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abstract The structure and organization of natural plant populations can be understood by estimating the genetic parameters related to mating behavior, recombination frequency, and gene associations with DNAbased markers typed throughout the genome. We developed a statistical and computational model for estimating and testing these parameters from multilocus data collected in a natural population. This model, constructed by a maximum likelihood approach and implemented within the EM algorithm, is shown to be robust for simultaneously estimating the outcrossing rate, recombination frequencies and linkage disequilibria. The algorithm built with three or more markers allows the characterization of crossover interference in meiosis and high-order disequilibria among different genes, thus providing a powerful tool for illustrating a detailed picture of genetic diversity and organization in natural populations. Computer simulations demonstrate the statistical properties of the proposed model. This multilocus model will be useful for studying the pattern and amount of genetic variation within and among populations to further infer the evolutionary history of a plant species. © 2009 Elsevier Inc. All rights reserved.



1. Introduction In recent years, there has been an enormous surge of interest in molecular marker technologies and their applications to study the structure and evolution of natural populations (Johnson et al., 2004; Signorovitch et al., 2005; Cutter et al., 2006a,b; Ruderfer et al., 2006; Tsai et al., 2008). One of the most important aspects of population structure is described by the behavior of a mating system that has important consequences for a population’s evolution and the efficacy of natural selection (Charlesworth, 2006). For example, selfing and other forms of inbreeding produce higher homozygote frequencies in the population than expected under random mating, thus leading to the reduction of the population’s effective size (Gao et al., 2007). By genotyping multiple markers in large samples of individuals collected from the population, the rates of outcrossing and inbreeding can be estimated from the segregation patterns of the markers (Barriere and Felix, 2005). The precise characterization of the outcrossing rate can benefit from the simultaneous analysis of multiple markers while integrating gene co-segregation and non-random association into the analysis.



∗ Corresponding author at: Department of Public Health Sciences, Pennsylvania State College of Medicine, Hershey, PA 17033, USA. E-mail address: [email protected] (R. Wu). 0040-5809/$ – see front matter © 2009 Elsevier Inc. All rights reserved. doi:10.1016/j.tpb.2009.04.005



It has now been recognized that, compared with the classical theory of population genetics that considers single genes as the units of evolution, multilocus genetic theory is more informative and powerful for understanding the dynamic change of population structure (Zapata et al., 2001). Multilocus analysis is not merely an extension of single gene systems; rather, it offers unique power to study the phenomenon of recombination and nonrandom association of alleles at different loci. Genetic recombination due to chromosomal crossover between the paired chromosomes has been thought to be a driving force for creating the new genetic variation that is needed for an organism to respond to environmental changes (Bourguet et al., 2003). Nonrandom association between different genes is known as gametic linkage disequilibrium (LD). The frequency and intensity of gametic disequilibria across genomes is a good indicator of recent mutations, genetic drift, bottlenecks, stratification or admixture, and the demographic history of populations (Hill and Robertson, 1966; Slatkin, 1994). The integration of recombination and LD has emerged as a vital tool to study the dynamic change of population structure (Tishkoff and Williams, 2002; Reich et al., 2001; Dawson et al., 2002; Gabriel et al., 2002; Ardlie et al., 2002; Kim et al., 2007; Tang et al., 2007; Li and Wu, 2009) and fine-scale mapping of Mendelian disease genes (Hastbacka et al., 1992; Ardlie et al., 2002; Farnir et al., 2002; McRae et al., 2002; Remington et al., 2001). In a previous publication (Li et al., 2009), we provided a general open-pollinated progeny design in plants to estimate
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population genetic parameters including the outcrossing rate, recombination frequency and linkage disequilibrium by extending Wu and Zeng’s (2001) idea of joint linkage and linkage disequilibrium analysis. This design can characterize these three properties of population structure, allowing one to address some fundamental questions including how self-fertilization affects genetic diversity through reduced genomewide effective recombination rates and extensive linkage disequilibrium (Charlesworth, 2003). But this design, based on a two-locus model, ignores many important genetic phenomena, such as genetic interferences and linkage disequilibria of higher orders. Given the increasing discoveries in genetic and genomic studies, there is a pressing need to integrate these phenomena into a population genetic model. The motivation of this study is to develop a three-locus model within Li et al.’s (2009) openpollinated progeny design framework. The new model not only can estimate and test the magnitudes of genetic interference in meioses and high-order association, but also can increase the estimation precision of parameters compared to the two-locus model. The statistical properties of the three-locus model have been studied using computer simulation. 2. Open-pollinated progeny design



These eight haplotypes are randomly combined to generate 64 parental diplotypes (where parent-of-origin is considered), 36 non-parental diplotypes (where parent-of-origin is indistinguishable), and 27 observable genotypes. Under the HWE assumption, a parental diplotype frequency is the products of the frequencies of the haplotypes constituting the haplotype. Let j1 j01 /j2 j02 /j3 j03 (j01 ≤ j1 , j02 ≤ j2 , j03 ≤ j3 = 1, 0) denote a general three-SNP genotype, whose parental diplotype should be one of the following eight types, which are divided into four groups based on diplotypes: 1



2 0 0 0



j1 j2 j3 |j1 j2 j3 0 0 0



j1 j2 j3 |j1 j2 j3



0



3 0 0



j1 j2 j3 |j1 j2 j3 0 0



0



j1 j2 j3 |j1 j2 j3



0



4 0



0



j1 j2 j3 |j1 j2 j3 0



0



0



j1 j2 j3 |j1 j2 j3



0 0



j1 j2 j3 |j01 j2 j3 0



(2)



0 0



j1 j2 j3 |j1 j2 j3 ,



where the left and right sides of a slash denote maternally and paternally derived haplotypes, respectively. Note that a general 0 0 0 genotype j1 j01 /j2 j02 /j3 j03 can be derived from 23−|j1 −j1 |−|j2 −j2 |−|j3 −j3 | different from parental diplotypes; e.g., 01/00/10 can be derived from the parental diplotypes 101|000, 000|101, 100|001, and 001|100. Therefore, the frequency of a general genotype j1 j01 /j2 j02 / j3 j03 in the natural population that was sampled is expressed as Pj1 j0 /j2 j0 /j3 j0 = 1



2



3



2.1. Sampling strategy



1 2



3−|j1 −j01 |−|j2 −j02 |−|j3 −j03 |



(Pj1 j2 j3 |j01 j02 j03 + Pj01 j02 j03 |j1 j2 j3



+ Pj1 j2 j03 |j01 j02 j3 + Pj01 j02 j3 |j1 j2 j03 + Pj1 j02 j3 |j01 j2 j03



Suppose there is a natural population of hermaphroditic species, such as pine and spruce, which is at Hardy–Weinberg equilibrium (HWE). We randomly sample a panel of N plants from the population. From each sampled plant, we collect a set of seeds at random. Because a hermaphroditic plant may undergo both self-fertilization and outcrossing pollination, the seeds it produces will be a mixture of selfers and outcrossers, with the proportion of each type depending on an important population parameter— the outcrossing rate. All of the collected seeds from a given plant constitute a group of open-pollinated progeny. The seeds are germinated into seedlings. We collect young tissues from the sampled seed plants and their seedlings for DNA extraction and subsequent marker typing. Marker genotypes are then recorded for the seedlings and the plants from which they originated. The markers can be typed randomly throughout the genome or from some particular candidate gene regions of interest. In this article, we assume that the markers are biallelic and codominant, although the model to be developed can be extended to consider multiallelic markers or dominant markers. 2.2. Multilocus population genetics Consider three segregating markers, A (with alleles A and a), B (with alleles B and b), and C (with alleles C and c). We use the binary variables j1 , j2 , and j3 to encode the alleles of the three markers, respectively, where jh (h = 1 for marker A, 2 for marker B, and 3 for marker C) equals 1 when the capital allele is present {h} and 0 otherwise. The formal notation pjh is used to denote the allele frequency of allele jh at marker h, but the simpler notation pjh is adopted when there is no confusion as to the marker being {1}



considered (for instance, if j1 = 0, then p0 = pj1 ). These markers are associated with each other in the population, with D12 , D13 , D23 , and D123 being the gametic linkage disequilibria between possible pairs of markers and among all the three markers, respectively. The three markers produce eight haplotypes, whose frequencies are generally expressed as pj1 j2 j3 . According to population genetic models (Bennett, 1954; Nielsen et al., 2004), haplotype frequencies are expressed as a function of allele frequencies at each marker and linkage disequilibria among the markers, i.e., pj1 j2 j3 = pj1 pj2 pj3 + (−1) (−1) 2



+ (−1) (−1) 2



69



j 2 +j 3



j 1 +j 2



pj3 D12 + (−1) (−1) 2



pj1 D23 + (−1) (−1) 3



j1 +j2 +j3



j 1 +j 3



D123 .



pj2 D13 (1)



+ Pj01 j2 j03 |j1 j02 j3 + Pj1 j02 j03 |j01 j2 j3 + Pj01 j2 j3 |j1 j02 j03 ) 2



= 2



3−|j1 −j01 |−|j2 −j02 |−|j3 −j03 |



(pj1 j2 j3 pj01 j02 j03 + pj1 j2 j03 pj01 j02 j3



+ pj1 j02 j3 pj01 j2 j03 + pj1 j02 j03 pj01 j2 j3 ).



(3)



We use 2p = {pj1 j2 j3 }1j1 ,j2 ,j3 =0 to denote all haplotype frequencies in the original population. 2.3. Multilocus Mendelian genetics The seed-bearing plants generate gametes at meiosis, with different relative frequencies depending on the extent of linkage between the markers. Assume that the three markers are in the order A–B–C. We utilize the notation gij (i = 0 or 1 and j = 0 or 1) to denote the crossover probabilities with i = 0 (or 1) indicating no crossover (or there is a crossover) between markers A and B, and j = 0 (or 1) indicating no crossover (or there is a crossover) between markers B and C. The recombination frequencies between markers A and B (r12 ), between markers B and C (r23 ), and between markers A and C (r13 ) can be expressed in terms of the threemarker crossover probabilities as r12 = g10 + g11 , r23 = g01 + g11 ,



(4)



r13 = g10 + g01 , which leads to 1 g11 = (r12 + r23 − r13 ), 2 1 g10 = (r12 + r13 − r23 ), 2 1 g01 = (r13 + r23 − r12 ), 2 g00 = 1 − g11 − g10 − g01 .



(5)



From these expressions, the coefficient of genetic interference between two adjacent marker intervals can be derived as I =



2r12 r23 − r12 − r23 + r13



.



2r12 r23 Non-interference, i.e., I = 0, means that we have r13 = r12 + r23 − 2r12 r23 .



(6)



(7)
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Maternal diplotype Contributed haplotype



ABC |abc or



ABc |abC or



AbC |aBc or



Abc |aBC or



abc |ABC



abC |ABc



aBc |AbC



aBC |Abc



1 g 2 00 1 g 2 01 1 g 2 11 1 g 2 10 1 g 2 10 1 g 2 11 1 g 2 01 1 g 2 00



1 g 2 01 1 g 2 00 1 g 2 10 1 g 2 11 1 g 2 11 1 g 2 10 1 g 2 00 1 g 2 01



1 g 2 11 1 g 2 10 1 g 2 00 1 g 2 01 1 g 2 01 1 g 2 00 1 g 2 10 1 g 2 11



1 g 2 10 1 g 2 11 1 g 2 01 1 g 2 00 1 g 2 00 1 g 2 01 1 g 2 11 1 g 2 10



ABC ABc AbC Abc aBC aBc abC abc



Box I.



If there is no double recombination between two adjacent marker intervals, this means I = 1, or r13 = r12 + r23 .



(8)



If a plant’s genotype is a triple heterozygote, Aa/Bb/Cc, then it must correspond to one of four possible diplotypes: 1



2



3



4



ABC |abc



ABc |abC



AbC |aBc



Abc |aBC



abc |ABC



abC |ABc



aBc |AbC



aBC |Abc.



(9)



Each of these diplotypes produces eight haplotypes, ABC , ABc, AbC , Abc, aBC , aBc, abC , and abc, whose frequencies are expressed as a function of the crossover probabilities. The frequencies of haplotypes produced by different diplotypes are given in Box I. The expressions in Box I can be written in a general form. For a general three-SNP genotype j1 j01 /j2 j02 /j3 j03 (j01 ≤ j1 , j02 ≤ j2 , j03 ≤ j3 = 1, 0), it must belong to one of the four possible diplotype M M P P P groups in (9). Let jM 1 j2 j3 |j1 j2 j3 denote a general parental diplotype, where M and P specify the maternal and paternal origin of an allele. The frequency of a haplotype j1 j2 j3 produced by diplotype M M P P P jM 1 j2 j3 |j1 j2 j3 in group k (k = 1, 2, 3, 4) of (9) is generally expressed as



qkj1 j2 j3 =



 x01 g01 + x10 g10 + x11 g11 ,  x00 g00 +  P M P M P  for jM 1 = j1 , j2 = j2 , j3 = j3 , 1



1



1



assume that there is no sex-specific difference in haplotype frequencies among the sampled plants. We use 2g = {g11 , g10 , g01 , g00 } to denote the crossover probabilities related to the recombination fractions at meiosis. 2.4. Selfing and outcrossing progenies In the formation of selfing progeny, the maternal haplotypes produced by a plant are randomly combined with the paternal haplotypes produced by the same plant. The frequency of a general genotype l1 l01 /l2 l02 /l3 l03 (l01 ≤ l1 , l02 ≤ l2 , l03 ≤ l3 = 1, 0) in the selfing progeny derived from a plant with genotype j1 j01 /j2 j02 /j3 j03 is expressed as l1 l0l /l2 l02 /l3 l03 j0 /j j0 /j j0



Sj



1 1



+ 2pj1 j2 j03 pj01 j02 j3



x01 =



x10 =



x11 =



 0,  1,  0,  1,  0,  1, 



0,



M P P for j1 = jM 1 , j2 = j2 and j3 = j3 or j1 = j1 , P M j2 = j2 and j3 = j3 otherwise



for j1 = , j2 = j2 = jP2 and j3 = otherwise jP1



jM 2 jP3



and j3 =



jM 3



or j1 =



jM 1



,



P M P for j1 = jM 1 , j2 = j2 and j3 = j3 or j1 = j1 , M P j2 = j2 and j3 = j3 otherwise.



For a hermaphroditic plant on which both sexes exist, haplotypes can be derived from both male and female flowers. We



2



2



1 2 3



1 2 3



1 2 3



1 2 3



2 0



0



0



21−|l1 −l1 | 21−|l2 −l2 | 21−|l3 −l3 |



+ 2pj1 j02 j3 pj01 j2 j03 (3)



1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



+ 2pj1 j02 j03 pj01 j2 j3



M M P for j1 = jM 1 , j2 = j2 and j3 = j3 or j1 = j1 , P P j2 = j2 and j3 = j3 otherwise



2



× (q(l12l)2 l3 q(l02l)0 l0 + q(l 2l) l0 q(l02l)0 l + q(l 2l)0 l q(l02l) l0 + q(l 2l)0 l0 q(l02l) l )



(10)



where x00 , x01 , x10 , and x11 are binary variables defined as 1 or 0 according to the following rules:



1−|l1 −l01 | 1−|l2 −l02 | 1−|l3 −l03 |



1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



2 0



0



0



21−|l1 −l1 | 21−|l2 −l2 | 21−|l3 −l3 | (3)



× (ql1 l2 l3 ql0 l0 l0 + ql



1



2



= 2pj1 j2 j3 pj01 j02 j03



× (q(l11l)2 l3 q(l01l)0 l0 + q(l 1l) l0 q(l01l)0 l + q(l 1l)0 l q(l01l) l0 + q(l 1l)0 l0 q(l01l) l )



otherwise



x00 =



3 3



(3)



 x00 g00 + x01 g01 + x10 g10 + x11 g11 ,   2 2 2 2



 1,



2 2



(3)



0



1 l2 l3



(3)



ql0 l0 l + ql 1 2 3



0



1 l2 l3



(3)



ql0 l



0



l 1 2 3



+ q(l 3l)0 l0 q(l03l) l ) 1 2 3



1 2 3



2 0



0



0



21−|l1 −l1 | 21−|l2 −l2 | 21−|l3 −l3 |



× (q(l14l)2 l3 q(l04l)0 l0 + q(l 4l) l0 q(l04l)0 l + q(l 4l)0 l q(l04l) l0 + q(l 4l)0 l0 q(l04l) l ). 1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



1 2 3



(11)



In the formation of outcrossing progeny, the maternal haplotypes are randomly combined with paternal haplotypes from the pollen pool. Similarly, the frequency of a general genotype l1 l01 /l2 l02 /l3 l03 in the outcrossing progeny for a seed plant with genotype j1 j01 /j2 j02 /j3 j03 is expressed as l1 l01 /l2 l02 /l3 l03 j0 /j j0 /j j0



Oj



1 1



2 2



3 3



= 2pj1 j2 j3 pj01 j02 j03



2 2



1−|l1 −l01 | 1−|l2 −l02 | 1−|l3 −l03 |



2



2



× (q(l11l)2 l3 pl01 l02 l03 + q(l 1l) l0 pl01 l02 l3 + q(l 1l)0 l pl01 l2 l03 + q(l 1l)0 l0 pl01 l2 l3 ) 1 2 3



+ 2pj1 j2 j03 pj01 j02 j3



1 2 3



1 2 3



2 0



0



0



21−|l1 −l1 | 21−|l2 −l2 | 21−|l3 −l3 |



× (q(l12l)2 l3 pl01 l02 l03 + q(l 2l) l0 pl01 l02 l3 + q(l 2l)0 l pl01 l2 l03 + q(l 2l)0 l0 pl01 l2 l3 ) 1 2 3



+ 2pj1 j02 j3 pj01 j2 j03 (3)



1 2 3



1 2 3



2 0



0



0



21−|l1 −l1 | 21−|l2 −l2 | 21−|l3 −l3 | (3)



× (ql1 l2 l3 pl01 l02 l03 + ql



0



1 l2 l3



(3)



pl0 l0 l3 + ql 1 2



0



1 l2 l3



(3)



pl0 l2 l0 + ql 1



3



0 0



1 l2 l3



p l0 l2 l3 ) 1
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Table 1 Frequencies of progeny genotypes and diplotypes derived from a triple heterozygote (Aa/Bb/Cc) seed plant with four possible diplotypes. ABC |abc



Progeny



ABc |aBc



Genotype



Diplotypes



Selfing



Outcrossing



AA/BB/CC



ABC |ABC



1 2 g 4 00



1 2



AA/BB/Cc



ABC |ABc



1 g g 2 00 01



AbC |aBc



Selfing



Outcrossing



(g00 p111 )



1 2 g 4 01



1 2



1 2



(g00 p110 + g01 p111 )



1 g g 2 00 01



ABc |ABc



1 2 g 4 01



1 2



ABC |AbC  ABC |Abc



1 g g 2 00 11



1 2



1 g g 2 00 10



1 2



ABc |AbC



1 g g 2 01 11



1 2



ABc |Abc



1 g g 2 01 10



AA/bb/CC AA/bb/Cc



Abc |aBC Selfing



Outcrossing



(g11 p111 )



1 2 g 4 10



1 2



(g10 p111 )



1 2



(g11 p110 + g10 p111 )



1 g g 2 11 10



1 2



(g10 p110 + g11 p111 )



(g00 p110 )



1 2 g 4 10



1 2



(g10 p110 )



1 2 g 4 11



1 2



(g11 p110 )



(g01 p101 + g10 p111 )



1 g g 2 00 11



1 2



(g11 p101 + g00 p111 )



1 g g 2 01 10



1 2



(g10 p101 + g01 p111 )



(g01 p100 + g11 p111 )



1 g g 2 01 11



1 2



(g11 p100 + g01 p111 )



1 g g 2 00 10



1 2



(g10 p100 + g00 p111 )



(g00 p101 + g10 p110 )



1 g g 2 00 10



1 2



(g10 p101 + g00 p110 )



1 g g 2 01 11



1 2



(g11 p101 + g01 p110 )



1 2



(g00 p100 + g11 p110 )



1 g g 2 01 10



1 2



(g10 p100 + g01 p110 )



1 g g 2 00 11



1 2



(g11 p100 + g00 p110 )



(g11 p101 )



1 2 g 4 10



1 2



(g10 p101 )



1 2 g 4 00



1 2



(g00 p101 )



1 2 g 4 01



1 2



(g01 p101 )



(g11 p100 + g10 p101 )



1 g g 2 11 10



1 2



(g10 p100 + g11 p101 )



1 g g 2 00 01



1 2



(g00 p100 + g01 p101 )



1 g g 2 00 01



1 2



(g01 p100 + g00 p101 )



1 2



(g10 p100 )



1 2 g 4 11



1 2



(g11 p100 )



1 2 g 4 01



1 2



(g01 p100 )



1 2 g 4 00



1 2



(g00 p100 )



ABC |aBC  ABC |aBc



1 g g 2 00 10



1 2



(g00 p011 + g10 p111 )



1 g g 2 01 11



1 2



(g01 p011 + g11 p111 )



1 g g 2 01 11



1 2



(g11 p011 + g01 p111 )



1 g g 2 00 10



1 2



(g10 p011 + g00 p111 )



1 g g 2 00 11



1 2



(g00 p010 + g11 p111 )



1 g g 2 01 10



1 2



(g01 p010 + g10 p111 )



1 g g 2 00 11



1 2



(g11 p010 + g00 p111 )



1 g g 2 01 10



1 2



(g10 p010 + g01 p111 )



ABc |aBC



1 g g 2 01 10



1 2



(g01 p011 + g10 p110 )



1 g g 2 00 11



1 2



(g00 p011 + g11 p110 )



1 g g 2 01 10



1 2



(g10 p011 + g01 p110 )



1 g g 2 00 11



1 2



(g11 p011 + g00 p110 )



ABc |aBc  ABC |abC



1 g g 2 01 11



1 2



(g01 p010 + g11 p110 )



1 g g 2 00 10



1 2



(g00 p010 + g10 p110 )



1 g g 2 00 10



1 2



(g10 p010 + g00 p110 )



1 g g 2 01 11



1 2



(g11 p010 + g01 p110 )



1 g g 2 00 01



1 2



(g00 p001 + g01 p111 )



1 g g 2 00 01



1 2



(g01 p001 + g00 p111 )



1 g g 2 11 10



1 2



(g11 p001 + g10 p111 )



1 g g 2 11 10



1 2



(g10 p001 + g11 p111 )



AbC |aBC   ABC |abc     ABc |abC



1 g g 2 11 10



1 2



(g11 p011 + g10 p101 )



1 g g 2 11 10



1 2



(g10 p011 + g11 p101 )



1 g g 2 00 01



1 2



(g00 p011 + g01 p101 )



1 g g 2 00 01



1 2



(g01 p011 + g00 p101 )



1 2 g 2 00



1 2



(g00 p000 + g00 p111 )



1 2 g 2 01



1 2



(g01 p000 + g01 p111 )



1 2 g 2 11



1 2



(g11 p000 + g11 p111 )



1 2 g 2 10



1 2



(g10 p000 + g10 p111 )



1 2 g 2 01



1 2



(g01 p001 + g01 p110 )



1 2 g 2 00



1 2



(g00 p001 + g00 p110 )



1 2 g 2 10



1 2



(g10 p001 + g10 p110 )



1 2 g 2 11



1 2



(g11 p001 + g11 p110 )



 AbC |aBc      Abc |aBC  ABc |abc



1 2 g 2 11



1 2



(g11 p010 + g11 p101 )



1 2 g 2 10



1 2



(g10 p010 + g10 p101 )



1 2 g 2 00



1 2



(g00 p010 + g00 p101 )



1 2 g 2 01



1 2



(g01 p010 + g01 p101 )



1 2 g 2 10



1 2



(g10 p011 + g10 p100 )



1 2 g 2 11



1 2



(g11 p011 + g11 p100 )



1 2 g 2 01



1 2



(g01 p011 + g01 p100 )



1 2 g 2 00



1 2



(g00 p011 + g00 p100 )



1 g g 2 00 01



1 2



(g01 p000 + g00 p110 )



1 g g 2 00 01



1 2



(g00 p000 + g01 p110 )



1 g g 2 11 10



1 2



(g10 p000 + g11 p110 )



1 g g 2 11 10



1 2



(g11 p000 + g10 p110 )



Abc |aBc



1 g g 2 11 10



1 2



(g10 p010 + g11 p100 )



1 g g 2 11 10



1 2



(g11 p010 + g10 p100 )



1 g g 2 00 01



1 2



(g01 p010 + g00 p100 )



1 g g 2 00 01



1 2



(g00 p010 + g01 p100 )



AbC |abC  AbC |abc



1 g g 2 01 11



1 2



(g11 p001 + g01 p101 )



1 g g 2 00 10



1 2



(g10 p001 + g00 p101 )



1 g g 2 00 10



1 2



(g00 p001 + g10 p101 )



1 g g 2 01 11



1 2



(g01 p001 + g11 p101 )



1 g g 2 00 11



1 2



(g11 p000 + g00 p101 )



1 g g 2 01 10



1 2



(g10 p000 + g01 p101 )



1 g g 2 00 11



1 2



(g00 p000 + g11 p101 )



1 g g 2 01 10



1 2



(g01 p000 + g10 p101 )



Abc |abC



1 g g 2 01 10



1 2



(g10 p001 + g01 p100 )



1 g g 2 00 11



1 2



(g11 p001 + g00 p100 )



1 g g 2 01 10



1 2



(g01 p001 + g10 p100 )



1 g g 2 00 11



1 2



(g00 p001 + g11 p100 )



Aa/bb/cc



Abc |abc



1 g g 2 00 10



1 2



(g10 p000 + g00 p100 )



1 g g 2 01 11



1 2



(g11 p000 + g01 p100 )



1 g g 2 01 11



1 2



(g01 p000 + g11 p100 )



1 g g 2 00 10



1 2



(g00 p000 + g10 p100 )



aa/BB/CC



aBC |aBC



1 2 g 4 10



1 2



(g10 p011 )



1 2 g 4 11



1 2



(g11 p011 )



1 2 g 4 01



1 2



(g01 p011 )



1 2 g 4 00



1 2



(g00 p011 )



aBC |aBc



1 g g 2 11 10



1 2



(g10 p010 + g11 p011 )



1 g g 2 11 10



1 2



(g11 p010 + g10 p011 )



1 g g 2 00 01



1 2



(g01 p010 + g00 p011 )



1 g g 2 00 01



1 2



(g00 p010 + g01 p011 )



aBc |aBc



1 2 g 4 11



1 2



(g11 p010 )



1 2 g 4 10



1 2



(g10 p010 )



1 2 g 4 00



1 2



(g00 p010 )



1 2 g 4 01



1 2



(g01 p010 )



aBC |abC  aBC |abc



1 g g 2 01 10



1 2



(g10 p001 + g01 p011 )



1 g g 2 00 11



1 2



(g11 p001 + g00 p011 )



1 g g 2 01 10



1 2



(g01 p001 + g10 p011 )



1 g g 2 00 11



1 2



(g00 p001 + g11 p011 )



1 g g 2 00 10



1 2



(g10 p000 + g00 p011 )



1 g g 2 01 11



1 2



(g11 p000 + g01 p011 )



1 g g 2 01 11



1 2



(g01 p000 + g11 p011 )



1 g g 2 00 10



1 2



(g00 p000 + g10 p011 )



abC |aBc



1 g g 2 01 11



1 2



(g11 p001 + g01 p010 )



1 g g 2 00 10



1 2



(g10 p001 + g00 p010 )



1 g g 2 00 10



1 2



(g00 p001 + g10 p010 )



1 g g 2 01 11



1 2



(g01 p001 + g11 p010 )



aBc |abc



1 g g 2 00 11



1 2



(g11 p000 + g00 p010 )



1 g g 2 01 10



1 2



(g10 p000 + g01 p010 )



1 g g 2 00 11



1 2



(g00 p000 + g11 p010 )



1 g g 2 01 10



1 2



(g01 p000 + g10 p010 )



aa/bb/CC



abC |abC



1 2 g 4 01



1 2



(g01 p001 )



1 2 g 4 00



1 2



(g00 p001 )



1 2 g 4 10



1 2



(g10 p001 )



1 2 g 4 11



1 2



(g11 p001 )



aa/bb/Cc



abC |abc



1 g g 2 00 01



1 2



(g01 p000 + g00 p001 )



1 g g 2 00 01



1 2



(g00 p000 + g01 p001 )



1 g g 2 11 10



1 2



(g10 p000 + g11 p001 )



1 g g 2 11 10



1 2



(g11 p000 + g10 p001 )



abc |abc



1 2 g 4 00



1 2



(g00 p000 )



1 2 g 4 01



1 2



(g01 p000 )



1 2 g 4 11



1 2



(g11 p000 )



1 2 g 4 10



1 2



(g10 p000 )



AA/BB/cc AA/Bb/CC AA/Bb/Cc AA/Bb/cc



AA/bb/cc Aa/BB/CC Aa/BB/Cc Aa/BB/cc Aa/Bc /CC



Aa/Bb/Cc



Aa/Bb/cc Aa/bb/CC Aa/bb/Cc



aa/BB/Cc aa/BB/cc aa/Bb/CC aa/Bb/Cc aa/Bb/cc



aa/bb/cc



Selfing



Outcrossing



(g01 p111 )



1 2 g 4 11



1 2



1 2



(g01 p110 + g00 p111 )



1 g g 2 11 10



(g01 p110 )



1 2 g 4 00



1 2



(g00 p101 + g11 p111 )



1 g g 2 01 10



1 2



(g00 p100 + g10 p111 )



1 g g 2 01 11



1 2



(g01 p101 + g11 p110 )



1 g g 2 00 10



1 2



1 2



(g01 p100 + g10 p110 )



1 g g 2 00 11



AbC |AbC



1 2 g 4 11



1 2



AbC |Abc



1 g g 2 11 10



1 2



Abc |Abc



1 2 g 4 10



+ 2pj1 j02 j03 pj01 j2 j3



2 1−|l1 −l01 | 1−|l2 −l02 | 1−|l3 −l03 |



2



2



2



× (q(l14l)2 l3 pl01 l02 l03 + q(l 4l) l0 pl01 l02 l3 + q(l 4l)0 l pl01 l2 l03 + q(l 4l)0 l0 pl01 l2 l3 ). 1 2 3



1 2 3



1 2 3



(12)



The three-marker diplotype frequencies in both selfing and outcrossing populations are derived, respectively, and tabulated in Table 1 under the most complex case of a triple heterozygote Aa/Bb/Cc.



The genotype frequencies in a mixed population can be derived as weighted means of the genotype frequencies between two different populations based on the outcrossing rate (w ), i.e., l1 l01 /l2 l02 /l3 l03 j0 /j j0 /j j0



Pj



1 1



2 2



3 3



l1 l01 /l2 l02 /l3 l03 j0 /j j0 /j j0



= (1 − w)Sj



1 1



2 2



3 3



l1 l01 /l2 l02 /l3 l03 j0 /j j0 /j j0



+ w Oj



1 1



2 2



3 3



.



(13)



Again, the subscripts denote the genotype of a given plant and the superscripts denote the progeny genotype derived from it.
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3. Model 3.1. Likelihood and estimation We sample N plants which are categorized into 27 different groups of genotypes. We use Nj1 j0 /j2 j0 /j3 j0 to denote the observa1



2



3



tions of plants with genotype j1 j01 /j2 j02 /j3 j03 (j01 ≤ j1 , j02 ≤ j2 , j03 ≤ l1 l01 /l2 l02 /l3 l03 j0 /j j0 /j j0



j3 = 1, 0) and Nj



1 1



2 2



3 3



(l01 ≤ l1 , l02 ≤ l2 , l03 ≤ l3 = 1, 0) to



denote the observations of progeny genotype l1 l01 /l2 l02 /l3 l03 from a plant with genotype j1 j01 /j2 j02 /j3 j03 . The mixture model-based likelihood of marker data (M) is constructed as 0 X



log L(2|M) =



0  X



0 X



+



0 X



0 X



0 X



l01 ≤l1 =1 l02 ≤l2 =1 l03 ≤l3 =1



l1 l0 /l2 l0 /l3 l0 Nj j01/j j02/j j03 1 1



2 2



3 3



1



2



3



1



l1 l0 /l2 l0 /l3 l0 log Pj j01/j j02/j j03 2 2



1 1



3 3



2



D13 = (p111 + p101 )(p010 + p000 ) − (p110 + p100 )(p011 + p001 ) (20)



3



D123 = (p111 p100 + p010 p001 ) − (p000 p011 + p110 p101 ).



 .



(14)



Parameters contained in 2 = (2p , 2g , w) can be estimated by maximizing the likelihood (14). This can be achieved by implementing the EM algorithm into the mixture model framework. In the E step, we calculate the expected number of the occurrence of each haplotype frequency within genotype frequencies Pj1 j0 /j2 j0 /j3 j0 and 1



2



3



l1 l0 /l2 l0 /l3 l0 Pj j01/j j02/j j03 , 1 1



2 2



3 3



the expected number of the occur-



rence of each crossover probability within genotype frequency l1 l01 /l2 l02 /l3 l03 , j0 /j j0 /j j0



Pj



1 1



2 2



3 3



and the expected number of the occurrence of outl1 l01 /l2 l02 /l3 l03 . j0 /j j0 /j j0



crossing rate (w ) within genotype frequency Pj



1 1



2 2



3 3



In the



M step, using these expected numbers and genotype observations l1 l01 /l2 l02 /l3 l03 , j0 /j j0 /j j0



Nj1 j0 /j2 j0 /j3 j0 and Nj 1



2



3



1 1



2 2



3 3



D12 = (p111 + p110 )(p001 + p000 ) − (p101 + p100 )(p011 + p010 ) (18) D23 = (p111 + p011 )(p100 + p000 ) − (p110 + p010 )(p101 + p001 ) (19)



Nj1 j0 /j2 j0 /j3 j0 log Pj1 j0 /j2 j0 /j3 j0



j01 ≤j1 =1 j02 ≤j2 =1 j03 ≤j3 =1



second constraint is incorporated into the estimation process of parameters (2p , w ). It is possible that there is no double recombination between two adjacent marker intervals. In fact, no double recombination has been widely used for interval mapping (Wu et al., 2007). The existence of double recombination can be tested by formulating the null hypothesis of g11 = 0. It is interesting to test the significance of linkage disequilibria and outcrossing rate in the sampled population. There are four different types of linkage disequilibria under the three-locus model, D12 , D13 , D23 , and D123 , which can be expressed in terms of the haplotype frequencies by solving the equations in (1) to yield



we estimate the haplotype frequen-



cies pj1 j2 j3 (j1 , j2 , j3 = 1, 0), g11 , g10 , g01 , and g00 , and w . The estimates of crossover probabilities and outcrossing rate are only based on the observations of progeny genotypes, but the estimates of haplotype frequencies need both genotypes of progeny and the plants from which they were derived. The E and M steps consist of a closed loop for numerical iterations. Iterations will stop when the estimates converge to stable values. These stable values are the maximum likelihood estimates (MLEs) of the parameters.



(21)



Each of these linkage disequilibria can be tested individually or through any combination. The estimates of haplotype frequencies under various null hypothesis tests of linkage disequilibria can be obtained through the EM algorithm with the constraints from (18)–(21). 3.3. Modeling an arbitrary number of markers The theory for estimating the linkage disequilibria, recombination fractions, and outcrossing rate with three markers can be extended to include any number of markers, thus providing a powerful resolution into the characterization of genetic diversity in a natural plant population with multilocus data. Consider H biallelic markers, each with alleles symbolized as 1 and 0, typed for a panel of seed-bearing plants derived from an HWE population. For {h} a given marker h, its allele frequency is denoted as pjh := pjh (jh = 1, 0). There are a total of 2H possible haplotypes generated by these markers, whose frequencies in the population are given in Box II. For a plant with L-locus genotype j1 j01 /j2 j02 /j3 j03 /j4 j04 / · · · /jH −1 0 jH −1 /jH j0H , we define the probabilities of a crossover that occurs within different marker intervals as given in Box III. Based on these crossover probabilities, we calculate the recombination fractions between different markers using the following formulas: r12 = g111...1 + g111...0 + · · · + g100...0



3.2. Hypothesis testing



r23 = g111...1 + g111...0 + · · · + g010...0



Whether the three markers studied are significantly linked with each other on a similar chromosomal region can be tested by a log-likelihood ratio approach. For a given order A–B–C, the null hypotheses of r12 = 0.5, r23 = 0.5, and r13 = 0.5 are equivalent to the following constraints, respectively, g01 = 0.5 − g00 ,



(15)



g10 = 0.5 − g00 ,



(16)



g10 = 0.5 − g01 ,



(17)



which leads to g11 = g10 = g01 = g00 =



1 4



if all the constraints



are met. By substituting 41 for each crossover probability into the likelihood (14), we use the EM algorithm to estimate the other parameters (2p , w ) and the corresponding likelihood. The resultant log-likelihood ratio test statistic asymptotically follows a χ 2 -distribution with three degrees of freedom. A similar procedure can be made to test the significance of these recombination fractions separately. The degree of interference in the occurrence of crossovers between the two adjacent marker intervals is an important parameter for linkage analysis. For the order A–B–C, the coefficient of interference can be estimated by 6. The significance of interference is formulated with the null hypothesis of I = 0, which, as seen in (8), leads to the constraint g11 g00 = g10 g01 . Thus, the



r34 = g111...1 + g111...0 + · · · + g101...0



... r(H −1)H = g111...1 + · · · + g110...1 + · · · + g000...1 r13 = g101...1 + g011...1 + · · · + g100...0 + g010...0



(22)



r24 = g110...1 + g101...1 + · · · + g010...0 + g001...0



... r14 = g100...1 + g010...1 + g001...1 + · · · + g100...0 + g010...0 + g001...0



... r1H = g100...0 + g010...0 + · · · + g000...1 .



From these recombination fractions, we can further calculate the interferences between adjacent marker intervals and interferences between non-adjacent marker intervals. The H-locus haplotype frequencies are used to calculate the diplotype and genotype frequencies in the original population from which the plants are sampled, whereas the H-locus haplotype frequencies and (H − 1)-interval crossover probabilities are used to calculate the diplotype and genotype frequencies for the open-pollinated progeny derived from the genotypes of the parent plants. Here, the outcrossing rate is used to characterize the relative proportions of selfing and outcrossing progeny. The EM algorithm is implemented to estimate haplotype frequencies
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pj1 j2 ...jH = pj1 pj2 . . . pjH



+



(−1)



2



H X



H P



(−1)



h6=h1 ,h2



+



(−1)



H P



H X



(−1)



h6=h1 ,h2 ,h3



jh



···



+



(−1)H



H Y



Trigenic LD



pjh Dh1 h2 h3



h6=h1 ,h2 ,h3



h1 6=h2 6=h3



+



Digenic LD



pjh Dh1 h2



h6=h1 ,h2



h1 6=h2 3



H Y



jh



H P



H X



jh



(−1)h=1 D12...H



H-genic LD,



h1 6=h2 6=···6=hH



where Dh1 h2 (h1 , h2 = 1, 2, . . . , H ), Dh1 h2 h3 (h1 , h2 , h3 = 1, 2, . . . , H ), . . . , D12,...,H are the linkage disequilibria of different orders, respectively. Box II.



Marker



1



2



3



4



Crossover



1



1



1



Crossover



1



1



1



··· Crossover



1



1



0



Crossover



1



0



0



Crossover



0



0



0



··· ··· ··· ··· ··· ··· ···



H −1



H



Probability



1



g111...1



0



g111...0



··· 0



g110...0



0



g100...0



0



g000...0



Box III. Table 2 Simulation designs based on different parameters. Design



w



r12



r23



I



r13



D12



D23



D13



D123



1 2 3 4 5 6 7 8 9 10 11



0.1 0.5 0.9 0.1 0.5 0.9 0.1 0.5 0.9 0.01 0.99



0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05



0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30



1 1 1 0 0 0 −2 −2 −2 1 −2



0.35 0.35 0.35 0.32 0.32 0.32 0.26 0.26 0.26 0.26 0.26



0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08 0.08



0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02 0.02



0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05



0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04 0.04



and crossover probabilities from the likelihood constructed with marker genotype data observed for the seed-bearing plants and their open-pollinated progeny. Further, allele frequencies, linkage disequilibria of different orders, the recombination fractions between all possible marker pairs, and the genetic interferences of different orders can be estimated and tested using the loglikelihood ratio approaches. 4. Computer simulation Simulation studies were conducted to investigate the statistical properties of the model for estimating population genetic parameters with multilocus data. A natural plant population in HWE was simulated where the haplotype frequencies and genotype frequencies for three ordered markers A–B–C are calculated with given allele frequencies and linkage disequilibria of different orders. We assume that the first two markers have a strong association (D12 = 0.08) and the second two markers have a weak association (D23 = 0.02) whereas the first and third markers have a moderate association (D13 = 0.05). We further simulate the progeny population of plants in the natural population by allowing both selfing and outcrossing pollination. The frequencies of marker



genotypes in the progeny population depend on the recombination fractions between the markers. We assume that the first two markers have a strong linkage (r12 = 0.05) whereas the second two markers have a moderate linkage (r23 = 0.30). The recombination fraction between the first and third marker was determined, depending on how two adjacent marker intervals interfere with each other. These are reflected by taking I = 0 (no interference), I = 1 (no double recombination) and I = −2 (strong interference). The natural population simulated is assumed to have varying outcrossing rates, 0.1, 0.5, and 0.9. Table 2 provides the values of parameters used to simulate the marker data under different designs. We use two strategies to sample plants and their openpollinated (OP) families. The first is to sample a large number of plants (100) with relatively small family size (10) for each plant. The second is to increase the family size (20) for each plant at the cost of the number of plants (50). The estimates of the parameters under different simulation designs are given in Tables 3 and 4 for 100 × 10 and 50 ×20 sampling strategies. The model has been shown to provide reasonably precise estimates of all the genetic parameters under different simulation designs and for different sampling strategies (Tables 3 and 4).
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Table 3 MLEs of the outcrossing rate and recombination fractions and their standard errors (in parentheses) obtained from 100 simulation replicates under different simulation designs with two sampling strategies.



w



Design



True



r12



r23



r13



MLE



True



MLE



True



MLE



True



MLE



Sampling strategy 100 × 10 1 0.1 2 0.5 3 0.9 4 0.1 5 0.5 6 0.9 7 0.1 8 0.5 9 0.9 10 0.01 11 0.99



0.1042(0.0137) 0.5039(0.0229) 0.8977(0.0251) 0.1022(0.0123) 0.5050(0.0210) 0.9049(0.0249) 0.0993(0.0124) 0.5047(0.0253) 0.9048(0.0219) 0.0095(0.0045) 0.9887(0.0150)



0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05



0.0512(0.0120) 0.0533(0.0219) 0.0524(0.0318) 0.0509(0.0120) 0.0530(0.0255) 0.0533(0.0334) 0.0515(0.0109) 0.0567(0.0207) 0.0551(0.0368) 0.0516(0.0105) 0.0539(0.0326)



0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30



0.3097(0.0348) 0.3097(0.0512) 0.3198(0.0746) 0.3037(0.0353) 0.3163(0.0521) 0.3169(0.0840) 0.3030(0.0335) 0.3002(0.0519) 0.3014(0.0806) 0.3041(0.0311) 0.3037(0.0873)



0.35 0.35 0.35 0.32 0.32 0.32 0.26 0.26 0.26 0.35 0.26



0.3609(0.0353) 0.3631(0.0533) 0.3722(0.0740) 0.3234(0.0335) 0.3284(0.0486) 0.3210(0.0805) 0.2700(0.0352) 0.2799(0.0552) 0.2828(0.0734) 0.3557(0.0321) 0.2907(0.0794)



Sampling strategy 50 × 20 1 0.1 2 0.5 3 0.9 4 0.1 5 0.5 6 0.9 7 0.1 8 0.5 9 0.9 10 0.01 11 0.99



0.1011(0.0144) 0.5048(0.0251) 0.9082(0.0233) 0.1015(0.0141) 0.5049(0.0247) 0.9107(0.0255) 0.1025(0.0126) 0.5057(0.0290) 0.9068(0.0252) 0.0096(0.0042) 0.9896(0.0141)



0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05



0.0518(0.0127) 0.0575(0.0232) 0.0555(0.0369) 0.0526(0.0136) 0.0593(0.0229) 0.0719(0.0462) 0.0540(0.0141) 0.0563(0.0242) 0.0628(0.0415) 0.0492(0.0096) 0.0580(0.0423)



0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30 0.30



0.3087(0.0501) 0.3124(0.0677) 0.3304(0.0779) 0.3176(0.0468) 0.3343(0.0630) 0.3497(0.1097) 0.3088(0.0371) 0.3062(0.0610) 0.3208(0.0982) 0.3101(0.0353) 0.3005(0.1026)



0.35 0.35 0.35 0.32 0.32 0.32 0.26 0.26 0.26 0.35 0.26



0.3605(0.0494) 0.3699(0.0640) 0.3859(0.0777) 0.3288(0.0413) 0.3411(0.0538) 0.3455(0.0974) 0.2732(0.0368) 0.2820(0.0539) 0.2941(0.1011) 0.3592(0.0362) 0.2924(0.0945)



Table 4 MLEs of allele frequencies and linkage disequilibria and their standard errors (in parentheses) obtained from 100 simulation replicates under different simulation designs with two sampling strategies. Design



{1}



pA



{2}



{3}



pB



pC



D12



D13



D23



D123



Sampling strategy 100 × 10 1 0.5960(0.0341) 2 0.6012(0.0283) 3 0.5995(0.0263) 4 0.5951(0.0279) 5 0.6024(0.0262) 6 0.5974(0.0239) 7 0.5999(0.0353) 8 0.6005(0.0293) 9 0.6001(0.0253) 10 0.6018(0.0328) 11 0.6023(0.0255)



0.3980(0.0334) 0.4021(0.0277) 0.4008(0.0271) 0.3933(0.0343) 0.4002(0.0290) 0.4028(0.0257) 0.3954(0.0368) 0.4032(0.0294) 0.4032(0.0243) 0.3986(0.0365) 0.3978(0.0251)



0.6003(0.0348) 0.6029(0.0308) 0.6029(0.0218) 0.5973(0.0366) 0.6019(0.0294) 0.5994(0.0262) 0.5962(0.0361) 0.6019(0.0292) 0.5966(0.0258) 0.6010(0.0372) 0.5993(0.0222)



0.0806(0.0117) 0.0790(0.0122) 0.0788(0.0093) 0.0802(0.0117) 0.0793(0.0097) 0.0793(0.0093) 0.0791(0.0120) 0.0823(0.0113) 0.0804(0.0090) 0.0811(0.0121) 0.0794(0.0083)



0.0202(0.0173) 0.0188(0.0132) 0.0181(0.0125) 0.0207(0.0169) 0.0192(0.0131) 0.0193(0.0137) 0.0216(0.0161) 0.0231(0.0142) 0.0201(0.0120) 0.0200(0.0147) 0.0216(0.0109)



0.0496(0.0291) 0.0467(0.0224) 0.0478(0.0179) 0.0525(0.0221) 0.0465(0.0217) 0.0514(0.0184) 0.0506(0.0248) 0.0523(0.0221) 0.0522(0.0180) 0.0478(0.0230) 0.0507(0.0164)



0.0393(0.0104) 0.0402(0.0094) 0.0399(0.0074) 0.0377(0.0081) 0.0398(0.0091) 0.0395(0.0075) 0.0389(0.0095) 0.0391(0.0078) 0.0382(0.0080) 0.0382(0.0106) 0.0390(0.0067)



Sampling strategy 50 × 20 1 0.5914(0.0484) 2 0.5990(0.0426) 3 0.6003(0.0348) 4 0.6060(0.0488) 5 0.5933(0.0422) 6 0.6022(0.0407) 7 0.6023(0.0432) 8 0.6029(0.0422) 9 0.5975(0.0390) 10 0.6047(0.0495) 11 0.6033(0.0393)



0.3929(0.0496) 0.4038(0.0423) 0.4051(0.0353) 0.4113(0.0434) 0.3894(0.0428) 0.4078(0.0347) 0.3990(0.0457) 0.4040(0.0428) 0.4001(0.0362) 0.4085(0.0504) 0.4025(0.0346)



0.6021(0.0466) 0.6009(0.0472) 0.5958(0.0365) 0.6029(0.0473) 0.5946(0.0447) 0.6043(0.0375) 0.5977(0.0477) 0.6020(0.0428) 0.6013(0.0350) 0.6046(0.0424) 0.5996(0.0347)



0.0808(0.0166) 0.0799(0.0156) 0.0811(0.0132) 0.0794(0.0161) 0.0801(0.0136) 0.0812(0.0143) 0.0785(0.0182) 0.0792(0.0147) 0.0804(0.0138) 0.0803(0.0168) 0.0783(0.0099)



0.0175(0.0246) 0.0182(0.0223) 0.0181(0.0176) 0.0174(0.0226) 0.0239(0.0171) 0.0209(0.0187) 0.0237(0.0210) 0.0163(0.0216) 0.0185(0.0175) 0.0226(0.0212) 0.0210(0.0155)



0.0474(0.0379) 0.0469(0.0331) 0.0484(0.0289) 0.0506(0.0315) 0.0503(0.0316) 0.0484(0.0260) 0.0505(0.0331) 0.0493(0.0316) 0.0504(0.0241) 0.0486(0.0336) 0.0533(0.0260)



0.0380(0.0135) 0.0396(0.0138) 0.0385(0.0093) 0.0385(0.0140) 0.0398(0.0116) 0.0407(0.0115) 0.0408(0.0133) 0.0376(0.0136) 0.0382(0.0098) 0.0412(0.0118) 0.0387(0.0099)



The accuracy and precision of parameter estimation depends on the outcrossing rate, the degrees of linkage and interference, and the extent of linkage disequilibrium. The estimation of the recombination frequencies displays increasing precision with a low outcrossing rate and therefore an increasing size of selfing progeny. On the other hand, the estimation precision of linkage disequilibria increases with increasing outcrossing rate, but to a lesser extent as compared to the change of the estimation precision of the recombination fractions. It seems that the interference has a small impact on the estimation precision of the linkage although a large interference is associated with better estimates. This suggests that a general model incorporating crossover interference can be used in practice



for linkage analysis. The estimation precision of the recombination frequencies is generally better for the two markers that are highly linked than for those that are loosely linked. The linkage disequilibrium can be better estimated when two markers are highly associated than when the two markers have a low association. As shown, the linkage disequilibrium of higher order can be reasonably estimated. The estimation precision of the outcrossing rate is also reasonable, especially when the population has a greater proportion of outcrossing progeny. The estimation precision of the parameters is affected by the sampling strategy. For a given sample size, having more families with a smaller size (100 × 10) seems to be more favorable than having fewer families with a large size (50 × 20).
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The simulated three-locus data were also analyzed by the twopoint analysis proposed in Li et al. (2009). It is interesting to note that a three-point analysis provides greater estimation precision than a two-point analysis (results not shown). In particular, when considering genetic interference and high-order linkage disequilibrium, a three-point analysis is considerably more advantageous over a two-point analysis which does not take into consideration these two parameters. 5. Discussion Molecular marker technologies have been widely used to study the genetic structure and diversity of natural populations by estimating and testing several key parameters related to the outcrossing rate, recombination frequency and linkage disequilibrium (Johnson et al., 2004; Signorovitch et al., 2005; Ruderfer et al., 2006; Tsai et al., 2008). A statistical analysis based on multiple markers is capable of estimating the association pattern of genes in a natural population and, therefore, can infer the evolutionary history of a species, but very few studies have been able to estimate all of the different genetic parameters simultaneously. Wu and Zeng (2001) proposed an open-pollinated design for jointly estimating the linkage and linkage disequilibrium (LD) with twolocus marker data, allowing a better understanding of genetic recombination that occurs in the present generation and at historical times. This design was extended to estimate an additional parameter, the outcrossing rate, related to the mating system (Li et al., 2009). In this article, we propose a three-locus model for estimating the linkage, linkage disequilibrium and outcrossing rate for a natural population. The model has been tested through numerical simulation. First, a multilocus analysis can detect the biological phenomena in gene segregation, recombination and association which cannot be detected with a simple two-locus analysis. Within the framework of multilocus linkage analysis, an optimal order of markers can be determined, and also genetic interference in meiosis estimated and tested (Wu et al., 2007). With these parameters, a detailed picture of genetic variation and diversity in a population can be illustrated, providing insight about the impact of genetic interference on population evolution and speciation. By using a multilocus linkage disequilibrium, high-order genetic associations can be estimated. This information will help reconstruct the evolutionary process of populations. To the best of our knowledge, this is the first study that can jointly estimate these high-order and informative parameters with a simple sampling strategy and design. Second, by making full use of genetic information, a multilocus analysis dramatically increases the precision of parameter estimation and the power for linkage and linkage disequilibrium detection, as compared with a more commonly used two-locus analysis. Also, a multilocus analysis needs fewer samples for parameter estimation to achieve a reasonably high precision, even though it estimates a large number of parameters. These favorable properties of multilocus analysis may be partly because it capitalizes on a larger amount of information contained within the marker relationships. Surprisingly, a multilocus analysis is found to be very computationally efficient, which may be attributed, in part, to the closed-form derivation of the EM algorithm. An alternative to estimate multilocus population genetic parameters is based on the MCMC algorithm (see Gao et al., 2007), which is flexible and also computationally efficient but requires the proper choices of priors for the parameters. The model can be used in any plant species undergoing hermaphrodite reproduction. It can also be used in those species that deviate from this type of reproduction, as shown by the simulation results for an extreme outcrossing rate (0.01



75
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