









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













THE LAYER POTENTIALS OF SOME PARTIAL DIFFERENTIAL OPERATORS: REAL ANALYTIC DEPENDENCE UPON PERTURBATIONS M. DALLA RIVA



Abstract We introduce a particular single layer potential corresponding to the fundamental solution of a given elliptic partial differential operator of order 2k with constant coefficients. If the operator can be factorized with operators of order two, we show a real analyticity result in the frame of Schauder spaces for the dependence of the single layer potential and its derivatives till order 2k − 1 upon suitable perturbations of the density, the support and the coefficients of the operator. Exploiting such a result, we investigate the dependence upon perturbations of the density, the support and the coefficients of the single and double layer potentials which arise in certain boundary value problems, such as the Dirichlet and Neumann problems for the Lam´e equations and the Stokes system. We show also in this case that the dependence is real analytic. The results are in part obtained in collaboration with Professor Massimo Lanza de Cristoforis.
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Introduction



Let L be an elliptic partial differential operator in Rn with constant coefficients. Let S be a a fundamental solution of L. Let Ω be an open and bounded subset of Rn . Let ∂Ω denote the boundary of Ω. Let µ be a real



1



valued function defined on ∂Ω. Under reasonable regularity assumptions on Ω and µ, the expression Z v(x) ≡ S(x − y)µ(y) dσy , ∀ x ∈ Rn , (1) ∂Ω



defines a function of Rn to R. We say that v is the single layer potential of the operator L with support ∂Ω, and with density µ, and with respect to the fundamental solution S. Our aim is to investigate the dependence of v and of its derivatives upon perturbation of the coefficients of the operator L, of the support ∂Ω and of the density µ. In particular, we focus our attention to the restriction of v and its derivatives to the boundary of Ω. Our main result is stated in the following Theorem 5.1 and it is a real analyticity theorem in the frame of Schauder spaces, which can be considered as a generalization of the results for the Cauchy integral and for the layer potentials corresponding to the Laplace and Helmholtz operators due to Lanza de Cristoforis and Preciso [1] and to Lanza de Cristoforis and Rossi [2, 3]. Here we consider constant coefficient elliptic operators of order 2k, with k ∈ N \ {0}, which can be factorized with operators of order 2. The paper is organized as follows. In Section 2, we introduce a particular fundamental solution for a given constant coefficient elliptic partial differential operator and we describe the dependence of such a fundamental solution upon the coefficients of the operator. Then, in Section 3, we introduce the support of our single layer potential. This will be a compact submanifold of Rn parametrized by an admissible diffeomorphism defined on the boundary of a fixed domain Ω. In Section 4 we define a particular single layer potential for a given constant coefficient elliptic operator by exploiting the notation introduced in the previous Sections 2 and 3. In Section 5, we state our main real analyticity result under the assumption that the operator can be factorized with operators of order two. The last Section 6 is devoted to the presentation of some applications. In Subsection 6.1, we consider a single layer potential for the bi-Helmholtz operator. In Subsections 6.2 and 6.3, we consider particular single and double layer potentials for the Lam´e equations and for the Stokes system, respectively.
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A Particular Fundamental Solution



As announced, we begin by introducing a particular fundamental solution for a given elliptic partial differential operator with constant coefficients. We also describe the dependence of such a fundamental solution upon the coefficients of the operator (cf. Theorem 2.1.) To do so we need some notation. 2



Let n, l ∈ N, n > 0. We denote by N (n, l) the set of all multi-indexes α ≡ (α1 , . . . , αn ) ∈ Nn with |α| ≡ α1 + · · · + αn ≤ l. We say that a is a vector of coefficients of order l if a ≡ (aα )α∈N (n,l) is a real valued function on N (n, l). We denote by R(n, l) space of all vectors of coefficients of order l. Then, by ordering N (n, l) on arbitrary way, we identify R(n, l) with a finite dimension real vector space and we endow R(n, l) with the corresponding Euclidean norm | · |. For P each a ∈ R(n, l) we denote by P [a](ξ) = P [a](ξ1 , . . . , ξn ) the polynomial α∈N (n,l) aα ξ α and we denote by P Pj [a](ξ) the homogeneous polynomial |α|=j aα ξ α , for all j = 0, . . . , l. Then, we set L[a] ≡ P [a](∂x1 , . . . , ∂xn ), so that L[a] is a partial differential operator with constant coefficients. We say that L[a] is an elliptic operator of order l if Pl [a](ξ) 6= 0 for all ξ ∈ ∂Bn , where Bn ≡ {ξ ∈ Rn : |ξ| < 1} is the unit ball in Rn . We have the following. Theorem 2.1. Let n, k ∈ N, n ≥ 2, k ≥ 1. Let U be a bounded open subset of R(n, 2k) such that L[a] is an elliptic operator of order 2k for all vector of coefficients a in the closure of U. Then, there exist a real analytic function A(·, ·, ·) of U × ∂Bn × R to R and real analytic functions B(·, ·), C(·, ·) of U × Rn to R, such that the following statements hold. (i) There exists a sequence {fj (·, ·)}j∈N of real analytic functions of U ×∂Bn to R such that fj (a, −θ) = (−1)j fj (a, θ),



∀ (a, θ) ∈ U × ∂Bn



and A(a, θ, r) =



∞ X



fj (a, θ)rj ,



∀ (a, θ, r) ∈ U × ∂Bn × R,



j=0



where the series converges absolutely and uniformly in all compact subsets of U × ∂Bn × R. (ii) There exists a family {bα (·) : α ∈ Nn , |α| ≥ 2k − n} of real analytic functions of U to R such that X B(a, z) = bα (a)z α , ∀ (a, z) ∈ U × Rn , |α|≥2k−n



where the series converges absolutely and uniformly in all compact subsets of U × Rn . Furthermore, the function B can be chosen to be identically 0 if n is odd. (iii) The function C can be chosen to be identically 0 if n is odd. 3



(iv) For all a ∈ U the function S(a, ·) of Rn \ {0} to R defined by S(a, z) ≡ |z|2k−n A(a, z/|z|, |z|) + B(a, z) log |z| + C(a, z), ∀ z ∈ Rn \ {0}, is a fundamental solution of L[a]. For the proof of Theorem 2.1 we refer to [4]. Here we only remark that the argument of the proof heavily exploits the construction of a fundamental solution given by John in [5]. We also observe that Theorem 2.1 resembles the results obtained by Mantlik [6, 7] with much more general assumptions on the operator (see also Tr`eves [8]]. Nevertheless it is not a corollary. Indeed, by Theorem 2.1 we obtain a suitably detailed expression for the fundamental solution, which cannot be deduced by Mantlik’s results.
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The Support of the Single Layer Potential



Our next step is to introduce the support of the single layer potential. To do so we recall some technical facts of Lanza de Cristoforis and Rossi [2, 3]. Let n, m ∈ N, n ≥ 2, m ≥ 1. Let 0 < λ < 1. We fix an open connected and bounded subset Ω of the euclidean space Rn , whose exterior Rn \ clΩ is also connected. Moreover we assume that the boundary ∂Ω of Ω is a compact sub-manifold of Rn of H¨older class C m,λ . Then we introduce the class A∂Ω of the admissible functions on ∂Ω by the following definition. Definition 3.1. A∂Ω is the set of all functions φ ∈ C 1 (∂Ω, Rn ) which are injective and whose differential dφ(x) is injective for all x ∈ ∂Ω. One can verify that A∂Ω ∩ C m,λ (∂Ω, Rn ) is an open subset of the Banach space C m,λ (∂Ω, Rn ). Moreover, if φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ), then φ(∂Ω) splits Rn into two connected components. We denote by I[φ] the bounded one. Then I[φ] is an open and bounded subset of Rn , connected and with connected exterior, and whose boundary ∂I[φ] = φ(∂Ω) is a compact submanifold of Rn of H¨older class C m,λ parametrized by the function φ. The set φ(∂Ω) will be the support of our single layer potential.
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The Single Layer Potential



Now we introduce our particular single layer potential. Let n, k ∈ N, n ≥ 2, k ≥ 1. Let U be an open bounded subset of R(n, 2k) such that L[a] is an elliptic operator of order 2k for all a in the closure of U. Then U satisfies the 4



assumptions of Theorem 2.1 and we can consider the corresponding function S(a, ·) for all a ∈ U. Let m ∈ N, m ≥ 1, and λ ∈]0, 1[. We fix an open bounded and connected subset Ω of Rn with connected exterior and with boundary of class C m,λ . If a ∈ U, φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ), µ ∈ C m−1,λ (∂Ω) and β ∈ N (n, 2k −1), we denote by vβ [a, φ, µ] the function of Rn to R defined by Z (∂zβ S)(a, x − y) µ ◦ φ(−1) (y) dσy , ∀ x ∈ Rn , (2) vβ [a, φ, µ](x) ≡ φ(∂Ω)



where the integral is understood in the sense of singular integrals if |β| = 2k − 1 and x ∈ φ(∂Ω), namely Z vβ [a, φ, µ](x) ≡ lim+ (∂zβ S)(a, x − y) µ ◦ φ(−1) (y) dσy . →0



φ(∂Ω)\(x+Bn )



Clearly, v(0,...,0) [a, φ, µ] is the single layer potential with support φ(∂Ω) and with density µ ◦ φ(−1) of the operator L[a] with respect to the fundamental solution S(a, ·). For |β| ≤ 2k − 2, vβ [a, φ, µ] coincides with the βderivative of the single layer potential v(0,...,0) [a, φ, µ], namely vβ [a, φ, µ](x) = ∂xβ v(0,...,0) [a, φ, µ](x) for all x ∈ Rn . For |β| = 2k − 1, vβ [a, φ, µ] coincides with the β-derivative of v(0,...,0) [a, φ, µ] on Rn \ φ(∂Ω), but not on φ(∂Ω). Indeed, for |β| = 2k − 1, the β derivative of v(0,...,0) [a, φ, µ] displays a jump across the boundary φ(∂Ω) and its value at x ∈ φ(∂Ω) is not defined. Nevertheless, one can verify that the restriction of ∂xβ v(0,...,0) [a, φ, µ] to the domain I[φ] admits a continuous extension to the closure of I[φ]. If we denote by v¯β [a, φ, µ] such an extension, then v¯β [a, φ, µ](x) = J(a, νφ )µ ◦ φ(−1) (x) + vβ [a, φ, µ](x),



∀ x ∈ φ(∂Ω),



where J(·, ·) is a real analytic function of U × (Rn \ {0}) to R and νφ denotes the outer unit normal of I[φ] (cf. [4].)
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A Real Analyticity Theorem



We state in this section our main Theorem 5.1, which is in some sense a natural extension of Theorem 3.23 of Lanza de Cristoforis and Preciso [1], where the Cauchy integral has been considered, of Theorem 3.25 of Lanza de Cristoforis and Rossi [2], where the Laplace operator ∆ has been considered, and of Theorem 3.45 of Lanza de Cristoforis and Rossi [3], where the Helmholtz operator has been considered. Here we consider more general operators, the 5



constant coefficient elliptic operators of order 2k, with k ∈ N \ {0}, which can be factorized with operators of order 2. Let n, k ∈ N, n ≥ 2, k ≥ 1. Let U1 , . . . , Uk be bounded open subsets of R(n, 2) such that L[ai ] is an elliptic operator of order 2 for all ai in the closure of Ui and for all i = 1, . . . , k. One easily verifies that, for each k-tuple ¯ of R(n, 2k) such (a1 , . . . , ak ) of U1 × · · · × Uk , there exists a unique element a that P [¯ a](ξ) = P [a1 ](ξ) · P [a2 ](ξ) · · · · · P [ak ](ξ), ∀ ξ ∈ Rn . (3) Moreover, the map of U1 × · · · × Uk to R(n, 2k) which takes (a1 , . . . , ak ) to ¯ is real analytic. So, the set V of all the vectors of coefficients a ¯ ∈ R(n, 2k) a which satisfy (3), for some (a1 , . . . , ak ) ∈ U1 ×· · ·×Uk , is a bounded subset of ¯ in V. By means R(n, 2k) and L[¯ a] is an elliptic operator of order 2k for all a of a simple topological argument, it follows that there exists a bounded open neighborhood U of V in R(n, 2k) such that L[a] is an elliptic operator of order 2k for all a in the closure of U. Thus, U satisfies the assumption of Theorem 2.1 and we can introduce the corresponding function S(a, ·) of Rn \ {0} to R for all a ∈ U. Now, let m ∈ N \ {0}, λ ∈]0, 1[. Let Ω be a bounded open connected subset of Rn with connected exterior and with boundary of class C m,λ . Let vβ [a, φ, µ] be the function of Rn to R defined by (3), for all a ∈ U, φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ), µ ∈ C m−1,λ (∂Ω) and β ∈ N (n, 2k − 1). We denote by Vβ [a, φ, µ] the function defined on the boundary of the fixed domain Ω by the following equation, Vβ [a, φ, µ](x) ≡ vβ [a, φ, µ] ◦ φ(x),



∀ x ∈ ∂Ω,



(4)



for all (a, φ, µ) ∈ U × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω) and for all β ∈ N (n, 2k − 1). Then we have the following real analyticity theorem. Theorem 5.1. The following statements hold. (i) If |β| ≤ 2k −2, then the map of (U1 ×· · ·×Uk )×(A∂Ω ∩C m,λ (∂Ω, Rn ))× C m−1,λ (∂Ω) to C m,λ (∂Ω), which takes (a1 , . . . , ak , φ, µ) to Vβ [¯ a, φ, µ], is real analytic. (ii) If |β| = 2k − 1, then the map of (U1 ×· · ·×Uk )×(A∂Ω ∩C m,λ (∂Ω, Rn ))× C m−1,λ (∂Ω) to C m−1,λ (∂Ω), which takes (a1 , . . . , ak , φ, µ) to Vβ [¯ a, φ, µ], is real analytic. For a proof of Theorem 5.1 we refer to [4]. The main idea stems from the papers of Lanza de Cristoforis and Preciso [1] and Lanza de Cristoforis and Rossi [2, 3] and exploits the Implicit Mapping Theorem for analytic functions. 6



Let β be a multi-index with |β| ≤ 2k − 2. Let (a1 , . . . , ak , φ, µ) belong to (U1 ×· · ·×Uk )×(A∂Ω ∩C m,λ (∂Ω, Rn ))×C m−1,λ (∂Ω). We introduce a system of coupled boundary value problems defined in a suitable neighborhood of ∂Ω. Such a system has a unique solution which uniquely identifies the function Vβ [¯ a, φ, µ]. By means of the Implicit Mapping Theorem, we show that the solution of the system depends real analytically on (a1 , . . . , ak , φ, µ). We deduce that Vβ [¯ a, φ, µ] depends real analytically on (a1 , . . . , ak , φ, µ). To prove the statement for |β| = 2k − 1, we exploit the jumping properties of the single layer potential.
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Some applications The bi-Helmholtz operator



We denote by H2 [b1 , b2 ] the operator H2 [b1 , b2 ] ≡ (∆ + b1 ) (∆ + b2 ), where b1 and b2 are real coefficients. We fix two open and bounded subsets B1 and B2 of R. By a straightforward corollary of Theorem 2.1, we introduce a particular fundamental solution SH 2 (b1 , b2 , ·) of H2 [b1 , b2 ], for all (b1 , b2 ) ∈ B1 × B2 . Then, we fix two constants m ∈ N \ {0} and λ ∈]0, 1[. We fix a bounded open connected subset Ω of Rn with connected exterior and with boundary of class C m,λ . We denote by (vH 2 )β [b1 , b2 , φ, µ] the function of Rn to R defined by (vH 2 )β [b1 , b2 , φ, µ](x) Z (∂zβ SH 2 )(b1 , b2 , x − y) µ ◦ φ(−1) (y) dσy , ≡



∀ x ∈ Rn ,



φ(∂Ω)



for all (b1 , b2 , φ, µ) ∈ B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω) and for all β ∈ N (n, 3), where the integral is understood in the sense of singular integrals if |β| = 3 and x ∈ φ(∂Ω). Then, we set (VH 2 )β [b1 , b2 , φ, µ](x) ≡ (vH 2 )β [b1 , b2 , φ, µ] ◦ φ(x),



∀ x ∈ ∂Ω,



for all (b1 , b2 , φ, µ) ∈ B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω) and for all β ∈ N (n, 3). By Theorem 5.1, we immediately deduce the following. Proposition 6.1. If |β| ≤ 2, the map (VH 2 )β [·, ·, ·, ·] is real analytic from B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω) to C m,λ (∂Ω). If |β| = 3, the map (VH 2 )β [·, ·, ·, ·] is real analytic from B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω) to C m−1,λ (∂Ω).
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6.2



The Lam´ e equations



We denote by L[b1 , b2 ] the vector valued operator L[b1 , b2 ] ≡ ∆ + b1 ∇div + b2 , where b1 and b2 are real coefficients. We fix two open and bounded subsets B1 and B2 of R and we assume that B1 does not contain the point −1. A fundamental solution SL (b1 , b2 , ·) of the operator L[b1 , b2 ] is given by the matrix-valued function defined by (SL (b1 , b2 , z))ij   ≡ δij ∆z +



(5) b2 b1 + 1



2



 −



b1 ∂ b1 + 1 ∂zi ∂zj















SH 2 b2 , b2 /(b1 + 1), z ,



for all z ∈ Rn \ {0}, and for all i, j = 1, . . . , n, and for all (b1 , b2 ) ∈ B1 × B2 , where δij denotes the Kronecker delta symbol and SH 2 is the fundamental solution of the bi-Helmholtz operator H2 introduced in the previous Subsection 6.1 (cf. Kupradze, Gegelia, Bashele˘ıshvili and Burchuladze [9].) Now, let m ∈ N \ {0} and λ ∈]0, 1[. Let Ω be a bounded open connected subset of Rn with connected exterior and with boundary of class C m,λ . We set (vL )β [b1 , b2 , φ, µ](x) Z (∂zβ SL )(b1 , b2 , x − y) µ ◦ φ(−1) (y) dσy , ≡



∀ x ∈ Rn ,



φ(∂Ω)



where the integral is understood in the sense of singular integrals if |β| = 1 and x ∈ φ(∂Ω), and (VL )β [b1 , b2 , φ, µ](x) ≡ (vL )β [b1 , b2 , φ, µ] ◦ φ(x),



∀ x ∈ ∂Ω,



for all (b1 , b2 , φ, µ) ∈ B1 ×B2 ×(A∂Ω ∩C m,λ (∂Ω, Rn ))×C m−1,λ (∂Ω, Rn ) and for all β ∈ N (n, 1). Then, by Theorem 5.1, we immediately have the following. Proposition 6.2. If |β| = 0, the map (VL )β [·, ·, ·, ·] is real analytic from B1 ×B2 ×(A∂Ω ∩C m,λ (∂Ω, Rn ))×C m−1,λ (∂Ω, Rn ) to C m,λ (∂Ω, Rn ). If |β| = 1, the map (VL )β [·, ·, ·, ·] is real analytic from B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, Rn ) to C m−1,λ (∂Ω, Rn ). We now consider the double layer potential wL [b1 , b2 , φ, µ] of L[b1 , b2 ]. We (i) denote by SL the vector valued function given by the i-th column of SL , for all i = 1, . . . , n. We denote by T (b, A) the matrix (b − 1)(trA)1n + (A + At ), for all n × n real matrix A and all scalar b ∈ R, where 1n is the n × n 8



unit matrix. We denote by νφ the outward unit normal to φ(∂Ω), for all φ ∈ A∂Ω ∩ C m,λ (∂Ω, Rn ). Then we set wL [b1 , b2 , φ, µ](x) Z h  i  (i) (−1) ≡− T b1 , Dz SL (b1 , b2 , x − y) νφ (y) · µ ◦ φ (y) φ(∂Ω)



dσy



i=1,...,n



for all x ∈ Rn and all (b1 , b2 , φ, µ) ∈ B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m,λ (∂Ω, Rn ), where the integral is understood in the sense of singular integrals if x ∈ φ(∂Ω). We denote by WL [b1 , b2 , φ, µ] the composition wL [b1 , b2 , φ, µ]◦ φ. Then we have the following real analyticity Proposition 6.3 for WL [b1 , b2 , φ, µ]. We refer to [4] for a proof. Proposition 6.3. The map WL [·, ·, ·, ·] of B1 × B2 × (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m,λ (∂Ω, Rn ) to C m,λ (∂Ω, Rn ) is real analytic.
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The Stokes system



We say that SS ≡ (SV , SP ) is a fundamental solution for the Stokes system in Rn if SV is a real analytic matrix-valued function of Rn \ {0}, SP is a real analytic vector valued function of Rn \ {0} and ∆SV (z) − ∇SP (z) = δ(z)1n ,



div SV (z) = 0,



∀ z ∈ Rn \ {0},



(cf. Ladyzhenskaya [10].) One can verify that a suitable choice of the functions SV and SP is given by the following equalities,   ∂ ∂2 S∆2 (z), (SP )i (z) ≡ − S∆ (z), (6) (SV (z))ij ≡ δij ∆ − ∂zi ∂zj ∂zi for all z ∈ Rn \ {0}, where we understand S∆2 (z) ≡ SH 2 (0, 0, z) and S∆ (z) ≡ ∆S∆2 (z), in accordance with the notation of subsection 6.1. Now, let m ∈ N \ {0} and λ ∈]0, 1[. Let Ω be a bounded open connected subset of Rn with connected exterior and with boundary of class C m,λ . We introduce the single layer potentials vV [φ, µ] and vP [φ, µ] by the equalities Z vV [φ, µ](x) ≡ SV (x − y) µ ◦ φ(−1) (y) dσy , ∀ x ∈ Rn , (7) φ(∂Ω) Z vP [φ, µ](x) ≡ SP (x − y) · µ ◦ φ(−1) (y) dσy , ∀ x ∈ Rn , (8) φ(∂Ω)



for all (φ, µ) ∈ (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, Rn ), where the integral in equation (8) is understood in the sense of singular integrals if x ∈ φ(∂Ω). As usual, we set VV [φ, µ] ≡ vV [φ, µ] ◦ φ and VP [φ, µ] ≡ vP [φ, µ] ◦ φ. Then, by equation (6) and by Proposition 6.1, we have the following. 9



Proposition 6.4. The maps VV [·, ·] and VP [·, ·] of (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, Rn ) to C m,λ (∂Ω, Rn ) and to C m−1,λ (∂Ω, Rn ), respectively, are real analytic. Now for each scalar b ∈ R and each n × n real matrix A we set T (b, A) ≡ (i) −b1n + (A + At ). Then we denote by SV the vector valued function given by the i-th column of SV for each i = 1, . . . , n. We define the double layer potential wV [φ, µ] by Z h   (i) wV [φ, µ](x) ≡ − T (SP )i (x − y), DSV (x − y) φ(∂Ω)  i ·νφ (y) · µ ◦ φ(−1) (y) dσy , ∀ x ∈ Rn , i=1,...,n



for all (φ, µ) ∈ (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m−1,λ (∂Ω, Rn ). As usual, we set WV [φ, µ] ≡ wV [φ, µ] ◦ φ and we have the following (see [4] for the proof.) Proposition 6.5. The map WV [·, ·] defined from (A∂Ω ∩ C m,λ (∂Ω, Rn )) × C m,λ (∂Ω, Rn ) to C m,λ (∂Ω, Rn ) is real analytic. We can also define the double layer potential wP [φ, µ] for the pressure and we can prove a real analyticity proposition for it similar to Proposition 6.5. To do so, we first need to obtain a suitable expression for wP [φ, µ]. For the sake of brevity, we omit to present here more details. We refer to [4] for a complete analysis.
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