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Abstract—In this paper, the impact of edge effects on the performance of MAC protocols is evaluated. We consider a network where packets are distributed in finite space according to a 2-D PPP, while packets arrive in time according to a 1-D PPP. Each transmitter communicates with its own receiver a fixed distance away using either the ALOHA or CSMA protocol. The metric used for analysis is outage probability, which is the probability that the measured SINR falls below a predefined threshold for the duration of a packet. Approximate analytical expressions are derived for the outage probability of the different MAC protocols assuming a fading channel. Compared to unbounded regions, ALOHA and CSMA are shown to yield lower outage probabilities in finite regions, since the boundedness can be regarded as spatial filtering. Furthermore, the benefit seems to be greater for small outage probabilities, i.e., in the region of practical interest.



I. I NTRODUCTION Wireless Ad Hoc Networks are of great interest because of the very many applications they make possible (e.g., environmental sensing, military communications, emergency [1]), as they do not require complex and costly infrastructure and they are self-configuring and adaptable to changes in the network topology. Such networks are sometimes deployed on very large regions (e.g., forests) by randomly dropping nodes, or they can instead be placed in bounded areas, such as buildings [2]. Once a network is operated, the nodes communicate with each other and route information along by sharing a common wireless medium. Therefore, interference is often an issue since a receiver may be disturbed by those transmitters which do not have the desired packet, but are concurrently active. In particular, when the signal to interference plus noise ratio (SINR) is below a given threshold, correct reception of packets cannot be guaranteed. Several Medium Access Control (MAC) strategies have been proposed to overcome this and are essentially based on either randomizing the transmission instants (e.g., ALOHA [3]) or postponing transmission in case too much interference is sensed (e.g., CSMA [4]). However, interference is intuitively related to the network topology (i.e, number of nodes and their positions). In fact, given a fixed nodes density, different sizes of the deployment region give rise to different interference profiles, that cannot be evaluated by the models that are based on infinite networks. This work was supported by the COST2100 action.



In this paper we propose an analytical framework for computing the probability of outage in a network scenario where nodes are randomly distributed on a finite domain according to a 2-D Poisson point process (PPP), each transmitter generates packets at random time instants according to a Poisson process and send them to its designed receiver. The model accounts for different types of MAC protocols and includes the effects of the finiteness of the deployment region (edge effects). The objective of our analysis is to evaluate the impact of edge effects on the outage probability. We carry out the computation by assuming a Rayleigh fading channel. Our main finding is that both ALOHA and CSMA-like protocols perform better in bounded regions, as the edge effect may be regarded as spatial filtering. Also, the benefit is greater for small outage probabilities, i.e., in the region of practical interest. Some previous work addressed the mathematical characterization of multiple access schemes, especially carrier sensing in its standardized evolution [5]. A great effort has been put into characterizing the performance of wireless ad hoc networks and what role interference plays on it [6]. The edge effect due to the finiteness of deployment region has been initially considered in [7]. In [8] the specific case of a square domain is analyzed in detail. However, the two latter works only focus on connectivity, while no hint is given on its implications on performance at MAC layer. The physical nature of fading phenomenon is investigated in [9] and its impact on the performance of wireless sensor networks is addressed. Once again, the analysis is mainly concerned on connectivity and routing aspects. Finally, a large amount of research has been devoted to the performance of MAC protocols in infinite networks in non-fading [10] and fading environments [11]. This paper is organized as follows. In Section II, the system model is presented. In Section III, we compute the outage probability for different MAC protocols. Numerical results are reported and commented in Section IV and final remarks and conclusions are presented in Section V. II. S YSTEM M ODEL Our system model considers an ad hoc network where transmitter nodes are located on a finite 2-D plane according to a homogeneous Poisson point process (PPP) with spatial density λs [nodes/m2]. Each transmitter has packets arriving in time according to an independent 1-D PPP with density λt



[packets/sec/node]. Upon the formation of each packet, it is transmitted with a constant power ρ to its intended receiver, which is assumed to be positioned (with random orientation) a fixed distance R away. Assuming each packet has a fixed duration, T , at each time instant the density of transmitters that have received a packet in the last T seconds is λ = T λs λt . In order to address the problem of edge effect in space, we devote our attention to a 2-dimensional square region, D, of side L and consider only those nodes that fall inside it as part of the study. The origin of our coordinates system is placed in the center of the square. For the sake of the analysis carried out in the next sections, we propose a tessellation of such a domain featuring eight subregions, as shown in Fig. 1. The advantage of this lies in allowing us to switch to polar coordinates very easily, owing to the decomposition of the surface into sectors of annuli. Specifically, given whatever position (x, y) inside the square, only a fraction of the surface of a circle of radius r centered in (x, y) lies in D. Such fraction is θi (r)/π when r1,i ≤ r ≤ r2,i , with r1,i , r2,i and θi (r) defined in Tables I and II, respectively [8]. For the channel model, we consider deterministic path loss attenuation effects (with exponent α > 2) and fading effects. Each receiver potentially sees interference from all transmitters, and these independent interference powers are added to ρR−α h00 P , the channel noise η , resulting in SINR = −α η+
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where ri is the distance between the node under observation (this could be either the transmitter or receiver of the packet we are considering) and the i-th interfering transmitter. hij are fading coefficients drawn from the random variable Hij . H00 represents the fading effects between the receiver under observation and its designated transmitter. If the received SINR falls below the required SINR threshold β either at the start or at any time during a packet transmission, the packet is received in outage with probability Pout . That is,   ρR−α h00 Pout = Pr 
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The packet transmissions occur according to either ALOHA or CSMA. In the ALOHA protocol, packets are transmitted to their intended destinations regardless of the channel conditions. CSMA protocol, instead, performs channel sensing at the beginning of the packet and the packet is then sent only if the measured SINR is large enough. Otherwise it is backed off. Since retransmissions are not accounted for in our model, each backoff is equivalent to dropping the packet, which is then considered to be in outage. In the following, we denote the transmitter-receiver pair under observation as TX0 -RX0 , and the interfering transmitterreceiver pairs as TXi -RXi , i > 0. III. D ERIVATION
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The evaluation of outage probability consists of solving Equation (1) in the specific case of the square domain D. However, the consideration of all interfering contributions in the denominator of (1) turns out to be unpractical. For this
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Tessellation of D into eight subregions.



reason we focus on the probability of having single interferers, denoted as dominant [11], whose received interference power alone is strong enough to results in the outage of RX0 . Results will prove this assumption to be reasonable. A. The ALOHA Protocol We consider two versions of the ALOHA protocol, namely slotted and unslotted ALOHA. 1) Slotted ALOHA: In slotted ALOHA, TXs start their transmissions at the beginning of the next time slot after each packet has been formed, regardless of the channel conditions. The division of time into slots prevents partial overlap of packets, something that is expected to decrease the outage probability compared to unslotted systems. However, slotted systems require synchronization, which can be costly and introduce delays in the system. The outage probability of slotted ALOHA within a bounded network of size L × L is given by the following theorem. Theorem 1: The outage probability of slotted ALOHA can be approximated as h i P˜out (Slotted ALOHA) = Ex,y 1 − e−µ(x,y) Z L/2Z x 8 1−e−µ(x,y) dydx, (2) = 2 L
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and ζ = E[Hij ], ∀i, j . Proof of Theorem 1: RX0 is in outage if there is at least one interferer for the duration, T , of its transmission. Consider the expected number, µ(x, y), of dominant interferers when RX0 is in (x, y). We have ZZ µ(x, y) = =
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Assuming Rayleigh fading, channel coefficients are exponentially distributed, i.e., fH0i (h0i ) = ζe−ζ h0i . Therefore, taking the expectation in (4) yields after rearranging    ρR−α h00 


≈



ζβ , ζ β + (r/R)α



(5)



with µ(x, y) as in (3). Proof of Theorem 2: This proof is similar to that of Theorem 1, with the only difference that in the unslotted case, we have to consider all packet arrivals during (−T, T ]. That is, the continuity of packet transmissions in time gives rise to partial overlap of packets, resulting in an additional packet period to be considered. Note that the number of packet arrivals (and hence, the amount of interference) in (−T, 0] is independent from that in (0, T ], and this is why the only difference between Eqs. (2) and (6) is the factor 2 in the exponent of the exp(·)-expression. B. The CSMA Protocol Two variants of CSMA are considered, denoted as CSMATX and CSMARX 1 , respectively. In the former, the sensing operation is performed at the transmitter. In the latter, instead, the receiver senses the channel and inform the transmitter whether the channel is free or not. We assume this can happen over an orthogonal control channel. the same notation as in [10], [11]
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where we have assumed path loss and fading are the main sources of signal degradation and consequently set the noise to zero. Equation (5) shows the dependence of outage probability upon the network key parameters. When the ratio of interfererand transmitter-receiver distances is large, P (r) approaches zero. However, once the channel characteristics are fixed, the rate of decay is influenced by the required SINR. Now, defining the integration limits, (4) becomes (3). The dependence upon x, y is in r1,i , r2,i and θi (r) (refer to Tables I and II). Finally, by exploiting Poissonianity of nodes and packets, we get the outage probability as 1 − e−µ(x,y) which results, after averaging, in (2). Note that we only consider the lower half of the first quadrant of Fig. 1 in the integration of (2), without loss of generality, because of symmetry. 2) Unslotted ALOHA: In unslotted ALOHA, communication is continuous in time, something that allows for partial overlap of packets. No channel sensing or backoffs are performed, meaning that packets are transmitted as soon as they are formed. The outage probability of unslotted ALOHA is given in the following theorem. Theorem 2: An approximated expression for the outage probability of unslotted ALOHA is obtained as h i (6) P˜out (Unslotted ALOHA) = Ex,y 1 − e−2µ(x,y) ,
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Fig. 2. Setup for derivation of the outage probability of CSMATX and CSMARX .



1) CSMA with Transmitter Sensing: CSMATX is the conventional CSMA protocol, in which the transmitter senses its own channel upon each packet arrival and estimates the SINR at its receiver. Based on this estimated SINR, the transmitter makes the backoff decision. If the channel is sensed idle, the transmission is initiated; Otherwise, the packet is dropped and counted to be in outage. The outage probability of CSMATX is given by the following theorem. Theorem 3: The total outage probability of CSMATX is approximated by: n P˜out (CSMATX ) = Ex,y,φ P˜b (x0 , y0 ) + P˜b (x, y)e−µd (x,y) h i  −µ (x,y) + 1−e
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with x0 = x + R cos φ, y0 = y + R sin φ (see Fig. 2) and   8 Z r2 X 2,i
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(8) P˜b (x, y) is the probability that the node in (x, y) is in outage at the start of the packet. Therefore P˜b (x0 , y0 ) expresses the



backoff probability for the CSMATX case. This probability can be approximated as  −µ(x,y) 1−PbI P˜b (x, y) = 1 − e , (9) with PbI derived numerically by the expression  I PbI = 1 − e
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or expressed in closed form in terms of the Lambert function, W0 (·), as PbI = 1 −
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with µ(x, y) given by (3) and µ0 = µ(0, 0). Proof of Theorem 3: In CSMATX , outage occurs if one or more of the following events occur: 1) the transmitter backs off; 2) once a transmission is initiated, the received SINR falls below β at the start of the packet; and 3) the received SINR falls below β during transmission. The probability that TX0 located in (x0 , y0 ) backs off, P˜b (x0 , y0 ), depends on how many other transmitters are generating interference, i.e., how many of them do not back off



and can consequently cause TX0 to back off. We assume their number is still Poisson distributed. However, the backoff probability of each interferer depends on its own position as well as on the positions and backoff probabilities of all the other nodes in a chain fashion. In order to make another simplifying assumption, we denote by a constant, PbI , the backoff probability of all the interferers independently of their positions. Equation (9) is motivated by the two latter assumptions. We then compute PbI as if all interferers were placed in the origin (10). Note that, with respect to CSMATX , P˜b (x0 , y0 ) is the approximate backoff probability, while P˜b (x, y) is simply the approximate probability that the SINR measured by RX0 is below threshold at the start of a packet. To find the probability that a packet goes into outage during its transmission, consider all active dominant interferers on the plane (i.e., all interferers that started their transmission during the last T s, and that can alone cause outage for the current packet). This random variable has expectation (recall (5)) ZZ µd (x, y) =
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Now, Pr(TXi activated|(r, θ)) depends on the interference measured by TXi , which should be below a certain threshold. Assuming I) that TXi suffers from the interference received by TX0 only and II) that the distance TXi -TX0 is approximately the same as TXi -RX0 , we simply have Pr(TXi activated|(r, θ)) ≈ 1 − P (r). The latter approximation makes sense because it is very likely that two neighboring links both interfere with each other’s transmissions. By exploiting Poissonianity, we get the outage probability during transmission as 1 − e−µd (x,y) . Finally, computing the union of the three events yields (after rearrangement) Eq. (7), where x, y are averaged over D and φ on the interval [0, 2π]. 2) CSMA with Receiver Sensing: In CSMARX , the receiver senses the channel upon arrival and informs its transmitter over an orthogonal control channel whether or not to back off from transmission. Theorem 4: The total outage probability of CSMARX is given by n h io P˜out (CSMARX ) = Ex,y P˜b (x, y)+[1− P˜b (x, y)] 1−e−µd (x,y) ,



(13)



where µd (x, y) is given by (8) and P˜b (x, y) by (9). Proof of Theorem 4: In CSMARX , a packet is considered to be in outage if the SINR measured by RX0 is less than β either at the start of the packet or at some point during its transmission, i.e., P˜out (CSMARX ) = Pr [SINR < β at t = 0 ∪ SINR < β at some t ∈ (0, T ]]. Now Pr [SINR < β at t = 0] is the actual backoff probability and is approximated by P˜b (x, y). The other term is the



probability that RX0 does not require TX0 to back off and that the channel becomes busy during transmission, which is explained in the proof of Theorem 3. IV. N UMERICAL R ESULTS AND D ISCUSSIONS In order to validate our framework, we designed a simulator environment where nodes and packet arrivals are generated as explained in the system model section. The aim of the comparison is to estimate the relevance of the approximations in the derivation of the model. The most significant of them is that we consider only the dominant interferers. For the following plots, we set R = 1 meter, ρ = 1 mW, the pathloss exponent α = 3 and the target SINR β = 1. In Fig. 3 the outage probability is reported as a function of λ for the four different MAC protocols considered. Both simulation and analytical curves are plotted and the comparison shows a good agreement. The same figure also compares the performance of the protocols. Slotted ALOHA exhibits the lowest outage probability because partial overlap of packets is avoided, even though at the cost of synchronizing the network. The performance of conventional CSMA (i.e., CSMATX ) appears to be even worse than that of Unslotted ALOHA in the left region of the plot. This is due to the fact that we count backoff as outage. However, for large packet densities, the number of nodes backing off is large enough and thus the amount of interference experienced by a single link is reduced compared to the case where all transmitters access the channel. As a consequence, CSMATX outperforms Unslotted ALOHA in saturation conditions. When the sensing operation is performed at the receiver, the impact of hidden and exposed terminal problems [4] is reduced. This makes CSMARX the most reliable among the unslotted protocols. Once the model is validated, we show the edge effect in Fig. 4, where the probability of outage in a bounded region is plotted as a function of the square side L, for fixed values of the density λ = 0.01, 0.1 [packets/m2 ]. It is possible to see the rate of decrease in the outage probability when the deployment region gets smaller. For example, for λ = 0.1, when L ranges from 200 to 3.3 meters, the relative decrease in the outage probability is 40% for Unslotted ALOHA and of almost 50% for CSMA and for slotted ALOHA. When λ = 0.01, the situation is of more interest to practical applications, since the outage probability is in the order of 10%. In this region, the relative outage probability decrease due to edge effect is above 50%. In summary, making the domain area smaller reduces the number of transmitters, that is, of potential interferers for a given transmitter-receiver pair. Moreover, the model also shows that the interference contribution is location dependent. Since nodes are distributed on a finite domain, a receiver located exactly in the corner of D should intuitively experience lower interference with respect to another one located in the center. In fact, if we take, e.g., Slotted ALOHA with L = 3.3 m and evaluate the ratio of the expected number of dominant interferers in the corner over that in the center, µ(L/2, L/2)/µ(0, 0), we obtain about 0.4, as expected.
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Fig. 3. Probability of outage (OP) for the different MAC protocols in a Rayleigh fading environment, as a function of node density (analytical and simulated results).
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Fig. 4. Probability of outage (OP) for the different MAC protocols in a Rayleigh fading environment, as a function of the square side L (analytical results). Ellipses group the curves for different values of λ.
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F UTURE W ORK



We proposed an analytical framework for evaluating the outage probability of different MAC protocols with consideration of edge effect. For a given packet density, the impact of enlarging the domain area is that of raising the number of transmitters, that is, of potential interferers for an arbitrary transmitter-receiver pair. This has been shown to have a great impact and further highlights the importance of considering boundedness of real networks. In real settings, traffic pattern, besides network geometry, also plays a role on outage probability. However, the aim here has been to show the effect of boundedness on widely used MAC protocols, assuming homogeneous traffic characteristics. Practical implications include the possibility of deploying a greater density of nodes in indoor networks than predicted by previous models, due to the presence of walls and obstacles. As future work, we intend to relax the assumption of fixed transmitter-receiver distance. R EFERENCES [1] C.-Y. Chong and S. P. Kumar, “Sensor networks: evolution, opportunities, and challenges”, Proceedings of the IEEE, vol. 91, no. 8, pp. 1247–1256, Aug. 2003.
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