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In a recent paper by Liang et al. (2010) [1], the original question which is that of the existence of a weighted mean for almost periodic functions was raised. In particular, they showed through an example that there exist weights for which a weighted mean for almost periodic functions may or may not exist. In this note we give some sufficient conditions which do guarantee the existence of a weighted mean for almost periodic functions, which will then coincide with the classical Bohr mean. Moreover, we will show that under those conditions, the corresponding weighted Bohr transform exists. © 2011 Elsevier Ltd. All rights reserved.
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1. Introduction Let U denote the collection of all functions (weights) µ : R → (0, ∞), which are locally integrable over R such that µ > 0 almost everywhere. Throughout the rest of this note, if µ ∈ U and r > 0, we then suppose that Qr := [−r , r ], Qr + a := [−r + a, r + a], and that



µ(Qr ) :=



∫



µ(t )dt . Qr



In this note, we are exclusively interested in the weights, µ, for which µ(Qr ) → ∞ as r → ∞. Consequently, we define the set of weights U∞ by



U∞



  ∫ := µ ∈ U : lim µ(Qr ) = lim µ(t )dt = ∞ . r →∞



r →∞



Qr



Suppose that µ ∈ U∞ and let X be a Banach space. If f : R → X is a bounded continuous function, we define its weighted mean, if the limit exists, by



M (f , µ) := lim



r →∞



1



µ(Qr )



∫



f (t )µ(t )dt . Qr



In a recent paper by Liang et al. [1], the original question which is that of the existence of a weighted mean for almost periodic functions was raised. In particular, Liang et al. showed through an example that there exist weights µ ∈ U∞
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for which a weighted mean for almost periodic functions may not exist. For details on weighted pseudo-almost periodic functions, we refer the reader to Diagana [2,3]. In this note we investigate the question of the existence of a weighted mean for almost periodic functions. Namely, we give some sufficient conditions which do guarantee the existence of a weighted mean for almost periodic functions (Theorem 2.3). Under those conditions, it will be shown that the weighted mean coincides with the classical (Bohr) mean. Moreover, we will also prove the existence of a weighted Bohr transform which also coincides with the classical one. In view of the previous observations it follows that if a weighted Fourier theory for almost periodic functions exists, then it necessarily coincides with the classical one. 2. Weighted means for almost periodic functions Fix once and for all a Banach space (X, ‖ · ‖). An X-valued trigonometric polynomial is any function Pn : R → X of the form Pn ( t ) =



n −



ak eiλk t



k=1



where λk ∈ R and ak ∈ X for k = 1, . . . , n. Definition 2.1. A continuous function f : R → X is called (Bohr) almost periodic if for each ε > 0 there exists l(ε) > 0 such that every interval of length l(ε) contains a number τ with the property that ‖f (t + τ ) − f (t )‖ < ε for each t ∈ R. The number τ above is called an ε -translation number of f , and the collection of all such functions will be denoted as AP (X). It is well-known that if f ∈ AP (X), then its mean defined by



M(f ) := lim



r →∞



∫



1 2r



f (t )dt Qr



exists [4]. Consequently, for every λ ∈ R, the following limit: a(f , λ) := lim



r →∞



1 2r



∫



f (t )e−iλt dt Qr



exists and is called the Bohr transform of f . It is well-known that a(f , λ) is nonzero at most at countably many points [4]. The set defined by



σb (f ) := {λ ∈ R : a(f , λ) ̸= 0} is called the Bohr spectrum of f [5]. Theorem 2.2 (Approximation Theorem [6,5]). Suppose that f ∈ AP (X). Then for every ε > 0 there exists a trigonometric polynomial Pε (t ) =



n −



ak eiλk t



k=1



where ak ∈ X and λk ∈ σb (f ) such that ‖f (t ) − Pε (t )‖ < ε for all t ∈ R. Our main result on the existence of weighted means for almost periodic functions can be formulated as follows: Theorem 2.3. Fix µ ∈ U∞ . If f : R → X is an almost periodic function such that



  ∫  1  iλt  lim e µ(t )dt  = 0 r →∞  µ(Qr ) Q r for all 0 ̸= λ ∈ σb (f ), then the weighted mean of f ,



M(f , µ) = lim



r →∞



1



µ(Qr )



∫



f (t )µ(t )dt , Qr



exists. Furthermore, M (f , µ) = M (f ).



(2.1)
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Proof. If f is a trigonometric polynomial, say, f (t ) = σb (f ) = {λk : k = 1, 2, . . . , n}. Moreover,



∫



1



µ(Qr )



f (t )µ(t )dt = a0 + Qr



= a0 +



∫ − n



1



µ(Qr ) n −



Qr



[ ak



k=1



∑n



k=0
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ak eiλk t where ak ∈ X − {0} and λk ∈ R for k = 1, 2, . . . , n, then



 iλk t



ak e



µ(t )dt



k =1



∫



1



µ(Qr )



eiλk t µ(t )dt



]



Qr



and hence



  −   ∫ ∫ n  1    1 iλk t    f (t )µ(t )dt − a0  ≤ e µ(t )dt  ‖ ak ‖   µ(Q ) µ(Qr ) Qr r Qr k=1 which by Eq. (2.1) yields



  ∫  1    → 0 as r → ∞ f ( t )µ( t ) dt − a 0  µ(Q )  r Qr and therefore M (f , µ) = a0 = M (f ). If in the finite sequence of λk there exist λnk = 0 for k = 1, 2, . . . , l with am ∈ X − {0} for all m ̸= nk (k = 1, 2, . . . , l), then it can be easily shown that



M (f , µ) =



l −



ank = M (f ).



k=1



Now if f : R → X is an arbitrary almost periodic function, then for every ε > 0 there exists a trigonometric polynomial (Theorem 2.2) Pε defined by Pε (t ) =



n −



ak eiλk t



k=1



where ak ∈ X and λk ∈ σb (f ) are such that



‖f (t ) − Pε (t )‖ 



ε 3



for all t ∈ R.



(2.2)



We now use the well-known convergence criterion of Cauchy. Indeed, proceeding as in Bohr [4] it follows that there exists r0 such that for all r1 , r2 > r0 ,



  ∫  1 ∫  ε 1   Pε (t )µ(t )dt − Pε (t )µ(t )dt  = ‖M (Pε ) − M (Pε )‖ = 0 < .   µ(Qr1 ) Qr  µ( Qr2 ) Qr 3 1 2 In view of the above it follows that for all r1 , r2 > r0 ,



  ∫ ∫  1 ∫  1 1   f (t )µ(t )dt − f (t )µ(t )dt  ≤ ‖f (t ) − Pε (t )‖µ(t )dt   µ(Qr1 ) Qr  µ(Qr1 ) Qr µ(Qr2 ) Qr2 1 1   ∫ ∫  1 ∫  1 1   + Pε (t )µ(t )dt − Pε (t )µ(t )dt  + ‖f (t ) − Pε (t )‖µ(t )dt < ε.  µ(Qr1 ) Qr  µ(Qr2 ) Qr µ(Qr2 ) Qr2 1 2 Now for all r > r0 ,



  ∫ ∫  ε  1 1  f (t )µ(t )dt − Pε (t )µ(t )dt   µ(Q ) < 3 µ(Qr ) Qr r Qr and hence M (f , µ) = M (Pε , µ) = M (Pε ) = M (f ). The proof is complete.







Example 2.4. Suppose that  µ(t ) = 1 + |t | for all t ∈ R. It is easy to check that  µ ∈ U∞ and that Eq. (2.1) holds for all (nonconstant) almost periodic functions ϕ : R → X. Using Theorem 2.3, it follows that the weighted mean M (ϕ,  µ) exists. Moreover, lim



r →∞



1 r 2 + 2r



∫



ϕ(t )(1 + |t |)dt = lim Qr



r →∞



1 2r



∫ Qr



ϕ(t )dt .
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Consider the set of weights U0∞ defined by



U0∞ = {µ ∈ U∞ : Θτ := lim



r →∞



µ(Qr +τ ) < ∞ for all τ ∈ R}. µ(Qr + τ )



Corollary 2.5. Fix µ ∈ U0∞ . If f : R → X is an almost periodic function such that Eq. (2.1) holds, then



M(fa , µa ) = M(f , µ) = M (f )



(2.3)



uniformly in a ∈ R, where



M(fb , µb ) := lim



∫



1



r →∞



µb (Qr )



fb (t )µb (t )dt = lim



r →∞



Qr



∫



1



µb (Qr )



f (t + b)µ(t + b)dt



Qr



for each b ∈ R. Proof. First of all, let us mention that the existence of M (f , µ) is a straightforward consequence of Theorem 2.3. It is sufficient to suppose that a > 0. Now since the space AP (X) is translation invariant, it follows that fa : t → f (t + a) belongs to AP (X), too. On the other hand, it is not difficult to see that the weight µa defined by µa (t ) := µ(t + a) for all t ∈ R belongs to U0∞ . Now



∫  ∫     eiλt µa (t )dt  =     Qr



 



Qr +a



∫ 



eiλ(t −a) µ(t )dt  = 



 



Qr +a



∫ 



eiλt µ(t )dt  ≤ 



 



Qr +a



eiλt µ(t )dt 



and hence



 



lim 



r →∞



µa (Qr )



 µ(Qr )  1 eiλt µa (t )dt  = lim  × r →∞ µa (Qr ) µ(Qr ) 







∫



1



Qr



 



∫ Q



eiλt µa (t )dt 



r   ∫  µ(Qr )  1  × ≤ lim  eiλt µ(t )dt  r →∞ µa (Qr ) µ(Qr ) Qr +a   ∫  µ(Qr )  µ(Qr +a ) 1 × × = lim  eiλt µ(t )dt  r →∞ µa (Qr ) µ(Qr ) µ(Qr +a ) Qr +a   ∫  1  iλt  = Θa lim  e µ(t )dt  r →∞ µ(Q )



r +a



Qr +a



=0 for all 0 ̸= λ ∈ σb (f ). Now using Theorem 2.3 it follows that the weighted mean of f defined by



M(f , µa ) = lim



r →∞



1



∫



µa (Qr )



f (t )µa (t )dt



Qr



exists for all a ∈ R. Furthermore, M (f , µa ) = M (f ) for all a ∈ R. Similarly, using the fact σb (f ) = σb (fa ) for all a ∈ R (see Bohr [4]) and Theorem 2.3 it follows that the weighted mean of fa relatively to µa exists, too. Moreover, M (fa , µa ) = M (fa ) uniformly in a ∈ R. Again from Bohr [4], M (fa ) = M (f ) uniformly in a ∈ R, which completes the proof.  3. The weighted Bohr spectrum for almost periodic functions If f : R → X is an almost periodic function, we then suppose that t → fω (t ) := f (t )e−iωt . Clearly, fω ∈ AP (X). Furthermore, it is not hard to see that



σb (fω ) = σb (f ) − {ω} = {λ − ω : λ ∈ σb (f )}. Definition 3.1. Fix µ ∈ U∞ . If f : R → X is an almost periodic function such that



  ∫  1  i(λ−ω)t  lim e µ(t )dt  = 0 r →∞  µ(Qr ) Q r for all λ ∈ σb (f ) with λ ̸= ω, we then define its weighted Bohr transform by



 aµ (f )(ω) := lim



r →∞



1



µ(Qr )



∫



f (t )e−iωt µ(t )dt . Qr



(3.1)
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Deducing from Theorem 2.3, it follows that



 aµ (f )(ω) = M (f (·)e−iω· ) = a(f , ω). That is, under Eq. (3.1),



 aµ (f )(ω) := lim



r →∞



1



µ(Qr )



∫



f (t )e−iωt µ(t )dt = lim



Qr



r →∞



1 2r



∫



f (t )e−iωt dt = a(f , ω). Qr



Clearly,  aµ (f )(ω) = a(f , ω) is nonzero at most at countably many points and therefore, µ



σb (f ) := {ω ∈ R :  aµ (f )(ω) ̸= 0} coincides with the Bohr spectrum σb (f ), that is, µ



σb (f ) = σb (f ). 4. Concluding remarks In view of the previous observations, if f ∈ AP (X) and if µ ∈ U∞ , then the weighted mean M (f , µ) may or may not exist (see Liang et al. [1]). However, it exists under Eq. (2.1). In that case, it automatically coincides with the (Bohr) mean M (f ). In addition, if µ ∈ U0∞ , the weighted mean is translation invariant in the sense that M (fa , µa ) = M (f , µ) = M (f ) uniformly in a ∈ R. Similarly, if the weighted mean is well-defined, there exists a weighted Fourier theory for almost periodic functions, which also coincides with the classical one. Question. Can we establish an equivalent of Theorem 2.3 for almost automorphic (or Stepanov almost periodic or Stepanov almost automorphic) functions? Acknowledgments The author would like to extend his thanks to Professors Alain Haraux and Jin Liang for fruitful discussions, which greatly helped to improve the quality of the note. In addition, the author would like to express his thanks to the referee for careful reading of the manuscript and insightful comments. References [1] J. Liang, T.-J. Xiao, J. Zhang, Decomposition of weighted pseudo almost periodic functions, Nonlinear Anal. 73 (10) (2010) 3456–3461. [2] T. Diagana, Weighted pseudo almost periodic functions and applications, C. R. Acad. Sci., Paris, Ser. I 343 (10) (2006) 643–646. [3] T. Diagana, Existence of weighted pseudo almost periodic solutions to some classes of hyperbolic evolution equations, J. Math. Anal. Appl. 350 (1) (2009) 18–28. [4] H. Bohr, Almost Periodic Functions, Chelsea Publishing Company, New York, 1947. [5] J.H. Liu, G.M. N’Guérékata, N.V. Minh, Topics on Stability and Periodicity in Abstract Differential Equations, in: Series on Concrete and Applicable Mathematics, vol. 6, World Scientific, 2008. [6] B.M. Levitan, V.V. Zhikov, Almost Periodic Functions and Differential Equations, in: Moscow Univ. Publ. House 1978, English Translation by Cambridge University Press, 1982.
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