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The Discrete-Time Altafini Model of Opinion Dynamics with Communication Delays and Quantization Ji Liu, Mahmoud El Chamie, Tamer Bas¸ar, and Behc¸et Ac¸ıkmes¸e Abstract— The discrete-time Altafini model is an opinion dynamics model in which the interactions among a group of agents are described by a time-varying signed digraph. This paper first uses graph theoretic constructions to study modified versions of the Altafini model in which there are communication delays or quantized communication. The condition under which consensus in absolute value or bipartite consensus is achieved proves to be almost the same as the condition in the delay-free case. The paper also analyzes the performance of the model where the information exchanged between neighboring agents is subject to a certain type of deterministic uniform quantization. We show that in finite time and depending on initial conditions, the model on any static, connected, undirected signed graph will either cause all agents to reach a quantized consensus in absolute value, or will lead all variables to oscillate in a small neighborhood around the absolute value.



I. I NTRODUCTION Opinion dynamics have a tradition in the social sciences for decades, dating back to the classical DeGroot model [1], in which each individual updates her opinion by taking a convex combination of the opinions of her neighbors (may include herself) at each discrete time step. The model is closely related to consensus problems, which have been the subject of a large amount of literature [2]–[4]. Recently, various models have been proposed for opinion dynamics to understand and explain the formation and evolution of opinions in a social network. Notable among them are the Friedkin-Johnsen model [5], the HegselmannKrause model [6], and the DeGroot-Friedkin model [7]. A particularly interesting opinion dynamics model, which was first proposed by Altafini [8], has received increasing attention lately. The Altafini model deals with a network of n > 1 agents and the constraint that each agent is able to receive information only from its “neighbors”. Unlike the existing models for opinion dynamics, the neighbor relationships among the agents are described by a signed digraph (or directed graph) in which vertices correspond to agents, arcs (or directed edges) indicate the directions of information flow, and, in particular, the signs represent the social relationships between neighboring agents in that a positive sign means friendship and a negative sign indicates antagonism. Each agent i has control over a time-dependent state variable xi (t) taking values in R, which denotes its opinion on some issue. This research was supported in part by AFOSR MURI Grant FA 9550-10-1-0573. J. Liu and T. Bas¸ar are with the Coordinated Science Laboratory, University of Illinois at Urbana-Champaign ({jiliu, basar1}@illinois.edu). M. El Chamie and B. Ac¸ıkmes¸e are with Department of Aeronautics and Astronautics, University of Washington ({melchami, behcet}@uw.edu).



Each agent updates its opinion based on its own opinion, the opinions of its neighbors, and its relationships (friendship or antagonism) with respect to its neighbors. Specifically, for those neighbors with friendship, the agent will trust their opinions; for those neighbors with antagonism, the agent will not trust their opinions and, instead, the agent will take the opposite of their opinions in updating. The continuous-time Altafini model has been studied in [8]–[12], and papers [10], [11], [13]–[15] have studied the discrete-time counterpart. This paper will focus on the latter. The discrete-time Altafini model is introduced as follows. Consider a network of n > 1 agents labeled 1 to n. Neighbor relationships among the n agents are described by a signed digraph G(t), called neighbor graph, on n vertices with an arc from vertex i to vertex j whenever agent i is a neighbor of agent j at time t. We assume that each G(t) has self-arcs at all n vertices. Each arc is associated with a sign, either positive “+” or negative “–”, and it is assumed that each self-arc is associated with a “+” sign. At each discrete time t and for each i ∈ {1, 2, . . . , n}, agent i updates its opinion by setting X xi (t + 1) = aii (t)xi (t) + aij (t)xj (t) (1) j∈Ni (t)



where Ni (t) denotes the set of neighbors of agent i at time t, and each aij (t) is a real-valued weight whose sign is consistent with the sign of the arc (j, i). The weights aij (t) are assumed to satisfy the following assumption. Assumption 1: For each P i ∈ {1, 2, . . . , n} and all time t, n there hold aii (t) > 0 and j=1 |aij (t)| = 1. There exists a positive number β > 0 such that |aij (t)| ≥ β when |aij (t)| > 0 for all i, j ∈ {1, 2, . . . , n} and t. We say that the system (1) reaches a consensus in absolute value if the absolute values of all n agents |xi (t)|, i ∈ {1, 2, . . . , n}, converge to the same value as time t → ∞. If, in addition, the limiting value does not equal zero and the agents’ limiting values have opposite signs, the system (1) is said to reach a bipartite consensus. It should be clear that consensus and bipartite consensus are two special cases of consensus in absolute value. It has been shown in [14] that the system (1) will asymptotically reach a consensus in absolute value if the sequence of neighbor graphs is “repeated jointly strongly connected”, independent of the structure of signs in the digraphs. In [15], necessary and sufficient conditions for exponential convergence with respect to each possible type of convergence in absolute value are provided.



In a realistic social network, the information transmitted among the individuals may be subject to communication constraints such as delays and quantization from time to time. From the perspective of opinion dynamics, a communication delay between a pair of individuals represents that one individual can only access an earlier opinion of the other, and quantized communication occurs when individuals cannot describe their opinions in a precise manner, but in some discrete levels. Quantization can also be a model for privacy, where individuals only communicate a “general” opinion rather than a precise and accurate one. The main contributions of this paper are two fold. First, we use a graphical approach to study the Altafini model with time-varying bounded communication delays. We provide a sufficient condition for the model to asymptotically reach a consensus in absolute value, and necessary and sufficient conditions for exponential convergence with respect to each possible type of convergence in absolute value. Second, we analyze the performance of a modified version of the Altafini model where the information exchanged between the agents is subject to a certain type of deterministic uniform quantization. We show that in finite time and depending on initial conditions, the model on any static, connected, undirected signed graph will either cause all agents to reach a quantized consensus in absolute value, or will lead all variables to oscillate in a small neighborhood around the absolute value. The remainder of this paper is organized as follows. Some notations and preliminaries are introduced in Section I-A. The discrete-time Altafini model with communication delays is studied in Section II. The effect of quantized communication is considered in Section III. The paper ends with some concluding remarks in Section IV. A. Preliminaries For any positive integer n, we use [n] to denote the index set {1, 2, . . . , n}. We view vectors as column vectors and write x0 to denote the transpose of a vector x. For a vector x, we use xi to denote the ith entry of x. For any real number y, we use |y| to denote its absolute value. For any matrix M ∈ Rn×n , we use mij to denote its ijth entry and write |M | to denote the matrix in Rn×n whose ijth entry is |mij |. A nonnegative n × n matrix is called a stochastic matrix if its row sums are all equal to 1. We write Gsa to denote the set of all digraphs with n vertices, which have self-arcs at all vertices. The graph of an n × n matrix M with nonnegative entries is an n vertex directed graph γ(M ) defined so that (i, j) is an arc from i to j in the graph only when the jith entry of M is nonzero. Such a graph will be in Gsa if and only if all diagonal entries of M are positive. A digraph G is strongly connected if there is a directed path between each pair of its distinct vertices. A digraph G is rooted if it contains a directed spanning tree. A digraph G is weakly connected if there is an undirected path between each pair of its distinct vertices. Note that every strongly



connected graph is rooted and every rooted graph is weakly connected. The converse statements, however, are false. II. C OMMUNICATION D ELAYS In this section, we study the discrete-time Altafini model with time-varying bounded delays, in which the update rule of each agent i is as follows. For each i ∈ [n] and discrete time t, X xi (t + 1) = aii (t) + aij (t)xj (t − dij (t)), (2) j∈Ni (t)



where dij (t) ∈ {0, 1, . . . , d−1} represents the integer-valued communication delays from agent j to agent i, and aij (t) are the weights satisfying Assumption 1. For each matrix A(t) = [ aij (t) ], we define the graph of A(t) to be a signed digraph so that (i, j) is an arc in the graph whenever aji (t) is nonzero and the sign of (i, j) is the same as the sign of aji (t). It is straightforward to verify that the graph of A(t) is the same as the neighbor graph G(t). We will use this fact without any special mention in the sequel. A. Convergence in Absolute Value We say that a finite sequence of digraphs G1 , G2 , . . . , Gm with the same vertex set is jointly strongly connected if the union1 of the digraphs in this sequence is strongly connected. We say that an infinite sequence of digraphs G1 , G2 , . . . with the same vertex set is repeatedly jointly strongly connected if there exist positive integers p and q for which each finite sequence Gq+kp , Gq+kp+1 , . . . , Gq+(k+1)p−1 , k ≥ 0, is jointly strongly connected. It is worth emphasizing that the above connectivity concepts are also applicable to signed digraphs, without taking signs into account. The following result provides a sufficient condition for system (2) to asymptotically reach a consensus in absolute value for all initial conditions. Theorem 1: Suppose that all n agents adhere to the update rule (2) and Assumption 1 holds. Suppose that the sequence of neighbor graphs G(1), G(2), . . . is repeatedly jointly strongly connected. Then, system (2) asymptotically reaches a consensus in absolute value. This theorem is an extension of the result in [14]. A proof of the theorem will be given in Section II-D. Note that the above condition is independent of the structure of signs in the digraphs. In order to find conditions for each type of possible consensus in absolute value, we need the concept of “structural balance” from social science [16]. B. Structural Balance A signed digraph G is called structurally balanced if the vertices of G can be partitioned into two sets such that each arc connecting two agents in the same set has a positive sign and each arc connecting two agents in different sets has a negative sign. Otherwise, the graph G is called structurally 1 The union of a finite sequence of unsigned digraphs with the same vertex set is an unsigned digraph with the same vertex set and the arc set which is the union of the arc sets of all digraphs in the sequence.



unbalanced. For our purposes, we extend the same concept of structural balance (and structural unbalance) to “signed multigraphs”. A signed multigraph is a signed digraph which is allowed to have multiple directed edges with different signs, i.e., for any ordered pair of two vertices i and j, there may be two directed edges from vertex i to vertex j, with positive and negative signs respectively. An equivalent condition for checking structural balance is as follows. Let G be a signed digraph. For each directed (or undirected) cycle C in G, we say that C is negative if it contains odd number of negative signs, and positive otherwise. It has been shown that a signed digraph, which can be a signed multigraph, is structurally balanced if, and only if, it does not have negative undirected cycles [8], [16]. A simple example of a structurally unbalanced digraph is the signed digraph in which there exists one pair of agents i and j such that the arcs (i, j) and (j, i) have different signs. Another simple example is the signed multigraph in which there exist two arcs from vertex i to vertex j and they have different signs. In the both cases, the graph has an undirected cycle, consisting of the vertex sequence i, j, i, which is negative. We differentiate between different types of structurally balanced digraphs by introducing the concept of clustering, as was done in [17]. Let I be a set of vectors in Rn such that for each b ∈ I, there hold b1 = 1 and bi equals either 1 or −1 for all i ∈ [n] and i 6= 1. The set I is a finite set and 1 ∈ I where 1 denotes the vector in Rn whose entries all equal 1. Each element b in I uniquely defines a clustering of all the agents in the network by the signs of the entries of b. Specifically, we use Vb+ to denote the set of indices in [n] such that bi = 1 for all i ∈ Vb+ and Vb− to denote the set of indices in [n] such that bi = −1 for all i ∈ Vb− . Since b1 = 1, it follows that Vb+ is nonempty. In the case when Vb− is nonempty, the vector b defines a unique biclustering among the agents in the network. In the special case when Vb− is an empty set (i.e., b = 1), all the agents belong to the same cluster. Each element b in I corresponds to a class of signed digraphs with n vertices. We call each of the above classes of signed digraphs a structurally balanced class, and denote it by Cb . The remaining signed digraphs with n vertices are all structurally unbalanced, and we call this class of graphs the structurally unbalanced class, denoted by Cu . A signed digraph G may belong to different classes. But in the case when G is weakly connected, it belongs to a unique class. C. Exponential Convergence For each type of possible consensus in absolute value, we will provide necessary and sufficient conditions under which the consensus in absolute value can be reached exponentially fast. To state the results, we need the following concepts. The union of two signed digraphs Gp and Gq with the same vertex set is the signed digraph with the same vertex set, and the signed arc set being the union of the signed arcs of the two digraphs. It should be clear that the union can be a signed multidigraph. Note that union is an associative



binary operation; because of this, the definition extends unambiguously to any finite sequence of signed digraphs including signed multidigraphs. We say that a finite sequence of signed digraphs G1 , G2 , . . . , Gp with the same vertex set is jointly structurally balanced with respect to a clustering b ∈ I (or jointly structurally unbalanced) if the union of the graphs in this sequence is structurally balanced with respect to the clustering b (or structurally unbalanced). We say that an infinite sequence of signed digraphs G1 , G2 , . . . with the same vertex set is repeatedly jointly structurally balanced with respect to a clustering b ∈ I (or repeatedly jointly structurally unbalanced) if there is a positive integer l for which each finite sequence Gkl+1 , Gkl+2 , . . . , G(k+1)l , k ≥ 0, is jointly structurally balanced with respect to the clustering b (or jointly structurally unbalanced). The following two theorems are extensions of the main results in [15]. Theorem 2: Suppose that all n agents adhere to the update rule (2) and Assumption 1 holds. Suppose that the sequence of neighbor graphs G(1), G(2), . . . is repeatedly jointly strongly connected. Then, for each b ∈ I, the system (2) reaches the corresponding bipartite consensus exponentially fast for almost all initial conditions if, and only if, the graph sequence G(1), G(2), . . . is repeatedly jointly structurally balanced with respect to the clustering b. A proof of this theorem can be found in Section II-D. If a finite sequence of signed digraphs with the same vertex set is jointly structurally balanced with respect to a clustering b ∈ I, then each graph in the sequence must be structurally balanced with respect to the clustering b. Thus, Theorem 2 implies that if the system reaches a bipartite consensus corresponding to a clustering b, then all those signed digraphs which do not belong to the structurally balanced class Cb can appear in the sequence of neighbor graphs for only a finite number of times. Theorem 3: Suppose that all n agents adhere to the update rule (2) and Assumption 1 holds. Suppose that the sequence of neighbor graphs G(1), G(2), . . . is repeatedly jointly strongly connected. Then, the system (2) converges to zero exponentially fast for all initial conditions if, and only if, the graph sequence G(1), G(2), . . . is repeatedly jointly structurally unbalanced. A proof of this theorem will be given in Section II-D. It is worth emphasizing that a repeatedly jointly structurally unbalanced sequence of signed digraphs does not require each graph in the sequence to be structurally unbalanced. See Section III.B in [17] for an example. D. Analysis We now present a graphical approach to analyze the system (2) using the lifting approach in [11]. For each i ∈ [n], define zi (t) = xi (t) and zi+n (t) = −xi (t). Then, for each i ∈ [2n], zi (t + 1) =



2n X j=1



a ¯ij (t)zj (t − dij (t))



(3)



¯ and the graph of A(t). In particular,



in which for all i, j ∈ [n], a ¯ij (t) = a ¯i+n,j+n (t)



=



max{0, aij (t)}



a ¯i+n,j (t) = a ¯i,j+n (t)



=



max{0, −aij (t)}



 ¯ γ(B(t)) = Q γ(A(t)) ,



Using arguments similar to those in [11], it can been shown that the above enlarged system is equivalent to the system ¯ = [a (2). Note that A(t) ¯ij (t) ] is a 2n × 2n stochastic matrix with positive diagonal entries. It is possible to deal with the delays in (3) using lifting, much as was done in [18]. Let G¯ denote the set of all directed graphs with vertex set V¯ = V1 ∪ V2 ∪ · · · ∪ V2n where Vi = {vi1 , vi2 , . . . , vid } with vertex vij , j > 1, labeling the (j − 1)th possible delay value of zi (t), i.e., zi (t − j + 1). We sometimes write i for vi1 , i ∈ [2n]. Since a ¯ii (t) > 0 for all i ∈ [2n] and t, we require those graphs in G¯ to have self-arcs at each vertex vi1 for all i ∈ [2n]. We also require the arc set of each such graph to have, for i ∈ [2n], an arc from each vertex vij ∈ Vi except the last, to its successor vi(j+1) ∈ Vi . Finally, we stipulate that for each i ∈ [2n], each vertex vij with j > 1 has in-degree of exactly 1. We call any such graph a delay graph and write D for the set of all such graphs. Note that graphs in D possess vertices without self-arcs. To proceed, define z¯(t) to be that 2dn-dimensional vector whose first d elements are z1 (t) to z1 (t − d + 1), whose next d elements are z2 (t) to z2 (t − d + 1), and so on. Then, it is straightforward to verify that the 2n equations in (3) can be combined in the form of a state equation z¯(t + 1) = B(t)¯ z (t),



(4)



where each B(t) is a 2dn × 2dn stochastic matrix whose graph is an (unsigned) delay graph in D. The graph of B(t) has the following properties whose proofs are straightforward and are thus omitted. 1) For any i, j ∈ [n], if aij (t) > 0, then the graph of B(t) has an arc from some vertex in Vj to vertex i, and an arc from some vertex in Vj+n to vertex i + n; if aij (t) < 0, then the graph of B(t) has an arc from some vertex in Vj to vertex i + n, and an arc from some vertex in Vj+n to vertex i. 2) Suppose that the graph of A(t) has a directed path from vertex i to vertex j for some i, j ∈ [n]. Then, the graph of B(t) has a directed path from vertex i to vertex j or j +n. In particular, if the directed path from i to j in the graph of A(t) is positive, then the graph of B(t) has a directed path from i to j; if the directed path from i to j in the graph of A(t) is negative, then the graph of B(t) has a directed path from i to j + n. 3) If the graph of B(t) has a directed path from vertex i to vertex j for some i, j ∈ [n], then it has a directed path from vertex i + n to vertex j + n, and vice versa. If the graph of B(t) has a directed path from vertex i to vertex j + n with i, j ∈ [n], then it has a directed path from vertex i + n to vertex j, and vice versa. There is a simple relationship between the graph of B(t)



(5)



where Q(·) denotes the operation of “quotient graph”. By ¯ written Q(G), is meant the quotient graph of any G ∈ G, that directed graph with 2n vertices whose arc set consists of those arcs (i, j) for which G has an arc from some vertex in Vi to some vertex in Vj . The quotient graph thus models which states are being used in updates without describing the specific delayed states actually being used. The following two lemmas establish the relations between the signed digraph of A(t) and the unsigned digraph of B(t). Lemma 1: Suppose that the graph of A(t) is strongly connected and structurally balanced with respect to a clustering b ∈ I. Then, the graph of B(t) consists of two disjoint rooted subgraphs of same size, dn, and its quotient graph consists of two disjoint strongly connected components of same size, n. In particular, the first component consists of vertices i, i ∈ Vb+ , and j + n, j ∈ Vb− , and the other consists of vertices i, i ∈ Vb− , and j + n, j ∈ Vb+ . Lemma 2: Suppose that the graph of A(t) is strongly connected and structurally unbalanced. Then, the quotient graph of B(t) is strongly connected. The results of Lemmas 1 and 2 are direct consequences of Propositions 4 and 5 in [17] and the relation (5), and can be readily extended to the cases when a finite sequence of neighbor graphs is jointly strongly connected and structurally balanced (or unbalanced). Corollary 1: Suppose that a finite sequence of the graphs of A(p), A(p + 1), . . . , A(q), q ≥ p, is jointly strongly connected and structurally balanced with respect to a clustering b ∈ I. Then, the union of the graphs of B(p), B(p + 1), . . . , B(q) consists of two disjoint rooted subgraphs of the same size, dn, and its quotient graph consists of two disjoint strongly connected components of same size, n. In particular, the first component consists of vertices i, i ∈ Vb+ , and j + n, j ∈ Vb− , and the other consists of vertices i, i ∈ Vb− , and j + n, j ∈ Vb+ . Corollary 2: Suppose that a finite sequence of the graphs of A(p), A(p + 1), . . . , A(q), q ≥ p, is jointly strongly connected and structurally unbalanced. Then, the quotient graph of the union of the graphs of B(p), B(p+1), . . . , B(q) is strongly connected. We are now in a position to prove the theorems in this section. Proof of Theorem 1: Since G(1), G(2), . . . is repeatedly jointly strongly connected, there exist two positive integers p and q such that each finite sequence G(q + kp), G(q + kp + 1), . . . , G(q + (k + 1)p − 1), k ≥ 0, is jointly strongly connected. For each k ≥ 0, let Hk = G(q + kp) ∪ G(q + kp + 1) ∪ . . . ∪ G(q + (k + 1)p − 1) Then, each signed digraph Hk is strongly connected. By Corollaries 1 and 2, the quotient graph of the union of the graphs of B(q + kp), B(q + kp + 1), . . . , B(q + (k + 1)p − 1) is either strongly connected or consists of two strongly connected components. Since the set of all Hk is a finite



set, there is at least one set in Cb , b ∈ I, and Cu such that its graphs appear in the Hk sequence infinitely many times. Suppose first that structurally unbalanced graphs appear in the Hk sequence infinitely many times. By Corollary 2, the quotient graph of the union of the graphs of B(q+kp), B(q+ kp + 1), . . . , B(q + (k + 1)p − 1) will be strongly connected infinitely many times. Using arguments similar to those in the proof of Theorem 2 in [18], system (4) will reach a consensus, which implies that, from the definition of z¯(t), x(t) will asymptotically converge to zero. Suppose next that there exists at least one Cb , b ∈ I, whose graphs appear in the Hk sequence infinitely many times. Using arguments similar to those in the proof of Proposition 1 in [17], x(t) will also converge to zero in this case. Combining the two cases, it follows that system (4) will always reach a consensus in absolute value. Proof of Theorem 2: The necessity can be proved using arguments similar to those in the proof of Theorem 1 in [17]. We thus prove the sufficiency. Define y(t) to be that dn-dimensional vector whose first d elements are x1 (t) to x1 (t−d+1), whose next d elements are x2 (t) to x2 (t − d + 1), and so on. Then, it is straightforward to verify that the n equations in (2) can be combined in the form of a state equation y(t + 1) = F (t)y(t),



systems, it is enough to show that uniform asymptotic stability of system (6) implies that the sequence of neighbor graphs is repeatedly jointly structurally unbalanced. Suppose therefore that system (6) is uniformly asymptotically stable. To establish the claim, suppose that, to the contrary, the sequence of neighbor graphs G(1), G(2), . . . is not repeatedly jointly structurally unbalanced. Then, for every pair of positive integers l and m, there is an integer k0 > m such that the graph sequence G(k0 ), G(k0 + 1), . . . , G(k0 + l − 1) is jointly structurally balanced. Let Φ(k, j) be the state transition matrix of F (k). Since y(k + 1) = F (k)y(k) is uniformly asymptotically stable, for each real number e > 0, there exist integers ke > 0 and Ke > 0 such that kΦ(k + Ke , k)k < e for all k > ke . Set e = 1. It follows from the preceding arguments that there must exist an integer k0 > ke such that the graph sequence G(k0 ), G(k0 + 1), . . . , G(k0 + Ke − 1) is jointly structurally balanced. Suppose that the union of the graphs of G(k0 ), G(k0 + 1), . . . , G(k0 + Ke − 1) is structurally balanced with respect to b ∈ I. Let D be the block diagonal matrix defined in the proof of Theorem 2. Then, Φ(k0 + Ke , k0 )



(6)



where each F (t) is a dn × dn matrix with the property that |F (t)| is a stochastic matrix. Suppose that G(1), G(2), . . . is repeatedly jointly strongly connected and structurally balanced with respect to a clustering b ∈ I. Let D be the block diagonal matrix of n, d × d matrices whose ith diagonal block matrix equals bi I for all i ∈ [n]. It can be verified that D2 = I, and for each F (t), the matrix DF (t)D0 is a stochastic matrix. With these facts, from Theorem 2 in [18], the matrix product F (t) · · · F (2)F (1) converges to a rank one matrix of the form (b ⊗ 1)(c ⊗ 1)0 , where c is a nonzero vector in Rn , and thus y(t) converges to (b ⊗ 1)(c ⊗ 1)0 y(1). It follows that the system (2) will reach the corresponding nonzero bipartite consensus if (c ⊗ 1)0 y(1) does not equal zero. Since the set of such y vector is a thin set, the nonzero bipartite consensus will be reached for almost all initial conditions. Proof of Theorem 3: We first prove the sufficiency. Suppose that G(1), G(2), . . . is repeatedly jointly strongly connected and structurally unbalanced. Then, there exist two positive integers p and q such that each finite sequence G(q + kp), G(q + kp + 1), . . . , G(q + (k + 1)p − 1), k ≥ 0, is jointly strongly connected and structurally unbalanced. By Corollary 2, the quotient graph of the union of the graphs of B(q + kp), B(q + kp + 1), . . . , B(q + (k + 1)p − 1) is strongly connected for each k ≥ 0. From Theorem 2 in [18], system (4) will reach a consensus exponentially fast for all initial conditions, which implies, by the definition of z¯(t), that x(t) will converge to zero exponentially fast for all initial conditions. We next prove the necessity. Since uniform asymptotic stability and exponential stability are equivalent for linear



=



F (k0 + Ke − 1) · · · F (k0 + 1)F (k0 )



=



D (DF (k0 + Ke − 1)D) · · · (DF (k0 + 1)D) (DF (k0 )D) D



in which DF (i)D is a stochastic matrix for all i ∈ {k0 , k0 + 1, . . . , k0 + Ke − 1}. It follows that Φ(k0 + Ke , k0 ) has an eigenvalue at 1 and thus kΦ(k0 + Ke , k0 )k = 1, which is a contradiction. Therefore, the sequence of graphs G(1), G(2), . . . must be repeatedly jointly structurally unbalanced. III. Q UANTIZED C OMMUNICATION In this section, we study the discrete-time Altafini model in the case when the information exchange among the agents are subject to quantized communication. In general, analysis of such a quantized system can be very challenging, and we thus consider the following special situation. We assume that the neighbor graph G(t) = G does not change over time and is a connected, signed, undirected graph, and let A(t) = A be a fixed weight matrix. Then, from (1), X xi (t + 1) = aii xi (t) + aij xj (t), i ∈ [n]. (7) j∈Ni



For our purposes, we impose the following assumption on the weight matrix A. Assumption 2: For each i ∈ [n], there hold n X j=1



|aij | = 1,



n X



|aij | = 1,



aii > 1/2.



i=1



If i and j are neighbors, then aij = aji , and |aij | ∈ Q+ , where Q+ is the set of positive rational numbers in the interval (0, 1).



From the assumption, |A| is a symmetric doubly stochastic matrix with positive diagonal dominant entries. It has been shown that if G is structurally unbalanced, then all xi (t) in (7) will converge to 0 as time t goes to infinity. If G is structurally balanced, then system (7) will reach a bipartite consensus. More can be said. Suppose that G is structurally balanced with respect to a clustering index b ∈ I. Then, the absolute values of all xi (t) in (7) will reach a consensus at   X 1 X   (8) xi (0) − xj (0) , x ¯= n i∈V + j∈V − b



b



whose proof is simple and thus omitted. Suppose that the communication among the agents is constrained to a certain quantizer Q(·) which maps any real number to an integer. Simple examples show that quantized communication will deviate the system (7) from the above limiting state, and the deviation can be arbitrarily large. With this in mind, we are interested in the following modified update rule with quantized communication: X xi (t + 1) = xi (t) + aij (Q[xj (t)] − Q[xi (t)]) (9) j∈Ni



= aii Q[xi (t)] +



X



aij Q[xj (t)]



j∈Ni



+xi (t) − Q[xi (t)].



(10)



Then, in state form, x(t + 1) = AQ[x(t)] + x(t) − Q[x(t)].



(11)



It is easy to show that if G is structurally balanced with respect to b, then the value of b0 x(t) does not change over time, which is the motivation that we consider this variant of the discrete-time Altafini model. To proceed, for each i ∈ [n], define zi (t) = xi (t) and zi+n (t) = −xi (t). Then, for each i ∈ [n], zi (t + 1)



=



n X



aij Q[zj (t)]



zi+n (t + 1)



=



(12)



j=1



+zi+n (t) + Q[zi (t)],



(13)



Using arguments similar to those in [11], it can been shown that the above enlarged system is equivalent to the system (10). Suppose that Q[−x] = −Q[x]. Then, from (12)-(13), for each i ∈ [2n], zi (t + 1) =



2n X



a ¯ij Q[zj (t)] + zi (t) − Q[zi (t)],



j=1



in which for all i, j ∈ [n], a ¯ij (t) = a ¯i+n,j+n (t)



=



max{0, aij (t)},



a ¯i+n,j (t) = a ¯i,j+n (t)



=



max{0, −aij (t)}.



Qr (x)



= bxc, if x − bxc < 1/2,



Qr (x)



= dxe, if x − bxc ≥ 1/2.



(14)



(15)



It is worth emphasizing that the rounding quantizer is symmetric everywhere except at the points of discontinuity, i.e., Qr (−x) = −Qr (x) for all x 6= 21 + k, where k ∈ Z = {. . . , −1, 0, 1, . . .}. We have the following lemmas that prepare the main result in this section. Lemma 3: Consider the quantized system (10) with a rounding quantizer Qr . Suppose that A satisfies Assumption 2, then for any iteration t ≥ 0, x(t) ∈ S, where S is a fixed finite set. Moreover, there is an iteration t0 after which the system is cyclic, i.e., x(t + P ) = x(t) for all t ≥ t0 , where P is a positive integer. Proof: First note that xi (t) is bounded for all t. Using equation (9) and setting M (t) := maxi Qr [xi (t)], it can be shown that xi (t + 1) ≤ xi (t) − Qr [xi (t)] + M (t), which implies that M (t + 1) ≤ M (t) ≤ · · · ≤ M (0). Similarly, m(t) ≥ m(0), where m(t) := mini Qt [xi (t)]. Since |aij | ∈ Q+ from Assumption 2, there is a positive integer B common to all (i, j) such that aij ×B is an integer. Thus, xi (t) = xi (t − 1) +



X



aij (Q[xj ] − Q[xi ])



j∈Ni



P



j∈Ni (Baij ) (Q[xj ]



= xi (t − 1) + Pt−1 P = xi (0) +



j=1



+zi (t) − Q[zi (t)], n X aij (−Q[zj (t)])



Since A¯ = [ a ¯ij ] is a 2n × 2n symmetric doubly stochastic matrix with positive diagonal entries, the expanded system (14) is equivalent to the standard distributed averaging system with quantized communication [19], but with coupled states. Let us consider the rounding quantizer Qr given in [19], which rounds a real number x to its nearest integer, i.e.,



k=0



− Q[xi ])



B (Ba ij ) (Q[xj (k)] − Q[xi (k)]) j∈Ni B



.



The numerator is an integer since all the terms in the summation are integers. As |xi (t)| is bounded by max{|M (0) + 1|, |m(0) − 1|}, it follows that xi (t) can only belong to a set of a finite number of possible values. Then, the system must be cyclic since it is a deterministic finite state automaton. Lemma 4: For any v ∈ Rn , there exits 0 > 0 such that for all  ∈ (0, 0 ), the system (10) with a rounding quantizer Qr and initial condition x(0) = v + 1 satisfies   1 x(t) ∈ / ⊕ Z, for all t, (16) 2 where ⊕ is the set addition. Proof: From Lemma 3, x(t) can only have finite possible values. From (16), if xi (0) is shifted by , then all values in S are shifted by  as well. Thus, there always exists an  > 0 such that for all u ∈ S, u ∈ / 21 ⊕ Z, and thus the lemma is true.



A. Simulation To demonstrate the theoretical result for the quantized Altafini model, we performed simulation on a connected 10-node network. Initial conditions are uniformly randomly selected from the interval [0, 100]. The update matrix A is constructed using the modified Metropolis weights [19] defined as follows: 1 |aij | = for all (i, j) ∈ G, (18) 2(max{|Ni |, |Nj |} + 1) where Ni is the set of the neighbors of agent i, and |Ni | denotes its cardinality, or equivalently, the degree of node i in G. 1) Structurally Balanced Graphs: In the first set of simulations, the neighbor graph G is structurally balanced with respect to some b ∈ I. According to Theorem 4, the values of the nodes will converge to two possible values:   X 1 X ± xi (0) − xj (0) . n + − i∈Vb



j∈Vb



The convergence can either be cyclic or quantized consensus, where there is a finite time iteration t0 such that for t ≥ t0 , we have |xi (t) − xj (t)| < 1 for the nodes in the same group, as Figure 1 shows.
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7.8



State Values x(t)



Moreover, if G is structurally unbalanced, then |xi (t)| < 1 for all i ∈ [n]; if G is structurally balanced with respect to b, then ||xi (t)| − x ¯| < 1 for all i ∈ [n], where x ¯ is given by (8). Proof: Using Lemma 3, for any system with a perturbed initial state x(0), the states x(t) ∈ / 12 ⊕ Z. Therefore, the rounding quantizer is symmetric, Qr (−x) = −Qr (x). Having a symmetric quantizer allows the system to be lifted to doubled size system having the standard linear averaging dynamics. Therefore, (17) is an immediate consequence of Theorem 1 in [19]. Furthermore, if G is structurally unbalanced, the lifted system is equivalent to a connected distributed averaging network where the average of initial values is 0; if G is structurally balanced with respect to b, the lifted system boils down to two disjoint connected distributed averaging networks, each having an absolute value of the average of its initial values to be x ¯. Then, the theorem is a direct consequence of Theorem 1 in [19]. Remark 1: Although the statement of Theorem 4 restricts the system to the not-so-restrictive perturbed initial values, extensive simulations suggest that the theorem holds for any initial values. 
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We refer to the system with an initial condition x(0) constructed in Lemma 4 as a system with a perturbed initial condition. We can now give the main result of this section. Theorem 4: Consider the quantized system (10) with a rounding quantizer Qr and a perturbed initial value x(0). Suppose that A satisfies Assumption 2. Then, there exists a finite-time iteration t0 such that for all t ≥ t0 , the system is cyclic such that |xi (t)| − |xj (t)| < 1, for all i, j ∈ [n]. (17)
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Fig. 1. The quantized system on structurally balanced graphs converges to a close neighborhood around two possible values  P P 1 ±n x (0) − j∈V − xj (0) . i∈V + i b
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2) Structurally Unbalanced Graphs: For structurally unbalanced graphs, the quantized system will converge around zero according to Theorem 4, as Figure 2 shows. It is worth noting that from Corollary 2 in [19], the quantized system over a structurally unbalanced graph cannot cycle, and only a quantized consensus can be reached, i.e., there is a finite time iteration t0 such that for t ≥ t0 , there holds Qr [xi (t)] = Qr [xj (t)] for all i, j ∈ [n]. IV. C ONCLUSIONS We have studied the discrete-time Altafini model with communication constraints. First, we have shown that with time-varying bounded delays, the condition under which consensus in absolute value or bipartite consensus is achieved is almost the same as the condition in the delay-free case. Second, we have analyzed the performance of a variant of the model in which the information exchanged between neighboring agents is subject to a certain type of deterministic uniform quantization. We have shown that in finite time and depending on initial conditions, the model on any static, connected, undirected signed graph will either cause all agents to reach a quantized consensus in absolute value, or will lead all variables to oscillate in a small neighborhood around the absolute value. The directions for future research include the
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Fig. 2. The quantized system on structurally unbalanced graphs converges to a close neighborhood around 0.
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