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The automorphism group of Cayley graphs on symmetric groups generated by transposition sets and of the modified bubble-sort graph Ashwin Ganesan∗



Abstract In this paper, we first determine the full automorphism group of the modified bubble-sort graph M BS(n), for all n ≥ 4, and we also investigate the normality of these Cayley graphs. We prove that Aut(M BS(n)) is isomorphic to D2n V4 R(Sn ) if n = 4, and is isomorphic to D2n R(Sn ) if n ≥ 5. Here, D2n is the dihedral group of order 2n, V4 is the Klein four-group Z2 × Z2 , and R(Sn ) is the right regular representation of Sn . We also show that R(S4 ) is not a normal subgroup of Aut(M BS(4)), implying that M BS(4) is not normal. Thus, the full automorphism group of M BS(4) is larger than the group R(S4 ) o Aut(S4 , S) ∼ = D2n R(Sn ) given in the literature as the full automorphism group (o denotes the semidirect product). For a set S of transpositions that generates the symmetric group Sn , let T (S) be the transposition graph whose vertex set is {1, . . . , n} and with edge set {ij : (i, j) ∈ S}. We show that if t, k ∈ S is such that tk ̸= kt and T (S) does not contain triangles or 4-cycles, then the Cayley graph Cay(Sn , S) contains a unique 6-cycle passing through e, t, k and a vertex at distance 3 from e. Thus, we generalize the results in the literature from transposition graphs that are trees to arbitrary connected transposition graphs that do not contain triangles or 4-cycles; furthermore, a converse is seen to also be true. ∗
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As a consequence, if the transposition graph T (S) does not contain triangles or 4-cycles, then Cay(Sn , S) is normal and the automorphism group Aut(Cay(Sn , S)) is isomorphic to R(Sn ) o Aut(Sn , S).



Index terms — Automorphism group; modiﬁed bubble-sort graph; normal Cayley graphs.
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Introduction



Let G be a group and S a subset of G. The Cayley digraph (also known as the Cayley diagram [3]) of G with respect to S, denoted by Cay(G, S), is the digraph with vertex set G and with an arc from g to sg whenever g ∈ G and s ∈ S. When S is closed under inverses (i.e. when S −1 := {s−1 : s ∈ S} = S), (g, h) is an arc of the Cayley digraph if and only if (h, g) is an arc, and so we can identify the two arcs (g, h) and (h, g) with the undirected edge {g, h}. When 1 ∈ / S, the digraph contains no self-loops. Thus, when 1 ∈ / S = S −1 , we view the Cayley graph Cay(G, S) as a simple, undirected graph. Cay(G, S) is connected if and only if S generates G. The automorphism group of a graph Γ = (V, E) is the set of permutations of the vertex set that preserve adjacency, i.e. Aut(Γ) := {π ∈ Sym(V ) : E π = E}. For a group G, deﬁne the map of right translation by z, rz : G → G, g 7→ gz. The right regular representation of G is the permutation group R(G) := {rz : z ∈ G}, and R(G) is isomorphic to G. The automorphism group of a Cayley graph Γ := Cay(G, S) contains the right regular representation R(G), and hence all Cayley graphs are vertextransitive. Since R(G) is regular, Aut(Γ) = Aut(Γ)e R(G), where Aut(Γ)e is the stabilizer of e in Aut(Γ). The set of automorphisms of the group G that ﬁx S setwise, denoted by Aut(G, S) := {π ∈ Aut(G) : S π = S}, is a subgroup of Aut(Γ)e (cf. [1]). For any Cayley graph Γ := Cay(G, S), the normalizer NAut(Γ) R(G) is equal to R(G) o Aut(G, S) (cf. [6]), where o denotes the semidirect product (cf. [4]). A Cayley graph Γ := Cay(G, S) is said to be normal if R(G) is a normal subgroup of Aut(Γ), or equivalently, if Aut(Γ) = R(G) o Aut(G, S). The symmetric group Sn consists of the set of all permutations of {1, . . . , n}. A transposition of {1, . . . , n} is a permutation in Sn that interchanges two elements and ﬁxes the remaining elements. We represent permutations using 2



their disjoint cycle decomposition, and we multiply permutations from left to right. Thus, the composition of two transpositions, say (1, 2)(2, 3), is equal to (1, 3, 2). In general, Sym(Ω) denotes the group of all permutations of a ﬁnite set Ω, and so Sym({1, . . . , n}) = Sn , and Sym(Sn ) is deﬁned similarly. This paper focuses on Cayley graphs of Sn with respect to a generating set of transpositions, and so the vertices of these Cayley graphs correspond to the elements of Sn , and the automorphism group of the Cayley graph is a subgroup of Sym(Sn ). Let S be a set of transpositions in Sn . The transposition graph T (S) of S is deﬁned to be the graph with vertex set {1, 2, . . . , n} and with {i, j} an edge of T (S) whenever (i, j) ∈ S. A set of transpositions of {1, . . . , n} generates Sn if and only if the transposition graph T (S) is connected, and a set of transpositions is a minimal generating set for Sn if and only if T (S) is a tree (cf. [7]). A set of transpositions whose transposition graph is a tree is called a transposition tree. Cayley graphs of permutation groups generated by transposition sets have been well studied, especially for consideration as the topology of interconnection networks [11], [8]. The modiﬁed bubble-sort graph of dimension n (n ≥ 3), denoted by M BS(n), is the Cayley graph of Sn with respect to the set of generators {(1, 2), (2, 3), . . . , (n − 1, n), (n, 1)}. We denote these generating transpositions by si , where s1 = (1, 2), s2 = (2, 3), . . . , sn = (n, 1). M BS(3) is the bipartite graph K3,3 and hence has an automorphism group of size 72. Its properties are well understood, and so we assume in the sequel that n ≥ 4. The existence of cycles in T (S) complicates matters; for example, determining the exact value of the diameter of M BS(n) remains open, though polynomial time algorithms for determining the distance between two vertices in M BS(n) are known [10]. Among the Cayley graphs of the symmetric group generated by a set of transpositions of {1, . . . , n}, the automorphism groups of the following Cayley graphs are known. When T (S) is a star, the corresponding Cayley graph is called a star graph and has automorphism group Sn−1 R(Sn ) [9]. The Cayley graph generated by a path graph is called a bubble-sort graph and has automorphism group isomorphic to Z2 R(Sn ) [12]. The automorphism group of the Cayley graph generated by an asymmetric transposition tree is R(Sn ) and hence is isomorphic to Sn [7]. The automorphism group of the Cayley graph Cay(Sn , S) generated by an arbitrary transposition tree T (S) is shown in [5] to be isomorphic to R(Sn )oAut(Sn , S). All these Cayley graphs are also known to be normal. Also, Feng [5] showed that Aut(Sn , S) ∼ = Aut(T (S)). 3



In this paper we generalize the results mentioned in the previous paragraph (on particular trees, asymmetric trees, and arbitrary trees) to arbitrary connected transposition graphs which do not contain triangles or 4-cycles. We ﬁrst determine the full automorphism group of the modiﬁed bubble-sort graph M BS(n), and prove some results concerning the uniqueness of 6-cycles. The main results of this paper are the following: Theorem 1. Let M BS(n) := Cay(Sn , S) be the modified bubble-sort graph. Let t, k ∈ S. If tk ̸= kt, then the modified bubble-sort graph M BS(4) does not contain a unique 6-cycle passing through e, t, k and a vertex at distance 3 from e, and M BS(n) does contain a unique 6-cycle passing through e, t, k and a vertex at distance 3 from e for all n ≥ 5. Theorem 2. The automorphism group of the modified bubble-sort graph ˜ 2n V˜4 R(Sn ), if n = 4, and is isomorphic to M BS(n) is isomorphic to D ˜ 2n R(Sn ), if n ≥ 5. Here, D ˜ 2n is the dihedral group of order 2n, V˜4 is D the Klein four-group, and R(Sn ) is the right regular representation of Sn . Theorem 3. The modified bubble-sort graph M BS(n) is not normal if n = 4 and is normal if n ≥ 5. Theorem 4. Let S be a set of transpositions generating Sn , let T (S) denote the transposition graph, and let Γ := Cay(Sn , S). Let k, t ∈ S be distinct transpositions. If tk ̸= kt and T (S) does not contain triangles or 4-cycles, then there is a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Moreover, if T (S) does contain a triangle or a 4-cycle, then there exist t, k ∈ S such that tk ̸= kt and such that there does not exist a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Corollary 5. Let S be a set of transpositions generating Sn such that the transposition graph T (S) does not contain triangles or 4-cycles. Then, Cay(Sn , S) is normal and has automorphism group isomorphic to R(Sn ) o Aut(Sn , S). We brieﬂy mention the errors in the proofs and statements in the previous literature (Zhang and Huang [12], Feng [5]) related to this problem. According to the results in [12], the full automorphism group of M BS(4) contains exactly 192 automorphisms. The proof in [12] on the full automorphism group of M BS(n) has a mistake, and the incorrect results there were carried over to [5] as well, which concludes that M BS(4) is a normal Cayley graph 4



˜ 8 R(S4 ). and has automorphism group isomorphic to R(S4 ) o Aut(S4 , S) ∼ =D In particular, the following statement (and proof) in [12] is incorrect: given any two adjacent transpositions si , si+1 ∈ S, M BS(n) has a unique 6-cycle containing e, si , si+1 and a vertex of distance 3 from e. However, in the present paper, we actually prove the non-uniqueness of these 6-cycles. We also obtain more automorphisms of the graph as well as a proof that M BS(4) is not normal. In particular, we prove that the full automorphism group of ˜ 8 V˜4 R(S4 ), thereby containing 4 times as many M BS(4) is isomorphic to D elements as in the full automorphism group R(S4 ) o Aut(S4 , S) ∼ = D8 R(S4 ) given in [12], [5]. Thus, in this paper we show the following: if the transposition graph T (S) contains a 4-cycle, then the Cayley graph Cay(Sn , S) has more than one 6-cycle satisfying certain conditions and hence a potentially larger automorphism group than otherwise. We ﬁrst determine the full automorphism group of the modiﬁed bubble-sort graph M BS(n) for all n ≥ 4 and we also determined its normality. We prove that the full automorphism group Aut(M BS(n)) is isomorphic to D2n V4 R(Sn ) if n = 4 and is isomorphic to D2n R(Sn ) if n ≥ 5, and we showed that M BS(n) is not normal if n = 4 and is normal if n ≥ 5. Furthermore, the results in this paper generalize the results in [12] and [5] on the uniqueness of 6-cycles, normality, and automorphism groups of Cayley graphs of the symmetric group generated by transposition sets, where the generalization is in the direction from transposition graphs that are trees to arbitrary transposition graphs that do not contain triangles or 4-cycles.
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Preliminaries



Let Γ := Cay(Sn , S) denote the modiﬁed bubble-sort graph, and let A := Aut(Γ) denote the automorphism group of this graph, where S is the set of n cyclically adjacent transpositions. Let e ∈ Sn denote the identity element of Sn as well as the corresponding vertex of Γ, and let Ae denote the stabilizer of e in A. Since R(Sn ) is regular, we have that A = Ae R(Sn ) and every automorphism of the graph is of the form arz , where a ∈ Ae and rz : Sn → Sn , x 7→ xz is right translation by z. We now determine the stabilizer subgroups Ae . Let A(S) denote the set of elements of the permutation group A that ﬁx S pointwise, and let A{S} be the set of elements of A that ﬁx S setwise. In particular, A(e,S) is the set of automorphisms of the graph that 5



ﬁx the vertex e as well as each of its neighbors S (pointwise). Γi (e) denotes the set of vertices in the graph Γ that are at distance i from the vertex e. Consider the action on Sn of conjugation by an element x ∈ Sn : xˆ : Sn → Sn , g 7→ x−1 gx. To be very clear, we shall use the hat symbol only to denote elements in Sym(Sn ) (and not elements in Sn ). The conjugation map ψ : Sn → Sym(Sn ), x 7→ xˆ is a group homomorphism. Also, ψ is injective since the center Z(Sn ) of Sn is trivial for n ≥ 3 (recall that we assumed that n ≥ 4 since the n ≤ 3 cases are easily dealt with). Deﬁne the rotation ρ := (1, 2, . . . , n) and reﬂection σ := (1)(2, n)(3, n − ˆ 2n := ⟨ˆ 1) . . . that generate the dihedral group D2n = ⟨ρ, σ⟩. Then D ρ, σ ˆ ⟩ is isomorphic to D2n and is a subgroup of the group of inner automorphisms ˆ 2n ﬁxes e. Also, the neighbors of the of Sn . In particular, every element of D ˆ 2n . In vertex e, namely the set of vertices S ⊆ V = Sn , is a ﬁxed block of D fact, ρˆ sends s1 7→ s2 , s2 7→ s3 , . . . , sn 7→ s1 , and σ ˆ swaps s1 and sn , swaps s2 ˆ ˆ 2n ≤ Aut(Γ)e . and sn−1 , and so on. Thus, D2n ≤ Aut(Sn , S), and hence D We shall use the following result from Godsil and Royle [7, Lemma 3.10.3]: Lemma 6. Let S be a set of transpositions such that the transposition graph T (S) does not contain a triangle, and let t, k ∈ S. Then, tk = kt if and only if there is a unique 4-cycle in Cay(Sn , S) containing e, t and k. Lemma 7. Let A(e,S) be the set of automorphisms of the graph M BS(n) that ˆ 2n A(e,S) . fix the vertex e and each of its neighbors. Then, Ae = D ˆ 2n A(e,S) ≤ Ae . We show that Ae ≤ D ˆ 2n A(e,S) . Proof: It is clear that D Let π ˆ ∈ Ae . Since π ˆ ﬁxes e, it induces a permutation of its neighbors S. Let a := π ˆ |S be the restriction of π ˆ to S. Then a is an element of the dihedral group that acts as a group of automorphisms of the n-cycle graph with vertex set {s1 , . . . , sn }. To prove this, suppose a maps s1 to si . Since s2 and sn are the only transpositions adjacent to s1 , by Lemma 6 there are only two elements sj of S that do not lie in unique 4-cycles passing through e, s1 and sj , namely the elements s2 and sn . Similarly, the only two elements sk of S that do not lie in unique 4-cycles passing through e, si and sk are the elements si−1 and si+1 . Thus, a maps the set {s2 , sn } to {si−1 , si+1 }. If a maps s2 to si+1 , by a similar reasoning, it maps s3 to si+2 or si , but since s1 is sent to si , s3 is sent to si+2 . Continuing in this manner, we see that the action of a on S is that of a rotation. If a maps s2 to si−1 , then by a similar reasoning, it maps s3 to si−2 , sn to si+1 , and so on, eﬀecting the action of 6



reﬂection on S. Thus, the action of any element of Ae on S is an element of the dihedral group acting as the symmetries of the n-cycle graph with vertex set {s1 , . . . , sn }. ˆ 2n is closed under inverses, there exists For any such a := π ˆ |S , since D an element α ∈ D2n such that the action of the conjugation map α ˆ when −1 restricted to S is the same as the action of a on S. Thus, the action of α ˆπ ˆ on {e} ∪ S is the identity. Hence, π ˆ ∈ α ˆ −1 A(e,S) . This proves that ˆ 2n A(e,S) . Ae = D If π ∈ Sn is a permutation and i and j lie in diﬀerent cycles of π, then the number of cycles in the product of π and (i, j) is exactly one less than the number of cycles in π (cf. [2]). It can be shown that a product of n − 1 transpositions is an n-cycle if and only if the corresponding n − 1 edges form a tree in the transposition graph. Feng [5] concludes with the following result: Lemma 8. [5, Corollary 2.5] Let S be a set of transpositions generating Sn satisfying the following condition for any two distinct transpositions t, k ∈ S: tk = kt if and only if Cay(Sn , S) has a unique 4-cycle containing e, t and k, and if tk ̸= kt then Cay(Sn , S) has a unique 6-cycle containing e, t, k and a vertex at distance 3 from e. Then Cay(Sn , S) is normal and has automorphism group isomorphic to R(Sn ) o Aut(Sn , S).
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Proofs of main results



The following result on the non-uniqueness of 6-cycles implies that if the transposition graph T (S) contains a 4-cycle, then an automorphism of the Cayley graph Cay(Sn , S) that ﬁxes e and each of its neighbors S is not necessarily the trivial automorphism. Theorem 9. Suppose si , sj ∈ S are adjacent transpositions in the n-cycle T (S), and let Γ := Cay(Sn , S). If n = 4, then there does not exist a unique 6-cycle in Γ containing e, si , sj and some vertex of distance 3 from e. If n ≥ 5, then there does exist a unique 6-cycle in Γ containing e, si , sj and some vertex of distance 3 from e.
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Proof: Let si = (i, i+1) and si+1 = (i+1, i+2) be two adjacent transpositions of the n-cycle T (S), and take the subscripts to be modulo n (for example, si = (n, 1) and si+1 = (1, 2) is possible). The sequence of 6 distinct vertices C := (e, si , si+1 si , si si+1 si = si+1 si si+1 = (i, i + 2), si si+1 , si+1 , e) forms a 6-cycle in Γ. Also, the middle vertex si si+1 si = (i, i + 2) is not adjacent to e since T (S) does not have triangles, and the distance from (i, i + 2) to e is odd (Γ is bipartite and (i, i + 2) is an odd permutation). Hence, the distance from (i, i + 2) to e is equal to 3. Thus, Γ has at least one 6-cycle containing e, si , si+1 and some vertex at distance 3 from e. We now show that the condition that the 6-cycle contain e, si , si+1 and a vertex at distance 3 from e forces the uniqueness of this 6-cycle if and only if n ̸= 4. Let (e, si , x, w, y, si+1 ) be a 6-cycle in Γ. Then there exists integers k, r, s and ℓ such that x = sk si , w = sr sk si = ss sℓ si+1 , and y = sℓ si+1 , where w has distance 3 from e, and the condition that these 6 vertices are distinct forces k ̸= i, r ̸= k, s ̸= r, ℓ ̸= s, ℓ ̸= i + 1. We determine whether there is any other value for k, r, s and ℓ besides k = i + 1, r = i, ℓ = i, s = i + 1 satisfying the conditions that si+1 si sk = sℓ ss sr and that the distance from w = sr sk si = ss sℓ si+1 to e is 3. We consider a few cases, depending on the value of k: Case 1: Suppose that k ∈ / {i−1, i, i+1, i+2}. Since si+1 si = (i, i+1, i+2) has disjoint support from (k, k + 1), si+1 si sk = sℓ ss sr implies that sℓ ss sr is also the product of a 2-cycle (k, k + 1) and a 3-cycle (i, i + 1, i + 2). Since r ̸= k, either ℓ = k or s = k. Suppose ℓ = k. Then ss sr = (i, i +1, i +2). If the product of two transpositions is a three cycle, then the two transpositions must have (overlapping) support whose union is equal to the three elements of the cycle. Further, since n ≥ 4, T (S) does not have any triangles, and so (i, i + 2) ̸= S. This forces ss sr = (i, i + 1, i + 2) to have the unique solution s = i + 1, r = i. But then w = sr sk si = si sk si = sk has distance 1 from e, a contradiction. Suppose s = k. Then, we again have that sℓ sr is the 3-cycle (i, i+1, i+2). As before, this implies that ℓ = i + 1 and r = i, a contradiction because l ̸= i + 1. Case 2: Suppose k = i − 1. From si+1 si sk = sℓ ss sr and sk = si−1 , we get (i − 1, i, i + 1, i + 2) = sℓ ss sr . Now, if the product of three transpositions is a 4-cycle, then the transposition graph of these three transpositions is a spanning tree on the same 4 vertices whose support is the 4-cycle. Here, 8



T (S) is a Hamilton cycle, and so if n ≥ 5, there is a unique spanning tree on the vertex set {i − 1, i, i + 1, i + 2}, namely the path graph containing the three edges (i − 1, i), (i, i + 1) and (i + 1, i + 2); however, if n = 4, then (i − 1, i + 2) ∈ S is an edge as well, and so there are other spanning trees, such as the tree consisting of the three edges (i − 1, i + 2), (i + 1, i + 2) and (i, i + 1). If n ≥ 5, the unique spanning tree given above forces {si+1 , si , sk } = {sℓ , ss , sr }, and further, (i − 1, i, i + 1, i + 2) = sℓ ss sr implies that ℓ = i + 1. But this is a contradiction because ℓ ̸= i + 1. Thus, if n ≥ 5, there are no 6-cycles satisfying k = i − 1. If n = 4, then (i − 1, i + 2) ∈ S, and so (i − 1, i, i + 1, i + 2) can also be decomposed as (i−1, i+2)(i+1, i+2)(i, i+1), and so ℓ = i+2, s = i+1, r = i also satisﬁes the condition that si+1 si sk = sℓ ss sr and that the distance from w to e is 3. Thus, the 6-cycle C ′ := (e, si , si−1 si , si si−1 si = si+1 si+2 si+1 , si+2 si+1 , si+1 , e) also satisﬁes the conditions in the assertion, where (i − 1, i + 1) = (i + 1, i + 3) since i − 1 and i + 3 are identiﬁed with the same vertex of the 4-cycle. Thus, when n = 4, there exists more than one 6-cycle in Γ that contains e, si , si+1 and a vertex at distance 3 from e. Since non-uniqueness has now been established for n = 4, for the rest of the proof we may assume that n ≥ 5. Case 3: Suppose k = i + 2. Then, si+1 si sk = (i, i + 1, i + 3, i + 2). As before, when n ≥ 5, Cn has a unique spanning tree containing any four consecutive vertices, and so (i, i + 1, i + 3, i + 2) = sℓ ss sr implies {sℓ , ss , sr } = {si , si+1 , si+2 }. However, the only way to obtain the product (i, i+1, i+3, i+ 2) using these three transpositions is by having the ﬁrst term sℓ equal si+1 . But this is a contradiction because ℓ ̸= i + 1. Case 4: Suppose k = i + 1. Here, we have si+1 si si+1 = sℓ ss sr . Again, since n ≥ 5, the only way to achieve the product si+1 si si+1 = (i, i + 2) using 3 transpositions from {si , si+1 , si+2 } is either by the product si si+1 si or si+1 si si+1 . Since ℓ ̸= i+1, we get ℓ = i, s = i+1 and r = i, yielding the unique 6-cycle C = (e, si , si+1 si , si si+1 si = si+1 si si+1 = (i, i + 2), si si+1 , si+1 , e) given earlier. Also, observe that when k = i + 1 and n = 4, we have (i + 3, i) ∈ S, and so the product (i, i + 2) has other decompositions such as si+3 si+2 si+3 , giving
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ℓ = i + 3, s = i + 2, r = i + 3 = i − 1, and so we get another 6-cycle C ′′ := (e, si , si+1 si , si−1 si+1 si = si+2 si−1 si+1 , si−1 si+1 , si+1 , e). We have shown that if n ≥ 5, we must have k = i + 1 and so there is a unique 6-cycle C in Γ containing e, si , si+1 and a vertex at distance 3 from e, and if n = 4, there are other 6-cycles as well besides C, such as C ′ and C ′′ . In the proof above, in Case 2 and Case 4 of the proof, it was seen that there is more than one way to decompose a 4-cycle (a, b, c, d) into a product of three cyclically adjacent transpositions if and only if n = 4, a fact that was overlooked in the proof in [12]. In the proof above, it was suﬃcient to just show the existence of three 6-cycles C, C ′ and C ′′ since non-uniqueness was all we needed to establish. An examination of all possible solutions of the equation si+1 si sk = sℓ ss sr in the proof above gives the following result: Lemma 10. If si , si+1 ∈ S are two adjacent transpositions in T (S) = C4 , then there are exactly eight distinct 6-cycles in M BS(4) that contain e, si , si+1 and a vertex at distance 3 from e. The total number of vertices in 6-cycles of M BS(4) that contain e, si and si+1 and that are at distance 3 from e is exactly 6. Proof: Let (e, si , sk si , sr sk si = ss sℓ si+1 , sℓ si+1 , si+1 , e) be a 6-cycle containing e, si , si+1 and a vertex at distance 3 from e. Since these 6 vertices of the 6-cycle must be distinct, we require that k ̸= i, r ̸= k, s ̸= r, ℓ ̸= s, ℓ ̸= i + 1. As was done in the proof above, the number of solutions to sℓ ss sr = si+1 si sk is examined for diﬀerent values of k. As in the proof of Theorem 9, we consider diﬀerent cases depending on the value of k: Case 1: Suppose k ∈ / {i − 1, i, i + 1, i + 2}. It has been shown in the proof above that there are no 6-cycles in this case. Case 2: Suppose k = i − 1. If the product of three transpositions is a 4-cycle, then these three transpositions form a spanning tree in the transposition graph. Thus, sℓ ss sr = si+1 si si−1 = (i − 1, i, i + 1, i + 2) implies that the set of edges {sℓ , ss sr } of T (S) forms a spanning tree, and hence a path subgraph of T (S) = C4 . Thus, all solutions to sℓ ss sr = si+1 si si−1 are sℓ = si+1 , ss = si , sr = si−1 , and the three cyclic shifts of this solution, i.e. (sℓ , ss , sr ) can also equal (si+2 , si+1 , si ), (si , si−1 , si+2 ) and (si−1 , si+2 , si+1 ). 10



The ﬁrst of these 4 solutions is not possible since ℓ ̸= i + 1. The latter three solutions give rise to the following three 6-cycles: γ1 = (e, si , si−1 si , si si−1 si = si+1 si+2 si+1 , si+2 si+1 , si+1 , e) γ2 = (e, si , si−1 si , si+2 si−1 si = si−1 si si+1 , si si+1 , si+1 , e) γ3 = (e, si , si−1 si , si+1 si−1 si = si+2 si−1 si+1 , si−1 si+1 , si+1 , e) Case 3: Suppose k = i + 2. In this case, the only solutions to sℓ ss sr = si+1 si si+2 = (i, i + 2, i + 3, i + 2) satisfying ℓ ̸= i + 1 are (sℓ , ss , sr ) equals (si+2 , si , si+3 ) or (si , si+2 , si+3 ). This gives the 2 6-cycles γ4 = (e, si , si+2 si , si+3 si+2 si = si si+2 si+1 , si+2 si+1 , si+1 , e) γ5 = (e, si , si+2 si , si+3 si+2 si = si+2 si si+1 , si si+1 , si+1 , e) Case 4: Suppose k = i+1: We require that sℓ ss sr = si+1 si si+1 = (i, i+2). The only way to achieve (i, i + 2) as a product of three transpositions from {si , si+1 , si+2 , si+3 } is si+1 si si+1 , si si+1 si , si+3 si+2 si+3 and si+2 si+3 si+2 . Since ℓ ̸= i + 1, only the latter three are possible, giving rise to the following three 6-cycles: γ6 = (e, si , si+1 si , si si+1 si = si+1 si si+1 , si si+1 , si+1 , e) γ7 = (e, si , si+1 si , si+3 si+1 si = si+2 si+3 si+1 , si+3 si+1 , si+1 , e) γ8 = (e, si , si+1 si , si+2 si+1 si = si+3 si+2 si+1 , si+2 si+1 , si+1 , e) Thus, there are exactly eight distinct 6-cycles containing e, si , si+1 and a vertex at distance 3 from e. The number of vertices in these 8 cycles that are at distance 3 from e is exactly 6 since the middle vertices in γ4 and γ5 are the same, and the middle vertices in γ3 and γ7 are the same (the vertex i − 1 is identiﬁed with i + 3 since T (S) = C4 , and si+1 and si−1 commute). Theorem 11. Let A(e,S) denote the set of automorphisms of the graph M BS(n) = Cay(Sn , S) that fix the identity vertex e and each of its neighbors si ∈ S. Then, A(e,S) is isomorphic to the Klein four-group Z2 × Z2 if n = 4, and A(e,S) is trivial if n ≥ 5. Proof: Let π ∈ A(e,S) be an automorphism of M BS(n) that ﬁxes the vertex e and each of its neighbors S. First consider the case n = 4, so Γ := M BS(4). The vertex set Γi (e) in the distance partition of Γ is deﬁned as the set of vertices of Γ whose distance to e is i. Thus, Γ0 (e) = {v1 } = {e}, and Γ1 (e) = S has the 4 vertices v2 = s1 , v3 = s2 , v4 = s3 and v5 = s4 . The remaining vertices v6 , . . . , v24 are labeled so that Γ2 (e) = {v6 , . . . , v15 }, Γ3 (e) = {v16 , . . . , v23 } and Γ4 (e) = {v24 }. For simplicity of exposition, we identify vertex vj with j. For a vertex j ∈ Γi (e), Γ+ (j) represents the set of vertices in Γi+1 (e) 11



that are adjacent to j. Thus, the graph of M BS(4) is represented by the following vertex sets: Γ+ (1) = {2, 3, 4, 5}, Γ+ (2) = {6, 7, 8},Γ+ (3) = {9, 10, 11},Γ+ (4) = {12, 6, 13}, Γ+ (5) = {11, 14, 15}, Γ+ (6) = {19, 20}, Γ+ (7) = {21, 22, 23}, Γ+ (8) = {16, 17, 23}, Γ+ (9) = {16, 20, 21}, Γ+ (10) = {17, 20, 22},Γ+ (11) = {18, 23}, Γ+ (12) = {16, 17, 18}, Γ+ (13) = {18, 21, 22}, Γ+ (14) = {16, 19, 21}, Γ+ (15) = {17, 19, 22}, and the only edges from Γ3 (e) to 24 are from {18, 19, 20, 23}. For example, v6 = s1 s3 , v11 = s2 s4 = s4 s2 . Since π ∈ A(e,S) , the action of π ∈ A(e,S) on {1, 2, 3, 4, 5} is the identity. By Lemma 6, there is a unique 4-cycle in Γ containing vertices 1, 4 and 2, namely the cycle (1, 4, 6, 2, 1), and a unique 4-cycle containing 1,3 and 5, namely the cycle (1, 3, 11, 5, 1). Hence, since π ∈ A(e,S) ﬁxes each si , π ﬁxes 6 and 11 also. Since 24 is the unique vertex at maximum distance from 1, π ﬁxes 24 also. Note that π ﬁxes 4 and hence permutes its neighbors {1, 12, 6, 13}, of which π ﬁxes 1 and 6. Hence, {12, 13} is a ﬁxed block of π. Similarly, we get that {9, 10}, {7, 8} and {14, 15} are also ﬁxed blocks of π. Also, the vertices in Γ3 (e) that are not neighbors of 24, i.e. the vertices {16, 17, 21, 22} also form a ﬁxed block of π. Now π either ﬁxes {12, 13} pointwise or swaps 12 and 13. Thus, π either ﬁxes their neighbors in Γ3 (e) (i.e. the sets {16, 18, 17} and {21, 22, 18} are each ﬁxed blocks of π) or π induces a bijection between these two sets. In either case, 18 is the only vertex from these two sets that is adjacent to 24. Hence, π ﬁxes 18. By a similar argument (that π either ﬁxes {9, 10} pointwise or swaps 9 and 10), we get that π ﬁxes 20. The neighbors of 6 in Γ3 (e) form a ﬁxed block of π, and so π ﬁxes {19, 20} and hence ﬁxes 19 as well. Since the neighbors of 11 are {3, 5, 18, 23} and π ﬁxes 11 and three of its neighbors, π also ﬁxes the remaining neighbor 23. Thus, if π ∈ A(e,S) , then the action of π on {1, 2, 3, 4, 5, 6, 11, 18, 19, 20, 23} is the identity. Now {12, 13} is a ﬁxed block of π. We consider 2 cases, depending on whether π swaps 12 and 13 or whether π ﬁxes {12, 13} pointwise: Case 1: Suppose π swaps 12 and 13. Then π induces a bijection between the neighbors {16, 18, 17} of 12 and the neighbors {18, 21, 22} of 13. Since π ﬁxes 18, it induces a bijection between {16, 17} and {21, 22}. Case 1.1: Suppose π sends 16 to 21. Then π : 17 7→ 22. So π sends the neighbors {16, 9, 8, 14} of 16 to the neighbors {13, 9, 7, 14} of 21. But {9, 10} is a ﬁxed block of π, hence π : 9 7→ 9, 8 7→ 7, 7 7→ 8, 14 7→ 14, 15 7→ 15. Since the neighbors {16, 21, 20} of 9 are permuted by π, we have π : 21 7→ 16. Hence π : 22 7→ 17. Thus, π = (12, 13)(16, 21)(22, 17)(7, 8) =: π1 . Case 1.2: Suppose π : 16 7→ 22. Hence π : 17 7→ 21. So π maps the 12



neighbors {12, 9, 8, 14} of 16 to the neighbors {13, 10, 7, 15} of 22. By the conditions above, π : 12 7→ 13, 9 7→ 10 (hence 10 7→ 9), 8 7→ 7 (hence 7 7→ 8), and 14 7→ 15 (hence 15 7→ 14). Since π swaps 7 and 8, π induces a bijection between their neighbors {21, 22, 23} and {16, 17, 23}. Since π ﬁxes 23, it induces a bijection between {21, 22} and {16, 17}. We know π : 16 7→ 22, 17 7→ 21. We consider two subcases: Case 1.2.1: π : 22 7→ 17, 21 7→ 16. So π contains (16, 22, 17, 21) as a cycle. In this case, π maps the neighbors {12, 9, 8, 14} of 16 to the neighbors {13, 10, 7, 15} of 22 and the neighbors of 22 to the neighbors {12, 10, 8, 15} of 17. The ﬁrst restriction implies π : 9 7→ 10, and the second implies π : 10 7→ 10, an impossibility. Hence, this subcase is not possible. Case 1.2.2: π swaps 16 and 22, and it swaps 17 and 21. In this case, π = (12, 13)(9, 10)(8, 7)(14, 15)(21, 17)(16, 22) =: π2 . Case 2: Suppose π : 12 7→ 12, 13 7→ 13. Then the neighbors {16, 17} of 12 are a ﬁxed block of π. Case 2.1: If π ﬁxes 16, then its neighbors {12, 9, 8, 14} is a ﬁxed block of π, and hence is ﬁxed by π pointwise since each of 9, 8 and 14 are already known to lie in diﬀerent ﬁxed blocks of π. Hence, π also ﬁxes 10, 7, and 15. Also, π ﬁxes 17 since it ﬁxes the neighbors {16, 18, 17} of 12 and since 16 and 18 are ﬁxed points. Also, the neighbors {17, 19, 22} of 15, and hence 22, and the neighbors {21, 19, 16} of 14, and hence also 21, are all ﬁxed by π. Thus, π is the identity element. Case 2.2: If π : 16 7→ 17, then 17 7→ 16. So π induces a bijection between their neighbors {12, 9, 8, 14} and {12, 10, 8, 15}. We know 12 7→ 12, so 9 7→ 10, and hence 10 7→ 9. Similarly, 8 7→ 8 (hence 7 7→ 7), and 14 7→ 15, 15 7→ 14. Since {16, 17, 21, 22} is a ﬁxed block, we now have {21, 22} is a ﬁxed block. If π : 21 7→ 21, then its neighbors {13, 9, 7, 14} form a ﬁxed block, meaning 9 is a ﬁxed point, a contradiction. Hence, π : 21 7→ 22, 22 7→ 21, and we get that π = (9, 10)(16, 17)(14, 15)(21, 22), which is seen to equal π1 π2 . Thus, the only elements in A(e,S) are π1 , π2 , π1 π2 , and the identity element 1. Also, the order of π1 and π2 is 2, and so A(e,S) is isomorphic to the Klein four-group V4 ∼ = Z2 × Z2 . Now we consider the case n ≥ 5. Let π ∈ A(e,S) , and let t, k ∈ S. If t and k have disjoint support, then by Lemma 6, there is a unique 4-cycle in Γ containing e, t and k. Since π is an automorphism of Γ that ﬁxes e, t and k, and since tk is the only other common neighbor of t and k besides e, π ﬁxes tk also. If t and k have overlapping support, then by Theorem 9 there is a
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unique 6-cycle in Γ containing e, t and k and a vertex at distance 3 from e, and hence, any automorphism of Γ ﬁxing e, t and k must also ﬁx this 6-cycle (and hence ﬁx this 6-cycle pointwise since it ﬁxes three of the elements in this 6-cycle), which contains tk. Thus, π ﬁxes tk. Thus, if π ∈ A(e,S) and s1 , s2 ∈ S, then π also ﬁxes s1 s2 . It now suﬃces to prove that π ﬁxes an arbitrary vertex s1 · · · sk , and this can be shown using induction. Assume this assertion holds for smaller values of k. Deﬁne z = s3 · · · sk , and let rz : Sn → Sn be right translation by z. Then ψ := rz πrz− 1 is a composition of automorphisms of the Cayley graph Γ and hence an automorphism of Γ. Furthermore, eψ = erz πrz− 1 = z πrz−1 = z rz−1 (by the inductive hypothesis), which equals e. Hence, ψ ﬁxes e. Also, ψ ﬁxes r πr si ∈ S because sψi = si z z− 1 = (si s3 · · · sk )πrz−1 = (si s3 · · · sk )rz−1 (by the inductive hypothesis), which equals si . Thus, ψ ∈ A(e,S) , and by the previous paragraph (s1 s2 )ψ = s1 s2 . But this is equivalent to the assertion that ψ ﬁxes the element s1 . . . sk because (s1 s2 )ρz πρz−1 = s1 s2 iﬀ (s1 s2 z)π = (s1 s2 z). Theorem 12. The Cayley graph M BS(4) is not normal, i.e. R(S4 ) is not a normal subgroup of the automorphism group Aut(M BS(4)). M BS(n) is normal if n ≥ 5. Proof: It suﬃces to ﬁnd an automorphism a ∈ A and an rz ∈ R(S4 ) such that a−1 rz a ∈ / R(S4 ). Take a = (12, 13)(16, 21)(7, 8)(22, 17) ∈ A(e,S) and −1 −1 −1 ψ := a rs1 a. Now, eψ = ea rs1 a = ers1 a = sa1 = s1 . But (s2 s3 )a rs1 a = −1 r a a v12 a rs1 a = v13s1 = (s4 s3 )rs1 a = (s4 s3 s1 )a = (1, 3, 4, 2)a = v20 = v20 = s4 s3 s1 . ψ If the action of ψ is right translation, then the action of e = s1 implies ψ = rs1 . But then (s2 s3 )ψ = s4 s3 s1 implies s2 s3 s1 = s4 s3 s1 , implying s2 = s4 , a contradiction. Thus, ψ ∈ / R(S4 ). If n ≥ 5, then by Lemma 8 and Theorem 9, we get that M BS(n) is normal. We next generalize the result of Feng [5, Lemma 2.4] from transposition graphs that are trees (i.e. from S being a minimal generating set) to arbitrary connected transposition graphs that do not contain triangles or 4-cycles. In fact, a careful examination of the proof given in Feng [5, Lemma 2.4] shows that the assumption of minimality of S used in that proof can be replaced by an assumption that T (S) not contain any triangles or 4-cycles since that is all is essentially used in the proof, and furthermore, we have already provided above a proof of the converse to this result: 14



Theorem 13. Let S be a set of transpositions generating Sn and let T (S) denote the transposition graph, Γ := Cay(Sn , S). Let k, t ∈ S be distinct transpositions. If tk ̸= kt and T (S) does not contain triangles or 4-cycles, then there is a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Moreover, if T (S) does contain a 4-cycle, then there exist t, k ∈ S such that tk ̸= kt and such that there does not exist a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Proof: Suppose T (S) does not contain triangles or 4-cycles, and let t, k ∈ S be distinct transpositions such that tk ̸= kt. We show that there is a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Since tk ̸= kt, t and k are adjacent edges in T (S), so we may assume without loss of generality that k = (1, 2), t = (2, 3). Then, (e, t, kt, tkt = ktk, tk, k, e) is a 6-cycle in Γ. The distance from e to tkt is at most 3. Also, Γ is a bipartite graph with bipartition the even and odd permutations, and so the distance from e to tkt is odd, but this distance cannot be 1 since tkt = (1, 3) ∈ / S because T (S) has no triangles. Thus, tkt has distance 3 to e. We show next that this 6-cycle is the unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Suppose (e, t, t1 t, t2 t1 t = k2 k1 k, k1 k, k, e) is a 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. Since the 6 vertices in this 6-cycle are distinct, we have that t1 ̸= t, t2 ̸= t1 , k2 ̸= t2 , k2 ̸= k1 and k1 ̸= k. We ﬁrst show that k1 = t = (2, 3). Suppose k1 ̸= (2, 3). We know k1 ̸= k = (1, 2) and since T (S) has no triangles, k1 ̸= (1, 3). Thus, {1, 2, 3} and the support of k1 have an intersection of size at most 1. (For example, if k1 = (1, 4) say, then the intersection is {1}, and if k1 = (4, 5) say, then the intersection is trivial.) This implies that the union of {1, 2, 3} and the support of k1 is at least 4 because k1 contributes at least one new point to this union. By t2 t1 t = k2 k1 k, we have k2 t2 t1 = k1 kt. We now prove that the assumption that T (S) does not contain triangles or 4-cycles forces {k2 , t2 , t1 } = {k1 , k, t}. Now k1 ̸= (2, 3) since T (S) does not contain triangles, and k and t have total support {1, 2, 3}. Suppose k1 has overlapping support with {1, 2, 3}. This can happen if and only if the three edges {k1 , k, t} form a tree spanning 4 distinct vertices of T (S), namely the vertices {1, 2, 3, i} for some i. The product k1 kt of three transpositions that form a subtree in T (S) is a permutation that is a 4-cycle, and conversely (cf. Godsil and Royle [7, Lemma 3.10.2]), if the product of three transpositions is a 4-cycle, then these 3 transpositions constitute the 15



edges of a spanning tree on the same 4 vertices corresponding to the support of the 4-cycle. Thus, the edges {k2 , t2 , t1 } also form a spanning tree on the same 4 vertices {1, 2, 3, i}. Now, the only spanning tree subgraph in T (S) on these 4 vertices is the spanning tree {k1 , k, t} because T (S) does not contain triangles or 4-cycles. (If there was another distinct spanning tree in T (S) besides this one, then the edges of these two spanning trees together form a subgraph that contains a triangle or a 4-cycle.) Thus, {k2 , t2 , t1 } = {k1 , k, t}. If k1 has disjoint support from {1, 2, 3}, then the product k1 kt has a 2cycle, say (i, j) and a 3-cycle kt = (1, 3, 2), the two cycles being disjoint. By k2 t2 t1 = k1 kt, we have that at least one of k2 , t2 or t1 must equal (i, j), and the product of the other two must equal (1, 3, 2). Since T (S) has no triangles, the only way to decompose (1, 3, 2) as a product of two transpositions from S is as (1, 2)(2, 3) = kt. Thus, two of k2 , t2 , t1 must equal k and t, and so we again get {k2 , t2 , t1 } = {k1 , k, t}. Thus, if T (S) does not contain triangles or 4-cycles and k1 ̸= (2, 3), then the union of the support of k1 , k and t is at least 4, and hence k2 t2 t1 = k1 kt forces {k2 , t2 , t1 } = {k1 , k, t}. A few cases now arise, each of which is seen to be impossible: We already have k2 ̸= k1 . We consider the two cases k2 = k and k2 = t: Case 1: k2 = k. Then, either t2 = k1 and t1 = t or t2 = t and t1 = k1 . The ﬁrst subcase is impossible because t1 ̸= t. The second subcase t2 = t and t1 = k1 , along with k2 t2 t1 = k1 kt gives ktk1 = k1 kt, i.e. k1 = (1, 2, 3)k1 (1, 3, 2). This equation implies that the support of k1 is disjoint from {1, 2, 3}, and so k2 k1 k = k2 kk1 = k1 ∈ S, implying that the vertex k2 k1 k is at distance 1 and not distance 3 from e, a contradiction. Case 2: k2 = t: Then we have two subcases - that either t2 = k1 and t1 = k or t2 = k and t1 = k1 . In the ﬁrst subcase, k2 t2 t1 = k1 kt gives k1 = (2, 3)k1 (1, 3). This equation has no solutions. For if 1 is not in the support of k1 , then k1 doesn’t move 1 but the right side does. Since k1 moves 1, 2 and 3 are not in the support of k1 (because k1 ̸= (1, 2), (1, 3)). So k1 = (2, 3)k1 (1, 3) = k1 (2, 3)(1, 3) = k1 (1, 3, 2), an impossibility. In the second subcase, we get k1 = (1, 3, 2)k1 (1, 3, 2). This equation also has no solutions. For if the support of k1 is disjoint from {1, 2, 3}, then the right side becomes k1 (1, 2, 3), which cannot equal k1 . And if the support of k1 overlaps with {1, 2, 3}, say k1 = (1, i), then the left side sends i to 1, whereas the right side sends i to 3. Thus, k1 = (2, 3) = t. In a similar manner, it can be shown that t1 = (1, 2) = k. For if t1 ̸= 16



(1, 2), then since t1 ̸= t = (2, 3) and since t1 ̸= (1, 3) (T (S) has no triangles), we have that the union of the support of t1 , k and t is at least 4. As before, if T (S) does not have triangles or 4-cycles, then the equation t2 k2 k1 = t1 tk implies {t2 , k2 , k1 } = {t1 , t, k}. We already have t2 ̸= t1 . We consider the two cases t2 = t and t2 = k separately: Case 1: t2 = t: The subcase k2 = t1 , k1 = k is not possible since k1 ̸= k. If k2 = k and k1 = t1 , then k2 k1 k = t2 t1 t gives t1 = (1, 3, 2)t1 (1, 2, 3). Thus, t1 has support disjoint from {1, 2, 3}, giving that t2 t1 t = t2 tt1 = ttt1 = t1 ∈ S, a contradiction because the vertex t2 t1 t is required to be at distance 3 from e. Case 2: t2 = k. Consider ﬁrst the subcase k2 = t1 , k1 = t. By k2 k1 k = t2 t1 t, we get t1 tk = kt1 t, i.e. t1 = kt1 tkt = (1, 2)t1 (1, 3). This equation has no solutions, for if the support of t1 is disjoint from {1, 2, 3}, then the equation becomes t1 = t1 (1, 2)(1, 3), which is impossible. If t1 has support overlapping with {1, 2, 3}, say t1 = (1, i) (i ̸= 1, 2, 3), then the left side and right side send i to diﬀerent points. Similarly, t1 ̸= (2, i), (3, i). The second subcase is k2 = t, k1 = t1 . Then, by k2 k1 k = t2 t1 t, we get tt1 k = kt1 t, or t1 = (1, 2, 3)t1 (1, 2, 3). Again, in each of the cases where t1 has support overlapping with {1, 2, 3} and support disjoint from {1, 2, 3}, it is seen that the equation has no solutions. This proves that t2 = (1, 2). Thus, k2 k1 k = t2 t1 t becomes k2 tk = t2 kt, or t2 k2 = ktkt = (1, 2, 3). Since T (S) has no triangles, the only way to express (1, 2, 3) = tk as a product of two transpositions t2 k2 is as t2 = t, k2 = k. This gives rise to the same 6-cycle given initially, and hence there exists only 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. To prove the second part of the theorem, note that if T (S) contains a 4cycle, then Γ = Cay(Sn , S) contains the modiﬁed bubble-sort graph M BS(4) as a subgraph. And if t, k are adjacent transpositions in the 4-cycle, then by Theorem 9, the subgraph M BS(4) has more than one 6-cycle containing e, t, k and a vertex at distance 3 from e. Thus, Γ, which contains this subgraph, also has more than one 6-cycle containing e, t, k and a vertex at distance 3 from e, and so we do not have uniqueness in this case. Note that if T (S) contains a triangle or a 4-cycle and t, k ∈ S are such that tk ̸= kt, then it is still possible that there is a unique 6-cycle in Γ containing e, t, k and a vertex at distance 3 from e. This is possible because t and k can be edges in T (S) that do not lie in any triangles or 4-cycles of T (S) but lie in other parts of T (S).
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Lemma 8 (i.e. Feng [5, Corollary 2.5]) gives a suﬃcient condition for a Cayley graph of the symmetric group generated by transposition sets to be normal. This result along with Theorem 13 conclusively determines the normality and the full automorphism group of the family of all Cayley graphs generated by transposition sets S for which T (S) does not contain a triangle or 4-cycle: Corollary 14. Let S be a set of transpositions generating Sn such that the transposition graph T (S) does not contain triangles or 4-cycles. Then, Cay(Sn , S) is normal and has automorphism group isomorphic to R(Sn ) o Aut(Sn , S). A special case of this Corollary whereby T (S) is a tree gives the result of Feng [5] that the automorphism group of a Cayley graph generated by a transposition tree is isomorphic to R(Sn ) o Aut(Sn , S). We have shown that: if the transposition graph T (S) contains a 4-cycle, then the Cayley graph Cay(Sn , S) has more than one 6-cycle satisfying certain conditions and hence a potentially larger automorphism group than otherwise. In this paper, we provided the full automorphism group of the modiﬁed bubble-sort graph M BS(n) for all n ≥ 4 and we also determined its normality. We proved that the full automorphism group Aut(M BS(n)) is isomorphic to D2n V4 R(Sn ) if n = 4 and is isomorphic to D2n R(Sn ) if n ≥ 5, and we showed that M BS(n) is not normal if n = 4 and is normal if n ≥ 5. Furthermore, the results in this paper generalize the results in the literature on the uniqueness of 6-cycles, normality, and automorphism groups of Cayley graphs of the symmetric group generated by transposition sets, where the generalization is in the direction from transposition graphs that are trees to arbitrary transposition graphs that do not contain triangles or 4-cycles. The converse is also seen to be true: if T (S) contains a 4-cycle, then Γ surely does not contain a unique 6-cycle satisfying the above conditions.
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n = 2i cases was already determined in [7], but the proof given there uses. *Department of Electronics and Telecommunication Engineering, Vidyalankar Insti-.




















Quadratic Residue Cayley Graphs on Composite ... 

St. Xavier's College, Kolkata, India angsumandas054@gmail. ...... Department of Pure Mathematics, University of Calcutta, India for some fruitful suggestions and ...




















Edge-transitivity of Cayley graphs generated by ... 

Abstract. Let S be a set of transpositions generating the symmetric group Sn (n â‰¥ 5). The transposition graph of S is defined to be the graph with vertex set {1,...,n}, and with vertices i and j being adjacent in T(S) whenever (i, j) âˆˆ S. In the 




















Automorphism group of the complete transposition graph 

Abstract. The complete transposition graph is defined to be the graph whose vertices are the elements of the symmetric group Sn, and two vertices Î± and Î² are ...




















Automorphism group of the complete transposition graph 

Apr 27, 2014 - elements of the symmetric group Sn, and two vertices Î± and Î² are adjacent in this .... But since Îº and Ï„ have disjoint support, Ï„Îº = xy iff Ï„ = x and Îº = y ..... If n = 3 or n = 4, it can be confirmed through computer simulatio




















Edge-transitivity of Cayley graphs generated by ... 

Nov 15, 2015 - Computer Science Technical report CS-95-104, Colorado. State University, 1995. [13] S. Latifi and P. K. Srimani. Transposition networks as a ...




















A note on constructing large Cayley graphs of given ... 

Jul 7, 1997 - to determine the largest order of a graph with given degree and diameter. Many currently known largest graphs of degree â‰¤ 15 and diameter â‰¤ 10 have been found by computer search among Cayley graphs of semidirect products of cyclic g




















Automorphism Groups of Graphical Models and Lifted ... 

work for lifted inference in the general exponen- tial family. Its group ..... working directly with the aggregation features, the struc- ture of the original ... f5. (b). 1,4. 2,3. (c). 1. 3. 4. 2. (a). Figure 2: Graph construction for computing the




















Novel Techniques for Automorphism Group Computation 

This is also reflected in a reduction of the running time, which is substantial .... time, the execution time of conauto-2.03 does not become superpolynomial. Fur-.




















Automorphism Groups of Graphical Models and Lifted ... 

Jul 14, 2013 - f4 f5. G. Colored G. Orbits of G. â€¢ Automorphisms of Colored G are automorphisms of F. â€¢ So far we've ingored parameters. If parameters are tied.




















On the Existence of Symmetric Mixed Strategy Equilibria 

Mar 20, 2005 - In this note we show that symmetric games satisfying these ... mixed strategies over A, i. e. the set of all regular probability measures on A.




















on the minimal fourier degree of symmetric boolean ... 

2. AMIR SHPILKA, AVISHAY TAL of course other areas of math and physics), a partial list includes learning theory, hardness of approximation, pseudo-randomness, social choice theory, coding theory, cryptography, additive combinatorics and more. A typi




















The Hettich Group - 

The Hettich Group, with a tradition going back over 100 years in Germany, is a wholly family owned company. It develops, manufactures and supplies fittings for ...




















On the Vertex Separation of Cactus Graphs 

Jan 10, 2007 - the running time has a high degree, e.g. the algorithm of Bodlaender and. Kloks on graphs of .... p ukâ€� is an abbreviation for â€œthere is a path p with endpoints u1 and ...... Master's thesis, University of Victoria, December. 2004.




















On the Strong Chromatic Index of Sparse Graphs - Semantic Scholar 

3 Jul 2015 - 2Department of Mathematical and Statistical Sciences, University of Colorado Denver, Denver, CO 80217; ... 5Department of Computer Science, Iowa State University, Ames, IA 50011. 6Research ..... there does not exist a strong edge colorin




















On the Vertex Separation of Maximal Outerplanar Graphs 

Nov 20, 2008 - adj(u), under L. The vertex right(u) is defined as follows: if u is left of .... x is in the middle interval then its separation is â‰¤ k âˆ’ 1 before L2 is ...




















ON THE VERTEX SEPARATION OF CACTUS GRAPHS ... 

Vertex Separation is an NP-complete problem on undirected graphs with numerous practical applications in diverse areas such as natural language processing, VLSI design, network reliability, computational biology and others. It is equivalent to other,




















On Distributing Symmetric Streaming ... - Research at Google 

Â¶Department of Computer Science, Dartmouth College. This work was done while visiting Google, Inc., New York, NY. financial companies such as Bloomberg, ...




















On Distributing Symmetric Streaming Computations 

Sep 14, 2009 - Google's MapReduce and Apache's Hadoop address these problems ... In theory, the data stream model facilitates the study of algorithms that ...




















On the strictness of a bound for the diameter of Cayley ... 

networks and parallel and distributed computing [15]. The diameter of a network represents the maximum communication delay between two nodes in the ...




















On the Vertex Separation of Cactus Graphs 

Oct 3, 2007 - Abstract. This paper is part of a work in progress whose goal is to construct a fast, practical algorithm for the vertex separation (VS) of cactus graphs. We prove a â€œmain theorem for cactiâ€�, a necessary and sufficient condition for




















On Distributing Symmetric Streaming Computations 

using distributed computation has numerous challenges in- ... by these systems. We show that in principle, mud algo- ... algorithm can also be computed by a mud algorithm, with comparable space ... algorithms. Distributed systems such as.
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