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THE TWO FACES OF MATHEMATICAL MODELLING: OBJECTIVISM VS SUBJECTIVISM, SIMPLICITY VS COMPLEXITY GIORGIO ISRAEL Dipartimento di Matematica Università di Roma "La Sapienza"



The use of mathematical models to describe real phenomena is a recent scientific practice, and had never been used prior to the present century. This may be illustrated in many ways, although perhaps the simplest is to compare two points of view separated by nearly three centuries. Forty years ago John von Neumann referred to mathematical modelling as the very essence of doing science and clearly defined its characteristics: « … the sciences do not try to explain, they hardly even try to interpret, they mainly make models. By a model is meant a mathematical construct which, with the addition of certain verbal interpretations, describes observed phenomena. The justification of such a mathematical construct is solely and precisely that it is expected to work — that is, correctly to describe phenomena from a reasonably wide area. Furthermore, it must satisfy certain esthetic criteria — that is, in relation to how much it describes, it must be rather simple. I think it is worth while insisting on these vague terms […] One cannot tell exactly how "simple" simple is. […] Simplicity is largely a matter of historical background, of previous conditioning, of antecedents, of customary procedures, and it is very much a function of what is explained by it.»1 Science —von Neumann thus emphasized — does not set out to explain, to discover the inner essence of phenomena. It does not seek the truth, it does not aim to be a mirror for phenomena. It merely supplies the mathematical images — the models — that are evaluated exclusively according to criteria of effectiveness, that is, according to how well they "work", and thus allow certain effects to be predicted or at least to get some idea, albeit partial, of the facts. It does not matter how true they are, as long as they are useful. 1



J. Von Neumann, “Method in the Physical Sciences”, The Unity of Knowledge, L. Leary ed., New York, Doubleday, 1955: 491-498. See also: G. Israel, A. Millán Gasca, Il mondo come gioco matematico. John von Neumann scienziato del Novecento, Roma, La Nuova Italia Scientifica, 1995 (english translation to appear, Springer-Verlag).
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Let us now remind that Isaac Newton, in a famous passage from "query" twenty-eight of his Opticks, asserts that the main task of natural philosophy is to argue on the basis of the phenomena without framing hypotheses, and to infer causes starting from the effects until we reach the First Cause, which is certainly not mechanical. Natural philosophy — Newton adds — has the task not only of explaining the mechanism of the world, but is fundamental to solve issues such as: what is there in places that are almost completely empty of matter, and whence it derives that the sun and the planets gravitate towards each other, without there being any dense matter between them? Whence comes it that Nature does nothing in vain; and whence derives all that order and all that beauty that we see in the world? What is the purpose of the comets, and whence comes it that the planets all move in one and the same way in concentric orbits, while the comets move in all kinds of ways in very eccentric orbits; and what prevents the fixed stars from falling upon each other? How is that the bodies of animals are designed so artfully, and what is the purpose of their numerous parts? Is it possible that the eye was constructed without a knowledge of optics, the ear of acoustics? How is it that the movements of the body derive from the will, and whence come the instinct of animals? … Once all these things have been established clearly, it will be clear that an incorporeal, living, intelligent, ubiquitous Being exists, who in the infinite space of the sensorium, sees the things themselves intimately and perceives them completely, and understands them fully. Although every progress made in this philosophy does not bring us immediately to knowledge of the First Cause, yet it brings us close to it, and for this reason must be held in great consideration. Not much discussion is required to be convinced that these words conjure up an image of science — “natural philosophy”, as expressed in the language of the time — which is diametrically opposed to that illustrated by von Neumann. For Newton, the guiding criterion is not usefulness but truth, the discovery of the causes, the explanation of the causes, indeed for the purpose of attaining the First Cause. We know that Newton insisted on the fact that scientific analysis seeks causes starting from effects without “framing hypotheses”, whether physical or metaphysical, that is, without making use of ad hoc conceptual constructions lacking any necessary relationship with the facts. We shall mention the masterly analysis made by Alexandre Koyré of Newton’s famous aphorism “Hypotheses non fingo”2 merely to say that it suggests that the aphorism should be 2



A. Koyré, Études newtoniennes, Paris, Gallimard, 1968.
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paraphrased as follows: “I don’t make models”… I don’t use images or arbitrary conceptual constructions, but seek the intimate truth of the facts. For about three centuries (starting from Kepler and Galileo) this was the credo of science, in particular, of its fundamental core – physical mathematics. It hinged on the idea of Galileo’s that the book of nature was written by God in mathematical language. And even though nature may have a mathematical structure, mathematics is not a mere descriptive tool – a panoply of models – but contains within itself the intimate essence of the phenomena. We have said — and noted in von Neumann’s words — that this view was abandoned in our century. But how reluctantly! Suffice it to consider that even Einstein claimed that «we have the right to believe that nature is the realisation of what may be imagined as the simplest from the mathematical point of view», or that the astronomer Jeans asserted that the Creator must have been a mathematician. And to discover a great set of unified laws that can explain the mechanism of the world still seems to be the secret quest of each theoretical physicist. Be that as it may, in spite of this more or less secret nostalgia, contemporary science appears to be increasingly addicted to making models, mathematical models.3 A mathematical model is a conceptual scheme intended to represent a set of phenomena using the language of mathematics. As it does not mirror a phenomenon exactly, a model does not claim to be the only possible representation: there is no one-to-one equivalence between models and phenomena. The same phenomenon may be represented by several models, some of which may be deemed more effective than others even though they are not necessarily in competition, as each may offer different but compatible perspectives. Conversely, one and the same model may be used to represent different phenomena, among which it establishes a kind of structural “homology”. The latter aspect defines a typical method of mathematical modelling, namely the method of mathematical analogy. This consists in identifying features shared by phenomena that may even be distant from each other, and thus discover unexpected links between them. If one of these phenomena lends itself to an effective mathematical description, the latter may be considered as a mathematical model of all the other similar (or “homologous”) phenomena. For example, in modern non linear dynamics it has been possible to 3



For a general discussion of the history and themes of mathematical modelling, see: G. Israel, La mathématisation du réel, Essai sur la modélisation mathématique, Paris, Éditions du Seuil, 1996.
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develop a unified treatment of the phenomena of hydrodynamic turbulence, chemical kinetics, the behaviour of certain electronic circuits used in radio engineering and many other processes: the most satisfactory mathematical model is derived from the description of certain oscillatory processes that find their most conspicuous and best known expression in such electronic circuits. A mathematical model may essentially be considered as a fragment of mathematics that can be used to represent a phenomenon, without this representation being unique and with the same fragment of mathematics being suitable for describing several quite independent phenomena. A single phenomenon may be observed through many different “lenses” (or models) and the same lens may account for different phenomena. We have deliberately used the ambiguous term representation, because a model may have either a descriptive or a prescriptive function. For example, a model of meteorological phenomena is descriptive (insofar as it sets out to predict the weather as accurately as possible). On the other hand, a motor traffic model or a model for allocating scarce resources among consumers are prescriptive or control models. In this case, in fact, the interest does not lie in the description but in the establishment of procedures for achieving a given end: in our case, to ensure a rapid and fluid traffic flow and a distribution of resources that guarantees optimality or efficiency. However, these two different points of view can coexist. For instance, a flying aircraft involves both descriptive aspects and aspects of control related to human action to modify the trajectory. It is also clear that the increasing effect of human activities on meteorological phenomena is leading to the purely descriptive approach being abandoned in order to take into account the effects of this external influence and to study them in order to counter their negative aspects. The growing number of prescriptive or regulatory models is further evidence of the original nature of modelling as a scientific research practice as opposed to the almost exclusively descriptive-explanatory approach followed by classical science. There is another aspect of mathematical modelling that represents a great innovation after several centuries of using mathematics to study various phenomena: its application to “non physical” contexts, such as biological, social, economic and psychological contexts. Prior to this century, there was a strong resistance to the use of mathematics in these “non physical” contexts, which subsequently weakened rapidly. Starting in the ‘twenties, the application of mathematics to biology, initially spasmodic, rapidly developed into three mainstreams of research: population dynamics; population genetics (which made 4



a significant contribution to the synthesis between Mendelism and Darwinism, that is, to the actual bearing structure of modern biology); the mathematical theory of epidemics; the development of many mathematical models of the physiology and pathology of human organs. The two decades between 1920 and 1940 have been defined as the “Golden Age” of mathematical biology. A similar explosion was observed in the socio-economic field, in which the more or less unsuccessful attempts to found a mathematical economics made by Léon Walras and Vilfredo Pareto in the nineteenth century were resumed by Abraham Wald and John von Neumann and then re-elaborated in the context of the theory of games, which was to produce results of fundamental importance. Of course, one may wonder about the causes of the collapse of the two barriers standing in the way of the development of the modelling approach: the realist and objectivist view of phenomena, and the lack of faith in the mathematization of non physical phenomena. There is no doubt that one of the causes lies in the processes that modified the image of physics at the beginning of the century. Indeed, research into the atomic and sub-atomic world led physics to abandon realism and to wonder less and less about the nature of the objects with which it was concerned, contenting itself to provide an effective and consistent formal representation of them: it is precisely in this context that the term “model” begins to spread, above all with reference to the various “models of the atom” aimed at representing its properties and behaviour without claiming to reflect its exact structure. Even the introduction of the concept of electron actually represents the creation of a model, as no one had clear ideas about what this concept represented in real terms. Another extremely important factor in the development of the modelling approach is the rise of technology (that is, technical expertise based on science) in which it is quite natural for a closer and closer relationship to grow up between mathematics and the relevant applications. And these applications are not easy to restrict to the traditional confines of physics even when their subject matter is purely physical. Examples of this are problems linked to turbulent physical phenomena, as well as a series of topics suggested by new technological developments – for instance, the propagation of radio waves, the behaviour of non conventional electrical circuits and devices involving servomechanisms, engineering problems related to the flight of aircraft. The mathematical models constructed to handle these topics – which often follow on from non conventional topics in classical mathematical physics, such as the study of non 5



linear differential equations — suggest new applications and hitherto undreamt of connections: from the problem of economic cycles to that of the numerous cyclic phenomena that occur in biology, from the study of economic equilibrium to that of the equilibria of animal populations competing inside the same ecosystem, to the way an epidemic tends to develop. Such a wide variety of heterogeneous topics does not facilitate the task of incorporating the new developments of modelling into the rigid structure of classical science. They are being studied by groups of scholars working at the boundaries of the official scientific community who include (or are supported by) several highly prestigious figures. One example of a scholar as rich in fertile ideas as he was isolated from the official scientific community is Alfred J. Lotka, who wrote Elements of mathematical biology in the ‘twenties. This book was misunderstood at the time but subsequently exerted a strong influence on one of the greatest applied mathematicians of this century, Norbert Wiener. Another top-ranking scientist involved on the new front of applied mathematics and modelling was Theodore von Kármán (who later migrated to the United States where he did important work at the California Institute of Technology). The distinguished Italian mathematical physicist Tullio Levi-Civita may be considered one of the main supporters and promoters of the new trend. The spread of mathematical modelling during World War II was stimulated by problems of an applied nature. They are too numerous for a full list to be given. We shall take a few of the more important topics at random: problems of weather forecasting, problems of optimizing the allocation of resources (ranging from military logistics to problems related to the organization of the Marshall Plan, to problems of economic planning and programming and industrial management), problems of aerodynamics and ballistics (optimization of antiaircraft fire, models of the atom and thermonuclear bombs, missile technology), industrial technology problems (from oil extraction to production organization methods). The applications of mathematics are so numerous that the spread among the mathematicians of the ‘fifties of an approach tending towards abstraction and a pure and disinterested view of research — promoted by the group of French mathematicians gathered under the pseudonym of Nicolas Bourbaki — merely represents an anomalous, albeit influential, parenthesis. However, modelling was not limited solely to the technological and industrial aspects mentioned above. It revived the topics that had been central to biological and socio-economic modelling in the ‘twenties: after a pause lasting several decades, population dynamics and epidemiology returned to the centre of interest 6



and, in the ‘seventies, underwent astonishing growth; and, starting in the ‘fifties, mathematical economics again became focused on the study of the theory of economic equilibrium, accompanied by a growing interest in the theory of games, the foundations of which had been laid in the ‘forties in Von Neumann and Morgenstern’s famous book4. In more recent years, the mathematical study of weather problems led to the discovery of the phenomenon of “deterministic chaos”, which some consider as a conceptual revolution of far-reaching importance. The study of “chaotic” phenomena, such as that of “complex” phenomena, can be traced back directly to the interest in turbulent processes and led to a radical change in the way phenomena were viewed mathematically: the long-standing conviction of a world structured into simple, orderly forms, which were believed to be reflected in the clear and harmonious structures of mathematics, was replaced by the idea of an irreducible complexity and an extraordinarily complicated web of relationships that could only be represented by means of the “new” mathematics of chaos or of fractal structures or else described using the more sophisticated instruments of probability theory. It goes without saying that one crucially important factor in the development of mathematical modelling is the computer and the increasingly widespread use made of it for research purposes. Beginning in the ‘eighties, the construction of increasingly powerful, fast and flexible machines led to the explosion of numerical calculus. Furthermore, the introduction of computer graphics and the consequent replacement of numerical representation by a geometric representation of solutions for the systems studied allowed a direct qualitative assessment to be made of the behaviour of the solutions themselves. The result was a radical change in research practice. Numerical analysis was no longer a support in the study of solutions that ordinary analytical tools could not render explicit, but became a tool for the simulation of the behaviour of the mathematical systems studied and consequently of the real systems that the latter claimed to represent. Computers could thus be used to simulate the behaviour of a real system in the hope that, at least in some cases, this approach could be replaced by direct empirical verification. One further aspect characterizing modelling practice is the gradual abandonment of a fundamental principle of classical science: the idea of the simplicity of nature. This idea is rooted in the distant past but it was in the work of Galileo Galilei that it becomes associated with the notion that the world has a 4



J. Von Neumann, O. Morgenstern, Theory of Games and Economic Behaviour, Princeton, Princeton University Press, 1944, second edition 1947.
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mathematical structure, and therefore a simple mathematical structure. The fascination wrought by this principle on scientist’s minds is proved by its persistence: despite the much water that passed under the bridge of physics between Galileo and Einstein, one pillar has remained firmly intact and that is the conviction that (to repeat the already cited phrase of Einstein) «nature is the realization of what may be imagined as the simplest from the mathematical point of view». The principle of the simplicity of nature was given an explicit mathematical translation at the turn of the eighteenth century, above all in the work of Joseph Louis Lagrange. The basic idea consisted in admitting that, in a differential equation representing a real process, the contribution of the linear part of the functions involved was that which expressed the characterizing aspects of the dynamics of the process itself. Therefore these functions can be replaced by their linear component without introducing any significant difference (the first term in the development of a Taylor series). The part that is neglected (the non linear part) certainly represents certain aspects of the process, although these consist of “perturbations” of the fundamental process: their omission leads to a slightly modified description that does not however alter the fundamental characteristics of the “true” nature of the process. Linearization means using a simpler description in which only the marginal aspects are lost. In return we gain in simplicity, as the process becomes amenable to easy mathematical treatment. In other words, linearization is the mathematical process used to penetrate the heart of a physical process and to reveal the simple inner structures by which it is governed. Of course this approach is meaningful if, and only if, the hypothesis is true that omitting the non linear terms of the equation merely amounts to neglecting inessential or in any case secondary perturbations. This hypothesis has never been demonstrated and has even proved to be false, at least in principle. Nevertheless in mathematical physics it has been considered self-evident for at least a century, thus providing excellent proof of the fact that science is governed by metaphysical hypotheses in its conceptual choices and that it was accepted not because it had proved to correspond to the facts but because it expressed faith in the idea that nature is what is simplest to imagine from the mathematical point of view. At the beginning of this century it was realized that the linearization method could be a source of serious errors, and had no general foundation. In many important cases in was precisely the non linear terms of the equation that 8



contained the component needed to describe the physical process, that is, which expressed its most characteristic features. The development of mathematical modelling was linked to the rise of a paradigm of non linearity as opposed to the conventional paradigm of linearity, and this contrast was accompanied by the growing idea that natural processes were generally not simple but complex: simplicity (and thus linearity) became the exception and complexity (that is, non linearity) the rule. The role of modelling in the rise of the paradigm of non linearity and complexity can be appreciated by taking into account the fact that both classical and more modern physics were dominated by the dogma of linearity. Indeed, quantum mechanics is completely structured around the concept of the harmonic oscillator: it is the apotheosis of the linear paradigm in view of the systematic use made in it of the theory of linear operators in a Hilbert space. It is thus easy to understand why it was precisely in physics that the greatest resistance to adopting a different point of view was found. The attention focused on non linearity (and the corresponding attention focused on the complex nature of a very large number of phenomena) thus emerges in non conventional areas of physics and technology (theory of oscillations in applied mechanics, turbulence problems, radio engineering, self-regulating processes, bifurcation) and in the applications of mathematics to the biological and socio-economic sciences. We have already mentioned the areas in which these interests developed. It should be noted in this connection that Russian science played a special and leading role in the development of the paradigm of non linearity, right from the beginning of the century, under the weight of its powerful tradition in the fields of engineering, applied science and mechanics. In order to illustrate these issues more clearly let us refer briefly to the development of the concept of oscillation, which begins to take shape in the first few decades of the century. There is no point in insisting on the centrality of the notion of oscillation in science: a large number of oscillatory and periodic phenomena are found in nature and in artificial processes, ranging from mechanical vibrations to economic cycles, from acoustics to population dynamics, from the contractions of the heart muscle to the reproduction cycle of plants. When it is considered that a fundamental mathematical tool, Fourier's transformation, allows each evolution to be broken down into the sum of the periodic contributions, it is easy to grasp the extraordinarily general role played by oscillatory phenomena in the scientific (and mathematical) description of phenomena. The simplest and most effective mathematical structure for 9



describing an oscillatory phenomenon is given by the linear harmonic oscillator: this explains the almost universal role it has taken on in mathematical physics. Nevertheless, many periodic oscillatory processes cannot be linked to this model. For instance, it is not sufficient to describe an ancient mechanism such as the clock insofar as it does not take into account the latter’s capacity to “automatically” strike a balance between the input and dissipation of energy: the clock — like numerous other devices or natural processes— “self-regulates” its oscillations by means of a feedback mechanism. A better name for this kind of oscillation would be “auto-oscillation” and its most appropriate description is given by a non linear mathematical model that represents a variant of a famous equation introduced by the Dutch radiophysicist Balthazar L. Van de Pol in 19265. Van der Pol introduced his equation in order to represent the behaviour of electric circuits in which triodes or neon tubes are inserted and applied it successfully to the description of phenomena such as the heartbeat, giving rise to the procedure we have called “mathematical analogy”. Van der Pol’s equation is essentially non linear and opens up the way to the study of a large number of self-oscillating processes governed by feedback processes. The foregoing illustrates the profound change undergone by the relationship between mathematics and technology in this century. The consideration of the simplest system in which this kind of non linear relationship is present is indicative of the appearance of behaviours that cannot be explained in terms of the sum of the behaviour of the individual parts. Consequently, in a system comprising only two components, if a feedback relationship exists between the first component and the second, it is impossible to explain the overall behaviour of the system as the result of the behaviour of the two single components (in mathematical terms, the eigenvalues of the solution of the system cannot be obtained by simple combination of the eigenvalues of the two components). This already attests to a definite link between complexity, non linearity and several non conventional technological processes (that is, that are extraneous to previous technology), such as feedback processes, which are linked to the introduction of self-regulating devices on machines. What has been said above leads to a more general line of thought. The classical conception of machines is based on a reductionist principle that may be expressed in the aphorism: “the whole is the sum of the parts”. A machine, the 5



B. L. Van der Pol, “On Relaxation-Oscillation”, The London Edinburgh and Dublin Philosophical Magazine and Journal of Science, vol. 2, 1926, pp. 978-992; B. L. Van der Pol, J. Van der Mark, “The Heartbeat considered as a Relaxation Oscillation, and an Electrical Model of the Heart”, The London Edinburgh and Dublin Philosophical Magazine and Journal of Science, vol. 6, 1928, pp. 763-775.
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components of which are linked by a linear causal connection, in which each element acts on the following one according to a scheme in which no branching or feedback is allowed, may be reduced to such a principle. On the other hand, the latter represents the paradigm of classical physics according to which each system is simply the aggregate of the elementary parts and the description of the evolution of the whole is obtained as the resultant of the description of the evolution of the elementary parts, and leads to the idea of simplicity and linearity. This mechanistic scheme based on the causal linkage of isolated or isolatable components proved inadequate in the case of the new technological conceptions. The first area to clash with this paradigm was that of feedback and servomechanisms. Norbert Wiener, in the late ‘forties, starting precisely from the developments in computer technology, information theory and automatic machines, put forward the concepts of feedback, cybernetics and information as being of central importance also in much wider contexts than the strictly technological field. No less important a role in the gradual relinquishment of the rigid conception of mechanical reductionism was played by Claude Shannon’s information theory and von Neumann’s theory of games.6 Nevertheless, the inadequacy of mechanistic reductionism became apparent at a much deeper level. Modern technology raises much more complex issues than the description of an isolated device or of a single machine: one is always dealing with systems, in which different levels come into play and which often cannot even be reduced to purely physical factors. It is not only a question of the problems raised by technologies such as aerospace technology, in which mechanical, electronic, chemical and even biological problems are involved. Here we have to deal with problems such as the regulation of traffic or queuing problems, not to mention the scientific treatment of economic, production, financial and social questions. In this case a large number of different levels are involved which demand interaction among the skills of specialists who were previously considered to belong to different spheres: biologists, psychologists, economists, programmers, etc. Furthermore, the mathematical modelling of such processes does not require a descriptive approach and indeed must even explicitly preclude it in order to assure the conditions in which the process can achieve an optimal performance. The vast domain of control models represents a field in which mathematical-scientific description is called upon to play a hitherto unknown role. 6



See on these topics: L. von Bertalanffy, General System Theory, New York, Braziller, 1968.
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In other words, twentieth century technology, already in its early embryonic forms at the beginning of the century and in a very obvious way at the present time, is bringing about the abandonment of the traditional and exclusive relationship between mathematics and physics, and of the constituent core of such a relationship, mechanistic reductionism. The problem remains of whether mathematics — in many respects profoundly shaped by its relationship with physics — has undergone such development as to be able to establish a new constitutive relationship with the non physical sciences, free from all residual linear causal mechanism, and thus truly suitable for reflecting the specificity of biological, social or economic problems. Indeed, as the systems theoretician Ludwig von Bertalanffy7 observed, many modelling or systemic approaches appear more as extensions and substitutions of the mechanistic outlook and thus, although they offer an undoubtedly effective reinforcement of the mathematical analysis of physical phenomena, the same cannot be said for environments in which an original conceptual view is required. These observations seem relevant in the case of an attempt to evaluate the present status of mathematical modelling. Of course, this kind of evaluation is very complex and must be carried out with great caution. However, it is not as difficult or intricate as the objective of tracing out an exhaustive historical picture of eighty years of mathematical modelling, which is complicated by the intrinsically scattered and fragmentary nature of this activity. On the other hand, this attempt to take stock leads us to an almost self-evident general observation, namely that the application of mathematics to questions that may be viewed as an extension of physical problems in which a mechanistic type approach persists is obviously effective, and acknowledged as such by the scientific community. No one denies the extraordinary effectiveness of mathematics in the theory of turbulence. The application to the biological and socio-economic sciences is quite a different matter, not to mention psychology, psychoanalysis and the behavioural sciences. Outside the field of physics, the distinction seems to be between descriptive models and prescriptive ones: the former are generally the most disappointing. It is difficult to deny the effectiveness of models for the allocation of resources or the so called “activity analysis”, of productive process models in industry or the dynamics of financial capital. On the other hand, the models of general economic equilibrium seem to be particularly mediocre. Nevertheless, the former produce an artificial image of reality for the purpose of setting the conditions in which 7
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certain desired results may be achieved. The latter instead have a descriptive purpose which must take account of the complexity of the economic process, and in fact it is observed that this complexity is reduced in an almost caricatural manner in the simplified mechanical scheme of the model. A better example is that of the mathematical models of ecosystems. It is a known fact that the laboratory behaviour of several — i.e. two, three — animal species of prey and predators, corresponds reasonably well to the dynamics described by Volterra’s classic equations. The same may be said for the case of a hypersimplified ecosystem such as that of farmland managed according to industrial principles. In both cases they are artificial situations, reduced to a simple mechanical scheme. But as soon as the problem becomes the description of a complex real ecosystem (the ecosystem of a rain forest) disconcerting discrepancies appear between the results of all the known models and empirical observation. In this connection, particularly significant research was carried out by Robert M. May in the ‘seventies for the purpose of examining the relationship between stability and complexity in ecosystems8. The problem addressed by May was the following: can it be said that, in Volterra’s mathematical models and the generalizations thereof, an increase in complexity of the system (that is, an increase in the number of species and the interactions among them) leads to an increase in stability of the ecosystem (in the sense that its structure withstands perturbations from the exterior)? Ecologists are inclined to answer affirmatively, on the basis of known and investigated real phenomena. May’s research produced opposite results in the case of mathematical models: the more complex the model, the more unstable it is. This extremely serious inconsistency between models and empirical observations is a problem that still remains to be solved. A somewhat similar situation is found in the mathematical modelling of AIDS. In the past, considerable success was achieved in the mathematical modelling of “simple” epidemics, such as the plague, cholera or certain venereal diseases with a simple diffusion mechanism that can be reduced to a physical scheme similar to that of the “kinetic theory of gases”. In the case of AIDS, however, things are different. Here the extreme complexity of the disease, the highly complex and only vaguely delimited patterns of its mechanisms of transmission, not to mention ideas about its period of incubation (or latency), which are uncertain, to say the least, have resulted in an enormous burgeoning of 8



R. M. May, Stability and Complexity in Model Ecosystems, Princeton N.J., Princeton University Press, 1973.
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mathematical modelling which is however of dubious utility and validity. At a recent congress in the USA, mathematical model makers, biologists and physicians compared notes on this issue and the debate degenerated into a dialogue of the deaf: the latter expressed scepticism and their unwillingness to make all the empirical data available in the absence of any proof of the effective utility of the models; the former declared that they could do very little in the absence of a clearer quantitative scenario and a more extensive knowledge of the biological mechanisms of the disease9. At the beginning of the great resumption of biomathematical studies that began in 1976, the mathematicians G. Oster and J. Guckenheimer pointed out: «Biological systems tend to be considerably more complex than those studied in physics and chemistry. In analyzing models, one is frequently presented with two alternatives: either resorting to brute force computer simulation or to reducing the model further via such drastic approximations as to render it biologically uninteresting. Neither alternative is attractive. Indeed, the former alternative is hardly viable for most situations in ecology since sufficient data is rarely available to quantitatively validate a model. This contrasts starkly with the physical sciences where small differences can often discriminate between competing theories. The situation is such that many ecologists seriously question whether mathematics can play any useful role in biology. Some claim that there has not yet been a single fundamental advance in biology attributable to mathematical theory. Where complex systems are concerned, they assert that the appropriate language is English, not mathematical. A typical attitude among biologists is that models are useful only insofar as they explain the unknown or suggest new experiments. Such models are hard to come by.»10 These pessimistic conclusions did not hold back the explosion of biomathematics in the two decades 1974-1994, during which the publishing house Springer produced the series Lecture Notes in Biomathematics. In n° 100, published in 1994, which ended the publication of the series, the editor Simon A. Levin drew some «bittersweet» final considerations: there had been such a boom in this branch of science that, according to Levin, the series of books was no longer of any utility. No one was interested any longer in general overviews. Everyone had carved out his own specialist niche inside which he was busy digging away, completely oblivious to what was going on even in his immediate 9



G. Israel, “Analogie, metafore e verifica empirica nella biologia matematica contemporanea”, in Pristem/Storia, Note di matematica, Storia e cultura, N° 1, Milano, Springer Verlag-Italia, 1998, pp. 53-72. 10 G. Oster, J. Guckenheimer, “Bifurcation Phenomena in Population Models”, in J. E. Marsden, M. McCracken, The Hopf Bifurcation and its Applications, New York, Springer, 1976.
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vicinity. Consequently, just when the number of researchers was increasing exponentially, the series had to close down for economic reasons – people had stopped buying the books!… In a word, the questions asked by Oster and Guckenheimer had found no answer at the end of the second “Golden Age” of biomathematics: they had simply been set aside as uninteresting by a research world unmindful of problems of general orientation. A similar conclusion could be drawn in the case of mathematical economics. However, I shall merely say that, as in the case of May’s studies in biomathematics, the mathematical results obtained in the theory of economic equilibrium in the ‘seventies and ‘eighties had a devastating impact on the theory itself. While the theory of the existence of economic equilibrium was an unqualified success, the research on stability and the uniqueness of equilibrium led only to negative or odd results.11 Nevertheless, the making of models continued, gathering speed like a machine running out of control, without taking into account the critical or negative nature of some of the results, finding fuel and justification only within itself. It was merely declared that the topics of stability and uniqueness were in any case not all that important, after decades of efforts dedicated to them – like the sour grapes for the fox in La Fontaine’s well-known fable. From what has been said it may be concluded that the general outlook for mathematical modelling at the turn of the millennium is marked by strong contrasts — or, as Levin says, has a «bittersweet» flavour. Mathematics appears increasingly as an all-pervasive tool, and is often presented as compulsory for any analysis of phenomena that claims to be scientific. Science appears to be increasingly pervaded by a “panmathematical” idea that apparently resurrects the ancient Galilean idea of nature written in mathematical language, although, as we have seen, without any pretence at realism and replacing the dogma of simplicity with the idea of complexity. However, while the mathematical representations of complexity seem to correspond quite well to the complexity of physical phenomena, the levels of complexity encountered in biological phenomena and, to an even greater extent, in economic, social and psychological phenomena, represent an extraordinarily tough and still open challenge for formal scientific analysis. In this situation, mathematical modelling, insofar as it is a multiform activity scattered over a multitude of sectors and lacking any unifying criteria of a 11



G. Israel, B. Ingrao, The Invisible Hand. Economic Equilibrium in the History of Science, Cambridge, Mass., The MIT Press, 1990.
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conceptual and methodological nature, throws out a fascinating challenge but also entails serious risks. The fascinating challenge obviously consists of the attempt to extend the domain of the scientific method to sectors from which it was apparently precluded. The risks are associated precisely with this extension. To the extent to which it is not supported by solid criteria of objective control and no longer claims to supply an objective image of the phenomena, modelling opens the way to arbitrariness, and comes closer to the very practice of those verbal and informal sciences of which the uncertain, questionable, unverifiable nature has so often been deplored. Very often the model is like a “story”, a narrative, and while it may be endowed with the fascination of a story it also shares its subjectivism and arbitrariness. One of the main difficulties encountered in the scientific analysis of the subjective world is well illustrated by a remark made by the distinguished Russian biologist Georgii F. Gause with reference to the principle of encounters on which Lotka and Volterra had founded population dynamics: «Although Lotka and Volterra introduced this principle in the equations of their mathematical theory, they were fully aware that it could not be justified in practice. Lotka thus wrote in 1925 that many, and perhaps all, organisms possess some power of selection and are to some extent independent of pure chance. This introduces an extremely peculiar complication into the mechanism governing living beings, a complication which does not exist in the statistical dynamics of molecular physics. Not only is the living organism capable of accomplishing at the macroscopic level achievements similar to those that in the world of molecules are allowed to figments in the imagination, such as Maxwell's demon, but this power "to beat chance", as it were, is possessed to varying degrees by the different living organisms, and the mechanisms underlying the systems containing living matter must necessarily take into account, in addition to this capacity, also the degree to which this capacity is possessed, as it plays an important part in the determination of the place occupied by the various biological species in the scale of evolution.»12 What Gause is telling us here, very effectively, is that the behaviour of the biological subject in no way resembles the blind behaviour of a material particle — although his remark is even more pertinent to the social subject that, as Gause would say, occupies a higher level in the scale of evolution. It is aimed at 12



G. F. Gause, Vérifications expérimentales de la lutte pour la vie, Paris, Hermann, 1935. See also G. F. Gause, The struggle for existence, Baltimore, 1934. On these topics see: A. Millán Gasca, "Mathematical theories versus biological facts: A debate on mathematical population dynamics in the 1930", Historical Studies in the Physical and Biological Sciences, 26, no. 2, 1996, pp. 347-403.
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warding off adverse circumstances, or in any case those imposed by an environment governed by blind principles and at imposing its goals. But how can this creative finalism be represented formally? At the risk of appearing tedious, it must be repeated that this is the consequence of re-proposing an unsolved problem: the creative choices of the biological or social subject cannot be described as causal or random processes without actually depriving them of their distinguishing characteristics. Practically everybody agrees on the fact that to describe creativity as a deterministic process is contradictory because it means relating it back to laws imposed in an absolute fashion and from outside the subject. But as probabilism is more fashionable, there is more resistance to admitting that the identification of creativity and randomness is no less absurd. As Gause said, the creative subject tends to «beat chance» and certainly not to submit to it: chance is indeed the antagonist in all planned activities. It is a «wretched loophole» to determinism — as René Thom observed —to try to «save the possibility of radical innovation, of creative invention» by using the «Brownian gait of a drunken sailor […] forced unceasingly towards the burlesque alternative of Buridan’s ass»13. The principle underlying the theory of games of Borel and von Neumann must be acknowledged as having one merit: it contained the awareness that the real problem is actually that of representing the behaviour of a free subject who, in an external context that is not completely controllable and not completely known, tries to “beat chance” and, within certain limits, to impose his goals. But then, when it came to formalizing this free and goal-oriented behaviour, it was necessary to content oneself with the panoply of tools available. There was no choice: the utility functions describing the “player’s” behaviour are either ordinary functions of analysis or else random functions. This brings us back to the dilemma: to describe freedom and creativity by means of determinism or of chance. Both alternatives lead to grotesque situations: it is assumed that the actors all possess infinite foresight, or else that they behave like n drunken sailors. On the other hand, creative finalism does not have mathematical finalism as its counterpart, that is, the finalism of Maupertuis’ principle of least action and of the variational principles of mechanics, which — as Ernst Mach and John von Neumann have clearly pointed out — offer an approach that although technically different is conceptually equivalent to the deterministic approach. These considerations obviously lead us naturally to those made sixty years ago by Edmund Husserl concerning the irremediable contradiction that arises 13



R. Thom, “Préface” to P. S. Laplace, Essai philosophique des probabilités, Paris, Bourgois, 1984.
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when it is attempted to tackle the problem of subjectivity via an objectivist approach. However, it is beyond our present scope to discuss such objections of principle. Let us consider the possibility of a more and more extensive mathematization, although let us evaluate its results critically and without any sham indulgence. From this point of view, it is perhaps impossible today to continue to be indulgent, as Husserl was when he acknowledged the scientific rigour of what he called the «concrete sciences of the mind». After eighty years of mathematical modelling we are now in a position to draw some preliminary conclusions. And it must be admitted that only too often do the mathematical models made of non physical contexts seem to come under the fierce but effective definition of Ludwig Von Bertalanffy who likened them to «Shakespearean tales told by an idiot». And Von Bertalanffy was probably right when he blamed the modest results obtained concerning the use of schemes slavishly borrowed from mathematical physics, or else from a totally different environment unsuitable for providing representative models in the field of the sciences of subjectivity. We are of course still far from a mathematics suitable for investigating non physical phenomena. This is not surprising. John von Neumann used to warn the hasty that it had taken several centuries to achieve an effective mathematization of physical phenomena, and so it would take further centuries to achieve something satisfactory in the non physical field. Such a warning – expressed to boot by one of the staunchest supporters of the absolute mathematization of all categories of phenomena — should make those who are prepared to sacrifice scientific rigour and the quality of results on the altar of often undue haste pause for reflection.
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