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Symbol error probability of hop-by-hop beamforming in Nakagami-m fading T.Q. Duong, H.-J. Zepernick and V.N.Q. Bao The symbol error probability (SEP) of amplify-and-forward (AF) multiple-input multiple-output (MIMO) cooperative networks where beamforming is adopted at both the source and destination is investigated. In particular, the tight lower bound for SEP of AF MIMO relay systems is presented with hop-by-hop beamforming over independent, but not necessarily identically distributed, Nakagami-m fading channels. Furthermore, assessing the high SNR, an asymptotic SEP expression is derived which reveals the array and diversity gain. Numerical results are shown to verify the analysis in some representative scenarios.



where pg2 ( g2) is the probability density function (PDF) of g2. As can clearly be seen from (1), in order to obtain FY ( y), we need to consider generating function (MGF) of G can the distribution of gi. The moment Q i ð1 þ s=aik Þmik , where mik is be easily obtained as Fgi ðsÞ ¼ nl¼1 assumed to be an integer and aik ¼ mik =Vik . Then, by expanding Fgi ðsÞ in partial fractions and applying the inverse Laplace transform, the PDF of gi can be expressed as: pg i ð g i Þ ¼



ni X mil X bilðmil kÞ k1 g expðail gi Þ ðk  1Þ! i l¼1 k¼1



where expansion coefﬁcients can be computed as Y   Y  ni ni m bilðmil kÞ ¼ aij ij =ðmil  kÞ! d mil k =dt mil k ðt þ aij Þmij jt¼ail j¼1



Introduction: The use of a beamforming technique at the source and destination in multiple-input multiple-output (MIMO) relay networks has recently gained high attention [1 – 3]. Beamforming in dual-hop amplify-and-forward (AF) MIMO relay networks was ﬁrst proposed in [1] where two independent beamforming schemes are sequentially performed for the source-to-relay and relay-to-destination links, referred to as hop-by-hop beamforming (HBF). Lately, it has been shown that this new type of beamforming technique provides identical performance as conventional beamforming (CBF) in which the overall channel from source-to-relay and to-destination is taken into account [2]. More interestingly, when the channel state information (CSI) is uncertain, HBF outperforms CBF in terms of the error rate performance. Although HBF yields a good performance over AF MIMO relay systems as the received signal-to-noise ratio (SNR) is maximised, this work only focuses on the Rayleigh fading. Speciﬁcally, the symbol error probability (SEP) in independent Rayleigh fading has been investigated [1, 2]. More recently, the SEP performance has been extended to the correlated Rayleigh fading channels [3]. To the best of the authors’ knowledge, there is no published work analysing the performance of dual-hop AF MIMO relay networks using HBF in Nakagami-m fading channels. In this Letter, we ﬁrst derive a closed-form expression for the cumulative distribution function (CDF) of the received SNR which enables us to obtain a tight lower bound for SEP with M-ary phase-shift keying (MPSK) modulation of AF MIMO relay systems using HBF over independent but not identically distributed (INID) Nakagami-m fading channels. Furthermore, at sufﬁciently large SNR, the asymptotic approximation for SEP containing a simple form of average SNR is presented. Its simplicity provides valuable insights into the array and diversity gain of cooperative networks. Finally, analytical results are veriﬁed by comparing with Monte Carlo simulations. System and channel model: Let us give a general overview of dual-hop AF MIMO cooperative wireless systems with HBF consisting of an n1antenna source (S), a single antenna relay (R), and an n2-antenna destination (D). The communication between S and D occurs in two hops. In the ﬁrst hop, S transmits its signal to R. Assuming that S has full CSI knowledge of the S ! R link, the beamforming for the ﬁrst hop can be achieved. Then, R ampliﬁes its received signal and forwards it to D in the second hop. At the destination, we also presume that D has perfect CSI knowledge of the R ! D link and hence the beamforming can be performed for the second hop 1 2 and fh2k gnk¼1 as the channel coefﬁtransmission. Let us deﬁne fh1k gnk¼1 cients for the channels from the kth antenna of S to R and from R to the kth antenna of D, respectively. Further assume that hik , i [ f1; 2g and k ¼ 1; . . . ; ni , is subject to INID Nakagami-m fading with the fading severity parameter mik and average fading power Vik. Similarly as in previous work [1, 3], we assume that S and R use the same transmit power and R has full knowledge of the instantaneous channel coefﬁcient of the S ! R link. As such, the instantaneous received SNR at the destination can be approximated in the high SNR regime as [1, 3] gBF ¼ g0 Y , where g1 g2 Þ=ðg1 þ g2 Þ and g0 represents the average SNR. Furthermore, Y ¼ ðP i gi ¼ nk¼1 jhik j2 , with i [ f1; 2g is the instantaneous SNR for the ith hop. Symbol error probability: To start our analysis, ﬁrst we derive the CDF of Y, FY ( y), by writing [1]:   ðy  ð1  yg2 yg2 pg2 ðg2 Þ dg2 þ Pr g1  pg2 ðg2 Þ dg2 FY ðyÞ ¼ Pr g1 . g2  y g2  y 0 y |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ ﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} I



J



ð1Þ



ð2Þ



j¼1;j=l



The CDF of gi can be easily obtained by integrating pgi ( gi ) as follows:   ni X mil X Gðk; ail gi Þ ð3Þ bilðmil kÞ ak 1  Fgi ðgi Þ ¼ il GðkÞ l¼1 k¼1 where Gðn; xÞ is the incomplete gamma function [4, eqn. 8.350.2]. With the PDF and CDF of gi at hand, we can now derive the CDF of Y. As observed in (1), since Prðg1 . yg2 =g2  yÞ ¼ 1 as g2 [ ½0; y, we have I ¼ Fg2 ðyÞ. Ð 1 Next, exchanging the variables z ¼ g2  y for J results in J ¼ 0 Fg1 ðy þ y2 =zÞpg2 ðy þ zÞdz. To compute the integral J, we ﬁrst expand the incomplete gamma function of Fg1 ðy þ y2 =zÞðFg1 ðg1 Þ is given in (3)) into a ﬁnite sum [4, eqn. 8.352.2] and then apply the binomial theorem. After some simple algebraic manipulations which are omitted here for brevity, we have: J¼



m1l n1 X X l¼1 k¼1



ðm1l kÞ k b1l a1l



m2u ðm2u vÞ n2 X X b 2u



u¼1



ðv  1Þ! v¼1



" v1 X ðv  1Þ!  aj1 yvj1 expða2u yÞ ðv  1  jÞ! 2u j¼0



ð4Þ



  wiþ1=2 k1 i vþi1 X vþi1 a1l X a1l 2  i! w¼0 a2u w i¼0 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ   yvþi exp½ða1l þ a2u ÞyKwiþ1 ð2 a1l a2u yÞ where (4) follows immediately using [4, eqn. 3.471.9]. By summing up I ¼ Fg2 ðyÞ and J given in (5), we get FY ( y) which allows us to derive the SEP of AF MIMO relay systems with beamforming. Speciﬁcally, the SEP expression can be given in the form of FY ( y) as [1, 3]: pﬃﬃﬃ ð   bt a b 1 t e pﬃ dt FY P s ¼ pﬃﬃﬃﬃ ð5Þ 2 p 0 g0 t where a and b are modulation speciﬁc constants. The SEP formula given in (5) is considered as the exact and/or approximated SEP expression for various binary and M-ary modulation schemes. Finally, substituting FY ( y) in (4) along with the help of [4, eqn. 8.312.2] and [4, eqn. 6.621.3], after some simpliﬁcations, we obtain the closed-form expression for a tight lower bound of SEP as follows: "rﬃﬃﬃﬃ pﬃﬃﬃ n2 m2l  k1  X ðm kÞ a bX p X a2l i k 2l  b2l a2l P s ¼ pﬃﬃﬃﬃ 2 p l¼1 k¼1 b i¼0 g0 # pﬃﬃﬃ n1 m1l  i1=2 X ðm kÞ a2l Gði þ 1=2Þ a bX þ pﬃﬃﬃﬃ þb b 1l  i! 2 p l¼1 k¼1 1l g0 " m2u X n2 X v1 X ðv  1Þ! k  a1l aj1 g0 jþ1v ðv  1  jÞ! 2u u¼1 v¼1 j¼0 ð6Þ    1 a2u þ b jþ1=2v G vj 2 g0   v=2 k1 i vþi1 X vþi1 a1l X a1l  2 i! a w 2u i¼0 w¼0   1 1 sj ; ; gvi J F m þ v; v þ m þ 2 1 0 2 2 sþj
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where v ¼ w  i þp1,ﬃﬃﬃﬃ m ¼ v þ i þ 1=2, s ¼ a1l þ a2u =g0 þ b, j ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ 2 a1l a2u =g0 , J ¼ pð2jÞv =ðs þ jÞmþv Gðm þ vÞGðm  vÞ=Gðm þ1=2Þ, and 2F1 (a, b; c; z) is the Gauss hypergeometric function deﬁned in [4, eqn. 9.111]. We next derive the asymptotic approximation for SEP which helps us to calculate the array and diversity gain. The SEP can be asymptotically approximated as [5]: QN þ1



Ps ’



ð2i  1Þ @N pY ð0Þ ðN þ 1Þ!ð2g g0 ÞNþ1 @yN i¼1



ð7Þ



where g ¼ sin2 ðp=M Þ for M-PSK modulation, pY( y) is the PDF of Y, and @N =@yN pY ð0Þ is the ﬁrst non-zero Nth-order derivatives of pY( y) at y ¼ 0, i.e. all the derivatives of pY( y) evaluated at zero value up to the order of N21 are zero. Our objective now is to ﬁnd out N. To do so, by m i aij ij = recursively utilisingP [6, Lemma 1], we have pgi ðgi Þ ’ Pnj¼1 Pi i mij  1Þ!=gi nj¼1 mij  1. Then, by conducting a similar approach ð nj¼1 as in [6] P which is neglected here owing to space limitation, we get P2 1 N N ¼ minð nk¼1 m1k ; nk¼1 m2k Þ  1 and @P =@yN pY ð0Þ is as Pnobtained n1 2 1 a if m , m , b) follows: a) @N =@yN pY ð0Þ ¼ Pnk¼1 1k 1k 2k k¼1 k¼1 Pn2 Pn1 2 @N =@yN pY ð0Þ ¼ Pnk¼1 a2k if m1k and c) 2k , k¼1 mP k¼1P n1 n2 1 2 a1k þ Pnk¼1 a2k if @N =@yN pY ð0Þ ¼ Pnk¼1 k¼1 m1k ¼ k¼1 m2k . With the resultant value of @N =@yN pY ð0Þ, we can assess the asymptotic SEP performance as well as obtain the array and diversity gain. As can clearly be seen from P (7), the Pdiversity gain is in the order of 1 2 m1k ; nk¼1 m2k Þ. For Rayleigh fading channels, i.e. N þ 1 ¼ minð nk¼1 m1k ¼ m2k ¼ 1, the diversity gain becomes min ðn1 ; n2 Þ which exactly agrees with the result in [1]. The array gain is easily obtained from (7) together with the above derived value of @N =@yN pY ð0Þ [5]. Numerical results and discussion: Numerical results are provided to verify our analysis. We consider the case of n1 ¼ n2 ¼ 2 antennas where average channel powers for all links are chosen as fV1k g2k¼1 ¼ f1:1; 1:2g and fV2k g2k¼1 ¼ f1:6; 1:5g. Furthermore, to clearly illustrate the diversity gain obtained in the previous Section, we investigate the SEP performance for three channel proﬁles speciﬁed by different fading severity parameters m: 1) proﬁle 1: fm1k g2k¼1 ¼ f1; 2g, and fm2k g2k¼1 ¼ f2; 1g, 2) proﬁle 2: fm1k g2k¼1 ¼ f2; 3g and fm2k g2k¼1 ¼ f3; 4g, and 3) proﬁle 3: fm1k g2k¼1 ¼ f1; 3g and fm2k g2k¼1 ¼ f4; 2g. Fig. 1 shows the SEP of AF MIMO relay systems with HBF for 16-PSK modulation against average SNR. As can be observed from this Figure, for the three proﬁles, tight lower bound curves match very well with exact curves which are obtained from Monte Carlo simulations. Furthermore, asymptotic curves tightly converge to those of simulations and tight lower bounds. Among the three considered proﬁles, proﬁle 2 outperforms the others since P 2 the highest value of diversity gain P 1 it has m1k ; nk¼1 m2k Þ ¼ 5 while those of proﬁle 1 and N þ 1 ¼ minð nk¼1 proﬁle 3 equal to N þ 1 ¼ 3 and 4, respectively. This observation veriﬁes the correctness of our derived diversity gain in the considered scenarios.
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Fig. 1 SEP of 16-PSK for AF MIMO relay systems with HBH beamforming
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