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What is core model induction?



Core model induction is a technique for evaluating lower bounds of consistency strengths of various combinatorial statements. It was first used by Woodin.
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A theme in set theory



Locating the consistency strengths of combinatorial statements within large cardinal hierarchy. Forcing: A powerful technique for showing that a given theory is consistent relative to some large cardinal theory. Inner model theory: Provides methods for showing that various theories prove the consistency of certain large cardinal axiom.
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Typical situations Typical test questions for deriving lower bounds that have been around for some time are the following: 1



Forcing axioms: PFA and etc.



2



Combinatorial properties: ¬κ where κ is a singular strong limit cardinal and etc.



3



Generic embeddings: CH+there is j : V → M ⊆ V [G] such that M is ω-closed in V [G], cp(j) = ω1V and G comes from a homogenous forcing.



4



Strong ideals: ω1 -dense ideal on ω1 and etc.
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How does it work?



1



It is best viewed as a way of proving determinacy.



2



There is a collection of companion theorems that link the determinacy theories with large cardinal theories.



3



Both together give large cardinal lower bounds.
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What kind of determinacy theories?



1 2



AD+ . A way of getting a hierarchy of axioms extending AD+ is to consider Solovay sequence.
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Solovay sequence First, recall that assuming AD, Θ = sup{α : there is a surjection f : R → α}. Then, again assuming AD, the Solovay sequence is a closed sequence of ordinals hθα : α ≤ Ωi defined by: 1



θ0 = sup{α : there is an ordinal definable surjection f : R → α},



2



If θα < Θ then fixing A ⊆ R of Wadge rank θα , θα+1 = sup{α : there is a surjection f : R → α such that f is ordinal definable from A},



3



θλ = supα


The core model induction
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The hierarchy: Solovay hierarchy



AD + + Θ = θ0 
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Connections to large cardinals



1



(Woodin) ADR ⇔ AD + + “Θ = θα for some limit α.



2



(Steel) ADR → there is a model M of ZFC such that in M there ia λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals.



3



(Woodin) If there is a λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals then the derived model at λ satisfies ADR .



Grigor Sargsyan



The core model induction



Introduction Canonical models Previous work Analysis of hod More details



Connections to large cardinals



1



(Woodin) ADR ⇔ AD + + “Θ = θα for some limit α.



2



(Steel) ADR → there is a model M of ZFC such that in M there ia λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals.



3



(Woodin) If there is a λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals then the derived model at λ satisfies ADR .



Grigor Sargsyan



The core model induction



Introduction Canonical models Previous work Analysis of hod More details



Connections to large cardinals



1



(Woodin) ADR ⇔ AD + + “Θ = θα for some limit α.



2



(Steel) ADR → there is a model M of ZFC such that in M there ia λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals.



3



(Woodin) If there is a λ such that λ is a limit of Woodin cardinals and < λ-strong cardinals then the derived model at λ satisfies ADR .



Grigor Sargsyan



The core model induction



Introduction Canonical models Previous work Analysis of hod More details



AD + Large cardinals



But where do these axioms hold?



1



One cannot show that a certain combinatorial theory implies that some axiom from Solovay hierarchy holds. We always get that combinatorial theories imply that there is an inner model where some axiom from Solovay hierarchy is true.



2



Is there a canonical model like L(R) where these axioms are shown to be true?



3



Yes.
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AD + Large cardinals



The maximal model of AD+



Suppose κ is a an uncountable cardinal. Then F : Hκ → Hκ is an operator if there is a set A ∈ Hκ such that 1



dom(F ) = {M : A ∈ M and (M, ∈)  “some fragment of ZF ”}



2



given M ∈ dom(F ), F (M) = N such that M ∈ N ∈ dom(F ).
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AD + Large cardinals



Examples of operators



1



A = ∅, F (M) = Lo(M)+ω (M) where o(M) is the height of M;



2



A = ∅, F1 (M) = M # ,



3



A = ∅, F2 (M) = P(M)L(M) .
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AD + Large cardinals



Condensation



Definition Suppose F is an operator. F has condensation if given (Y , N) and (X , M) such that M = F (X ) and there is π : hN, Y , ∈i →Σ1 hM, X , ∈i, then Y ∈ dom(F ) and N = F (Y ).
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AD + Large cardinals



1



F0 has condensation.



2



F1 has condensation.



3



F2 doesn’t have condensation.
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AD + Large cardinals



Generic interpretability



Definition Suppose κ is a cardinal and F : Hκ → Hκ is an operator. F has the generic interpretability property if F can be interpreted on the < κ-generic extensions, i.e., there is forcing term F˙ such that for any g which is < κ-generic, F˙ g is an operator extending F. F0 , F1 , and F2 all have the generic interpretability property.
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AD + Large cardinals



If F has condensation and the generic interpretability property then given X such that AF ∈ X , we can form LF (X ) by LF0 (X ) = TC({X }); F Lα+1 (X ) = F (LFα (X )); LFλ (X ) = ∪α
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AD + Large cardinals



The model, C∞



Definition C∞ = {A ⊆ R : there is F : Hω2 → Hω2 with condensation and the generic interpretability property such that if B ⊆ R codes F  Hω1 then A ≤w B}.
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AD + Large cardinals



Typical questions one may ask is: Does a given theory T from the list imply that 1



C∞ is closed under existential quantification or under universal quantification?



2



If A ∈ C∞ then A is determined?



3



If F has condensation and the generic interpretability then F (P(R))L (R) ⊆ C∞ ?



4



L(C∞ , R)  AD + ?
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AD + Large cardinals



Core model induction revisited



Core model induction has two steps. 1



(Internal step or successor step) In this step, it becomes a tool for answering the questions from the previous slide in positive.



2



(External step or limit step) In this step, it becomes a tool for showing that L(C∞ , R)  S where S is some theory from Solovay hierarchy.
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AD + Large cardinals



How does the external step work?



Suppose one tries to show that T from the list implies that there is Γ ⊆ C∞ such that L(Γ, R))  AD + + Θ = θ1 .
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AD + Large cardinals



The proof goes as follows: 1



Assume not. In which case we show that L(C∞ , R)  AD + ;



2



Because of our assumption L(C∞ , R)  AD + + Θ = θ0 ;



3



Use this to analyze HODL(C∞ ,R) .



4



Use this analysis to show that there is a new set not in C∞ , contradiction.



This new set is the “strategy” of HOD.
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AD + Large cardinals



A canonical model for large cardinals



Is there a canonical model which we use to derive the large cardinals? Yes.
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The canonical model of ZFC



There is really only one robust canonical model of ZFC in an AD world. It is the HOD of the model. Thus, the canonical model for getting large cardinals is HODL(C∞ ,R) .
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AD + Large cardinals



Well, not quite. It is a certain K c construction of HODL(C∞ ,R) . But the special properties of HOD play an important role in this K c construction.
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What has been done on AD



1



(Steel) PFA implies that P(R)L(R) ⊆ C∞ . Hence, PFA implies that AD L(R) .



2



(Ketchersid) Third hypothesis implies that there is Γ ⊆ C∞ such that L(Γ, R)  AD + + Θ = θ1 .



3



One can push Ketchersid quite straightforwardly to get that there is Γ ⊆ C∞ such that L(Γ, R)  AD + + Θ = θω1 .
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What has been done on LC



1



2



3



(S. and Woodin, independently) AD L(R) implies that (K c )HOD has ω-Woodins; (Steel) AD + + Θ = θ1 implies that in (K c )HOD , there is λ which is a limit of Woodin cardinals and there is a < λ-strong cardinal; (Steel) ADR implies that in (K c )HOD there is λ which is a limit of Woodin cardinals and < λ-strongs;
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The conclusion is that except in the case of showing that C∞ is closed under simple set theoretic operations such as projections, to get substantial closure properties of C∞ we need to work with HOD. Moreover, the only known way of getting substantial large cardinals out of C∞ is by going through HOD as well.
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The bottom line



Analyze HOD.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



The analysis of HOD works when a certain capturing conjecture holds. Definition The Mouse Capturing is the statement that for any two reals x and y , x is OD(y ) iff there is a mouse M over y such that x ∈ M.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



The Mouse Set Conjecture



Conjecture (Steel and Woodin) Assume AD + and that there is no inner model with a superstrong cardinal. Then Mouse Capturing holds.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



Well known early examples of mouse capturing



Theorem 1



(Kleene) x is ∆11 iff x ∈ LωCK . 1



∆12



in a countable ordinal iff x ∈ L.



2



(Schoenfield) x is



3



(Steel and Woodin) If AD holds in L(R) then Mouse Capturing holds in L(R).
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



A partial result



Theorem (S.) Assume AD + and there is no inner model containing the reals and satisfying ADR + “Θ is regular”. Then Mouse Capturing holds.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



What is a mouse?



~ where E ~ is a sequence A mouse is a structure of the form Lα [E] of extenders. An extender is a system of ultrafilters and just like ultrafilters, extenders code elementary embeddings.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



Key properties of mice



1



They can be iterated via iteration strategies.



2



Under AD, the iteration strategies are coded by sets of reals.



3



They are compatible. For instance, given two mice M and N then either RM is an initial segment of RN or vice versa.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



How are hods computed?



Assume Mouse Capturing and work under AD + . As a first step, notice that if x ∈ HOD then x is in a mouse. So RHOD is a set of reals of a mouse. We just generalize this but it is much harder. HOD is shown to be a hod premouse.
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



Hybrid mice



Given a mouse M and an iteration strategy Σ for M, one can construct mice with respect to Σ. These are called hybrid mice and have the form ~ Σ]. Lα [E,
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Mouse Capturing and Mouse Set Conjecture Hod mice Applications



What kind of hybrid can there be?



1



2



~ Σ] where Σ is a fixed strategy for a fixed We can have L[E, (hybrid) mouse M. ~ Σ] where Σ is really the strategy of We can also have L[E, ~ Σ] itself, or rather, its initial segments. So essentially Σ L[E, ~ Σ] evolves. evolves as the model L[E,
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The hybrid mice we are interested in are the so-called rigidly layered hybrid mice. draw a picture.
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Hod mice



Hod mice are rigidly layered hybrid mice whose layers are Woodin cardinals. Theorem (Woodin) Assume AD + . For every α, if θα+1 exists then it is a Woodin cardinal in HOD.
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The hod theorems



Theorem (Woodin) HOD of the minimal model of ADR is a hod premouse.
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The hod theorems



Theorem (S.) HOD of the minimal model of ADR + “Θ is regular” is a hod premouse.
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Applications using core model induction



Unfortunately at this point they are not completely worked out. 1



(S.) CH + “there is an ω1 -dense ideal on ω1 ” implies that L(C∞ , R)  ADR + “Θ is regular”.
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(S.) PFA and hence, ¬κ for some singular strong limit κ, imply that L(C∞ , R)  “ADR + “Θ is regular”.
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Where do the hod mice come from?
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Inside an AD + model there are lots of coarsely iterable structures M that have Woodin cardinals. Given a good pointclass Γ, there is a Γ-Woodin mouse M. Γ is good if it is ω-parameterized, closed under existential quantification and has the scale property.
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Suppose we want to compute HOD up to θα and θα < Θ. 1



What we would like to do is to analyze the Wadge degree at θα .
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Is that a canonical degree in the sense that it is given by an iteration strategy?
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Under these hypothesis (almost) one can get a good pointclass Γ such that w(Γ) > θα .
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Fix M which is a Γ-Woodin.
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do a hod pair construction of M. You better draw a picture.
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This produces a sequence of models hNα , Pα , Σα : α < ηi.
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What kind of complications arise? 1



Need to show that strategies are fullness preserving, i.e., the iterates are full with respect to mice. Moreover, without self-justifying-systems (sjs).



2



Need to show that strategies have condensation. Not having sjs makes this part difficult.



3



Why does the construction stop? Easy to answer. Remember we are assuming there is no model of ADR + “Θ is regular”. Next theorem takes care of it.
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Theorem (S.) Suppose P is a hod mouse and in P, λ is an inaccessible limit of Woodin cardinals. Then the derived model of P at λ satisfies ADR + “Θ is regular”.
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Once you show all this, you get (Pβ , Σβ ) such that Σβ is fullness preserving, has condensation and w(Code(Σβ )) ≥ θα . It is not hard to show after this that the directed system of all Σβ -iterates of Pβ goes to HOD|θα .
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Comparison in the ZFC context



1



Really draw pictures.



2



This then gives that divergent models of AD implies that there is an inner model containing the reals and satisfying ADR + “Θ is regular”.
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Using a result of Woodin, we get that Theorem (S.) Con(There is a Woodin limit of Woodins)⇒ Con(ADR + “Θ is regular”).
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