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Surface stress effect on bending resonance of nanowires with different boundary conditions Jin He and Carmen M. Lilleya兲 Department of Mechanical and Industrial Engineering, University of Illinois at Chicago, 842 W. Taylor Street (MC 251), Chicago, Illinois 60607, USA



共Received 3 November 2008; accepted 12 November 2008; published online 30 December 2008兲 The influence of surface stress on the resonance frequencies of bending nanowires was studied by incorporating the generalized Young–Laplace equation into Euler–Bernoulli beam theory. Theoretical solutions are presented for three different boundary conditions. The overall Young’s modulus was used to study the surface stress influenced mechanical behavior of bending nanowires and a comparison was made for the overall Young’s modulus calculated from nanowires in resonance and static bending. It was found that the overall Young’s modulus can be simply related to a nondimensional surface effect factor via empirical formulae. © 2008 American Institute of Physics. 关DOI: 10.1063/1.3050108兴 Resonance bending nanowires 共NWs兲 have applications in nanomechanical resonator systems1,2 and to study the elastic modulus of a nanomaterial.3,4 Researchers have found that the NW elastic modulus may be size dependent3–5 and may be a result of surface stress.5–7 Continuum mechanics has been applied to model bending NWs.5,7 However, no systematic studies have been carried out on the influence of surface stress on the resonance and static bending nanostructures with different boundary conditions.8–12 In order to accurately measure elastic properties or design bending NW resonators, the influence of boundary conditions must be included.13,14 In this paper, we will present an approach to study the influence of surface stress on resonance bending NWs by incorporating the generalized Young–Laplace equation into Euler–Bernoulli beam theory and studying the solution for different boundary conditions. The theoretical solutions are discussed using the surface effect factor to illustrate the surface stress effect on the NW overall Young’s modulus obtained from resonance frequencies. The surface effect factor reflects a magnitude of the influence of surface stress on the overall elastic behavior of bending NWs.15 Our research indicates that this parameter can be applied to bending resonance NWs to predict their mechanical behavior. According to the generalized Young–Laplace equation, out-of-plane stresses are induced from in-plane stresses of curved interface surfaces.16 Consider a small section of a NW vibrating in the y direction, as shown in Fig. 1共a兲. In small deformation, the distributed transverse force p共x , t兲 resulting from the surface stress along the NW longitudinal direction is a function of the curvature 2v / x2, where v共x , t兲 is the NW transverse displacement. For a rectangular NW and a circular NW, as shown in Figs. 1共b兲 and 1共c兲, respectively, b and h are the NW width and thickness and D is the NW diameter. The strain-independent surface stress 0 and surface elasticity Es, where Es is related to the straindependent stress, are assumed to exist in an infinitesimal surface layer. The distributed transverse force induced from the surface stress can be approximated as p共x , t兲 a兲
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= 20b共2v / x2兲 and p共x , t兲 = 20D共2v / x2兲 for rectangular and circular NWs respectively.15 The effective bending moment 共EI兲* of rectangular and circular NWs are expressed as 共EI兲* = EI1 + 共1 / 2兲Esbh2 + 共1 / 6兲Esh3 and 共EI兲* = EI2 + 共 / 8兲EsD3, respectively, where I1 = bh3 / 12, I2 = D4 / 64, and E is Young’s modulus for the NW material.15 The equation of motion for bending NWs including the distributed transverse force developed from the Euler–Bernoulli beam theory is 共EI兲*



 2v  4v − p共x,t兲 = −  A , t2 x4



共1兲



where  is density and A is cross-sectional area of the NW. The resonance frequency equations for cantilever 共CA兲, simply supported 共SS兲, and fixed-fixed 共FF兲 NWs are as follows 共see Ref. 17兲: 共21 cos 1L + 22 cosh 2L兲2 + 共1 sin 1L + 2 sinh 2L兲 ⫻共31 sin 1L − 32 sinh 2L兲 = 0 sin 1L = 0



共CA兲,



共SS兲,



12共cos 1L − cosh 2L兲2 + 共1 sin 1L + 2 sinh 2L兲 ⫻共2 sin 1L − 1 sinh 2L兲 = 0,



共FF兲,



共2兲
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FIG. 1. 共Color online兲 共a兲 Undeformed and deformed NW sections. 共b兲 Cross-sectional view of a rectangular NW. 共c兲 Cross-sectional view of a circular NW.
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FIG. 2. Normalized resonance frequency for the first mode of Au NWs. The SCB results are from Ref. 19.
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FIG. 3. Overall Young’s modulus vs NW diameter for resonance, R, and static, S, bending. 共a兲 Positive surface stress 0 = 1.22 N / m. 共b兲 Negative surface stress 0 = −1.22 N / m.
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In Eq. 共3兲, L is the NW length, c = 冑共EI兲* / 共A兲,  is the angular resonance frequency to be determined, and  is the nondimensional surface effect factor defined as  = 共20b兲L2 / 共EI兲* and  = 共20D兲L2 / 共EI兲* for the rectangular and circular NWs, respectively.15 When  approaches zero, the surface effect diminishes and Eq. 共2兲 gives the same resonance frequencies as found with the classical Euler– Bernoulli beam theory. Note that the resonance frequency for a simply supported rectangular NW from Eq. 共2兲 is similar to the result from Ref. 18. In Ref. 18, the surface stress is only considered on the top and bottom surfaces of microcantilever, which is a reasonable approximation for a wide beam structure. In the current approach, the surface stress is assumed to exist on all surfaces of the NW. The normalized resonance frequency, R f , of a square 关100兴 Au NW with 共100兲 surfaces is shown in Fig. 2 to illustrate the surface stress altered resonance frequencies of NWs with different boundary conditions. R f is the ratio of the first resonance frequency calculated with surface stress to the first resonance frequency calculated without surface stress via Eq. 共2兲. These results are compared to those obtained from the surface Cauchy–Born 共SCB兲 model.19 The SCB model extends the atomistic principle based Cauchy– Born theory by including surface energy terms.20 For 关100兴 Au crystal with 共100兲 surface, values of 0 = 1.4 N / m and Es = −3.6 N / m were used in our calculations.21 The values for Young’s modulus 共E = 37 GPa兲, density 共 = 19.3 ⫻ 103 kg/ m3兲, and length 共L = 232 nm兲 are from Ref. 19. As can be seen in Fig. 2, the influence of surface stress on the resonance frequency depends on the NW size and boundary conditions. The resonance frequencies calculated for cantilever 关100兴 Au NWs with varying cross-sectional dimensions are lower than those calculated without surface stress. The opposite trend occurs for the simply supported and fixedfixed NWs. The current approach and the SCB model predict the same trend of the resonance shift with respect to the cross section for the cantilever and fixed-fixed NWs. In particular, a good agreement between the two methods is shown in Fig. 2 for the fixed-fixed NWs. The apparent difference between



both methods for the cantilever NW is believed to be a result of axial relaxation at the NW free end, which is captured in the SCB model but not considered in the current approach. Further research is needed on comparing the models for different boundary conditions and material systems and is part of our ongoing efforts. An additional comparison is made with Husain et al.1 for the resonance frequency of a fixed-fixed Pt NW with dimensions of 1.3 m ⫻ 43 nm. The experimental resonance frequency shift is 64% in comparison to a frequency prediction with the Euler–Bernoulli beam theory. If the effect of the distributed transverse force is considered, the predicted resonance frequency shift is 15% using Eq. 共2兲 with 0 = 2.53 N / m.21 Although all the sources for resonance frequency shifts in bending NWs are not well understood, we believe that surface stress may have a significant influence. The size dependent overall Young’s modulus Eov was also studied. The surface stress altered resonance was first calculated with Eq. 共2兲. The overall Young’s modulus is then obtained by substituting the surface stress altered resonance frequency into the classical beam resonance frequency equation, i.e., Eq. 共2兲 with  = Es = 0, and solving for the unknown Young’s modulus. The resultant equation for the overall Young’s modulus is Eov = R2f E. Figure 3 shows example calculations of Eov for 关111兴 Ag NWs with different boundary conditions. The calculated overall Young’s moduli from resonance bending NWs 共R兲 were compared to those for static bending NWs 共S兲.15 The material properties used are E = 76 GPa, 0 = 1.22 N / m, and  = 10.5⫻ 103 kg/ m3 from Ref. 21. In addition, L = 0.5 m and Es = 0. In order to study the influence of a negative surface stress, calculations were also performed by assuming 0 = −1.22 N / m. The results for a positive surface stress are shown in Fig. 3共a兲. The overall Young’s modulus for the cantilever NWs decreases with decreasing diameter and is vice versa for the fixed-fixed and simply supported NWs. The opposite behavior occurs for a negative surface stress, as shown in Fig. 3共b兲. From these results, it can be concluded that surface stress has almost identical influence on the resonance and static overall Young’s moduli for the fixed-fixed and simply supported NWs where the maximum deviation is less than 1% for these two cases. However, for cantilever NWs, the surface stress
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FIG. 4. Normalized overall Young’s modulus vs surface effect factor for resonance, R, and static, S, bending. The inset shows the normalized overall Young’s modulus of a fixed-fixed NW with surface elasticity Es = 共−10 N / s , 0 , 10 N / m兲, L = 0.5 m, 0 = 1 N / m, E = 76 GPa, and varying D.



effect is different between the resonance and static bending overall Young’s moduli. This is because for the fixed-fixed and simply supported, the second derivatives with respect to x for the displacements and mode shapes are similar while they are different for the cantilever NWs 共see Ref. 17兲. Since the transverse loading from surface stress is a function of the second derivative, the overall Young’s modulus calculated for the cantilever NWs differs between the resonance and static bending cases. From our findings, we suggest that the normalized overall Young’s modulus should be studied as a function of the surface effect factor. The normalized overall Young’s modulus is defined as Eov / E, and is a nondimensional value. The influence of surface elasticity on the normalized overall Young’s modulus is presented in the inset of Fig. 4. If we substitute D = 40 nm, E = 76 GPa into the expression of 共EI兲* with a surface elasticity values of Es = −10, 0, and 10 N / m into our calculation, there is a 2.5% variation for 共EI兲* when comparing to results without surface elasticity. Therefore, in the case of large NWs, surface elasticity may be neglected. The theoretical shifts in the overall Young’s modulus for NWs can be predicted using , as shown in Fig. 4, for resonance and static bending NWs with different boundary conditions. By using a cubic or linear fit for  苸 关−8 , 8兴, the general equation for the normalized overall Young’s modulus for NWs is as follows:



冦



− 0.00013 + 0.00322 − 0.0693 + 1 共CA,R兲,



− 0.00043 + 0.00752 − 0.0990 + 1 共CA,S兲, Eov = 0.1000 + 1 共SS,R,S兲, E 0.0250 + 1



共FF,R,S兲,



冧



共4兲



where  is the surface effect factor with Es = 0, and in this case,  can be simplified as 24共0 / E兲共L2 / h3兲 and 共128/ 兲



⫻共0 / E兲共L2 / D3兲 for rectangular and circular NWs, respectively. The current outcome is consistent with results from other researchers where 共0 / E兲共L2 / D3兲 has appeared for static fixed-fixed circular NWs.5,7 In summary, a theoretical approach is presented to study the influence of the surface stress on the resonance frequencies of bending NWs with different boundary conditions. The theoretical solutions indicate that a positive surface stress decreases the resonance frequencies of the cantilever NWs and increases the resonance frequencies of the simply supported and fixed-fixed NWs. The extent of surface stress on the resonance frequencies and overall Young’s moduli of bending structures can be studied as a function of the surface effect factor. 1
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