θ∗1 − α1 )2 (b2 + β 2 ) 3c(θ∗1 − α1 )(θ2 − α2 ) (θ2 − α2 )2 (b1 + β 1 ) (θ∗ − α1 )2 + + − 1 2 2 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c (b1 + β 1 )(b2 + β 2 ) − c 2(b1 + β 1 )   c(θ∗1 − α1 )(θ2 − α2 )(b1 + β 1 ) c2 (θ∗1 − α1 )2 1 − − × 1− (b1 + β 1 )(b2 + β 2 ) − c2 (b1 + β 1 )(b2 + β 2 ) − c2 b1 + β 1  2 ∗ (θ2 − α2 + cq10 )2 1 (θ2 − α2 )(b1 + β 1 ) + c(θ1 − α1 ) b1 2 ∗ + q + (1 − (b + β )) − θ q + 2 10 10 1 2 2 (b1 + β 1 )(b2 + β 2 ) − c2 2 2(b2 + β 2 ) (θ∗1 − α1 )2 (b2 + β 2 ) c(θ∗1 − α1 )(θ2 − α2 )(3 − (b1 + β 1 )) (θ2 − α2 )2 (b1 + β 1 ) (θ∗ − α1 )2 + + − 1 2 2 b1 + β 1 (b1 + β 1 )(b2 + β 2 ) − c (b1 + β 1 )(b2 + β 2 ) − c 2(b1 + β 1 )    2 2 ∗ 2 ∗ c (θ1 − α1 ) 1 (θ2 − α2 )(b1 + β 1 ) + c(θ1 − α1 ) 1 + − × 1− (1 − (b2 + β 2 )) (b1 + β 1 )(b2 + β 2 ) − c2 b1 + β 1 2 (b1 + β 1 )(b2 + β 2 ) − c2 −θ∗1 q10 +



(θ2 − α2 + cq10 )2 b1 2 q10 + 2 2(b2 + β 2 )



which is equation (A.8). Now, we shall find the optimal γ 2 . From the characterization of the threshold θ∗2 , we know that an agents with type pair (θ1 , θ∗2 ) are least prepared to buy more than q20 from Principal 2. Hence, γ 2 , can be at most the infra gain in utility from consuming the optimal pair from both the principals and consuming only q20 from P2. If we let w1 (q1 (θ1 , θ∗2 ); θ1 , θ∗2 ) to be the utility that this agent gets when he consumes optimal q1 -which could be greater or equal to q10 - and only q20 , and W2 (q1 , q2 ; θ1 , θ∗2 ) to be the utility when he consumes optimal amount of both q1 and q2 . Then the optimal fixed cost of purchasing q2 > q20 , γ 2 must take away this rent, hence, hence s(·)(γ 2 ) − w2 (·) = 0, so γ 2 = W2 (·) − w1 (·). Since w1 (q1 (θ1 , θ∗2 ); θ1 , θ∗2 ) = max u(ˆ q1 , q20 ; θ1 , θ∗2 ) − γ 1 − α1 qˆ1 − qˆ1



β1 2 qˆ1 . 2



the optimal q1 is given by the first order necessary condition, and is q1 =



θ1 − α1 + cq20 . b1 + β 1



Hence, ∗ w1 (q1 (θ1 , θ∗∗ 2 ); θ 1 , θ 2 )



=



(θ1 − α1 )



b1 + β 1 θ1 − α1 + cq20 + θ∗2 q20 − b1 + β 1 2







θ1 − α1 + cq20 b1 + β 1



2



β b2 2 θ1 − α1 + cq20 q20 + cq20 − γ 1 − 1 qˆ12 2 b1 + β 1 2 2   θ1 − α1 + cq20 (θ1 − α1 )2 2c(θ1 − α1 ) + + θ∗2 q20 − b1 + β 1 b1 + β 1 2(b1 + β 1 )   b2 c2 2 + − q20 − γ 1 . b1 + β 1 2



− =



Now, to find s2 (·) we start from the demand for q1 and q2 derived from the usual first order necessary condition of optimization, where   β β W2 (q1 , q2 ; θ1 , θ∗2 ) = max u(ˆ q1 , qˆ2 ; θ1 , θ∗2 ) − γ 1 − α1 qˆ1 − 1 qˆ12 − α2 qˆ2 − 2 qˆ22 . qˆ1 ,ˆ q2 2 2
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which gives3 q1



=



θ1 − α1 + cq2 ; b1 + β 1



q1 (q20 )



=



θ1 − α1 + cq20 b1 + β 1



q2 =



θ∗2 − α2 + cq1 b2 + β 2



If we simultaneously solve these two equations we get the following final demand as a function of pricing rule, and using θ∗∗ = (θ2 , θ∗2 ):



γˆ ˆ2



=



=



=



q2 (θ∗∗ )



=



c(θ1 − α1 )(b2 + β 2 ) + c2 (θ∗2 − α2 ) θ∗2 − α2 + b2 + β 2 (b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 }



q1 (θ∗∗ )



=



(θ1 − α1 )(b2 + β 2 ) + c(θ∗2 − α2 ) (b1 + β 1 )(b2 + β 2 ) − c2



b1 + β 1 b2 + β 2 q1 (θ∗∗ )2 − q2 (θ∗∗ )2 + cq1 (θ∗∗ )q2 (θ∗∗ ) 2 2 b1 + β 1 b2 2 q1 (q20 )2 + q20 − cq1 (q20 )q20 + γ 1 −γ 1 − (θ1 − α1 )q1 (q20 ) − θ∗2 q20 + 2 2 b1 + β 1 (θ1 − α1 )(q1 (θ∗∗ ) − q1 (q20 )) + (θ∗2 − α2 )q2 (θ∗∗ ) − θ∗2 q20 − (q1 (θ∗∗ )2 − q1 (q20 )2 ) 2 b2 + β 2 b2 2 q2 (θ∗∗ )2 + q20 + c(q1 (θ∗∗ )q2 (θ∗∗ ) − q1 (q20 )q20 ) − 2 2   b1 + β 1 (θ1 − α1 ) − (q1 (θ∗∗ ) + q1 (q20 )) (q1 (θ∗∗ ) − q1 (q20 )) + (θ∗2 − α2 ) q2 (θ∗∗ ) − θ∗2 q20 2 b2 + β 2 b2 2 ∗∗ 2 − q2 (θ ) + q20 + c{q1 (θ∗∗ )q2 (θ∗∗ ) − q1 (q20 )q20 } 2 2 (θ1 − α1 )q1 (θ∗∗ ) + (θ∗2 − α2 )q2 −



And since γ 2 = γˆ ˆ 2 − γˆ 2 , we get  b1 + β 1 ∗∗ (q1 (θ ) + q1 (q20 )) (q1 (θ∗∗ ) − q1 (q20 )) + (θ∗2 − α2 ) q2 (θ∗∗ ) − θ∗2 q20 (θ1 − α1 ) − 2 b2 + β 2 b2 2 − q2 (θ∗∗ )2 + q20 + c{q1 (θ∗∗ )q2 (θ∗∗ ) − q1 (q20 )q20 } + (ζ 2 + m2 )q20 2 2   2c2 (l2 − 1) 1 2 + b2 (2l2 − 1) − q20 2 b1 + β 1  γ2



=



Some calculation yields the following: q1 (θ∗∗ ) − q1 (q20 ) = 



c(q2 (θ∗∗ ) − q20 ) = b1 + β 1



¸(θ∗2 − α2 ) c2 (θ1 − α1 )(b2 + β 2 ) + c2 (θ∗2 − α2 ) cq20 + − (b1 + β 1 )(b2 + β 2 ) (b1 + β 1 )(b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 } b1 + β 1







b1 + β 1 (q1 (θ∗∗ ) + q1 (q20 )) = 2 3(θ1 − α1 )(b2 + β 2 )(b1 + β 1 ) + c(b1 + β 1 )[2(θ∗2 − α2 ) + (b2 + β 2 )q20 ] − c2 (θ1 − α1 ) − c3 q20 2(b1 + β 1 )(b2 + β 2 ) − 2c2 3



Note that while writing s2 (·) we have ignored γ 2 , as it is automatically taken care of in the definition of optimal



γ2.
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"



c(θ1 − α1 )(b2 + β 2 ) + c2 (θ∗2 − α2 ) θ∗2 − α2 q1 (θ )q2 (θ ) − q1 (q20 )q20 = + b2 + β 2 (b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 } # " (θ1 − α1 + cq20 )q20 (θ1 − α1 )(b2 + β 2 ) + c(θ∗2 − α2 ) × − (b1 + β 1 )(b2 + β 2 ) − c2 b1 + β 1 ∗∗



#



∗∗



( γ2



=



(θ1 − α1 ) 3(θ1 − α1 )(b2 + β 2 )(b1 + β 1 ) + c(b1 + β 1 )[2(θ∗2 − α2 ) + (b2 + β 2 )q20 ] − c2 (θ1 − α1 ) − c3 q20 2(b1 + β 1 )(b2 + β 2 ) − 2c2   ¸(θ∗2 − α2 ) c2 (θ1 − α1 )(b2 + β 2 ) + c2 (θ∗2 − α2 ) cq20 × + − (b1 + β 1 )(b2 + β 2 ) (b1 + β 1 )(b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 } b1 + β 1  ∗  2 ∗ c(θ1 − α1 )(b2 + β 2 ) + c (θ2 − α2 ) θ − α2 + (θ∗2 − α2 ) 2 − θ∗2 q20 + b2 + β 2 (b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 }  2 b2 + β 2 θ∗2 − α2 c(θ1 − α1 )(b2 + β 2 ) + c2 (θ∗2 − α2 ) b2 2 + q20 − + 2 b2 + β 2 (b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 } 2 " #" # 2 ∗ ∗ (θ1 − α1 )(b2 + β 2 ) + c(θ∗2 − α2 ) c(θ1 − α1 )(b2 + β 2 ) + c (θ2 − α2 ) θ 2 − α2 +c + b2 + β 2 (b2 + β 2 ){(b1 + β 1 )(b2 + β 2 ) − c2 } (b1 + β 1 )(b2 + β 2 ) − c2   c(θ1 − α1 + cq20 )q20 2c2 (l2 − 1) 1 2 − + (ζ 2 + m2 )q20 + b2 (2l2 − 1) − q20 , b1 + β 1 2 b1 + β 1



)



which is equation (A.9).



R EFERENCES [1] Aryal, G. (2010): “Competition and Nonlinear Pricing in Yellow Pages,” Working Paper, The Pennsylvania State University. [2] Basov, S. (2001): “Hamiltonian approach to multi-dimensional screening,” Journal of Mathematical Economics, 36, 77-94. ´ P. (1998): “Ironing, Sweeping and Multidimensional Screening,” Econometrica, 66, [3] Rochet, J.C. and Chone, 783-826.
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