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共Received 28 January 2009; accepted 14 May 2009; published online 22 June 2009兲 Convective instability is suppressed by sinusoidal variation in temperature of horizontal boundaries of a ferrofluid layer subjected to vertical magnetic field. On increasing the amplitude of modulation, instability may arise in the form of oscillations which may have time period equal to that of the temperature modulation or double of it. The effect of frequency of modulation, applied magnetic field, and Prandtl number on the onset of a periodic flow in the ferrofluid layer has been investigated numerically using the Floquet theory. Some theoretical results have also been obtained to discuss the limiting behavior of the underlying instability with the temperature modulation. Depending upon the parameters, the flow patterns at the onset of instability have been found to consist of time-periodically oscillating vertical magnetoconvective rolls. © 2009 American Institute of Physics. 关DOI: 10.1063/1.3153912兴 I. INTRODUCTION



Thermoconvective instability is one of the most studied problems in hydrodynamics 共see Refs. 1–3兲. Modulation of the driving force induces a change in the stability of the system. The instability induced in this way is parametric instability. In a horizontal layer of fluid heated from below, the parametric instability can appear by oscillating the layer vertically.4 It can also be produced by the time-periodic modulation of the temperatures of the horizontal boundaries. Venezian5 studied the Rayleigh–Bénard convection with time-periodic sinusoidal perturbation of the boundary temperatures and found that the onset of convection can be advanced or delayed by the modulation. Yih and Li6 investigated the onset of convection by applying time-periodic temperature modulation to the fluid layer between rigid boundaries using the Floquet theory. They found that with temperature modulation the convection cells oscillate either synchronously or with one-half of the frequency of modulation. Rosenblat and Tanaka7 discussed the problem with the rigid boundaries and observed that the temperature modulation stabilizes the system. Rosenblat and Herbert8 discussed asymptotically the stability behavior of low frequency temperature modulation in the boundary temperatures of a Boussinesq fluid layer to small disturbances. Thermal convection in ferrofluids is affected by the presence of vertical magnetic field leading to many technological applications.9–12 Convective instability of ferrofluids is an important aspect in regenerative magnetocaloric energy conversion. The Rayleigh–Bénard convection in ferromagnetic fluids was first considered by Finlayson.13 He discussed theoretically the effect of vertically applied magnetic field to an initially quiescent horizontal ferrofluid layer heated from below. Under certain conditions, his analysis predicted a a兲
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tight coupling between the buoyancy and the magnetic forces. Neuringer and Rosensweig14 studied heat transfer processes in ferrofluids via deriving the phenomenological equations for the fluid dynamics involved. The control of the convection is important in the applications of ferrofluid technology. Convection in ferrofluids can be controlled by parametric modulation of driving force which may be produced via applied magnetic field or buoyancy force or via applying the temperature gradient. Thermomagnetic convection in ferrofluids with gravity modulation has been studied by Bajaj.15,16 Aniss et al.17 used the Floquet theory to investigate numerically the effect of magnetic modulation on a ferrofluid layer heated from above and subjected to a time-periodic external magnetic field with a rectangular profile for both free-free and rigid-rigid boundaries. Recently, Engler and Odenbach18 studied experimentally the convection in magnetic fluids under the influence of time-periodically modulated magnetic field. In this paper we study thermal convection of ferrofluids in the presence of vertically applied magnetic field, the boundary temperatures being modulated sinusoidally about some reference values. The typical harmonic and subharmonic instability responses with respect to the frequency of modulation are investigated. To do this, we obtain instability zones in the 共k , ⑀兲 space, where k denotes the dimensionless wave number of disturbance and ⑀ is the dimensionless amplitude of the temperature modulation. We also calculate numerically the effect of applied magnetic field and modulation on the critical Rayleigh number at the onset of harmonic or subharmonic flows. For low amplitude-modulation case, the limiting behavior of the problem such as when the frequency of modulation is vanishingly small or when it is infinitely large has been discussed theoretically. The problem is described in Sec. II. The basic conduction state has been derived in the same section. Section III carries the linear stability analysis of the basic conduction
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state. The Floquet analysis has been done in Sec. III A. Section III B deals with derivation and discussion of some expressions for the neutral stability of the modulated system. The numerical methodology and results have been discussed in Sec. IV followed by the conclusion which has been presented in Sec. V.



kˆ ⫻ 共h − h0兲 = kˆ · 共m + h − m0 − h0兲 = 0



We consider an infinite, horizontal, viscous, Boussinesq ferrofluid layer of thickness d in the x-y plane, whose lower and upper boundaries are the planes z = 0 and z = d, respecext tively. A constant vertical magnetic field Hext 0 = 共0 , 0 , H0 兲 is applied to the ferrofluid layer. The system is governed by the following equations:



u + 0u · ⵜu = − ⵜp + ⵜ2u + g + 0m · ⵜh, t



共1兲



T=



再



T1 − ⑀0 cos共0t兲 at z = 0, T2 + ⑀0 cos共0t兲 at z = d,



冕



ue = 0,



p e =  0g



m h T · + u · ⵜT = kTⵜ2T − 0T + u · ⵜh , T t t



共3兲



Tⴱe = T1 +



共T2 − T1兲 z d



ⵜ · 共m + h兲 = 0,



共4兲



ⵜ ⫻ h = 0,



共5兲



冊



where u, p, T, h, and m are the fluid velocity, the fluid pressure, the fluid temperature, the magnetic field inside the fluid, and the fluid magnetization, respectively, at any time t, g = 共0 , 0 , −g兲 is the acceleration due to gravity, 0 is the fluid density at a reference temperature Ta,  and  are the density and the dynamic viscosity of the fluid, respectively, at a temperature T, 0 is the permeability constant, and kT is the thermal diffusivity. The fluid density  is a function of T in general and is given by the linear relation



 = 0兵1 − ␣共T − Ta兲其,



共10兲



冉



+ ⑀0 real



me = sh0kˆ +



兵1 − ␣共Tⴱe − Ta兲其dz,



Ta = T1 ,



共11兲



冊



共12兲



sinh兵共z/d − 1/2兲其 exp兵i0t其 , sinh兵/2其



K共Ta − Tⴱe 兲 ˆ k, 共1 + 兲



he = h0kˆ −



K共Ta − Tⴱe 兲 ˆ k, 共1 + 兲 共13兲



where 0 ⱕ z ⱕ d and  = 共i0d2 / kT兲1/2. The subscript e denotes the equilibrium state. The appearance of Tⴱe in the expressions for pe, me, and he shows that in the equilibrium state, the total fluid pressure, magnetization, and magnetic field within the ferrofluid layer also oscillate time periodically with the forcing frequency 0.



共6兲



where ␣ is the coefficient of volume expansion. The magnetization m and the magnetic field h within the ferrofluid layer are related by h m = 兵m0 + 共h − h0兲 − K共T − Ta兲其 , h



共7兲



where m0 is the fluid magnetization at a uniform magnetic field h0 of the ferrofluid layer when it is placed in an external ext magnetic field Hext 0 such that H0 = m0 + h0; h = 兩h兩, m0 = 兩m0兩, and h0 = 兩h0兩. The magnetic susceptibilities are s = m0 / h0 and  = 共m / h兲h0,Ta, where m = 兩m兩. The variation of the magnetization of the ferrofluid with its temperature is expressed in terms of the pyromagnetic coefficient K = −共m / T兲h0,Ta. The boundary conditions for the velocity field are



u ˆ u ˆ ·i= · j = u · kˆ = 0 z z



冎



where t ⱖ 0 denotes the time, 0 ⬎ 0 is the frequency of modulation, and ⑀0 ⬎ 0 represents the amplitude of modulation. The system of equations 共1兲–共10兲 admits a basic state given by



共2兲



ⵜ · u = 0,



冉



at z = 0,d. 共9兲



The temperatures of the lower and upper boundaries of the fluid layer are modulated time periodically about their mean values T1 and T2, respectively. We consider out of phase modulation of the two boundaries, i.e.,



II. MATHEMATICAL FORMULATION



0



induction field and the tangential components of the magnetic field across the fluid boundaries allow the magnetic field and the ferrofluid magnetization to satisfy the following:



at z = 0,d.



共8兲



The continuity of the normal component of the magnetic



III. STABILITY ANALYSIS



We nondimensionalize the variables appearing in the governing equations using d as the distance scale, d2 / kT as the time scale, and T1 − T2 as the temperature scale. During this process, we obtain the dimensionless measure of the temperature gradient across the fluid layer in the form of the Rayleigh number given by Ra =



共T1 − T2兲␣d3g , k T



the ratio of the velocity of the boundary layer to the thermal boundary layer called the Prandtl number  =  / kT, and the magnetic number defined by M=



0K2共T1 − T2兲2d2 , kT共1 + 兲



which characterizes the thermomagnetic interactions with the flow field inside the ferrofluid layer. To discuss stability of



Downloaded 30 Jun 2009 to 203.134.215.216. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



064105-3



Phys. Fluids 21, 064105 共2009兲



Temperature modulation in ferrofluid convection



the basic state given by Eqs. 共11兲–共13兲, we impose infinitesimal perturbations on it in the form u=



T=



kT 共u, v,w兲, d Tⴱe



p = pe +



+ 共T1 − T2兲,



N



共k2 + ᐉ22兲␦ᐉjA˙ᐉ 兺 ᐉ=1



0kT2 P, d4



N



= −  兺 共k2 + ᐉ22兲2␦ᐉjAᐉ + k2



K共T1 − T2兲 h = he + ⵜ , 1+



ᐉ=1



共14兲



N



⫻ 兺 兵关Ra + M共1 − ␤ᐉ兲兴␦ᐉj ᐉ=1



where each of the perturbations u, v, w, P, , and  are functions of the spatial coordinates x, y, and z and the dimensionless time coordinate t. Assuming the system 共14兲 as a solution of the governing equations, the perturbations satisfy the following relevant, linearized system of partial differential equations: 1 2 w = ⵜ4w + 共ⵜ2 − D2兲兵共Ra − MDTe兲 + MDTeD其, ⵜ  t 共15兲



− 2⑀ M共1 − ␤ᐉ兲real关Pᐉj exp共it兲兴其Bᐉ , N



N



ᐉ=1



ᐉ=1



兺 ␦ᐉjB˙ᐉ = 兺 兵␦ᐉj − 2⑀ real关P jᐉ exp共it兲兴其Aᐉ N



− 兺 共k2 + ᐉ22兲␦ᐉjBᐉ ,



for each j = 1 , 2 , 3 , . . . , N, where the symbol ␦ᐉj denotes the Kronecker delta,



⑀= 共17兲



where D ⬅  / z and Te = Tⴱe / 共T1 − T2兲. The dimensionless parameter, A=



⑀0 , T1 − T2



Pᐉj =



=



 sinh共/2兲



冕



 2ᐉ 2 , Ak2 + 2ᐉ2



 0d 2 , kT



1



cosh兵共z − 1/2兲其sin共ᐉz兲sin共jz兲dz.



0



The system of equations 共20兲 and 共21兲 can be represented in the form of an equivalent matrix differential equation,



1 + s , 1+



AX = BX,



measures an extent of departure of the magnetic equation of state from its linearity. Owing to the fact that magnetic field perturbations vanish at highly permeable boundaries, the boundary conditions reduce to w兩z=0,1 = 0,



␤ᐉ =



共16兲



Aⵜ2 + 共1 − A兲D2 − D = 0,



共21兲



ᐉ=1



k = 共k21 + k22兲1/2,



 = − DTew + ⵜ2 , t



共20兲



D2w兩z=0,1 = 0,



兩z=0,1 = 0,



D兩z=0,1 = 0. 共18兲



To solve the system of partial differential equations 共15兲–共17兲 subject to the boundary conditions given by Eq. 共18兲, we expand w, , and  in terms of eigenfunctions as follows: N



共w, , 兲 = 兺 关Aᐉ共t兲sin共ᐉz兲,Bᐉ共t兲sin共ᐉz兲,Cᐉ共t兲cos共ᐉz兲兴 ᐉ=1



⫻exp兵i共k1x + k2y兲其,



共19兲



for some positive integer N. Using these expansions in the system of equations 共15兲–共17兲, multiplying the resulting equations throughout by sin共jz兲, integrating under the limits of z, and eliminating Cᐉ, we obtain the following set of ordinary differential equations 共ODEs兲 in the independent variable t:



det A ⫽ 0,



t ⱖ 0,



共22兲



where A and B are the respective coefficient matrices such that system 共22兲 and system 共20兲 and 共21兲 are equivalent and the matrix X = 共A1A2 ¯ ANB1B2 ¯ BN兲⬘, where the symbol ⬘ stands for matrix transpose, is the column matrix of the unknown growth rates. Equation 共22兲 has been used to obtain numerically the critical Rayleigh number for the onset of instability by setting an appropriate initial condition for X. The system of equations 共20兲 and 共21兲 describes the growth rate of the small perturbations with respect to t, and it also depends upon the various dimensionless parameters. To analyze how the growth rate behaves, it is useful to obtain analytic expressions for N = 1. In this view, after performing some calculations Eqs. 共20兲 and 共21兲 reduce to the following second order ODE:



再



冎 再



k2 G⬘共t兲 ˙ A1 −  2 关1 − 2⑀ f共t兲兴 A¨1 + 共 + 1兲共k2 + 2兲 − G共t兲 k + 2 ⫻G共t兲 − 共k2 + 2兲2 + 共k2 + 2兲



冎



G⬘共t兲 A1 = 0, G共t兲



共23兲



where G共t兲 = Ra+ M共1 − ␤1兲 − 2⑀ M共1 − ␤1兲f共t兲 and f共t兲 = real兵P11 exp共it兲其. When the conditions of very low amplitude modulation prevail, i.e., when ⑀ → 0, a general solution for A1 can be obtained in closed form which is given by
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冉



A1共t兲 = exp −



再



冊 冉 冊



+1 at 2



⫻ c1 exp



A. Floquet analysis



冉 冊冎



1 1 bt + c2 exp − bt 2 2



共24兲



,



where c1 and c2 are arbitrary constants, a = k2 + 2, and the constant b is either purely imaginary or a non-negative real number given by the expression



再



4k2 关Ra + M共1 − ␤1兲兴 b = 共 − 1兲 共k +  兲 + 2 k + 2 2



2



2 2



冎



1/2



The neutral stability boundary corresponds to 共 + 1兲a = b. This gives us the dispersion relation 共25兲



which shows that Ra is a decreasing function of M. This means that with an increase in the magnetic parameter, the onset of the Rayleigh–Bénard convection in the ferrofluid layer will be advanced. Note that from relation 共25兲, we can also recover Finlayson’s result demonstrating a tight coupling between the buoyancy and magnetic forces 兵see Ref. 13, Eqs. 共21兲 and 共22兲 in which M 3 is the same as the parameter A here and the magnetic Rayleigh number denoted by N in his paper is the same as the expression 关共Ak2 + 2兲 / Ak2兴Ra+ M in the present context其. The expression for the growth rate becomes A1共t兲 = c1 + c2 exp兵− 共 + 1兲共k2 + 2兲t其, which decays asymptotically with t to the constant value c1. We also observe that at the onset of stationary convection, the higher the Prandtl number, the faster the decay of the growth rate. In the absence of thermomagnetic effects 共M = 0兲, from Eq. 共25兲 we recover the Rayleigh number 共k2 + 2兲3 , R= k2



共27兲



Bᐉ共t兲 =



兺 Bᐉq exp兵共s + iq兲t其,



∀ t ⱖ 0,



 ⬎ 0,



q=−L



where L is a positive integer and s is the Floquet exponent. The instability response is harmonic for s = 0 and subharmonic of order 1/2 for s = i / 2. The system of equations 共20兲 and 共21兲 now satisfies Hq⌰q = ⑀共Q⌰q−1 + Q⌰q+1兲



共28兲



for each q = −L , −L + 1 , . . . , 0 , . . . , L − 1 , L. Here, ⌰q = 共A1qA2q ¯ ANqB1qB2q ¯ BNq兲⬘ ,



Hq =



冉



冊



Aq D , C Bq



Q=



冉 冊 0 P1 0



P



,



共29兲 共30兲



where Aq = − 共aᐉq␦ᐉj兲N⫻N,



Bq = − 共bᐉq␦ᐉj兲N⫻N,



C = 共␦ᐉj兲N⫻N , D = 共dᐉj␦ᐉj兲N⫻N,



P = 共Pᐉj兲N⫻N,



P1 = k2M共共1 − ␤ᐉ兲P jᐉ兲N⫻N , where 0 denotes the zero matrix of order N. Here aᐉq = 共k2 + ᐉ22兲共s + iq兲 + 共k2 + ᐉ22兲2 ,



corresponding to the classical Rayleigh–Bénard problem 4 whose critical value is 27 4  , and thus in this case the stability characteristics of the ferrofluid coincide with that of an ordinary fluid. If we consider  → 0 in Eq. 共23兲, by the same arguments as before, we obtain an expression for the magnetic number in the modulated problem given by 1 共k2 + 2兲3 Ak2 − 共1 − 2⑀兲M, Ra = k2 1 − 2⑀ Ak2 + 2



兺 Aᐉq exp兵共s + iq兲t其,



q=−L L



− 共 + 1兲a + b ⱕ 0.



b ⬎ 0,



L



Aᐉ共t兲 =



.



If b is purely imaginary or zero, A1共t兲 is bounded for all t ⱖ 0 and thus the system is stable. On the other hand if b is positive, it is evident from Eq. 共24兲 that the growth rate A1共t兲 is bounded for all t ⱖ 0 and arbitrary c1 and c2 if and only if



共k2 + 2兲3 Ak2 − M, Ra = k2 Ak2 + 2



The system 共20兲 and 共21兲 is a system of ODEs with periodic coefficients, so the Floquet analysis can be used to solve it.19,20 Considering the system of equations 共20兲 and 共21兲, we write the coefficients Aᐉ共t兲 and Bᐉ共t兲 in terms of the truncated Fourier series given by



1 ⑀⫽ . 2 共26兲



It is easy to observe from the expression in Eq. 共26兲 that for a given non-negative M, the Rayleigh number rises from its steady state value for ⑀ ⬍ 21 and falls below that for ⑀ ⬎ 21 .



bᐉq = s + iq + k2 + ᐉ22,



dᐉj = k2兵Ra + M共1 − ␤ᐉ兲其.



Relation 共28兲 leads to an eigenvalue problem in the form TZ = ⑀UZ,



det T ⫽ 0,



共31兲



where T and U are the coefficient matrices in Eq. 共28兲; Z = 共⌰−L ⬘ , ⌰−L+1 ⬘ , . . . , ⌰L−1 ⬘ , ⌰L⬘ 兲⬘. The spectrum of the linear operator T−1U in the eigenvalue problem 共31兲 consists of the values of 1 / ⑀, ⑀ ⫽ 0, and hence the real positive values of ⑀ can be calculated numerically for a given set of fixed values of the other parameters. The eigenvalue ⑀ has been obtained for harmonic and subharmonic instability responses as a function of the dimensionless parameters , M, , Ra, and k.
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B. Limiting behavior of modulation



Here we describe the problem for the simplest case 共s = 0兲 when N = 1 and L = 1 to obtain some analytic results. We have the eigenvalue problem



冢



p−1



c



0



0



0



0



1



q−1



0



0



0



0



0



0



p0



c



0



0



0



0



1



q0



0



0



0



0



0



0



p1



c



0



0



0



0



1



q1



冣冢 冣 冢 A1−1



0



0



¯ 0 0 rF



0



B1−1 A10 B10 A11 B11



0



0



¯F



0



0



0



0 rF 0



0



¯ 0 rF



0



=⑀



F



0



0



¯F



0



0



0



0 rF 0



0



0



0



F



0



0



0



where  ⬎ 0 and for n = −1 , 0 , 1, pn = − a1n,



qn = − b1n,



c = k2关Ra + M共1 − ␤1兲兴,



冣冢 冣 A1−1



B1−1 A10 B10 A11 B11



r = k2M共1 − ␤兲,



F=



共32兲



,



42共42 − i兲 . 2 + 164



Note that in the harmonic case we have p⫾1 = p0 ⫾ iq0,



q⫾1 = q0 ⫿ i,



p0 = − q20 .



Using these expressions for p⫾1 and q⫾1, we solve the eigenvalue problem 共32兲 for the relevant case s = 0; we obtain the following key relation satisfied by ⑀2: c + q30 +



2兩F兩2兵关2r共c + q30兲 − 共c + r兲2兴共c + q30 − q02兲 + r2共 + 1兲2q40其 共c + q30兲2 + 2q20共2q20 + 2兲



⑀2 +



4兩F兩4r2共c + q30兲 共c + q30兲2 + 2q20共2q20 + 2兲



⑀4 = 0.



共33兲



To discuss implications of Eq. 共33兲 we have the following cases. 1. Case I:  \ ⴥ



When the frequency of modulation is infinitely large, the coefficients of ⑀2 and ⑀4 vanish in Eq. 共33兲 and we are left with c + q30 = 0. On substituting for c and using q30 = −k2R, we obtain Ra + M共1 − ␤1兲 = R,



共34兲



which gives us the same dispersion relation as obtained in Eq. 共25兲 for the onset of steady ferromagnetic convection. Thus we see that at very high frequency of modulation, the instability is merely the Rayleigh–Bénard convection and is independent of the amplitude of modulation. A similar result has been obtained by Neel and Nemrouch21 for stability of an open-top, horizontal, porous fluid layer subjected to time-periodic, thermal boundary conditions. 2. Case II: M = 0



In this case we have r = 0 and the coefficient of ⑀4 vanishes in Eq. 共33兲. After simplification we obtain the following dispersion relation: 324⑀2k2 Ra2 兵k2共R − Ra兲 − 2共k2 + 2兲2其2 + 共 + 1兲2共k2 + 2兲Rk22 = 共R − Ra兲. 2 + 164 k2共R − Ra兲 − 2共k2 + 2兲



Here we analyze the effect of an increase in the modulation frequency on the Rayleigh number at the onset of the instability. To do this we consider low amplitude modulation, i.e., we take 0 ⬍ ⑀ ⬍ 1, so that the difference 兩R − Ra兩 is vanishingly small and k2兩R − Ra兩 Ⰶ 2共k2 + 2兲 holds for all nonzero k and . Under these conditions and for a typical value of the Prandtl number  = 10, an approximate expression for Ra in a neighborhood of R can be computed using Eq. 共35兲 which gives us the following estimate:



冉



Ra ⬃ 1 +



3204⑀2 共2 + 164兲共2 + 121兲



共35兲



冊



⫻R ⬍ 共1 + 0.1652⑀2兲R. This clearly indicates that Ra⬎ R for all  ⬎ 0; however an increase in the frequency of modulation in the marginal state tends to lower down the Rayleigh number which asymptotically approaches the classical value R as  → ⬁.
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IV. NUMERICAL RESULTS AND DISCUSSION



In Eq. 共31兲, each real and positive eigenvalue 1 / ⑀ of the linear map T−1U gives us the inverse of the amplitude of modulation for the onset of the instability. The parameter ⑀ is a function of the Rayleigh number Ra, the magnetic number M, the modulation frequency , and the wave number of disturbance k. For numerical calculations, we fix the Floquet exponent s equal to zero to obtain the results for the onset of harmonic flow and s = i / 2 for the onset of subharmonic flow. We obtain numerically the values of ⑀ for a range of k for various values of the Rayleigh number, Prandtl number, magnetic number, and forcing frequency. A. Numerical integration



The periodic, homogeneous system 共22兲 of ODEs has been analyzed using the Floquet analysis.20 The details of the numerical method employed are given in Refs. 19 and 22. The interval 关0 , 2 / 兴 is divided into m equal parts by taking t0 = 0 ⬍ t1 ⬍ t2 ¯ ⬍ tm = 2 / , such that each subinterval 关t j−1 , t j兲, for j = 1 , 2 , . . . , m, has length ⌬t = 2 / 共m兲. Let F共t兲 = A共t兲−1B共t兲; then F共t j−1 + t兲 ⬇ F共t j−1兲, ∀t 苸 关t j−1 , t j兲, for ⌬t sufficiently small. Let ⌿共t兲 denote a fundamental matrix for the regular system 共22兲. Its value at t = t j is approximated by ⌿共t j兲 = ⌿共t j−1兲exp兵⌬tF共t j−1兲其.



共36兲



Using this iteration scheme, an approximate solution at t = 2 /  is obtained as ⌿共2/兲 = ⌿共0兲exp兵⌬tF共0兲其 ⫻exp兵⌬tF共⌬t兲其 ¯ exp兵⌬tF关共m − 1兲⌬t兴其, 共37兲 where we take ⌿共0兲 = I, the identity matrix of order 2N. The eigenvalues of ⌿共2 / 兲 are the Floquet multipliers. The Floquet exponents  j and the Floquet multipliers  j are related by



 j = exp共2 j/兲,



1 ⱕ j ⱕ 2N.



共38兲



 j and hence  j are functions of the dimensionless parameters. The marginal state of the modulated system is determined by setting max 兵real共 j兲其 = 0.



1ⱕjⱕ2N



共39兲



The basic flow is stable for max1ⱕjⱕ2N兵real共 j兲其 ⬍ 0, and it is unstable for max1ⱕjⱕ2N兵real共 j兲其 ⬎ 0. If a Floquet exponent satisfying Eq. 共22兲 is identically zero, then the disturbance in the marginal state oscillates periodically with the forcing frequency , and the instability response is called synchronous or harmonic. On the other hand, if the imaginary part of the Floquet exponent satisfying Eq. 共22兲 is equal to  / r, for some positive integer r ⬎ 1, the disturbance in the marginal state oscillates with a frequency  / r, and the instability response is called subharmonic of order 1 / r. We have obtained the numerical solutions corresponding to the subharmonic response of order 1/2.



TABLE I. Numerical comparison of the present integration method with those obtained using the Runge–Kutta integration schemes for ⑀ = 5,  = 20, M = 100, and  = 10. m N



Present



RKF45



RK4



RKG



kc



Rac



8 7



330 330



563 436



743 576



743 576



5.14 5.14



⫺578.18 ⫺578.17



6



516



327



431



431



5.14



⫺578.21



5 4



516 477



234 158



309 208



309 208



5.14 5.13



⫺578.21 ⫺578.81



3



477



099



131



131



5.13



⫺578.81



2 1



378 378



066 066



123 123



123 123



4.64 4.64



⫺663.85 ⫺663.85



B. Numerical accuracy



The numerical convergence of the present iterative method with respect to ⑀, N, and the number of points of evaluation needed for the present numerical integration technique over one time period has been discussed by Singh and Bajaj23 for the problem concerned with ordinary fluids or in the absence of applied magnetic field. They have concluded that to obtain the correct results, it is sufficient to take three Galerkin terms 共N = 3兲 in the eigenfunction expansions of the perturbations for numerical integration of system 共22兲 to obtain the Floquet multipliers from its fundamental matrix solution at t = 2 / . To check the correctness of the numerical results obtained by the present integration technique for the case when M ⬎ 0, we have carried out numerical integration of system 共22兲 to obtain critical Rayleigh number for typical values of ⑀ = 5 and M = 100; the other parametric values are taken as  = 10 and  = 20. The Rac values obtained by solving Eq. 共22兲 using the present method have been compared with those obtained by employing the powerful Runge–Kutta methods of integration, namely, Runge–Kutta Fehlberg method 共RKF45兲, fourth order Runge–Kutta method 共RK4兲, and Runge–Kutta Gill procedure 共RKG兲 共see Table I兲. Let m denote the minimum number of points of evaluation required for convergence of a numerical integration method over one time period; then ⌬t = 2 / 共m兲. The values of m in Table I have been evaluated for a tolerance of 10−5 such that the marginal state satisfies the following: 兩 max 兵real共 j兲其兩 ⬍ 10−3 . 1ⱕjⱕ2N



共40兲



It is clear from Table I that the present integration method compares well with the Runge–Kutta methods, and therefore, it is reasonable to choose N = 3 to obtain accurate numerical results. As a check the normalized profiles for the vertical velocity field perturbations have been drawn in Fig. 1 using the different numerical integration techniques for N = 3 and setting m = 500. The four curves in the figure are practically indistinguishable and this verifies the success of the present integration technique in evaluating the correct profiles for the perturbation variables.
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For a numerical match of the critical value of the Rayleigh number with the existing values, for no modulation case 共⑀ = 0兲, we have computed Rac = 0,



kc = 3.14
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FIG. 2. Instability zones in 共k , ⑀兲 space for Ra= 1000,  = 10, and  = 20.



period of the temperature modulation or double of that. In the former case, the oscillations are synchronous or harmonic and in the latter case, they are subharmonic. Figure 2 shows the pattern of instability zones at various values of the magnetic number M for fixed parametric values Ra= 1000,  = 10, and  = 20. The points on each band correspond to harmonic or subharmonic instability response. Within a particular instability zone the basic state is unstable and outside it, the basic state is stable. The darker points in the figure correspond to the harmonic instability response and lighter points correspond to the subharmonic instability response. With an increase in the magnetic number, the resonance bands shift toward the fundamental region. This means that the instability appears at lower values of the temperature modulation. Thus the applied magnetic field tends to advance the harmonic and subharmonic instabilities in the temperature modulated ferromagnetic convection. Note that an increase in the applied magnetic field tends to widen the region of instability. Figure 3 illustrates the instability zones in the 共k , ⑀兲 plane for M = 10,  = 10, and  = 20. Here it has been observed that with an increase in Ra, the number of instability zones increases and they tend to come close to the fundamental region. Therefore, the onset of instability 共harmonic and subharmonic responses兲 occurs at lower values of the amplitude of modulation. Thus, an increase in the dimensionless temperature gradient has a tendency to advance the onset of the harmonic and subharmonic flows in the ferromagnetic Ra = 800
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C. Results of the stability analysis
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If there is no modulation of temperature and the applied magnetic field is also absent, the convection starts at about Ra= 657.511. For Ra= 1000, the system is unstable. In the presence of thermal modulation there exists a fundamental region of instability within which the system is unstable. The sinusoidal variation of the boundary temperatures makes the system stable outside this region. When the amplitude of modulation is further increased, the instability appears in the form of oscillations which have time period equal to the time



6



2



0 0







which are in agreement with the exact values obtained by Finlayson13 for the onset of stationary ferromagnetic convection. These results also compare well with those obtained by Bajaj24 for the case of free-free boundaries using the Chebyshev tau method. The eigenvalue problem 共31兲 has been solved numerically for ⑀ with the help of QZ factorization for the generalized eigenvalues. An algorithm for QZ factorization is available as a subroutine in MATLAB. The numerical correctness of the instability zones obtained by solving Eq. 共31兲 has been verified by choosing several points on an instability zone in the 共k , ⑀兲 space and then using the related data for k, ⑀, M, R, , and  and checking for a match of the value of the Floquet exponent by solving Eq. 共22兲 over one period using the Runge–Kutta scheme and the present numerical integration technique. We have observed that it is reasonable to choose L = 19 to obtain enough number of eigenvalues of system 共31兲 for drawing the instability zones in the 共k , ⑀兲 plane. The parameter ⑀ has been taken in the interval 0 ⱕ ⑀ ⱕ 6. The parameter A which appears in Eq. 共17兲 measures the departure of linearity in the magnetic equation of state. Higher values of A are also possible but here for the numerical purpose, we have taken A = 1.



4 k M = 60



6



4 2



t



FIG. 1. Normalized vertical velocity profile for ⑀ = 5,  = 20, M = 100, and  = 10, as predicted by different numerical integration techniques.
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FIG. 3. Instability zones in 共k , ⑀兲 space for M = 10,  = 10, and  = 20.



Downloaded 30 Jun 2009 to 203.134.215.216. Redistribution subject to AIP license or copyright; see http://pof.aip.org/pof/copyright.jsp



4



6



k σ = 20



0 0



 2



4 k



6



0 0







 6



2



4



6



k σ = 25



2



6



6 4 2 0 0



2



4



6



k ω = 60



4



6



k



ω = 30



6 4 2 0 0



2



4



6



4



6



4



6



k ω = 50



6 4 2 0 0



2 k ω = 100



6



4 2



Unstable



2



4 k ω = 40



6



4 2



Unstable



4 k σ = 15



6



4 2



6 4 2 0 0



2







6



ω = 20



6 4 2 0 0







2



6







4 k σ = 10



σ=5







2



6 4 2 0 0







6 4 2 0 0



σ=1







6 4 2 0 0



Phys. Fluids 21, 064105 共2009兲



J. Singh and R. Bajaj















064105-8



4 2



0 0



2



4



0 0



6



2



k



k



FIG. 4. Instability zones in 共k , ⑀兲 space for M = 100, Ra= 1000, and  = 20.



FIG. 5. Instability zones in 共k , ⑀兲 space for M = 100, Ra= 1000, and  = 10.



convection. This result is the same as the one obtained in the absence of the applied magnetic field 共see Ref. 23兲. We see from Figs. 2 and 3 that an increase in the strength of the applied magnetic field and an increase in the supercritical Rayleigh number have similar effects on the onset of temperature modulated convection in ferrofluids. The Prandtl number also plays a significant role in thermally modulated convection in fluids. Antohe and Lage25 found that the forcing frequency of modulation required for the onset of parametric instability is directly proportional to the square root of the Prandtl number, approximately. We have studied the effect of the Prandtl number as well as forcing frequency of modulation on the instability zones in the 共k , ⑀兲 plane. The effect of increase in the Prandtl number on the instability zones has been illustrated in Fig. 4 which corresponds to M = 100 at fixed parametric values Ra= 1000 and  = 20. The onset of periodic flows is delayed for fluids with larger Prandtl number. This may be due to the fact that an increase in the fluid viscosity diffusion 共or a decrease in the thermal diffusion of fluid particles兲 offers a resistance to the fluid oscillations induced by the temperature modulation of the free boundaries of the fluid layer. The applied magnetic field opposes this effect 共Fig. 4兲. Here we also note that the fundamental region tends to widen with an increase in the Prandtl number and becomes unbounded for  ⱖ 20. We have checked numerically that this effect of widening of the fundamental region with increase in the Prandtl number is further enhanced by an increase in the strength of the applied magnetic field until a saturation stage. The effect of modulation frequency on the onset of harmonic and subharmonic flows in the ferromagnetic convection has been illustrated in Fig. 5 for M = 100 and Ra= 1000. The stabilizing action of an increase in  on the onset of the instability is evident from the figure. The lowest onset mode of instability can be a harmonic or subharmonic mode depending upon the frequency of the modulation. Also the fundamental region widens with an increase in the frequency of the modulation. We have also performed numerical calculations for the critical Rayleigh number at some fixed parametric values. For this Eq. 共22兲 has been used. A variation of the critical Rayleigh number Rac for the onset of harmonic and subharmonic flows with the magnetic parameter M has been shown



in Fig. 6 for a set of fixed parametric values,  = 20, ⑀ = 5, and  = 10. Note that Ra⬎ 0 means that the fluid is heated from below and cooled from above and the reverse is the case when Ra⬍ 0. Consequently, the critical value Rac  0 for these two problems, respectively. The regions marked 1 and 2 in the figure correspond to Rac ⬎ 0 and the region marked 3 is related to Rac ⬍ 0. We describe the critical curve in the two cases as follows. 1. Case I: Rac > 0



We are interested in analyzing the lowermost critical mode at which the instability sets in first. Observe that in region 1 the lower value of the Rayleigh number occurs on the curve corresponding to the harmonic response, which further shows a slight decrease in Rac with an increase in the parameter M until M = 38 approximately. At this stage the thermomagnetic effects dominate to enhance the critical onset of the instability and the critical curve encounters a sharp decrease in Rac to zero at about M = 40.05. When the magnetic parameter M is further increased 共region 2兲, the critical mode of instability is the subharmonic mode at a higher value around Rac = 698.6 attained for M slightly greater than 40.05. The corresponding critical Rayleigh number decreases with M and the critical curve alternates between harmonic and subharmonic parts. Thus the critical onset of instability



1000 Harmonic Subharmonic



800 600



1 



400 2  200 Rac



0 −200 3 



−400 −600 0



20



40



60



80



100



M



FIG. 6. Variation of the critical Rayleigh number Rac with M for the onset of the instability 共harmonic and subharmonic兲. The regions marked 1 and 2 correspond to Rac ⬎ 0 and region 3 is associated with Rac ⬍ 0. Fixed parametric values are  = 20, ⑀ = 5, and  = 10.
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FIG. 7. Normalized profiles for disturbances at critical onset of instability. Fixed parametric values are  = 20, ⑀ = 5, and  = 10.



under modulation can be a harmonic or subharmonic mode depending upon the intensity of thermomagnetic interactions with the ferrofluid layer.
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2. Case II: Rac < 0



When the ferrofluid layer is heated from above and cooled from below, the basic conduction state prevails until M reaches the value of 40.05 when the instability appears in the form of a harmonic flow 共region 3兲. The critical onset of the instability remains harmonic for the considered range of M and the critical curve shows a sharp downfall in the critical Rayleigh number 共increase in absolute value of the temperature gradient兲 with an increase in M. In this case the subharmonic response was not observed to occur though the thermomagnetic effects are significant. In the absence of modulation 共⑀ = 0兲, it has been observed that the critical Rayleigh number is zero around M = 1558.55, which is much larger than its value of 40.05 that occurs in the presence of modulation 共⑀ = 5兲. The curve in region 3 has been approximated by a quadratic polynomial interpolation and is given by Rac = 0.1362M 2 − 29.42M + 1022, 40ⱕ M ⱕ 100. The convection problem with negative Rayleigh number in a HeleShaw cell subjected to gravity modulation has been investigated by Annis et al.26 They observed that a negative Rayleigh number corresponds to harmonic or subharmonic instability depending upon the frequency of modulation. However, in our case, a subharmonic response has not been observed at the critical onset of the instability for the ferrofluid layer heated from above. In the critical state, the time-periodic modulation of the boundary temperatures induces time-periodic oscillations in the velocity perturbation w, the temperature field , and the disturbances corresponding to the magnetic field and the magnetic induction field across the ferrofluid layer. To demonstrate this, these fields after normalizing have been shown in Fig. 7 at critical onset of the instability. The variation has been shown with the dimensionless time variable t over five time periods for different values of the magnetic number M. The rest of the parameters have been fixed as ⑀ = 5,  = 20, and  = 10. Observe from the figure that even for M = 0, the disturbances in the magnetic field and magnetic induction field undergo time-periodic oscillations. To this connection we see from Eq. 共17兲 that D does not directly depend upon
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FIG. 8. Normalized profiles for disturbances at critical onset of instability when Rac ⬎ 0. Fixed parametric values are M = 0,  = 20, ⑀ = 5, and  = 10.



the parameter M and that the time-periodically oscillating temperature field  induces the same oscillations in the magnetic field perturbation D. We note that while the disturbance in the velocity field tends to be positive for M = 0, it tends to be negative for M = 50 and M = 100. The normalized profile behavior for M ⱕ 40.05 is identical with those shown for M = 0 and have not been drawn. The behavior of the rest of the profiles is not much affected by increasing M. The amplitude of  remains positive for all the three values of M, thereby showing that the disturbances tend to cause the ferrofluid layer to become hotter. On comparing the plots, we see that the perturbations in the magnetic field and the magnetic induction field oppose each other’s effect. Engler and Odenbach18 studied an analogous problem experimentally by considering time modulation in the vertical applied magnetic field instead of modulating the boundary temperatures. They have used a rectangular profile to modulate the magnetic field. Their experimental results reveal that the timeperiodical variations in the boundary temperatures of the ferrofluid layer are induced by the time-periodical oscillations in the magnetic field. These observations together with ours show a coupling between the buoyancy and the thermomagnetic effects under the conditions of parametric modulation as well. To understand how the underlying vector fields and the scalar fields interact at the onset of the instability, we have drawn in the yz plane the velocity field 共v , w兲, the temperature field , and the disturbance in the magnetic field and the magnetic induction field in Fig. 8 for M = 0 for a set of three values of the dimensionless time parameter t = 0, 0.082, and 0.164. The various scalar and vector fields are distributed in an alternate pattern of identical regions along the y direction.
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FIG. 9. Normalized profiles for disturbances at critical onset of instability when Rac ⬎ 0. Fixed parametric values are M = 100,  = 20, ⑀ = 5, and  = 10.



For M = 0, the pattern of the disturbance in the ferrofluid velocity field is almost independent of t though the disturbances in temperature field, magnetic field, and magnetic induction field oscillate harmonically in the vertical with t 共Fig. 8兲. Comparing the patterns in the second and fourth rows of the figure, we see that the hotter parts of the ferrofluid layer experience low magnetization while the cooler parts correspond to the highly magnetized ferrofluid. The effect of thermomagnetic interactions on the flow field is negligible. To observe the thermomagnetic effects, we have drawn a pattern of the various fields in the yz plane in Fig. 9 for M = 100 when Rac ⬎ 0 and the rest of the parametric values being the same as for Fig. 8. Observe a partitioning of the ferrofluid layer from the first row of Fig. 9. We have observed that the patterns of the various fields at the critical onset of instability significantly differ when the ferrofluid layer is heated from above and cooled from below 共Rac ⬍ 0兲. Here the various field interactions are more apparent than those occurring for its counterpart. To demonstrate this, the disturbances in the various fields have been drawn in the yz plane in Fig. 10 for three selected values of t = 0.141, 0.149, and 0.157. The magnetic parameter has been fixed at M = 100 and Rac ⬍ 0. From the second row of the figure, it is clear that the temperature field  is distributed in such a way that it divides the ferrofluid layer into alternate hotter and cooler regions which drive the alternation of the convective cells. We observe by correlating the patterns that the velocity field pattern in the ferrofluid layer partitions along the vertical when the induced temperature field, magnetic field, and magnetic induction field are stronger while a single cell pattern of the velocity disturbance prevails when the distur-
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FIG. 10. Disturbance fields in 共y , z兲 plane at the onset of instability when Rac ⬍ 0 for three typical values of t at  = 20, ⑀ = 5,  = 10, and M = 100.



bances in the other fields are weaker. In this case instead the other field patterns tend to partition off along the z direction. Also comparing the plots in the second row with those in the fourth row of the figure demonstrates a strong coupling between magnetic induction of the ferrofluid and its temperature field in a sense that the highly magnetized regions of the ferrofluid layer correspond to the regions where the temperature field is weaker. This way the thermomagnetic interactions drive the thermodiffusion process of the ferromagnetic particles. On the other hand it is clear from the plots in the third and fourth rows of the figure that stronger magnetic field perturbations correspond to regions of the weaker magnetic induction field; thus they act as to weaken the thermomagnetic effects. Since the pattern of the velocity field perturbations is significantly influenced under the conditions of modulation when the ferrofluid layer is heated from above and cooled from below, we have drawn the cell pattern in the yz plane in Fig. 11 at critical onset of the instability for some selected values of t where a significant change in the cell pattern is observed to occur. The other fixed parametric values are M = 100,  = 20, ⑀ = 5,  = 10, and Rac ⬍ 0. The mechanism of a gradual change in the cell pattern with respect to t is evident from the figure; certainly this attributes to the dominant thermomagnetic interactions with the flow field as a transition of the cell pattern from a single layer to multilayers and vice-versa, which has not been observed for any value of t whenever M = 0.
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FIG. 11. Cell pattern in 共y , z兲 plane at critical onset of instability when Rac ⬍ 0 for a selected set of values of t and M = 100,  = 20, ⑀ = 5, and  = 10.



induces harmonic and subharmonic oscillations in the velocity field of the ferrofluid layer, magnetic field, and magnetization of the ferrofluid at the onset of instability. In the presence of thermal modulation 共⑀ = 5兲 the critical onset of the harmonic and subharmonic flows is advanced with the application of the vertical magnetic field both for the ferrofluid layer heated from below and for the ferrofluid layer heated from above. In the presence of modulation, the thermomagnetic effects above a threshold are significant when the temperature gradient across the ferrofluid layer is positive. The flow patterns at the onset of instability in the form of a time-periodic flow have been found to consist of timeperiodically oscillating vertical magnetoconvective rolls controlled by the various time-periodically oscillating disturbances in the magnetic field and magnetization inside the ferrofluid layer. When the ferrofluid layer is magnetically saturated, i.e., when  → 0 within the ferrofluid, it will be interesting to investigate the underlying phenomena in the present context. Also the introduction of more realistic boundaries 共rigidrigid and rigid-free兲 will give more insight into understanding the behavior of ferromagnetic convection with the timeperiodic thermal modulation of the boundaries. Work in these directions is in progress.



V. CONCLUDING REMARKS
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A detailed linear instability analysis of the thermomagnetic convection in a ferrofluid layer initially resting between two differentially and time-periodically heated horizontal parallel planes under the application of an external vertically applied magnetic field has been carried out. Some theoretical deductions and numerical inferences have been made. It has been found that, at the onset of instability, the Rayleigh number approaches the classical Rayleigh number when the frequency of modulation is infinitely large. In the absence of magnetic field and under low amplitude modulation, the Rayleigh number at the onset of the Rayleigh– Bénard convection is bounded between its classical and its steady values, which, however, is a decreasing function of the frequency of modulation. The regions of stability and instability have been found to be separated by harmonically or subharmonically oscillating states of the flow in the parametric space of the dimensionless amplitude of modulation and the wave number of the infinitesimal disturbance superimposed over the basic state. These regions have been found to depend upon the modulation frequency, the Rayleigh number Ra, the Prandtl number , and the parameter M that accounts for thermomagnetic interactions. The thermomagnetic interactions arising due to the applied magnetic field cause onset of the harmonic and subharmonic flows in the ferrofluid layer at a lower amplitude of modulation above the fundamental region. An increase in the Rayleigh number also advances the onset of a time-periodic flow. An increase in the Prandtl number has a tendency to delay the onset of a periodic flow. An increase in the modulation frequency also delays the onset of instability in the supercritical conditions. The parametric modulation in the boundary temperatures
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