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Chapter 1 Introduction Stock market is an essential element of the financial sector of the economy. The growth of financial markets, like stock market, is closely related to the economic development. It also provides liquidity for the investors. It is of extreme importance for financial policy makers and individuals to understand the behavior of the market. The dynamics of a stock market is very complex. Many models have been proposed to study different features of a stock market. These models can be broadly classified as follows: Time series models that study the past finance data to build a model to represent the empirical properties, Market models that average the effects of individuals and concentrate only on the overall behavior, and Agent-based models that consider individuals as agents and incorporate their interactions in explaining the market behavior. The main motivation to use time series models to analyze financial data is to represent the empirical properties observed in real market prices. The empirical properties of financial data depend crucially on the frequency of observation. High frequency returns are nearly uncorrelated though they are not independent because there are non-linear transformations that have significant autocorrelations. They are often leptokurtic. Monthly returns do seem to have more serial correlations than daily returns. Many models have been proposed to represent expected returns and volatilities. Two main approaches that have been proposed to study the evolution of volatility are
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Generalized Autoregressive Conditional Heteroscedasticity (GARCH) and Stochastic Volatility models. The heavy tails property of returns can be related to the dynamic evolution of volatility. There are also many generalizations to GARCH models. However, the gap between these financial econometric models and the theoretical models do exist. The origin of a quantitative market model can be traced to Bachelier’s work on the theory of speculation in 1900. The major strides in quantitative modeling came in the area of capital markets and investment in 1950s and 1960s in the form of Markowitz’s mean variance theory of portfolio selection, Sharpe’s Capital Asset Pricing Model, Samuelson-Fama Efficient Market Hypothesis, etc. The most important development for financial instruments, like derivative securities, was the Black-Scholes Model for option pricing in 1973. These theories assume a stock market model that incorporates only the average behavior of the participants. The participants are also assumed to follow Rational Expectation Theory (RET). Empirical evidences have shown that some of the assumptions of RET, like perfect rationality of individuals, are not satisfied in real markets. Alternative theories have been proposed to explain the stock market behavior. Behavioral finance is one such theoretical development that tries to understand the market behavior based on individuals’ bounded rationality, their singular decision strategies, etc. This approach considers characteristics of individuals into account while making decisions with partial information. Herding, limits to arbitrage, individual’s confidence bias, continuous investment on losing stocks, hesitation in investing on high-growth stocks, calendar effects, and day-of-week effects, are typical behavioral patterns. The calendar effect is a trend seen in stock market based on the calendar, such as rises and falls in a particular month, week, or days of the year. For instance, Halloween indicator, January effect, etc., are some of calendar effects. The day-of-week effects include Monday effect. Moreover, government policies and actions initiated by market regulator also create substantial variation in the perception of individuals. Let us consider, in this thesis, some of the stylized features like herding, limits to
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arbitrage, and individual’s confidence bias. (i) Herding The characteristic feature of herding in a financial market is the similarity of a group of investors’ decisions to buy or sell over a period of time. If the investors follow popular opinions and/or consultant’s advice, the tendency to herd may manifest. Herding can also occur when the traders attach more significance to the recent news. This is called herding under overreaction in Behavioral Finance literature. Disposition effect, which is selling a recent winner-stock thinking that its price might fall in near future, might also lead to herding. The converse is also possible when everyone buys a past loser expecting its price to rise. Institutional herding [BR01, BSV97] is primarily responsible for large price movements of individual stocks. (ii) Limits to Arbitrage An investment strategy that is guaranteed to make risk-less profit with no cost is an arbitrage strategy. Arbitrage opportunity means the existence of such strategies. The existence of arbitrage opportunity, from an economic point of view, implies that the economy is in a disequilibrium state. The reason for the arbitrage opportunity could be the behavior of noise traders. But the rational agents would participate to change the price to adjust until arbitrage is no longer possible. It is not expected to earn profits through arbitrage for a long time in an efficient financial market. In the traditional financial market setup where rational agents alone are present, prices equal fundamental values of stocks. This is the discounted sum of expected future cash flows, where the expectation is taken over the correct probability distribution and the discount rate is compatible with the normative values. Efficient market hypothesis states that the actual price is the fundamental value. In such efficient markets, no investment strategy can earn average returns greater than that are justified by the corresponding risk. This ruling out the possibility of arbitrage has profound implications to the modeling of markets. The principle of no arbitrage helps in analytically determining the prices of derivative securities such as options. In a market where rational and non-rational agents interact, non-rational behaviors can have an impact on prices. This essentially means there are limits to arbitrage.
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(iii) Confidence Bias The confidence bias is the systematic overestimating or underestimating the accuracy of one’s decisions and knowledge. The effects of such biases are noticed in financial markets. Some studies [Ben96, BR01, GW04] have shown that overconfidence can promote herding in securities markets. The source of price deviation of a stock from its fundamental value is attributed to biased traders. These biases are also considered to be the behavioral reason for excessive trading. The impact of such confidence bias on investment decisions is very crucial to understand the market behavior. Agent-based models of financial markets [AT96, JHHJ00] consider different types of traders, their decision making processes and interactions, and explore the behavior emergent of such interactions. These models have become popular after the availability of large computational power at affordable costs. A number of simulated artificial markets have been built. Santa Fe Artificial Stock Market [AT96, CP98] is the more well known among them. It is based on complex decision rules and trading mechanisms, and is very computationally intensive when large number of traders participate. Another agent-based market model, recently proposed [CZ97b, DCZ00], is Minority Game (MG) with simple rules for the agents (traders). A simple minority game is a repeated game where players have to choose one out of two alternatives at every instance. Those who happen to be in the minority win. It is to be noted that each player does not know the decision taken by the other. It is a game among players with partial information and bounded rationalities. It is shown [DCZ01b, DCZ01a] that a game with a minority mechanism captures the characteristic features of a financial market where players compete for limited resources with partial information. It is reported [DCZ01a] that a modified MG captures the mechanism of short ranged volatility correlations. Many studies [DCZ00, DCZ01b] have also shown that the MG can incorporate traders of different nature like fundamental traders and noise traders. It is also possible to include different market clearing mechanisms in MG models. Traders considerably differ from one another with regard to risk profile, de-
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cision strategies, trading strategies, etc. In addition they continue to modify their strategies by observing the market behavior. This suggests the presence of both negative (balancing) and positive (reinforcing) feedback mechanisms in financial markets. The existence of time delays in accessing market information and decision making, and feedbacks indicate the dynamic nature of financial markets. Seen from the perspective of a dynamical system, the financial markets consist of traders (elements) with wide varying behavioral patterns, a set of complex interrelations among them, and a structure that creates multiple feedbacks and evolves over time under the influence of changing regulatory mechanisms. This thesis explores the possibility of modeling financial markets in the framework of dynamical systems. An attempt is made to exploit the richness of the dynamical system framework to incorporate the confidence bias of the traders. This model along with the rules of a minority game is extended to include the herding and limits to arbitrage. The organization of the thesis is as follows: Different modeling approaches to capture various features of a stock market are discussed in chapter 2. A model is proposed, in chapter 3, for confidence bias of an individual. The effect of this bias on his investment decision is brought out explicitly. The phenomenon of excessive trading, arising due to overconfidence and optimism, has been derived analytically for a simple probability distribution assumed for change in capital. The concept of virtual capital, incorporating the ideas from Prospect theory, is introduced. Dynamical system models are proposed, in chapter 4, to model some aspects of limits to arbitrage and herding. We focus on generic aspects of the limits to arbitrage. The sources of risk associated in using the arbitrage opportunity are fundamental risk, noise trader risk, implementation risk, and model risk. Simulations have been carried out to study the above risks, and to investigate the effects of delay in processing new market information. The proposed model offers a single framework to study the marginally efficient market and synchronization risk models for investigating limits to arbitrage. In the proposed model, herding is defined as a specific relation between the system responses. The proposed herding measure quantifies how far the individual
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is from clustering with others. It is also shown how this interpretation helps us to understand the effects of herding. There exists a risk when the market price variation, due to herding, is thought of as entirely due to the portfolio fundamentals. The thesis also proposes, in chapter 5, a switching system model to incorporate minority game rules. In chapter 6, an attempt has also been made to develop a market model in the same framework that is used to develop models for arbitrage and herding. Four types of traders have been considered - value traders, momentum traders, rule-based traders, and noise traders. This framework also permits us to include minority game rules for rule-based traders. The summary of the thesis and suggestions for future investigations are given in chapter 7.



Chapter 2 Stock Markets - Models and Features §2.1



Introduction



Stock market is a complex system which is a part of the much broader economic system. Stock market and other financial markets, such as foreign exchange market, play an important role in the modern economy. The rewards, for investors, which the stock market holds out are enormous. It is also equally capable of bringing calamitous ruin. People have sought methods to understand the state and trend of the market. Two different methods that have been employed are the fundamental and the technical analysis. Stock market fundamental methods comprise the following: (1) Examining the auditor’s reports, (2) the profit and loss statements, (3) the quarterly balance sheets, the dividend records and policies of the companies, sales data, managerial ability, competition, production indices, bank and treasury reports, price statistics, etc. These things are used to know the state of business in general, and to study the company in particular. The term technical in its application to stock markets has come to have a meaning of its own, quite different from its ordinary dictionary meaning. It refers to the study of the action of the market itself as opposed to the study of the goods in which the market deals. Technical analysis refers to the procedure of deducing the probable 10
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future trends from the past price changes, volume of transactions using graphical and pictorial tools. It is a formidable task to understand the stock market by considering all individuals who are participating in the market and their decision strategies. Hence the focus is shifted to the study of characteristics of a stock market on an average. This exploration of trying to understand the behavior of stock market has roots that reach all the way back to 1900, when Bachelier, a young French mathematician, completed his dissertation for the degree of Doctor of Mathematical Sciences at the Sorbonne. The dissertation titled, The theory of speculation was the first effort ever to employ theory including mathematical techniques, to explain why the stock market behaves as it does. Since then, many approaches and frameworks have been proposed to understand the dynamics of stock market behavior. Many empirical studies have been conducted to understand the stock market dynamics like herding, limits to arbitrage, fat-tail distribution, confidence bias, volatility clustering, auto-correlation properties, scaling property, etc. In this chapter, we will present various approaches used in modeling the features of a stock market. §2.2



Systems Analysis



Modeling a complex system like stock market involves many assumptions and approximations. The model needs to be simple enough to facilitate analysis, but should be able to provide a reasonable approximation to the actual evolution of price movements. This is the motivation for simplistic but extremely useful models. Systems approach has been considered in the literature as an effective framework that allows inclusion of relationships among its constituents, effect of feedback, etc in a unified setup. Systems concepts include: system-environment boundary, input, output, process, state, hierarchy, goal-directedness, and information. Dooley [KD02] has written that the emergence of order, irreversible history, and unpredictable future as the three key principles of complex systems. Different models can be constructed for the same system. Models should be able to explain the essential
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characteristics observed in the system. Models that generate testable results are crucial, but models that yield abstract results are also valuable if they can explain some essential structures and features of the complex system under consideration. This leads to the importance of observables as these are the ones through which the structures and features are understood. Observables are measurable characteristics of interest. They may be associated either with individual constituent or with the system as a whole. These observables may also change over time. Any model should be able to explain the observables’ characteristic it considers. Observables play a very crucial role in building models at all levels: computational, conceptual, mathematical or qualitative. If a phenomenon is characterized by observables that can be categorized as dependent and independent, then it is considered to be oriented i.e. the phenomenon can be represented by input-output relations where input variables are independent variables and the output variables are dependent ones. These input and output variables have to satisfy a number of consistency conditions according to dynamical system theory. If the notion of state variables is considered along with input-output relations, the modern approach for modeling a process in a dynamical system framework would be complete. The identification of state variables in modeling a complex system like stock market is very difficult unlike in physical systems where fundamental laws are known. If understanding the state variables offers problems in the study of stock market, is it possible to create input-output models? Input-output models are popular in many fields. In economics, it is widely used in building quantitative models to understand the various complex relationships among variables. Both static and dynamic models have been used in economics. The following are stated to be the advantages of using input-output models in economics: (i) The data is usually comprehensive and consistent. (ii) The nature of input-output analysis makes it possible to analyze the economy as an interconnected system of industries that directly and indirectly affect one another, tracing structural changes back through industrial interconnections. (iii) The design of input-output relations allows a decomposition of structural change which identifies the sources of change.
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Some limitations of the input-output approach, according to the Organization for Economic Co-operation and Development document, are: (a) The relations are assumed to be fixed. (b) It is assumed that there are no constraints on resources. Supply is infinite and perfectly elastic. (c) It is assumed that all local resources are efficiently employed. In the case of stock market modeling, the nature of inputs is not clearly defined. The question also arises if the input should be taken as the traders’ order placement or should we take the variables that motivate the traders as inputs. The inherent difficulty in identifying the state variables and the nature of inputs in modeling the stock market dynamics suggest the output characterization as a tool to study the system. The price of an individual company share or the index of a stock market can be observed, and may be considered as an output of a dynamical system. The models proposed by Bachelier and Samuelson for stock market price process fall into the category of output (price) characterization. These models consider the price dynamics as a stochastic process that follows a particular distribution while evolving. Geometric Brownian motion has martingale property which is the key concept behind random walk hypothesis of stock market modeling. Geometric Brownian motion process is assumed for the price process in various risk analysis and derivative pricing models. The risk taken or pricing of a derivative has been studied by considering the price (observable) process without explicitly taking into account mechanisms from which this process might have arisen. Fractional Brownian motion [Man68] has been proposed in the literature to model the long-term/long-memory processes though it has been proved that it allows arbitrage possibility under certain cases. The suggestion of Mandelbrot that price time series was having scaling characteristics that obey Fractional Brownian motion also falls into the category of output characterization. The models, from which this scaling process could have come about, have been proposed much later. Understandably, people have come up with different models that exhibit the scaling behavior. Levy Processes are used to model volatility as they allow infinite variance. Hence, the characterization of observables (output) is a very important stage in the evolution of understanding any complex phenomenon. The main feature of these models is their amenability for analysis though they do not
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capture all empirically observed features of the market. There have been several analytical insights obtained by using these models that provided the basis for developing portfolio optimization and option pricing. These models are used in the theoretical framework because closed form expression can be obtained for various problems like portfolio optimization, pricing formula determination, etc. The basic inspiration for all these models comes from Brownian motion. Brownian motion can be understood using simple binomial models. Binomial models are developed by considering only the output characterization i.e. the price evolution. This is a very simple model and its principle forms a fundamental approach behind many numerical schemes of other complicated models. Binomial model The assumption here is that the stock price can take only one of two possible values at the end of each interval. Time horizon [0, T ] is divided into n periods of equal length ∆ where T = n∆. Let P (t) denote the stock price at time t, where t = 0, ∆, 2∆, ..., n∆. P (0) denotes the present stock price, and all future prices are uncertain. u and d refer to the proportional increase and decrease respectively in the price variation at t + ∆ compared to the price at t. P (t + ∆) =



   uP (t) with probability p   dP (t) with probability 1 − p



(2.2.1)



Starting from the initial time, the price can have one of possible 2k values at the end of k th interval. Lognormal distribution A lognormal distribution for stock price returns is the standard model used in financial economics. It can be shown that some reasonable assumptions about the random behavior of the returns lead to a lognormal distribution. Let P (t) be the stock’s price at time t. Let Rt be the continuously compounded return on the stock over the time interval [t − ∆, t], that is, P (t) = P (t − ∆)eRt



(2.2.2)



Hence, P (t) can be written as, P (t) = P (0)eR∆ +R2∆ +...+RT −∆ +RT



(2.2.3)
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Let Z(T ) represents the continuously compounded return on the stock over the horizon [0, T ],i.e., Z(T ) = R∆ + R2∆ + ... + RT −∆ + RT



(2.2.4)



Some conditions are imposed on the probability distributions for the continuously compounded returns Rt . Empirical evidences and analytical tractability of the model motivate these conditions. Assumption 1: The returns are independently distributed. Assumption 2: The returns are identically distributed. Assumption 3: The expected continuously compounded return can be written in the form E[Rt ] = µ∆, where µ the expected continuously compounded return per unit time. Assumption 4: The variance of the continuously compounded return can be written in the form var[Rt ] = σ 2 ∆, where σ 2 is the variance of the continuously compounded return per unit time. The expected return and the variance of the return are proportional to the length of the time interval. These assumptions imply that the distribution for the continuously compounded return, for infinitesimal time intervals, has a normal distribution. Hence, these assumptions characterize the lognormal distribution for stock returns. These assumptions allow us to derive relatively simple expressions for different types of derivative securities. For example, these are used in the Black-Scholes option model, which is the standard basic model for pricing equity options. There is a relation between the binomial model and the lognormal distribution. Binomial model can be used to approximate the lognormal distribution if u, d and p are chosen accordingly. One choice is: With p = 0.5, u = eµ∆+σ



d = eµ∆−σ



√ ∆



(2.2.5)



√ ∆



(2.2.6)



Another choice is: √ σ ∆



u=e



µ



withp = 0.5 1 +



µ ¶√ ¶ µ



σ



∆



(2.2.7)
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d=e



µ



withp = 0.5 1 −
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µ ¶√ ¶ µ



∆



σ



(2.2.8)



Extensions Changing any of the above assumptions imply a different stock price distribution. The third and the fourth assumptions are most often modified as the expected value and the variance can be made functions of the stock price. If the fourth assumption is modified as var[Rt ] =



η2 ∆ , P (t)



where η is the modified volatility term, the stochastic



volatility models can be created. This condition can cause computing problems when the number of intervals is large. Moreover, successive price changes will no longer be independently distributed, which makes the estimation of the mean and volatility difficult. Stochastic integral equation representation The representation of log-normally distributed stock prices as a stochastic differential equation is as follows: Zt



P (t) = P (t0 ) + σ



Zt



P dW + µ t0



P dt



(2.2.9)



t0



where dW is a Wiener process or Brownian motion, and P is the stock price. Different assumptions about the form of the volatility give rise to different solutions to this stochastic integral equation. The standard assumption is to consider µ and η as constants as above. The solution in this case is a lognormal distribution. This is the underlying distribution for Black-Scholes option pricing model, HeathJarrow-Morton model, etc. Limitations The tails of the empirical distribution of continuously compounded returns are fatter than those expected for a normal distribution. This implies that large price changes tend to occur somewhat more frequently than would be predicted by a normal distribution of the same variance. There are also some evidences to show that the volatility of the distribution changes dynamically. Stochastic volatility models are increasingly used to model stock prices.
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Efficient Market Hypothesis is related to the manner in which information is incorporated in the price formation. Binomial models actually do not explicitly take this information into account. Theoretical models, that take this information into consideration, have been proposed in the literature. We will present the concepts behind such models. §2.3



Equilibrium and Disequilibrium Market Models



This section gives an overview of the research in market equilibrium and disequilibrium processes that has appeared in the finance literature. Equilibrium market models assume a stationary information process and an infinite speed of information dissemination and assimilation in the marketplace. The market prices that result from this process adjust immediately to the arrival of new information. Since by definition new information is an independent process, the usual random walk model has been developed. First, the information process is described as, ¯ + v(t) I(t) = I(t)



(2.3.10)



where I¯ is the long run mean of the stationary information process. v(t) is the error process. It is a stationary process and v(t) is normally distributed, and has a known diagonal covariance matrix. The return on a security is a function of the information set at that time, R(t) = f (I(t)). Then the return process will also be independent over time (assuming an infinite speed of information dissemination): ¯ + e(t) R(t) = R



(2.3.11)



where e(t) is also normally distributed stationary process with a zero mean and a known diagonal covariance matrix. A problem with this random walk model is that the empirical evidence has not supported the normal distribution assumption. Information arrives continuously in small random doses is not realistic. Information arrives periodically in large doses. Therefore, the information system is not continuous and follows a sporadic jump
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process. Assuming an infinite speed of information dissemination, this process can be described as a jump process as, ¯ + v(t) I(t) = I(t)



(2.3.12)



where v(t) is normally distributed and has a known diagonal covariance matrix, and ¯ is a mean process that undergoes discrete shifts that could follow a poissonI(t) distributed jump process. Therefore, the return process can be similarly described as, ¯ + e(t) R(t) = R



(2.3.13)



¯ is a poisson-distributed mean jump process and e(t) is normally distributed where R with a known diagonal covariance matrix. The resulting return process is now being generated by two stable distributions and, therefore, is still a random walk process. Subordinated distributions have also been used to provide a similar explanation for non-normal distributions commonly found with security returns. Oldfield, Rogalski and Jarrow [GO77] found empirical evidence suggesting that the information process is best described as a sporadic jump process. Cohen, Hawawini, Maier, Schwartz and Whitcomb [KJCW80] discussed various empirical results that support the noncontinuous information process. However, Fielitz [MTG79] argues against the market process by noting empirical studies that found persistent long-term dependence in security prices. The assumption that markets have an infinite speed of information dissemination, however, has been questioned by an increasing number of researchers. This, in turn, leads to a developing body of literature concerning disequilibrium models of market processes. Beja and Hakansson [AB77] argued that a swift movement to a paretooptimum price in the classical tatonnement process is unlikely in actual security prices because of institutional rigidities such as taxes and transaction costs. It is more likely that markets will trade at disequilibrium prices in a search for equilibrium. If investor preferences are constantly changing as new information arrives, then the market will not converge to equilibrium. Grossman and Stiglitz [SJG80] explored the reasons why
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uninformed traders do not impute equilibrium prices from the trades of the informed investors. They state that prices never fully adjust because of a noisy information system, the costs of acquiring and evaluating information, and the continuing need to adjust to new information shocks to the economy. Disequilibrium prices result from lags in the information process. Prices adjust monotonically toward the equilibrium price sequential arrival of information causing a finite speed of information dissemination. Thus disequilibrium returns are auto-correlated even though the information process is independent over time. The return process is described as ¯ + f (t) R(t) = R



(2.3.14)



where f (t) has a covariance matrix that contains off-diagonal dependence terms. As long as the information is continuous and the speed of information dissemination is finite, then the covariance matrix should be stable. Beja and Goldman [AB80] argued that market restrictions could cause oscillatory behavior in the rate of convergence to equilibrium. Therefore, there is not a stable monotonic movement to equilibrium. With oscillatory behavior, the amount of dependence varies and the covariance matrix is not stable over time. In addition, the speed of information dissemination, while finite, is not constant. The speed of information dissemination varies with the amount of new in formation. This argument is based on the fact that with the arrival of new information, the greater the disparity between the equilibrium price and the actual price, the more investors want to trade. The resulting trading volume helps to increase the speed of information dissemination in the market. Because of the aforementioned restrictions affecting the speed of information dissemination, greater dependence in security returns also occurs during this period. Different securities have different levels of dependence and that some securities have varying levels of dependence during different time periods. Therefore, the autocorrelation structure of f (t) is dependent on the amount of undisseminated (old as well as new) information: ¯ + f (I(t), t) R(t) = R



(2.3.15)
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where R(t) is a poisson-distributed mean jump process and f (t) has a covariance matrix with autocorrelation terms that varies over time in a direct response to the amount of new information arriving into the market. The covariance matrix is nonstationary over time as a result of the sporadic jump process in the sequential information process and the varying finite speed of information dissemination. To summarize, the market disequilibrium model that is emerging in the finance literature results from a finite speed of information dissemination with information arriving in a jump process. The finite speed of information dissemination occurs because of market friction and rigidities such as transaction costs, taxes, noisy information channels and the costs of acquiring and analyzing information. The above information and binomial models basically form the template for the actual modelling of a complex financial system. It often happens that the actual data may contain some information about the process which is not captured by these template models. Moreover, the analysis of actual data may also yield some new insights which can then be incorporated into the basic models. Hence, time-series models occupy a very important place in modelling a complex financial market. We will describe some basic approaches that have been taken in that class of models in the next section. §2.4



Time-Series Models



We review the time series models that are used to fit financial data. The main motivation for the use of time series models to analyze financial data is to represent the empirical properties often observed in real prices. The empirical properties of financial data depend significantly on the frequency of observation. There are three major classes of frequencies: Ultra-High Frequency (UHF), High Frequency (HF), and Low Frequency (LF). Ultra-High Frequency The prices are observed at very high frequency as tickby-tick or every hour. These are usually unequally spaced. Presence of strong daily patterns with highest volatility at the open and toward the close of the day has
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been observed. UHF returns are characterized by highly persistent conditionally heteroscedastic components along with discrete information arrival effects. The possibility of having multiple transactions within a single second increases the complexity further. High Frequency Prices here are observed, say, daily or weekly. HF data is the most extensively analyzed in the empirical literature. Empirical studies have shown that HF returns are nearly non-correlated though they are not independent because significant auto-correlations have been observed for non-linear transformations. The significant auto-correlations of squared returns are often related to the presence of volatility. The slow decay of auto-correlations is usually interpreted as the presence of long-memory in the volatility. HF returns are also leptokurtic. The heavy tail property can be related to the dynamic evolution of volatility. Low Frequency Prices are observed, at very low frequencies, every month. The monthly returns seem to have more serial correlations than daily returns. Generally asset-pricing models concentrate mainly on UHF and HF observations. The central question in financial econometrics is whether financial prices are predictable i.e. whether future prices can be predicted using the information contained in their own past. The main hypotheses often tested are the martingale and the random walk hypothesis. The martingale hypothesis can be expressed as follows: E[Pt |Pt−1 , Pt−2 , ...] = Pt−1



(2.4.16)



The expected value of price at t is same as the price at the previous instant i.e. Pt−1 . The martingale hypothesis places a restriction on expected returns. It holds for rationally determined asset prices after their returns are adjusted for risks. It is known that risk-adjusted martingale property is the basis of many financial derivatives. The second hypothesis often tested is whether logarithmic prices are generated by a random walk plus drift model given by: log(Pt ) = µ + log(Pt−1 ) + εt



(2.4.17)
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where error ε is an independent process with zero mean and variance Σ2 , and µ is the expected price change. However, it is customary to assume the errors are uncorrelated instead of independence. This allows the model to exhibit the presence of conditional heteroscedasticity, which is observed in HF returns. There is overwhelming evidence that asset returns are not independent due to auto-correlated squares. They can be represented by the following model assuming that returns have zero mean and serially uncorrelated: r t = σ t εt



(2.4.18)



where εt is an independent and identically distributed process with zero mean and unit variance independent of the volatility. There are two main proposals in the literature to represent the dynamic evolution of ε2 Generalized Autoregressive Conditional Heteroscedasticity (GARCH) and Stochastic Volatility (SV) models. GARCH models are based on modelling the volatility as the variance of returns conditional on past observations. The original GARCH model has been extended in various ways. Two of the main extensions from the empirical point of view, are models to represent the asymmetric response of volatility to positive and negative returns and to represent the effect of the volatility on the return of a stock. The first effect is known as leverage effect. Exponential GARCH has been proposed to represent it. GARCH-in-Mean model is proposed by Enge to represent the effect of volatility on the expected return. There are many modified GARCH models that allows for regime switching when volatility persistence can take different values depending on whether returns are in a high or a low volatility regime. Long memory property of squared returns can be represented by Fractionally Integrated GARCH model. But the property of the corresponding estimators and tests are generally unknown as they are not stationary in covariance. Two components GARCH model has also been proposed; one that is nearly non-stationary and another that is much less persistent. The variations in volatility, ηt2 , can be modeled using Stochastic Volatility (SV) models that introduce an additional noise to model the variations. Therefore, the
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volatility is a variable composed of a predictable component that depends on past returns plus an unexpected component. The introduction of the unobserved component in the representation of the volatility gives more flexibility to SV models to represent the empirical properties often observed in real time series of returns. The likelihood function of most of these models does not have a closed form expression and, consequently, most estimation methods proposed are based on numerical approximations of the likelihood or on transformations of the observations. As in the case of GARCH models, SV models have also been extended to represent the asymmetric response of volatility to negative and positive returns, and the response of expected returns to volatility. Many multivariate extensions for GARCH and SV have also been proposed in the literature. The time series models depend on the frequency of the financial data and can be classified as the models for the conditional means, conditional variances, and conditional covariances. The characteristic features that can be captured by different time series models are as follows: ARMA (Autoregressive moving average) models - for weakly stationary process i.e. mean, variance, and auto-covariance are constant ARIMA (Autoregressive integrated moving average) - for non-stationary process; can capture mean reverting process ARFIMA (Autoregressive fractionally integrated moving average)- long-term/longmemory processes ARCH (Autoregressive conditional heteroskedastic) - to incorporate dynamic evolution of volatility GARCH ( Generalised autoregressive conditional heteroskedastic) - to incorporate dynamic evolution of volatility; long memory properties EGARCH (Exponential GARCH) - can represent leverage effect i.e. volatility asymmetry FIGARCH (fractionally integrated GARCH) - dynamic evolution of volatility; long memory properties MGARCH (Multivariate GARCH) - time varying correlations
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Stochastic Volatility Models - The introduction of unobserved component can allow the model to generate a jump term to allow for large transient variations; allow variances and covariances to evolve through positive trends. Time-series models are developed without incorporating the individual characteristics of traders. Since stock market has been empirically observed and studied for decades, data collection has grown immensely and their processing too has become more sophisticated as computing become cheaper. These lead to the proposal of many computational models that capture some features of the stock market by simple rules, evolution and adaptation. Many models in this class are based on traders/agents who may use neural networks, fuzzy sets, and genetic algorithm for their strategies, game-theoretic models like minority game models, or one of the above traditional approaches. These models are flexible enough to incorporate individual’s characteristics like overconfidence, pessimism, etc., and strategies like mean-reverting, volatilitybased investment behavior, etc. These models are able to capture several features of a financial market: short range/ long-range volatility correlations, group property like herding that emerges out of interaction/competition among agents, extreme events like bubbles and crashes, and fat-tailed returns. These models can include many complex aspects of the traders. The features that have to be considered for an agent or a trader are determined by the kind of dynamics the model is expected to capture. §2.5



Computational Models



Financial market is a subsystem of the economic system. The basic ideas used are inspired by the corresponding concepts in economics. We will present how these concepts are associated with individual agents. Moreover, we can also see that the dichotomy in economics as microeconomics and macroeconomics is also reflected in financial market modeling as considering individual agent’s behavior and looking only at the average behavior of the market. A key concept in economics is value of a property or a share. A satisfactory theory of value must answer several questions: what determines the value of a share?
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Is there an invariant value ascribable to a share as its intrinsic attribute? How does the intrinsic value of a share relate to its fluctuating price or exchange value? How are values measured? How are they related to the distribution of income? The answers to these questions distinguish various schools of thought. A central microeconomic theory is that equilibrium can be achieved by a perfectly competitive market in which the desires of individual can be reconciled in costless exchange. In the approximation, individuals do not interact with one another but respond independently to a common situation which is characterized by the share prices in the case of a stock market. The theory of perfect competitive market is based on many idealistic assumptions. In recent decades, economists are making effort to relax some of these assumptions. They are developing information economics and industrial organization theories, which use game theory to study so-called market imperfections. These theories take account the direct interaction among the individuals, the asymmetry of their bargaining positions, and the ‘internal structure’ of economic institutions. Economists generally believe in the efficacy of the free market and its price mechanism in coordinating production efforts. However, they disagree sharply about whether market coordination is perfect, whether slight imperfection can generate significant economy-wide phenomena, whether free market by itself always generates the best possible economic results, and how information can affect the market. All agents concerned with financial markets (traders, consultants, individuals, etc) are interested in increasing their returns. Traditional economic/financial models assume rational agents and unlimited availability of information. Prospect theory has been successful in qualitatively explaining some features of the market by considering bounded rationality of the agents. All agents in the context of financial markets are considered to be ‘optimizers’ who systematically survey a given ‘possibility set’ (set of possibilities) under given constraints, and choose the one that maximizes their returns. The possibility set open to an agent is his state space. Though this idea of state space has come from dynamical system framework, this interpretation is specific to economic theories. Economic theories limit the possibility set (state space)
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of an agent to those items with value tags given by him. The elements of an agent’s state space and his objective are framed in terms of two variables, the ‘quantity’ and ‘price’. An agent has ‘preference order’ over the elements of his state space. The preference order varies according to his taste. For any two portfolios, an agent either prefers one to the other or is indifferent to both, and his preferences are transitive, that is, if he prefers A to B and B to C, he prefers A to C. Economists represent the order of preference by a utility function, which is a rule that assigns to each portfolio a utility value according to the desirability of the portfolio. The utility function is the objective function that the agent tries to maximize. Given an agent’s options (possibility set), constraint (budget) and objective (his utility function), his equilibrium state is obtained by finding the affordable portfolio with the highest expected utility value. The formulation can be expanded to include risk. Decision in risk situations must take agent’s belief about the state of the world. But empirical studies have been questioning the idea that people make decisions that maximize their utility functions. In many experiments, people are found to reverse their preferences consistently in risky conditions, depending on how the questions calling for choices are framed. Discrepancies between empirical data and the fundamental behavioral postulates of micro-economics are widespread and systematic. However, it is not clear which specific axiom(s) of the utility maximization theory are violated. Behavioral finance that builds upon Prospect theory tries to provide a valid framework that captures the effect of psychological aspects of individual agents on the overall behavior. The main motivation of using multi-agent approach in social sciences, including financial economics is to explain what is happening at the micro-level through microsimulation. Several common examples on the use of multi-agent models in financial economic analysis (be it stock market or foreign exchange market) are given by several researchers. There is also an endeavor to pronounce macro-economy in the framework of multi-agents and investors’ behavior. The development of Complexity theories has brought multi-agent analysis to be one of computational devices that can be used to study emergent properties. Multi-agent approaches will hopefully be able to explain
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many features of statistical mechanics models (Econophysics). A number of simulated artificial markets have been built like Santa Fe Artificial Stock Market. They are based on decision rules, and computationally intensive trading mechanism with the participation of large number of agents. Though these models are able to capture many characteristic features of stock markets like absence of auto-correlations, fattails, volatility clustering, herding, limits to arbitrage, confidence bias, etc., the stress is mainly on inclusion of complex rules and computation. §2.6



Proposed framework



System dynamics framework is an approach to understand the characteristics of complex systems which are composed of many interacting and interrelating components. It is an effective framework that allows inclusion of interactions, effect of feedback loops, time delays at multiple time scales, hierarchal structures, etc., in a unified setup. The formulation of this framework involves formalization of concepts like state of a system and the evolution of states in time. The formalization is widely known as dynamical system framework in physical and engineering sciences. The evolution rule is explicitly given by relations for simple dynamical systems, and is implicitly given by set of equations with constraints for more complex dynamical systems. System dynamics framework also allows incorporation of decision-making entities as a part of system. Modeling decision-making entities is achieved by incorporating rules in an appropriate database. Stock market, from the perspective of system dynamics framework, consists of traders with wide varying behavioral patterns, a set of complex interrelations among them, and a structure that creates multiple feedbacks and evolves over time under the influence of changing environment and regulatory mechanisms. Stock market exhibits both positive and negative feedback mechanisms. When stock values are rising, the belief that it would rise further provides traders an incentive to buy. More traders would take a buying position. More buyers lead to a rise in price. The traders’ belief gets reinforced and provides further incentive to buy. Stock price dynamics



Chapter 2. Stock Markets - Models and Features



28



exhibits a positive feedback mechanism. When stock values are rising, the fear that it might reach the peak soon would deter some traders to buy. They might take selling positions to move out of the market just before the peak. More sellers lead to a fall in price. The traders’ belief gets reinforced and provides further incentive to sell. Stock price dynamics also exhibits a negative feedback mechanism with regard to some traders. The type of feedback mechanism is dependent on the risk profile of a trader. Risk profile depends on past successes, failures, capacity to invest, confidence bias, etc. Moreover, difference traders could take different positions in a stock market. The interactions among them create multiple positive and negative loops in the market’s dynamic evolution. The interaction among these different positive and negative loops creates a condition where herding could take place depending upon the strength of interactions. Time delay is a crucial factor in some complex systems. Information and effect of interactions take time to affect various components. For instance, when new information is available, traders react to the new information in a cautious manner thus creating time-delay effects in system evolution. Decision regarding investment strategies and implementation of investment strategies are not instantaneous. Traders need some time, for implementation, in any regulated market. Moreover, the effects of feedback will be influenced by time-delays. These time-delays limit traders from exploiting arbitrage opportunities. Different models, in dissimilar frameworks, have been proposed in literature to capture features such as confidence bias, herding, and limits to arbitrage. From system dynamics perspective, it can be seen from the above discussion that system dynamics framework is an ideal framework to understand the characteristics of stock market. In this thesis, we attempt to explore the possibility of creating a single framework to address the stylized features of the stock market such as individual confidence bias, limits to arbitrage, and herding.
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Conclusions



The effort to understand the characteristics of stock market had been mostly through the study of the price series. It is very difficult to identify all the inputs to a stock market system and come up with a model that gives the price dynamics. In fact, technical analysis is the outcome of recognizing this, and it has proceeded in a different way. We have seen different modeling approaches to model stock market in this chapter. The traditional input-output models are very limited when it comes to stock market modeling. The characterization of output is the basis for most of the market models. Agent-oriented systems are suited to developing complex, distributed systems through a choice of rules for their behavior. System theoretical framework is fairly a general one where different inter-relationships can be incorporated, and many complex behaviors of the system can be interpreted as due to the fundamental mechanisms of feedback and coupling among components. There is no single framework to model various aspects of the stock market. There are different approaches to model different characteristics of the market. In the next four chapters, this thesis attempts to explore the possibility of creating a single framework that accommodates different models to capture features such as individual confidence bias, limits to arbitrage, herding, and incorporation of minority game rules.



Chapter 3 Individual’s Confidence Bias §3.1



Introduction



The confidence bias is the systematic overestimating or underestimating the accuracy of one’s decisions and knowledge. Overconfidence is one of the reasons for trading volumes in financial markets [GW04]. Models, where traders assume different distributions for their beliefs about the payoff of a risky asset, have been proposed to account for confidence. Harris and Raviv [HR93] investigated a multi-period economy model where risk-neutral traders differed while interpreting a public signal. Varian [Var89] noted that the dispersion of posterior beliefs, caused by different distributional assumptions, motivates trade, and traders are assumed to have different means. Kandel and Pearson [KP92] noted that the disagreement among risk-averse traders was about both the mean and the variance of a public signal. Roll [Rol86] suggested that overconfidence might motivate many corporate takeovers. Hirshleifer, Subrahmanyam, and Titman [HST94] argued that overconfidence can promote herding in securities markets. Shefrin and Statman [SS85] argued that the market prices were efficient when all traders were rational, and biased traders were the source of price distortion if it happened. Benos [Ben96] suggested that the traders are overconfident in their knowledge of the signals of others; they also display overconfidence in their own noisy signal, believing it to be perfect. Kyle and Wang [KW95] modeled overconfidence as an overestimation of the precision of one’s own information. Gervais 30
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and Odean [GO97] developed a multi-period model in which a trader’s endogenously determined level of overconfidence changes dynamically as a result of his tendency to disproportionately attribute his success to his own ability. Daniel, Hirshleifer, and Subrahmanyam [DHS97] considered rational risk-averse traders trade with riskneutral traders who overreact to private signals, properly weigh public signals, and grow more overconfident with success. This resulted in return-event patterns which are consistent with many market anomalies. Griffin and Tversky [GT92] wrote that when predictability is very low, as in the stock market, experts might even be more prone to overconfidence than novices, because experts have theories and models (e.g. of market behavior) which they tend to overweigh. Feedback is often slow and noisy in securities market. Odean [Ode96] confirmed that investors prefer to sell winners and hold onto their losers. Judgmental biases like overconfidence and optimism in decision-making process are called cognitive illusions. Decision theorist Howard Raiffa [How68] introduced useful distinctions to the analysis of decisions. Normative analysis focusses on finding a rational solution to the decision problem, a kind of an ideal that actual decisions should strive to approximate. Descriptive analysis is concerned with the manner in which real people actually make decisions. Prescriptive analysis is when practical advice is given to help people make better decision. The two behavioral phenomena [BSV97], related to cognitive illusions, are documented by psychologists: conservatism and representativeness heuristic. Conservatism states that individuals are slow to change their beliefs in the face of new evidence. Conservatism leads to under-reaction. Conservative individuals might not see the information content of an earnings announcement, perhaps thinking that it contains only a temporary component. This makes them to cling to their prior estimates of earning for a longer time. These individuals might be characterized as being overconfident about their prior information. One characteristic feature of the representativeness heuristic is that individuals think that they see patterns in random sequences. Overconfidence is considered to be the behavioral reason for excessive trading. People believe that they have enough information to justify a trade which they wouldn’t have done if they are
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not confident. Increase in overconfidence itself has been reported to be one of the reasons for excessive trading if the investors switch to online trading. The features of an online trading environment, like information accessability, have been shown to increase overconfidence [BR01]. Shefrin and Statman [SS85] classified the tendency to hold losers too long and sell winners too soon as disposition effect. Investors may rationally, or otherwise, believe that their current losers will outperform the current winners in the future. The disposition effect is explained by applying Kahneman & Tversky’s prospect theory [DT79] to investments. Prospect theory suggests, people behave as if they are maximizing an S-shaped value function, when faced with choices. This value function is similar to the standard utility function except it is defined for gains and losses rather than on the level of wealth. The function is concave in the domain of gains and convex in the domain of losses. It is also steeper for losses than for gains which implies people are generally risk-averse. Andreassen [And88] found, in experimental setting, that people buy and sell as if they expect short term mean reversion. Reasons [LS86] proposed for such behavior are: (i) Investors who do not hold the market portfolio may respond to large price increases by selling some of the appreciated stock to restore diversification of their portfolio, (ii) Investors who purchase stocks on favorable information may sell them when the price goes up believing that price now reflects this information and may continue to hold them if the price goes down, thinking that their information is not yet incorporated into price. Odean [Ode98] examined the market model where price-taking traders, a strategic-trading insider, and risk-averse market makers were overconfident. The source of confidence in most of the above models is either the individual’s faith in estimating the future payoff or the risk profile defined for each individual. Confidence that arises endogenously has been dealt only in [GO97] where it varies dynamically, though the effects of this on future decisions are not considered. The effects of overconfidence were analyzed in [Ode98] where it was examined how the effects of overconfidence depended on who was overconfident, using expected utilities. However, the confidence levels vary according to the perception of the information
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both public and private; the source of those has not been indicated. In this chapter, we propose a model to incorporate individual confidences that are formed because of his perception of how correct the past decision is. The impact of confidence on individual decision is also discussed. The model framework and solution are described in the following sections of this chapter. The confidence bias addressed in previous models is modeled in various ways. The confidence bias is considered based on one of the following set-up: payoff of a risky asset, multi-period economy, risk-averse traders, endogenous information, buysell behavior, utility theory, and mean reversion. In the proposed model, we have considered confidence bias as the outcome of the view of correctness of past decisions. The proposed model, in principle, addresses confidence bias as the manifestation of individual’s estimation of success rather than the external factors like buy-sell behavior, mean reversion, pay-off, etc. In our model, though we use endogenous estimation, we do not use any utility models in setting up the framework. We have used the concept of virtual capital in addressing the endogenous effects. The strategy of spending all the capital at the next moment if the individual is confident and holding on to the position to observe the market behavior when the individual is not confident is an extreme strategy. In the proposed model, extreme strategy is an outcome of the choice of simple representative binary distribution. The effect of incorporating more complex distributions is not studied in the thesis. §3.2



Model Description 0



Let Wk−1 ≥ 0 be the capital of the investor at the instant k − 1. The following happens in the interval (k − 1, k]: The investor can decide to buy bk shares of one risky asset at the instant k, and may receive the dividend hk , hk ≥ 0. 0



0



Wk = Wk−1 − bk Pk + hk



(3.2.1)



0



The negative states of the Wk process are absorbing ones and are considered as the states where the investor cannot invest. The sign of bk may be negative. It means that the investor’s decision is to sell that many shares. bk > 0 means buying
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is decided, bk < 0 means selling is decided, and bk = 0 means the decision is to hold. Investors may use various strategies for deciding bk . The investor feels the following about his previous decisions, apart from evaluating the strategy he has used earlier: (i) If bk−1 > 0 and Pk > Pk−1 , then he feels good about his decision implemented at the instant k − 1. (ii) If bk−1 > 0 and Pk ≤Pk−1 , then he does not feel good about his decision implemented at the instant k − 1. (iii) If bk−1 < 0 and Pk ≥Pk−1 , then he does not feel good about his decision implemented at the instant k − 1. (iv) If bk−1 < 0 and Pk < Pk−1 , then he feels good about his decision implemented at the instant k − 1. (v) If bk−1 = 0, then he is indifferent to the change Pk − Pk−1 as he has just observed the price process without participating in the market. The above cases arise due to the investor’s evaluation of his past decision. This evaluation represents the individual’s discernment of what could have happened if he had delayed his decision by one interval. It may be computed in different ways depending upon the individual’s choice. It is here represented as bk−1 Pk − bk−1 Pk−1 . It could as well be some function of Pk , Pk−1 , and bk−1 . The investor will use this to alter his bk which he obtained using his earlier strategy. Hence bk Pk in equation (3.2.2) is changed to ηk bk Pk where ηk is the impact of his evaluation of past decision on the present decision. Hence, equation (3.2.2) becomes, 0



0



Wk = Wk−1 − ηk bk Pk + hk



(3.2.2)



Moreover, according to prospect theory, the reference value from which gains and losses are measured are relative to individual’s expectation or aspiration level that differs from the actual one [Ode98]. This change in reference value implies that he is using a different value for his present capital in evaluating gains and losses. Therefore, the virtual capital Wk is defined as follows, 0



Wk = Wk − λk , for k



(3.2.3)
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Wk−j = Wk−j , for j < k



(3.2.4)



where λk represents the change in capital because of aspiration level. hk is assumed to be constant, and is replaced by h. The equation (3.2.2) is modified as, Wk = Wk−1 − ηk bk Pk + h − λk



(3.2.5)



Let {λk }∞ k=1 are the random variables that are mutually independent with a given probability distribution F . The initial value of the capital W0 = w0 ≥ 0 is given. Equation (3.2.5) can be written as Wk = Wk−1 − µk + h − λk



(3.2.6)



where µk = ηk bk Pk . Let τ = inf{k : Wk < 0}, where inf refers to the infimum. The investor can pursue different goals. For instance, one can maximize the expected time till he loses all his capital, i.e., sup E π [τ ]



(3.2.7)



π



and π is the space of strategies, sup means supremum, and E π [.] is the expectation taken over all strategies. The investor may also want to take as many good decisions as possible during the time horizon he participates. Hence, sup E π



π



" τ X



#



|µk |



(3.2.8)



k=1



The above equations constitute a Markov decision process with the random lifetime (0, τ ], where τ is the moment of the first exit from the state space of the controlled process Wk . A solution of equation (3.2.7) is obvious: µk ≡ 0, i.e., not participating in the market will maximize his duration of just watching the price process. But, the multicriteria equations (3.2.7 and 3.2.8) may be inconsistent. It is studied, in the following, for a simple probability distribution F and bk > 0.
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Assume h is constant, and λk takes the values d1 and d2 with the probabilities p and q respectively, where p + q = 1, d1 ∈ Z, d2 ∈ Z (Z is the set of integers), d1 < d2 , d2 ≥ h, d1 ≥ h, µk ∈ Z, and Wk ∈ Z. The state space of the controlled process Wk is the set X = {h − d2 , h − d2 + 1, · · ·} whose elements will be denoted as W . The value of µk is from the set A = {0, 1, 2, · · ·} whose elements will be denoted by µ. The investor feels good about his previous decision, and is optimistic if p < q. He does not feel good about his decision, and is pessimistic if p > q. Equation (3.2.8) can be written as inf E π



π



"∞ X



#



r(Wk−1 , µk )



(3.2.9)



k=1



where       



−a : if x ≥ 0 and a ∈ [0, x]



r(x, a) =  +∞ : if x ≥ 0 and a > x     



(3.2.10)



0 : if x < 0



Let us denote the above expectation as R(P π ). Therefore, equation (3.2.9) becomes inf R(P π ), π where P π indicates the probability measure over the space of strategies. §3.3



Model Solution



The set Z = (X, A, K, p) will be called a model where X is the state space for the stochastic process, A is the action space for the strategy, K is the time horizon considered for the process, and p is the transition probability. The optimal criterion is as follows, inf R(x0 , a1 , x1 , · · · , aK , xK ) = inf



K X



rk (xk−1 , ak ) + rK (xK )



(3.3.11)



k=1



x(.) ’s are in X and a(.) ’s are in A The infimum is taken over the space of all strategies. The functions rk (.) and rK (.) are lower semi-continuous and bounded below. The space A is compact. The
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transition probabilities pk are continuous. p(y|.) is the transition probability to y ∈ X. Then an optimal selector φ(k, .) : X → A exists for the model [Piu97], and it can be constructed as follows: vk−1 (x) = vk (x, φ(k, x)) +



X



vk (y)pk (y|x, φ(k, x))



(3.3.12)



X



where vK (x) = rK (x) (



vk−1 (x) = inf



rk (x, a) +



a∈A



X



(3.3.13) )



vk (y)pk (y|x, a) , k = 1, 2, · · · , K



(3.3.14)



X



vk (min{X}) ≡ 0



(3.3.15)



The function vk (x) is also called the Bellman function, and gives the minimum value of







Eπ 



K X







rm (xm−1 , am ) + rK (xK ) | xm−1 , am 



m=k+1



Case-1: p ≤ q Using the equations (3.2.10), (3.3.13), and (3.3.14), the following can be written for our model equation (3.2.6): vK (W ) = 0



vK−1 (W ) =



(3.3.16)



inf {−µ + pvK (W − µ + h − d1 ) + qvK (W − µ + h − d2 )}



0≤µ≤W



(3.3.17) We will now obtain the function vk (W ). vK−1 (W ) = =



inf {−µ + pvK (W − µ + h − d1 ) + qvK (W − µ + h − d2 )}



0≤µ≤W



inf {−µ}



0≤µ≤W



= −W



(3.3.18)
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inf {−µ + pvK−1 (W − µ + h − d1 ) + qvK−1 (W − µ + h − d2 )}



0≤µ≤W



= min[



inf



0≤µ≤W −1



{−µ + pvK−1 (W − µ + h − d1 ) + qvK−1 (W − µ + h − d2 )},



−W + pvK−1 (h − d1 ) + qvK−1 (h − d2 ) ] = min[



inf



0≤µ≤W −1



{−µ + pvK−1 (W − µ + h − d1 ) + qvK−1 (W − µ + h − d2 )},



−W − ph + pd1 ] = min[



inf



0≤µ≤W −1



{−µ − p(W − µ + h − d1 ) − q(W − µ + h − d2 )},



−W − ph + pd1 ] = min[



inf



0≤µ≤W −1



{−µ − pW + pµ − ph + pd1 − qW + qµ − qh + qd2 )},



−W − ph + pd1 ] = min[−W − ph + pd1 − qh + qd2 , −W − ph + pd1 ] = −W − ph + pd1 (because qd2 ≥ qh) vK−3 =



(3.3.19)



inf {−µ + pvK−2 (W − µ + h − d1 ) + qvK−2 (W − µ + h − d2 )}



0≤µ≤W



= min[



inf



{−µ + pvK−2 (W − µ + h − d1 ) + qvK−2 (W − µ + h − d2 )},



0≤µ≤W −1



−W + pvK−2 (h − d1 ) + qvT −2 (h − d2 ) ] = min[



inf



{−µ + pvK−2 (W − µ + h − d1 ) + qvK−2 (W − µ + h − d2 )},



0≤µ≤W −1



−W − ph − p2 h + pd1 + p2 d1 ] = min[



inf



{−µ − pW + pµ − ph + pd1 − p2 h + p2 d1 − qW + qµ − qh +



0≤µ≤W −1



+qd2 − pqh + pqd1 }, −W − ph − p2 h + pd1 + p2 d1 ] = min[−W − ph − p2 h + pd1 + p2 d1 − qh + qd2 − pqh + pqd1 , −W − ph − p2 h + pd1 + p2 d1 ] = −W − ph − p2 h + pd1 + p2 d1 (because d1 , d2 ≥ h)



(3.3.20)



We proceed, as above, to obtain, vK−i = −W − ph − p2 h − · · · − pi−1 h + pd1 + p2 d1 + · · · + pi−1 d1 = −W − ph(1 + p + p2 + · · · + pi−1 + pd1 (1 + p + p2 + · · · + pi−1 ph(1 − pi ) pd1 (1 − pi ) = −W − + 1−p 1−p



Chapter 3. Individual’s Confidence Bias



39



i.e., ph(1 − pK−k ) pd1 (1 − pK−k ) vk (W ) = −W − + 1−p 1−p



(3.3.21)



Therefore, the infimum is attained by the strategy µk = Wk−1



(3.3.22)



Case-2: p > q Let c be an arbitrary constant such that −1/q < c < −1/p and    c



: if x 6= h − d2



 0



: if x = h − d2



rK (W ) = 



(3.3.23)



Then, vK (W ) = c



vK−1 (W ) =



(3.3.24)



inf {−µ + pvK (W − µ + h − d1 ) + qvK (W − µ + h − d2 )}



0≤µ≤W



(3.3.25) We will now obtain the function vk (W ) assuming h = 1,d1 = 0, and d2 = 2. These assumptions do not affect the nature of the strategy. vK−1 (W ) =



inf {−µ + pvK (W − µ + 1) + qvK (W − µ − 1)}



0≤µ≤W



= min[



inf



{−µ + pvK−1 (W − µ + 1) + qvK−1 (W − µ − 1)},



0≤µ≤W −1



−W + pc ] = min[



inf



{−µ + pc + qc}, −W + pc ]



0≤µ≤W −1



= min[ −W + 1 + c, −W + pc ] = −W + pc



vK−2 =



(3.3.26)



inf {−µ + pvK−1 (W − µ + 1) + qvK−1 (W − µ − 1)}



0≤µ≤W



= min[



inf



{−µ + pvK−1 (W − µ + 1) + qvK−1 (W − µ − 1)},



0≤µ≤W −1
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−W + pvK−1 (1) + qvK−1 (−1) ] = min[



inf



{−µ + pvK−1 (W − µ + 1) + qvK−1 (W − µ − 1)},



0≤µ≤W −1



−W − p + p2 c ] = min[



inf



{−µ − p(W − µ + 1) − q(W − µ − 1) + p2 c + pqc},



0≤µ≤W −1



−W − p + p2 c ] = −W + pc − p + q



(3.3.27)



Following the above procedure, we obtain, vk (W ) = −W + pc − (K − k)(p − q) + p − q



(3.3.28)



Hence, the infimum is attained by the strategy [Piu97] µk = I{k = K}x



(3.3.29)



where I(.) is the indicator function. Hence, when the person is confident(p ≤ q), the strategy is to spend all his capital at the next moment (equation 3.3.22). On the other hand, when he is not confident, he will hold on to his position to observe the market behavior (equation 3.3.29). This kind of behavior, overconfident investors trade excessively, has been reported even on gender basis [BO01]. §3.4



Conclusions



A model is proposed where the confidence level of an individual is assumed to be dependent upon the outcome of past decision. The impact of this confidence on the present capital is considered through the concept of virtual gain, where we have incorporated the aspiration level of Prospect Theory. The effect of confidence on future decision is brought out explicitly. The strategies we obtained are intuitive even after including the concept of virtual capital. The non-optimal behavior of people in the market in this context can be attributed to their evaluation of virtual gains. The idea of excessive trading, in terms of investing more or not investing,
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arising due to overconfidence and optimism has been derived analytically for a simple probability distribution. Many empirical studies have established that even experts in any field anchor their decisions around few variables, if not one. It is also established in many investigations that people are not actually optimizing utilities in the sense of expected utility theory. The strategy obtained is of binary nature which is intuitively appealing.



Chapter 4 Limits to Arbitrage and Herding §4.1



Limits to Arbitrage



An investment strategy that is guaranteed to make riskless profit with no cost is an arbitrage strategy. Arbitrage opportunity means the existence of such strategies. The existence of arbitrage opportunity, from an economic point of view, implies that the economy is in a disequilibrium state. Even if irrational traders (noise traders) cause this, the rational agents will participate and the price is expected to change until arbitrage is no longer possible. It is not expected to earn profits through arbitrage for a long time in an efficient financial market. In the traditional financial market setup where rational agents alone are present, prices equal fundamental values [BR01] of stocks. This is the discounted sum of expected future cash flows, where the expectation is taken over the correct probability distribution and the discount rate is compatible with the normative values. Efficient market hypothesis states that the actual price is the fundamental value. In such efficient markets, no investment strategy can earn average returns greater than that are justified by the corresponding risk. This ruling out the possibility of arbitrage has profound implications to the modeling of markets. The principle of no arbitrage helps in analytically determining the prices of derivative securities such as options. In a market where rational and non-rational agents interact, non-rational behaviors can have an impact on prices. This essentially means there are limits to arbitrage. 42



Chapter 4. Limits to Arbitrage and Herding



43



Moreover, the mispricing is sustained for a long time and cannot be arbitraged away i.e. there are limits to arbitrage. There are many qualitative reasons for the limits to arbitrage. Strategies conceived to correct mispricing can themselves be risky, allowing the mispricing to survive. The sources of the risk associated have been summarized in [BR01] [AM02]. These are as follows: 1. Fundamental risk : The fundamental value might change over time and the arbitrageurs’ models might not coincide with that of the actual data generating process. Consider the actual price is less than that of fundamental. An arbitrageur who buys at the current price is taking a risk that a bad news could cause the value to go down further. 2. Noise trader risk : The pessimistic agents who cause the stock to be undervalued could become even more pessimistic lowering the price again. The optimistic agents, on the other hand, overvalue the stock further. 3. Implementation risk : This includes the generic transaction costs arbitrageurs pay while implementing their strategies. It also arises because of delay in implementing the strategy. 4. Observation risk : When a mispricing occurs, arbitrageurs will not be sure whether it really exists. This uncertainty will limit their position. These risks will limit arbitrage and allow deviations from fundamental value to persist. The noise trader risk itself is powerful enough to limit the arbitrage [DL90a] [DL90b]. In the next section, we will explain the basic ideas behind two models for limits to arbitrage.
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Marginally Efficient Market and Synchronization Risk Model



Y.C. Zhang proposed the marginally efficient market model [Zha99] where he used conditional entropy to identify the probability of the existence of arbitrage. Shannon entropy, S, is defined as, S=−



X



p(m)logp(m)



(4.2.1)



m



where p(m) is the probability of the event m. The conditional entropy, H(n|m), is defined as, H(n|m) = −



X m



p(m)



X



p(n|m)logp(n|m)



(4.2.2)



n



where p(n|m) is the conditional probability that the event n would occur given the event m. The negative entropy is defined as the difference between the maximal value and the actual value of the conditional entropy H, and is ∆H = 1−H for binary case where the events are represented by binary strings. Zhang considered a binary sequence and proved that negative entropy cannot be arbitraged away. He showed that this implies infinite capital is needed to make the price a perfect random walk. The central point of Zhang’s work is that inefficiency in the market can be quantified using entropy. His approach is directed towards creating an alternative framework to accommodate inefficiency. Hence, probabilistic arbitrage opportunities do exist. The source of the uncertainty has not been considered. Moreover, the ways to consider the risks discussed in Section 2 have not been taken into account in the marginally efficient market model. In the synchronization risk model [AM02], Dilip Abreu and Markus Brunnemeier argued that the arbitrage is limited when rational traders face uncertainty when other traders exploit a common arbitrage opportunity. They have proposed that this uncertainty also becomes a risk along with the risks mentioned in the previous section. There is a single risky asset whose price is pt . The fundamental value of the risky asset is vt . The fundamental value before the arrival of information is ert , where
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r determines the growth possibilities of the asset. The value changes to (1 + β)ert after the arrival of information. The time of arrival of information is exponentially distributed. Rational arbitrageurs become sequentially aware of the new value and they do not know how early the information is received relative to other arbitrageurs. Behavioral traders continue to think there are no new information and act as if the fundamental price is ert . They support the mispricing till the buying (or selling) pressure by rational arbitrageurs lies below a threshold. When this threshold is crossed, the price adjusts and coincides with the fundamental value of the asset. The main features of this model are: (i) A single arbitrageur cannot correct the mispricing. (ii) Arbitrageurs’ opinions about the timing of the price correction are dispersed. (iii) The arbitrageurs incur holding costs in order to exploit an arbitrage opportunity. Sequential awareness of the mispricing is shown to cause delayed arbitrage. Hence, the source of the persistence of arbitrage could be due to the lack of synchronization. This is in addition to the earlier qualitative reasons discussed for the persistence. This model offers one more reason for limits to arbitrage. In the next section, we would explain the proposed framework for limits to arbitrage and how to incorporate the above features into a single framework. §4.3



Proposed System Model



The limitations posed by the market for the arbitrageurs to make use of the arbitrage possibilities are many. Modelling these limits of arbitrage is important to understand the market. Models described in the previous section attempted to quantify these limitations. Dynamical system approach is found to be useful in modelling long term financial accumulation and crisis [And99] and in understanding macroeconomy [And98]. We propose a generic dynamical system model that captures some aspects of the limits of arbitrage. Since our objective is to model those limits through a dynamical system, we focus on the generic aspects rather than the specific details. First, we make an unrealistic assumption that our system is a deterministic one. Even though the rich literature of stochastic dynamical system techniques can be
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used, discussions in this chapter are limited to the deterministic case. This makes our interpretations more clear. But, the proposed approach can be extended to include the stochastic nature of the real market using more sophisticated analysis. We consider a market with two traders, one is a seller and the other is a buyer. A transaction takes place when seller’s offer price matches with buyer’s bid price. If they don’t match, seller will decrease the offer and buyer will increase the bid. This might lead to a transaction when the offer is equal to the bid. Sometimes, deadlock would prevail till either new information comes into the market or the traders are willing to change their positions. Let the offer price, ps , of the seller be given implicitly by, p˙s = fs (as , bs , ps , us , t)



(4.3.3)



The bid price, pb , obeys the equation, p˙b = fb (ab , bb , pb , ub , t)



(4.3.4)



as , bs , ab , and bb are the parameters associated with the trader. For instance, if any trader wants to change the offer/bid price based only on his earlier price, then he could ignore bs /bb . Similarly, he could make a new offer/bid based only on the new arrival of information. In this case, he ignores as /ab . The us /ub is the information arrival. It is assumed to be a binary sequence. A step input can also be considered as a binary sequence. Piecewise extension is assumed in the continuous domain. ps must be equal to pb for the transaction to take place. Let this price at which transaction takes place be p. The difference ps − pb and the deviation of the actual price from the fundamental price (r) are the measures of the existence of arbitrage in the sense explained in the previous section. Let y be proportional, with c as the proportional constant, to the first measure (ps − pb ), and the second measure is the misconception about the fundamental value. For the sake of simplicity, a linear first-order system is considered for analysis though both first order and second order systems are considered during the simulation. p˙s = as ps + bs us



(4.3.5)
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p˙b = ab pb + bb ub



(4.3.6)



y = c(ps − pb )



(4.3.7)



The structure of the inputs us and ub be, us = −ks y + rs



(4.3.8)



ub = kb y + rb



(4.3.9)



where rs and rb be the corresponding additional information considered by the traders. Any new information that might change the trader’s perception of the fundamental value over a long term is represented by these information inputs. In the short term, this refers to the trader’s valuation of the market. As y increases, the seller tends to reduce his offer price and buyer would like to increase his bid. The structural difference of ub is due to this. The analysis will be given based on equilibrium values. The equations for p˙s and p˙b can be written as p˙s = (as − bs ks c)ps + bs ks cpb + bs rs



(4.3.10)



p˙b = bb kb cps + (ab − bb kb c)pb + bb rb



(4.3.11)



The equilibrium points p∗1 and p∗2 are given by the solutions of (as − bs ks c)p∗s + bs ks cp∗b = −bs rs



(4.3.12)



bb kb cp∗s + (ab − bb kb c)p∗b = −bb rb



(4.3.13)



Solving the above set of equations, p∗s =



(bb kb c − ab )bs rs + bs ks cbb rb as ab − as bb kb c − ab bs ks c



(4.3.14)



p∗b =



bb kb cbs rs + (bs ks c − as )bb rb as ab − as bb kb c − ab bs ks c



(4.3.15)
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Suppose the seller gets positive information, which is advantageous to him, he would not like to reduce the price. On the other hand, he would expect a higher p∗s . Similarly, good news for the buyer means he would like to settle at a lesser price than before, which can be achieved by reducing rb . It can also be seen that increase in rb will give an advantage to the seller and the buyer will welcome a decrease in rs . By substituting p∗s and p∗b in y ∗ , we get y∗ =



c(as bb rb − ab bs rs ) as ab − as bb kb c − ab bs ks c



(4.3.16)



Hence, arbitrage vanishes if as ab = bs rs bb rb



(4.3.17)



Fundamental risk is accounted by the change in reference input. If rs increases with new information, then either rb or bb should also increase for zero arbitrage. The above expression explains no arbitrage condition in terms of the trader’s profile. This is one of the distinct features of the proposed framework. Noise trader risk can be incorporated by different feedback gains in various time periods. It can also be noticed that as bb kb c+ab bs ks c 6= as ab . Otherwise, infinite arbitrage would be available. Therefore, the choice of k’s should be such that this condition is satisfied. The synchronization risk can be considered by introducing a delay element. The delay could exist in the following: (i) in deciding a strategy based on new information, (ii) observing the market condition, and (iii) time taken to implement the decisions. In the proposed model, these delays can be taken into account either by a delay element in the feedback loop or by a delay in the forward path. §4.4



Simulation results



Simulations have been done using MATLAB tools. The values chosen are as follows: These values are considered arbitrarily to bring out the features of the proposed model and are not from the real market. The positive a’s refer to a condition where expectation of a trader is rising with time and the negative ones refer to a situation
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where the corresponding expectation is bounded. The relative strength of these will decide the value of one with respect to the other and also their impact on the market. Similar interpretation should be considered for the other values also. The relative values are more significant than their absolute values. Gain2 k1 p1



y



system



c



Trader 1



Gain



r1



r2



p2



system Trader 2



Gain1 k2



Figure 4.1: Block diagram of the system with no delay
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Figure 4.2: Block diagram of the system with delay in new information Figure 4.1 gives the block diagram where delay has not been considered. Figure 4.5 shows the corresponding y. In Figure 4.2, the delay in the information input is considered. It can be shown that the response gets slower in the initial stage before settling. Therefore, the information delay makes the market reaction sluggish in a shorter time scale. Figure 4.3 shows the block diagram where delay in the feedback is taken into account and the corresponding difference in price is shown in Figure 4.6. The delay in forward path is considered in Figure 4.4. These delays bring oscillation
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Figure 4.3: Block diagram of the system with observational delay Gain2 k1



delay r1



Forward delay



r2 system Trader 2



system Trader 1



c p1



y



Gain



p2



Gain1 k2



Figure 4.4: Block diagram for the system with delay in forward path that makes it longer to settle at equilibrium value. Moreover, oscillation is less pronounced in the case of delay in taking actions (forward path) compared to the delay in knowing (feedback path). The positive a’s imply that the response grows in time. It can be made bounded only by external influences outside the system. The control loop is doing exactly that. The financial interpretation is that the trader’s decision based on observations put a limit to his unbounded expectations. His conception of growth rate could be wrong to start with. But, as he observes more and more, he would correct himself accordingly. The actual value of a refers to his expectation of growth rate. The negative a implies that the response is bounded even in the homogenous case. Further, input will affect only the steady state value. Here, the trader himself has a limited expectation and his observations would change only the exact value. Moreover, the ratio between the a’s will measure the dominance each one has
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Figure 4.5: Difference in price for the system with no delay 0.25
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Figure 4.6: Difference in price for the system with observational delay in the market behavior. The b’s refer to the strength of the decision on his expectation. The higher the value, higher would be the impact of that decision/information on his behavior. Again, the ratios are more significant than the absolute values as this ratio determines the influence of the decisions on his final response. The r’s refer to the trader’s perception of the fundamental value. If these values are equal, the difference in their behavior comes from their strategies employed. The importance of these ratios can be seen in their explicit occurrence in the condition for no-arbitrage. The variation of k’s will create different regions in the response, for instance, oscillation might set in. This can be inferred from the fact that they influence the stability and the nature of the response. The exact values of k’s have to be obtained by trial and error.
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Herding



The characteristic feature of herding in a financial market is the similarity of a group of investors’ decisions to buy or sell over a period of time. Institutional herding causes large price movements of individual stocks. An individual is a part of herd if he changes his investment decisions after observing others or inferring what others are doing from publicly available information. Herding tendency may manifest when the investors follow popular opinions and expert’s advice. It can also occur when the traders attach more significance to the recent news than they deserve. Disposition effect might also lead to herding. The belief that other traders may know something more about the return on investment, and the conviction that their actions might reveal this information, along with the fear of losing out would lead to disposition effect. It is very important to differentiate the actual herding from other spurious herding. Spurious herding occurs when the investors face similar situations wherein the available choices are identical. The decisions might appear to be one of herds but they need not be. The similitude of the decisions by a group of independent traders has severe impact on the market price than that of their diverse decisions. This causes large fluctuations in the market price. The market price fluctuations would be less when they take diverse decisions. Hence, it is very important to study the herding effects to evaluate the risk while participating in the market. The herding models [Ban93, Ban92, SBW92], Information based herding and cascades, are based on the simple idea that agents obtain useful information from observing the actions of other agents, and give more importance to such information ignoring completely their own private information. In such situations, the agents are said to be in an informational cascade. However, when agents are in a cascade, they also know that the cascade is based on little or no information. Therefore, any new arrival of public information or better informed agents or shifts in the underlying value of actions, could result in the disintegration of the cascade. Thus, fragility is a key characteristic of the above information based herding models. The herding models, known as Information acquisition herding models, have also been proposed in early
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nineties. The common theme in these models is that investors decide to follow the same set of stocks or same sources of information. The focus is on short-term horizon of investors, which leads to positive informational spillover. An informed investor wishing to liquidate his position in an asset stands to gain only if other people acting on the same information trade in that asset. The early-informed investors and lateinformed have been considered. The early-informed investors trade aggressively in the initial period and reverse their position in the next period to reduce long-term risk, while the late-informed investors cause the price to reflect early-informed investors’ information. The early-informed investors make greater profits as the number of lateinformed investors increase. In [SJ90], Principle agent models of herding have been developed by Scharfstein and Stein. The models are based on the idea that when principals are uncertain of agents’ ability to pick the right stocks, it makes sense for agents to mimic the decisions of other agents to preserve the principal’s uncertainty about the agents’ ability. Similarly, it has been demonstrated that an explicit relative performance clause written for the purpose of adverse selection might lead to herding. A compensation scheme which increases with money manager’s performance might also lead to herding. Herding may also be caused by the institutional investors as they share aversion and preference to stocks with certain characteristics like liquidity, risks, and size. Excessive volatility observed in financial markets is, in some studies, considered as the outcome of a mimic behavior. Scharfstein and Stein [SJ90] presented the evidence of herding in the behavior of fund managers. Welch [SBW92] showed evidence of herding in the forecasts made by financial consultants. Herding behavior is not necessarily irrational in the sense that it might be compatible with utility optimization. The important feature of the above models is individuals make their decisions one at a time, taking into account the effect of the decisions of the individuals preceding them. Individuals attempt to estimate from noisy observations and others’ decisions sequentially. Non-sequential herding has also been studied in a Bayesian setting by Orlean [Orl95] where any two agents have the same tendency to imitate each other. In this chapter, we have attempted to model herding behavior as a manifestation
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of reduced order dynamics in a dynamical system framework. The proposed model does not fall under the three class of herding models considered namely information based herding and cascade models, information acquisition herding models, and principle agent models. The fundamental difference between other models described and the proposed model is those three classes of herding models consider either information or picking up stocks as a key to study herding, whereas the proposed model considers the reduced order dynamics and adaptation in studying herding. §4.6



Proposed Systems Approach



Consider a stock market system with n agents. The dynamics of the demand of agents (trader), xk , at the time instant k is assumed to obey, xk+1 = Axk + Buk



(4.6.18)



where xk , uk ∈ M n×1 , A and B are the parameter matrices associated with the traders, and uk represents the information used by traders at the time instant k. The price formation in the market depends on the aggregate demand. These n agents behave as nh (nh < n) agents due to herding. This is represented by the transformation, yk = Cxk



(4.6.19)



where C ∈ M nh ×n . The herding phenomenon is translated into a problem of price formation considering the reduced order dynamics rather than the full-order system. Since we are interested in the condition where the possibility of estimating the full-order system information from the reduced order system exists, and the information lost due to herding i.e. reduced order dynamics, we use the well known technique of reduced order observers. The observer dynamics is of the form [Lew92], zk+1 = F zk + Gyk + Huk



(4.6.20)
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with zk ∈ M nh ×n . Let ek be the estimating error, ek = zk − P xk



(4.6.21)



where P ∈ M nh ×n . The design of the reduced order system dynamics is to select the matrices F , G, and H so that ek vanishes with time. It is possible to write the error dynamics as follows if the equality P A − F P = GC is satisfied [Lew92], ek+1 = F ek



(4.6.22)



The error will go to zero with time as long as the matrix F is asymptotically stable. The time taken for the error to go to zero is the risk element associated if the reduced order system is used in the context of financial market. The observer design is dependent on solving the equality P A − F P = GC for F , G, and P such that F is stable and the transformation, W , where W is the matrix obtained by appending C to P , used to obtain the state information from the reduced order system is non-singular. The necessary conditions for the existence of a P such that W is non-singular are: (A, C) is observable and (F, G) is reachable. But there is no guarantee that W is non-singular if these two conditions hold. Therefore, Lewis [Lew92] suggested the following procedure: 1. Choose a (n − nh ) × (n − nh ) matrix F with desirable eigen values for forcing ek to go to zero asymptotically. The eigen values of F should be distinct from those of the matrix A with time constants about 5-10 times faster. 2. Choose G so that (F, G) is reachable. 3. Solve for P using P A − F P = GC. 4. Check W for full rank. If W is singular, select a different G and go to step-2, or select a different F and go to step-1.
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In the above interpretation, herding is interpreted as the effect of reduced order dynamics of a system. The system theory framework offers another interpretation of herding which we will next explain, where a condition for herding can be written in terms of system parameters. The first trader is represented by the equation, dx1 = −a1 x1 + b1 u1 dt



(4.6.23)



The second trader is represented as, dx2 = −a2 x2 + b2 u2 dt



(4.6.24)



In the above equations x1 and x2 are the trader’s estimation of the market price y, u’s are the information they use, and a’s and b’s are the parameters. The market dynamics is represented as, dy = −ay + bu dt



(4.6.25)



The parameters of the market are not known to the traders though they can observe the market price y. They may have to estimate or guess what could be the values of the parameters of the market so that they can reduce the error between their values and the actual value. What schemes they can follow to reduce the error |y − x1 | and |y − x2 |? One scheme can be designed using MIT rule which is used in the field of adaptive control theory. Using the MIT rule [AW95], the market price y can be written in terms of new parameters θ’s, a differential operator p. y=



bθ1 u1 + bθ2 u2 p + bθ3 + a



(4.6.26)



Let, e1 = y − x1



(4.6.27)



e2 = y − x2



(4.6.28)
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Traders will modify their input information as follows: ∂e1 bu1 = ∂θ1 p + bθ3 + a



(4.6.29)



bu2 ∂e2 = ∂θ2 p + bθ3 + a



(4.6.30)



∂e1 −by = ∂θ3 p + bθ3 + a



(4.6.31)



∂e2 −by = ∂θ3 p + bθ3 + a



(4.6.32)



These are known as sensitivity derivatives [AW95]. ∂e dθ = −c1 e dt ∂θ



(4.6.33)



The traders cannot use the above dynamics directly as they do not know the knowledge of a and b. But we also observe that when p + a + b + θa ctual=p + ai , i = 1, and 2, perfect model following occurs. Therefore, the following approximations are used: p + a + bθ3 ≈ p + a1 (for the first trader), and p + a + bθ3 ≈ p + a2 (for the second trader). Substituting the above expressions, we get (i) for the first trader, dθ1 a 1 u1 = −c1 e1 dt p + a1



(4.6.34)



dθ3 a1 y = −c1 e1 dt p + a1



(4.6.35)



a 2 u2 dθ2 = −c2 e2 dt p + a2



(4.6.36)



dθ3 a2 y = −c2 e2 dt p + a2



(4.6.37)



(ii) for the second trader,



In the above equations, the parameters are also combined in c1 and c2 . When the traders are trying to reduce the deviation of their model outputs from the market
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output, it is possible that they might end up matching their outputs with each other rather than with the market. That is, though they are trying to reduce |y − y1 | and |y − y2 |, they might actually end up doing the following: |y1 − y2 | < |y − y1 | and |y1 − y2 | < |y − y2 |. This is interpreted as herding tendency. The individual traders may not be aware of this as from their point of view they are just trying to match their model output to that of the market. The condition under which the second trader end up matching his model with that of the first trader is, c2 a2 u2 y1 c2 a2 u2 y ≈ p + a2 p + a2



(4.6.38)



c2 a2 y 2 c2 a2 y12 ≈ p + a2 p + a2



(4.6.39)



and, when |y2 | < |y|,



If these conditions exist during the evolution of the system, then we consider them as the emergency of the herding tendency. How long this tendency can last is dependent of the sustenance of these conditions. When a trader begins to understand the market, it might happen there could be a large error in his judgments. In that case, he tends to follow others than taking the risk of learning everything on his own provided he knows what are doing. If he does not know, he might as well try to infer that. The second herding condition can be interpreted as something that is connected to this inference. We cannot say more as this inference process is not explicitly taken into account in our model. §4.7



Conclusions



A system model to capture the limits to arbitrage is proposed. It is explained that the concepts from the earlier models can be incorporated in the new setup. The impact of the information on the arbitrage can be studied in the proposed model. The explicit condition for no arbitrage is determined using the trader’s profile. The ways in which different delays can be implemented in the new framework have been described. The question of utilizing this model to make investment decisions in the real market needs to be addressed. We have also attempted to model herding through
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an observer interpretation in the dynamical system framework. Herding is interpreted as manifestation of reduced order dynamics of a given system. The risk associated is related to the asymptotic behavior of the error signal. Since an individual cannot guess the asymptotic behavior of the system, he can only choose a risk profile that is acceptable and calculate the risk one is taking by comparing with the asymptotic ones.



Chapter 5 Switching System for Minority Game §5.1



Introduction



The financial market like stock market has large number of individuals participating in its activities. The movement of the market is determined by the interaction of many individuals acting together. The decision of any individual depends on various factors like state of the economy, policy decisions that affect the profit of a company, etc. Moreover, there are no rules for interactions apart from the controls provided by standard operating procedures and the mechanisms of competition with coordination among individuals. The idea of modeling each individual and analyzing the characteristics was quite an uphill task in pre-computer era. Several stochastic models have been proposed based on geometric Brownian motion, Levy process, fractional Brownian motion etc. The models using game theoretic concepts have also been developed. Agent-based models that need heavy computation have also been used. These agent-based models use genetic algorithm, fuzzy logic, and neural network. The minority game, introduced by Challet and Zhang [CZ97b] [CZ97a], is a simple model for El Farol bar-attendance problem proposed by Arthur. It is one of the models of a complex system in which agents adapt using the information they possess based on the past history. The unique feature of the game is members in the 60
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minority group are rewarded. The adaptive nature of the agents implies that there exists a feedback mechanism in their evolution. The concept of feedback has been studied extensively in the control of dynamical systems. We propose, in this chapter, a switching dynamical system to capture the characteristics of a minority game. The model incorporates the idea of selection using strategy from the minority game and introduces the concept of tuning to capture the complex characteristics. The second section presents the rules of minority game and its application to financial market. The third section presents the dynamical system approach. Simulation results are shown in the fourth section. §5.2



Minority Game and its applications



Consider a population of N players, N being an odd number. Each player has to choose A or B. This choice can be represented by binary states. The alternatives A and B are denoted by ’0’ and ’1’ respectively. One point will be awarded to each player in the minority side. The players base their decision only on the knowledge of the last M results called histories. If M=3, the player will decide considering only the last 3 award points. The last 3 records of the collected points will be a binary sequence. For example, a typical history sequence could be 0,1, and 0. This is one of the 8 (i.e. 2M , denoted by H) possible history sequences. The strategy is the method using which A or B can be chosen considering the past sequence. The example of one such strategy is given in Table 5.1. If the history sequence is 0,1, and 0, then the player will choose 1 according to this strategy. The player can choose either 0 or 1 for each history. Therefore, the number of possible strategies is 2H . There are 256 possible strategies in the above example. The strategy shown in Table 5.1 is one of many such strategies. The special cases of having all 0’s or 1’s in the last column of the table correspond to the fixed strategy of choosing 0 or 1 irrespective of any historic sequence. The choice is random at the beginning till the player gets the history sequence of M results. The strategy is used subsequently to arrive at a decision. Everyone in
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the population is given some finite number of S strategies randomly taken from the possible 2H strategies. Some strategies in the given collection may be same for more than one member. However, the chance of repetition of a strategy is small as the number of possible strategies increase rapidly with M. Initially, each player draws randomly one from the given S strategies and uses it to decide his choice in the next step. One point will be awarded depending upon which alternative among 0 and 1 becomes minority. Nevertheless, the player will note down the award point that might have been won if the other strategies in S had been used to make a decision. These are only virtual points as they record the merit of a strategy if it were used. The number of times a strategy has predicted the right alternative is called virtual value. Each strategy will have the virtual value that indicates in a way the success of that strategy. The player makes use of the strategy that has the highest virtual value; in case of ties, coin tossing would decide a particular strategy. It must be emphasized that a player does not know anything about the decisions made by others. All his information comes from the virtual values of the strategies. If every player analyzes the situation in the same way, they all will choose the same alternative and will lose. Therefore, players have to be heterogeneous. If a player takes a side and all others choose the other side, only one player gets a reward point. On the other hand, if the other side, then



N −1 2



N −1 2



players are in one side and



N +1 2



are on



members get points. In the first case, the number of points



accrued by the population is only one, whereas in the second case it would be



N −1 2



points. In general, the population would behave between these two extremes. The effects of the complex unstated interactions among the members of the population in the evolutionary minority game are very difficult to foresee. It can be interpreted that the first case is where the population is not able to coordinate themselves with the given limitations, like inability to communicate with the other members. Moreover, it fails to attain the possible situation where it can have more points as a group. In the second case, even though each member takes a decision independent of others his decision redounds to the benefit of the population.
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Alternative chosen



0 0



0



1



0 0



1



0



0 1



0



1



0 1



1



1



1 0



0



0



1 0



1



1



1 1



0



1



1 1



1



0



Table 5.1: Minority game strategy The features of Minority game can be summarized thus, 1. Competition for limited resources 2. A behavior is considered to be rewarding or not is dependent on others 3. Adaptive agents try to choose decisions based on their history of rewards 4. A good decision at one point of time may turn into a bad one at a later time The above features make minority game an attractive one to model a financial market with proper modifications [DCZ00] [DCZ01b] [DCZ01a]. The statistical properties of the minority game have also been studied [ZW01]. §5.3



Switching dynamical system model



Each member or agent is modeled as a linear dynamical system. Let x be the agent’s confidence (to invest or not) regarding the market, and u be the information he gets, or perceives, about the state of the market. If he gets negative information, his confidence will come down leading to his selling position later. If, on the other hand, he gets positive information, his confidence is increased, and he would invest. The change in confidence level, as new information comes in, is more important than the
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absolute values. For instance, a typical u(t) can be 0, 1, 0, 2, 1, 1 at t = t1 , t2 , t3 , t4 , t5 , t6 and it takes the previous values at any other time. The sign change in x(t), for the above case, is +, −, +, −, 0. In general, the structure of the dynamical system is taken as, dX = AX + BU dt



(5.3.1)



where X be the n-dimensional vector of agent’s confidence, n is the number of agents, A ∈ M n×n (matrix of order n × n), B ∈ M n×1 , and U ∈ R. The internal mechanism, of how confidence varies dynamically, is captured by the above equation, where R represents the set of real numbers and M denotes the set of matrix of corresponding order with real elements. The system’s response is given by, A(t−t0 )



X(t) = e



X(t0 ) +



Z t 0



eA(t−τ ) BU (τ )dτ



(5.3.2)



In the switching dynamical system model, the evolution will continue till t0 + T . At that time, the member, if he chooses, he can change the parameters in A and B and also the value from which he wants the system to evolve in the next time interval T if this value is different from X(t0 + T ). The system will evolve with these values for the duration T . The sign of the slope is interpreted as the choice made by a member. There are two possibilities: positive and negative. Positive slope signifies that the member is reinforcing his beliefs and strategies. On the other hand, the negative slope means his confidence is coming down. Zero-slope indicates that he is holding on to the current position. The slope(S) of the response can be written as, A(t−t0 )



S(t) = Ae



X(t0 ) + A



Z t 0



eA(t−τ ) BU (τ )dτ + BU



(5.3.3)



The choices are S > 1 and S < 1. Any member can implement his choice by varying the starting value for the evolution in each time interval T . If he also changes the parameter, then the system becomes a time-varying one. The number of possible new values is uncountable as they take any real value. This offers some flexibility compared to the minority game where the possibilities are countable. This flexibility
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comes along with certain complexity. Each member cannot consider all these uncountable possibilities. Hence, they have to arrive at some range for the variation. We will see later that this fixing range is very important to get rich behavior. The probability distributions can be assumed for the above variations and the long-term behavior can be studied. It is assumed, hereafter, that the system is of first order to show the approach in a simple case. Further, it can be seen that even the first order system involves fairly a complex strategy implementation rules. For a step change, the response is given by, x(t) = (x(0) −



bu1 −at bu1 )e + a a



(5.3.4)



And the slope is given by, S(t) = −a(x(0) −



bu1 −at )e a



(5.3.5)



The sign of the slope is equivalent to the two alternatives in minority game as both can be considered as having a binary structure. Minority Game with more than two alternatives have also been proposed. We can incorporate multiple alternatives in Switching dynamical system by having different threshold for the sign-changes of the slope. We have considered only two alternatives to illustrate how minority game rules can be implemented in the context of dynamical system. The sign of the slope is positive if x(0) 



bu1 , a



and negative if x(0) >



bu1 . a



As new information comes, the



agent can alter his parameters, i.e. can change his characteristics, or his confidence level may be altered before evolving the system in the consequent time interval. The reward system and the memory are conceptually same as that for minority game. The number of individuals in each group (S > 0 and S < 0) is counted and the people who have chosen a losing choice will be awarded a point. The people who are in the group S = 0 will not be given any point, as they will be considered as the people who have not participated. The strategy is the process of choosing the group + or − considering the histories. The example of one such strategy is given in Table 5.2. The implementation of any strategy depends on the change in parameters, and on the abrupt change in the agent’s confidence level. The response of any strategy
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Points Alternative chosen 0



0



+



0



1



-



1



0



+



1



1



+



Table 5.2: Minority game strategy also depends on the information arrival. We have used the following rules in the simulation. The sudden change, δx(nT ) where n being positive integer, is initiated as follows: If a member should move from the group (S > 0 or S < 0) to the same group (S > 0 or S < 0), the system will evolve similar to the previous interval. If an agent should move from the group S > 0 (S < 0) to the group S < 0 (S > 0), then the system will evolve in such a manner that it will move, from the neighborhood of the present value, towards the agent’s original confidence level at the beginning of the previous interval (x− ). There are two possibilities for each history, ignoring S = 0. If the length of the history sequence is two, then there are four possibilities for each history sequence. The values are chosen randomly if S = 0. The probability of this event is very small. So we consider only the four possibilities in deciding the change in the parameter a based on the memory (let g = − a1 ). The rules are given below in Table 5.3 and Table 5.4. Let κT be the evolution from t0 to T , and κ2T be the evolution from T to 2T . Though we have used the above rules in simulation, it will be helpful to study the effects of variations in a probability framework. We consider uniform and normal distributions in our analysis. Let the variation in x− and g follows uniform distribution. The probability density function for x− , fx , is given by, fx =



    



1 x2 −x1



: x1 < x < x 2



0 : elsewhere
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κT



κ2T



Decision taken



Memory



New value of g



x− > g



x− > g



x− < g



00



mean(x− ’s)



x− > g



x− > g



x− < g



01



x− at κ2T



x− > g



x− > g



x− < g



10



x− at κT



x− > g



x− > g



x− < g



11



mean(x− ’s)



x− > g



x− > g



x− > g



00



mean(x− ’s)



x− > g



x− > g



x− > g



01



g at 2T



x− > g



x− > g



x− > g



10



g at T



x− > g



x− > g



x− > g



11



mean(g’s)



x− > g



x− < g



x− < g



00



mean(g’s)



x− > g



x− < g



x− < g



01



0.1g(T ) + 0.9g(2T )



x− > g



x− < g



x− < g



10



0.9g(T ) + 0.1g(2T )



x− > g



x− < g



x− < g



11



mean(g’s)



x− > g



x− < g



x− > g



00



mean(g’s)



x− > g



x− < g



x− > g



01



0.1g(T ) + 0.9g(2T )



x− > g



x− < g



x− > g



10



0.9g(T ) + 0.1g(2T )



x− > g



x− < g



x− > g



11



mean(g’s)



x− > g



x− > g



x− < g



00



mean(g’s)



x− > g



x− > g



x− < g



01



0.1g(T ) + 0.9g(2T )



x− > g



x− > g



x− < g



10



0.9g(T ) + 0.1g(2T )



x− > g



x− > g



x− < g



11



mean(g’s)



x− > g



x− > g



x− > g



00



mean(g’s)



x− > g



x− > g



x− > g



01



0.1g(T ) + 0.9g(2T )



x− > g



x− > g



x− > g



10



0.9g(T ) + 0.1g(2T )



Table 5.3: Strategy rules for switching system
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κT



κ2T



Decision taken



Memory



New value of g



x− > g



x− > g



x− > g



11



mean(g’s)



x− > g



x− < g



x− < g



00



mean(g’s)



x− > g



x− < g



x− < g



01



g at 2T



x− > g



x− < g



x− < g



10



g at T



x− > g



x− < g



x− < g



11



mean(g’s)



x− > g



x− < g



x− > g



00



mean(x− ’s)



x− > g



x− < g



x− > g



01



x− at κ2T



x− > g



x− < g



x− > g



10



x− at κT



x− > g



x− < g



x− > g



11



mean(x− ’s)



Table 5.4: Strategy rules for switching system The probability density function for g, fg , is given by, fg =



    



1 g2 −g1



: g1 < g < g2



0 : elsewhere



If x2 < g1 , the member always likes to have positive slope. On the other hand, he will always have negative slope if x2 < g1 . These correspond to the fixed strategy in minority game. The possibility of member choosing differently at each time occurs only if g1 < x2 . In this case, the probability of choosing a positive slope, without any conditioning, is given by, (b1 − x1 )(x2 − b1 ) (x2 − x1 )(b2 − b1 )



(5.3.6)



It is to be noted that the range of the variation can also affect the strategy in addition to its effect on implementing a particular strategy. We also notice that there will not be any possibility for fixed strategy if the probability distribution is normal. This can be seen from their distribution functions being non-zero everywhere. Another interesting feature of the switching dynamical model is the order of the variation is important. Choosing x− first, and then a, does not give same probability if it is done vice versa. This has an interesting interpretation that the order of decision-
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making affects the award points. This is very crucial in modelling a financial market and it comes out very natural in this switching model. 6500
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Figure 5.1: Number of people chosen a choice in Switching Dynamical System
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Figure 5.2: Number of people chosen a choice in Minority Game



§5.4



Simulation Results



Figure 5.1 shows the number of people who have chosen positive slopes out of 10001 in the switching dynamical system. The length of memory is 15. The range for X’s and b’s is from 0 to 10. Figure 5.2 shows the number of who have chosen one alternative in the minority game. The length of memory is 15. It can be observed that both minority game and switching dynamical model are moving around 5000 which is the mean of the population. The deviation is more in the case of minority game. This is due to the limitation of finite number of strategies as whenever a member finds
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unable to decide, he might pick up the choice randomly. The minority game, in this respect, behaves like random fluctuations. On the other hand, dynamical model has more flexibility in varying the parameters. This directs the dynamical system towards the mean without much fluctuation. More fluctuations will be seen if we constrain the domain of X’s and b’s. Therefore, the proposed system can be used to model a more volatile period of the market variations. It can be interpreted that the volatility of the market is due to the constraints and their relaxations by the members. The study of memory effects is also important [CM00]. The effect of memory on the behavior is also studied after taking average for 100 runs. Each run has 101 people. The population tends to settle for longer memory. Lesser the memory, more number of people in the population gains points. A member will depend more on his judgments than on the past history if he has a short memory. This actually makes the group more heterogeneous. Moreover, the standard deviation as expected is more in the case of minority game. §5.5



Conclusions



A switching dynamical system approach has been proposed with the minority game rules incorporated in. Analysis and simulations show that proposed model has more flexibility. The emergent behavior of such system seems to capture the characteristics features of the minority game. The volatility variation can be interpreted from individual choices and actions. The possibility of using the rich dynamical system framework offers scope for further explorations. This can be seen from the proposed hybrid approach of using such switching dynamical system to incorporate limits to arbitrage and herding using the systems approach in a single model.



Chapter 6 Market model §6.1



Introduction



Computational models of financial markets focus on dynamic interactions among diverse set of traders. The growing body of research in this area relies on computational tools that augment the analytical methods. Experiments involving simulated financial markets have been reported in the literature. Gode and Sunder [GS93] conducted a computer experiment where agents had no learning abilities. They found that the budget constraint was critical to reaching higher allocation-efficiency. Arifovic [Ari96] considered a general equilibrium foreign exchange market in overlapping generations environment involving learning through genetic algorithm. Lettau [Let97] implemented many ideas of evolution and genetic algorithm in a very simple setting. Chan, Le Baron, Lo and Poggio [CP98] constructed an asset market experiment to investigate information dissemination and aggregation. They found that the price could converge to the fundamental value in almost all cases in the tests on information dissemination. But convergence was difficult to achieve in price aggregation. The Santa Fe stock market model is one of the most complex artificial markets in existence. It is described in detail in Arthur, Holland, LeBaron, et.al.[AT96]. Their model attempts to integrate the trading mechanism into the economic structure, along with inductive learning using a classifier-based system. Other studies include Margarita and Beltratti [MB93], Marengo and Tordjman [MT95], Rieck [RS94], and Stiglitz, 71
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Honig, et.al. [SHC96]. All the above models have tried to capture the aggregate price characteristics of the market. Hence, the stylized features of the market, like limits to arbitrage and herding, have to be modeled differently and the above papers have not addressed those issues explicitly. We will attempt in this chapter to develop a market model in the same framework that was used to develop models for arbitrage and herding. This framework also permits us to include minority game rules. The proposed model, the types of traders considered, and the simulation results are explained in the following sections. §6.2



Model description



We present a model that simulates the behavior of a collection of traders. The main focus of computational models is not to predict the future values of a particular stock or the stock exchange index value but to understand the stylized features observed in financial markets and create a model that gives statistically similar properties of the real market data. Different kinds of traders interact in the market, each having their own method for decision-making based on observations and knowledge. The trader must be able to form an expectation about the future price with the information available to him and to evaluate the consequence of his decision. Traders would decide on buying or selling based on their expectation. Traders would modify their decision rules and strategy depending upon their success or profit. Traders in our model are of following types: value traders, momentum traders, rule-based traders, and noise traders. Value traders follow the rational expectations in the asset market based on their utility functions. Momentum traders are traders who believe that future price movement can be predicted by examining past price patterns as represented by various moving averages [WBL92]. Rule-based traders will buy, sell or hold according to their strategy tables that include minority game rules. Noise traders do not act consistently. They have no memory or learning abilities. They post orders randomly to buy or sell at the market price ignoring all available information.
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Each trader needs to decide whether he wants to buy, sell or hold. He therefore needs to have either a method that permits him to form an expectation about the future price or develop his own rules using which he can decide about buying, selling, and holding. The decision rules chosen will determine the type of trader. It is known that the demand, D, by value traders, under Constant Absolute Risk Aversion utility function and Gaussian distributions for predictions, is given by, D=



E(pt+1 + dt+1 ) − (1 + r)pt λσ 2



(6.2.1)



pt is the price of the asset at time t, dt is the dividend at time t, r is the rate of interest, E(.) is the expected value of the operand, λ is the degree of risk aversion, and σ is the standard deviation. Following [NB02], there are two parameters, a and b, to determine the expected future prices and dividends, i.e. E(x) = ax + b. There are about 900 rules, to start with, to determine those two parameters in [NB02]. These two parameters are determined in the proposed model through rules associated with a switching dynamical system for rule-based traders. Momentum traders use moving average rules. When the short-term moving average is greater than the long-term moving average, the trading rule generates a buy signal as rising market is expected by momentum traders. Similarly, a sell order is placed if the short-term moving average is lesser than the long-term moving average. Momentum traders decide to enter or exit the market based on the market trends. Momentum traders are divided into two groups according to their choice of trading rules. The first group compares the current market price with the moving average, represented by MA(p), where p is the length of the string considered to calculate the moving average, and the second group compares the short-term moving average with the long-term moving average, represented by MA(p, q), where p and q represent the corresponding length of the moving averages. For example, MA(5) means moving average taken considering the last five values and MA(5,10) means moving average MA(5) is compared with MA(10). We have considered MA(5), MA(10), MA(20), MA(5,10), and MA(10,20) in our simulation. Typical rules could be as follows:
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1. If the current price is greater than MA(5), then buy. 2. If the current price is equal to MA(5), then hold. 3. If the current price is less than MA(5), then sell. 4. If MA(5) is greater than MA(10), then buy. 5. If MA(5) is equal to MA(10), then hold. 6. If MA(5) is less than MA(10), then sell. 7. If MA(5,10) is more than MA(10,20), then buy. Rule-based traders will buy or sell according to their strategy tables. Minority game [CZ97a] also considers such rule-based traders. Therefore, we also include minority game rules for the rule-based traders through switching dynamical system. Traders base their decision only on the knowledge of the last M results called histories. Result means whether his decision in the past has brought profit or loss, +1 denotes profit and −1 represents loss. If M = 3, the trader will decide considering only the last 3 outcomes. The last 3 outcomes, for example, could be -1,1, and -1. This is one of the 8 (i.e. 2M ) possible history sequences. The strategy is the method using which decision can be made considering the past sequence. The example of one such strategy is given in Table 6.1. The trader can choose S (sell), H (hold) or B (buy) for each history. If the history sequence is -1, 1, and -1, then the trader will choose B according to this strategy. 3



Therefore, the number of possible strategies is 32 . There are 6561 possible strategies in the above example. The strategy given above is one such typical strategy. The special cases of having only S, H or B in the last column correspond to the fixed strategy of choosing S, H or B irrespective of any historic sequence. The choice is random at the beginning till the trader gets the history sequence of M results. The strategy is used subsequently to arrive at a decision. Everyone is given some finite number of strategies randomly taken from the possible strategies. Some strategies in the given collection may be same for more than one member. However,
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Decision chosen



-1 -1



-1



B



-1 -1



1



S



-1



1



-1



B



-1



1



1



B



1



-1



-1



H



1



-1



1



B



1



1



-1



S



1



1



1



H



Table 6.1: Strategy rules the chance of repetition of a strategy is small as the number of possible strategies increase rapidly with M. Initially, each trader draws randomly one from the given strategies and uses it to decide his choice in the next step. Nevertheless, the trader will note down the result of his decision that might have been obtained if the other strategies had been used to make a decision. These are only virtual points as they record the merit of a strategy if it were used. The number of times a strategy has predicted the right alternative is called virtual value. Each strategy will have the virtual value that indicates in a way the success of that strategy. The trader makes use of the strategy that has the highest virtual value; in case of ties, coin tossing would decide a particular strategy. We have done the simulation with M=4. The possible number of strategies is 316 i.e. 43046721. The decision hold is removed in this case to reduce this number of strategies, 216 i.e. 65536. Another set of rule-based traders is considered in the simulation to incorporate the hold decision. These traders consider only the last two results. Hence, the number of possible strategies including hold is 81. The given number of strategies for each trader varies from 100 to 200 in the first case and 25 to 50 in the second case. In addition to these two classes of rule-based traders, we also consider the third type whose strategy table is similar to the other two except
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for the fact they consider the variance of the market movements. They will use their strategies only if the variance is within the prescribed limits. §6.3



Market structure



Information arrives at regular intervals of time. This information can take a value from the set {−3, −2, −1, 0, 1, 2, 3}. The value -3 refers to very-negative, and the value 3 refers to very-positive; the other values are graded between those two extremes. The information is assumed to be uniformly distributed. There are different auction mechanisms for trading, the simplest being Walrasian auction [Kle99]. It is also a popular model in equilibrium theories of economics. All the orders will be executed at a single equilibrium price. Investors take part by submitting orders to buy or sell the risky asset. If there are no sellers for the starting price, the price is increased till some traders indicate their readiness to sell at that price. Similarly, the price is decreased if there are no buyers. The auctioneer now asks for the total number each trader wants to buy or sell. If the net value does not match, the price is changed until the supply and demand exactly matches. Then all the orders will be executed at this price. Hence, out of equilibrium trade exchange does not occur. It is also clear that this process is unstable: if there are no buyers the price falls to zero and if there are no sellers it will rise to infinity, though these situations happen rarely. In a double auction mechanism [J99], price dynamics arises from a two-sided auction where buyers raise bids and sellers lower asks until one of the buyers and one of the sellers reach agreement. The orders are cleared with the priority of price, size and time of arrival. There are other mechanisms proposed that will lead the market dynamics like Bouchaud-Cont-Farmer [JHHJ00]. In our model, we consider double auction mechanism. It is also reported that the laboratory double auctions with human traders approximate the equilibrium results of economic theory in various environments [CP98]. In our model, traders can either bid or ask. If a bid exists for the asset, any
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subsequent bid must be higher than the current one. Similarly, subsequent ask must be lower than the current one. A transaction occurs when an existing bid or ask is agreed upon. At the beginning of each trading step, a random permutation of the traders will determine the sequence of order of traders. The permutation is done over all types of traders discussed in the previous section. The traders submit bid and ask order and trade with each other according to the following rules: a) If a best bid, B, and a best ask, A, exist on the market, the trader compares his expected price, ζ, with these bid and ask prices. If his price is greater than A, he will post a market order to buy at this ask price. If his price is lesser than B, he will post a market order to sell at this bid price. If ζ lies between A and B, and is closer to B, then he will post a sell order at a price uniformly distributed between ζ and ζ + A − B. If ζ lies between A and B, and is closer to A, then he will post a buy order at a price uniformly distributed between ζ and ζ − A + B. b) If only the best ask, A, exists, he will post a buy order at A if ζ is greater than A, and will post a buy order at a price uniformly distributed between ζ and A if ζ is lesser than A. c) If only the best bid, B, exists, he will post a sell order at B if ζ is lesser than B, and will post a sell order at a price uniformly distributed between ζ and A if ζ is greater than A. d) If no bid and ask exist, he has an equal chance to post a buy or a sell order at prices uniformly distributed around ζ. §6.4



Simulation



We consider,initially, 2400 traders with 600 in each class of value traders, momentum traders, rule-based traders, and noise traders. The results obtained by varying the total number of traders are given at the end of this section. Each trader is represented as either a first-order or a second-order linear dynamical system. The information, I, is the input, and the system parameters are changed, based on the traders, as explained below. The information arrives at regular intervals of time. This information
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can take a value from the set {−3, −2, −1, 0, 1, 2, 3}. The value -3 refers to verynegative, and the value 3 refers to very-positive; the other values are graded between those two extremes. The information is assumed to be uniformly distributed. The demand/supply and the order price quoted are the two signals given by the traders to the market. The demand/supply by the value traders is given by equation6.2.1. The expected price in that equation is a function of information. The exact nature of functional dependence between the price evolution of any financial asset or index price, and information is not known, and is difficult to determine. Therefore, we use a reference time series generated by the following equation to determine the expected price in equation-6.2.1, Pt = (1 + αIt−1 )Pt−1



(6.4.2)



where I is the information, α is the parameter that determines the importance of the information [NB02], and p is the price at a particular time. The order price is obtained from the response of the system that represents the value trader. The value trader will adapt by changing the system parameter based on his performance during the price evolution. The demand by the momentum traders is proportional to the change in price at an earlier instants. The sign of the change determines the buying or selling position in addition to the rules discussed for momentum traders. The order price is determined from the nature of the representative system for each momentum traders. For the rule-based traders, the demand and order price are determined by the rules. There are two levels of rules for such traders. The first level rule is used to determine the position buy or sell, and the second level is used to determine the demand and the order price. The switching dynamical system, as explained in the previous chapter, is used to incorporate minority game rules. The demand and order price for the noise traders are determined either from uniform or normal distribution. The time steps in our simulation are same as iteration steps in [NB02] and [CZ97a]. We have computed the following statistics [NB02] for our simulation, and they are summarized in Table 6.2.
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MT



VMT



ALL



Standard deviation



358.81



445.20



301.55



242.06



Excess kurtosis



1.50



-1.01



1.42



3.47



Skewness



0.30



0.11



0.10



0.43



Correlation coefficient



0.72



0.44



0.60



0.84



Table 6.2: Traders types and statistical values obtained 1. The correlation coefficient between the generated time series and the reference time series. 2. The standard deviation which measures the price volatility. 3. Skewness is computed on the returns. A positive skewness is exhibited in real world market data [NB02]. 4. Excess kurtosis is computed on the returns. A positive excess-kurtosis is exhibited in real world market data [NB02]. Simulation results have shown for four cases: 1. VT: Simulation is done using only value traders 2. MT: Simulation is done using only momentum traders 3. VMT: Simulation is done using both value and momentum traders 4. ALL: Simulation is done using all four types of traders



Simulation results for only rule-based traders can be similar to that of either value traders or momentum traders depending upon the rules. Similarly, if only noise traders are considered, they bring large volatility swing depending upon the distributions of their decisions. Hence, these are not considered in the above table. Moreover, price pressure by the noise traders would be dominant only if other value and rule-based traders do not participate. The correlation coefficient is 0.72 when the



Chapter 6. Market model



80



time series generated is solely by value traders. This can be understood as the value traders use the same equation, linking the information and the price, to obtain the demand. The correlation coefficient is high when we consider all types of traders. This suggests that heterogeneity is important in reproducing a real world market dynamics. The positive excess kurtosis points to the fact that the distribution is peaked. The skewness, of 0.43 when all types are considered, suggests the fat tail characteristics of the time series. The inclusion of value traders and rule-based traders decrease the price variation as can be seen from their standard deviation, whereas momentum traders cause greater amount of price variation. A typical time series generated by the equation-6.4.2 is given in Figure 6.1 for α = 0.01 and uniformly distributed information. Reference Time Series 1200 1100 1000
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Figure 6.1: Typical Reference Time Series The importance of information is very critical in the dynamical evolution of the price process though the exact functional relationship is very difficult to determine. We have modified the information from its random nature to three different deterministic cases; negative, positive, and widely varying. The typical realizations for these three cases are given in Figure 6.2, Figure 6.3, and Figure 6.4. It can be noted that the decision based on the information available is a very important factor in spite of
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Figure 6.2: Price evolution for negative information other rules. In these simulations, we have used the first 300 values from the actual SENSEX data and allow our model to continue the evolution with the above three cases of information. The results for different number of traders are given in Table 6.3. The standard deviation decreases as the number of traders is increased. More number of heterogeneous traders reduces the variation of the price dynamics due to the relative proportion of traders. Excess kurtosis is moving towards leptokurtic from platykurtic suggesting the emergence of characteristics of fat-tails. The variation in skewness, as we increase the number of traders, is quite complex. It increases only in the sense of piecewise but the jump is noticed between piecewise regions. The variation in correlation coefficient, as we increase the number of traders, is again more of piecewise nature. It is very less for small number of traders. When the number of traders is increased from 500 to 2000, the correlation coefficient is also increased. If the number of traders is further increased to 4000, there is a dip in the correlation coefficient. These observations suggest that the number of participating traders is an important factor that affects the statistical properties apart from the sensitivity of the price evolution to the positive and negative information as given in Figure 6.2 and Figure
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Figure 6.3: Price evolution for positive information 10 Standard deviation



100



700.2 650.56



500



1000



2000



4000



540.78



300.26



260. 37



220.54



Excess kurtosis



-1.45



-1.35



2.93



3.82



5.38



10.16



Skewness



0.52



0.66



0.35



0.39



0.58



0.72



Correlation coefficient



0.28



0.21



0.47



0.55



0.73



0.68



Table 6.3: Results for varying number of Traders - from 10 to 4000 6.3.



§6.5



Conclusions



The motivation behind the proposed model is to use the same framework representing the trader either as a first-order or second-order system, as that of earlier chapters, and also to incorporate the minority game rules for the rule-based traders through switching dynamical system. The model generates the price process with the semblance of fat-tail property only if there is heterogeneity amongst the traders. Heterogeneity also reduces the volatility if the noise traders are dominated by other types of traders. The information plays a vital role in determining the price evolution
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Figure 6.4: Price evolution for widely varying information as simulations show different characteristics for different information content. It is very difficult to estimate the proportion of different types of traders in real world. The market dynamics of crashes and bubbles can be understood by studying the various decision making processes, which we have not addressed. But the framework would have to be investigated for extending it to consider such extreme behaviors. The extreme behavior we observed in the information impact on the price suggests that processing information is key to understand the extreme behaviors like crashes and bubbles. It is also important to investigate the relative importance of rules, the traders use, and the impact of their proportionate numbers in the market.



Chapter 7 Conclusions §7.1



Summary



The common theme throughout the thesis is to explore the possibility of using a single framework, namely the systems theory framework, in modeling a few stylized features of a financial market. A systems theoretic model is developed, in this thesis in Chapter 3, for confidence bias of an individual. The effect of this bias on his investment decision is brought out explicitly. The phenomenon of excessive trading, arising due to overconfidence and optimism, has been explained. The concept of virtual capital, incorporating the ideas from prospect theory, is introduced. We have proposed a dynamical system framework to model limits to arbitrage and the herding behavior in financial markets in Chapter 4. The market evolves due to the participation of traders. It is instructive to look at the market as a system evolving from a set of initial conditions during every time interval. In the proposed model, herding is defined as a specific relation between the system responses. The proposed herding measure quantifies how far the individual is from clustering with others. It is also shown how this interpretation helps us to understand the effects of herding. There exists a risk when the market price variation, due to herding, is thought of as entirely due to the portfolio fundamentals. The generic dynamical system model that captures some aspects of the limits of arbitrage is also proposed wherein fundamental risk, noise trader risk, implementation risk, and model risk can be incorporated. The 84
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proposed model offers a single framework to study the Marginally Efficient Market and Synchronization Risk models. In Chapter 5, we have proposed a switching dynamical system with minority game rules incorporated within the framework. We have explored the possibility of developing a market model, in Chapter 6, in the same framework that has been used to develop models for arbitrage and herding. §7.2



Towards a single framework



We have explored, in this thesis, the possibility of using a single framework to model stylized features of stock market. It will be a long way before a single model can capture all complex characteristic features of a stock market. We have attempted, in this thesis, to capture a few stylized features in a single framework, if not in a single model. Different models proposed for individual confidence bias, limits to arbitrage, herding, and switching model for incorporating minority games are all set up in system dynamics framework. This leads to a stage where one can explore incorporating other features, not addressed in this thesis, in system dynamics framework. If each feature is captured using a different framework like confidence bias as stochastic system, herding as pattern cluster, limits to arbitrage as rule-based agents, etc., it would be difficult to integrate them into a single framework. But, in the present work, we have captured the chosen stylized features using system dynamics framework though individual models differ from each other substantially. The challenges are many in creating a single framework. The vision of such framework may involve different components such as modeling decision making, considering risk profiles, devising investment strategies, etc. Stylized features would come as emergent properties of complex interactions among the components of the system. Emergence refers to the way in which multiplicity of simple interactions lead to complex behavior. Emergence of such features may include different time scales of causal relationships among components. System may have thresholds, determined by diversity of traders and nature of interactions, which is vital for features to become emergent. This can be seen in practice. Stock market regulates the relative prices of
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companies across the world. There is no single central agency to control the workings of the market. Traders have knowledge of only few companies within their portfolio, and to follow transaction rules. Trends and patterns are still emerging which are studied by technical analysts. Emergent properties are mostly signature of self-organizing complex system. Selforganization in complex system relies on four properties which are fundamental in system dynamics framework: positive feedback, negative feedback, multiple interactions, and balance among strategies. A complex adaptive stock market system which is self-organizing and exhibit stylized features as emergent property is a distant goal of system theorists around the world. The challenge does not end there. We have attempted to model and study the stylized features of a stock market in systems theory framework. The focus of our approach is to use the dynamical system modeling to study the features. We have not considered the investment aspects in a financial market. The investment models are very important in real life for individuals and policy-makers. Future extension of the ideas explored in this thesis could be along the lines of creating investment models for individuals and policy-makers. Creating such models using complex adaptive stock market system goes a long way in understanding a phenomenon that had started by Dutch East India Company issuing shares on Amsterdam Stock Exchange way back in 1602.
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