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The One-dimensional Wave Equation
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Consider a long string held taut by a tension T. When one end is hammered or plucked, a wave will travel down the string toward the opposite end. Having nowhere else to go, it will reflect off the opposite end of the string and travel back to the origin. This process will repeat over and over again until the wave dies down to an undetectable level. The situation is depicted in fig. 1.1, below.



β



α x



x + ∆x



Fig. 1. 1. A stretched plucked string. We make the following simplifying assumptions: 1. The mass per unit length (µ) is constant. 2. Each individual segment of the string moves in a vertical direction only. 3. Gravity has no influence on the string. 4. There is no friction, neither within the rope nor between the rope and its surroundings. Because of assumption 1, we may apply Newton’s second law to each segment of the string, thus: Eq. 1. 1



∂ 2y F = (µ ∆ x ) ∂ t2



,



where ∆x is the differential length of a segment, y is vertical displacement, and t is time. Because of assumption 2, we know that the horizontal components of the tension vectors cancel, thus: Eq. 1. 2



T1 cos(α ) = T2 cos( β ) = T = const . where T1 is the tension to the right of point x, T2 is the tension to the left of point x, α is the angle the string makes with the horizontal to the left of point x and β is the angle the string makes with the horizontal to the right of point x. Since in general α ≠ β , T1 ≠ T2. It is the imbalance of these two forces that causes the wave to run back and forth along the string.
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The vertical components of the tension vectors on a string segment add: Eq. 1. 3



− T1 sin (α ) + T2 sin ( β ) = ( µ ∆ x )



∂ 2y ∂ t2



(The negative sign appears because the vertical force at α is downward.) By rearranging eq. 1.3 and dividing by eq. 1.2, the following result is obtained: Eq. 1. 4



T2 sin ( β ) T1 sin (α )  µ ∆ x  ∂ 2 y − =  T2 cos( β ) T1 cos(α )  T  ∂ t 2 The first term on the right is the slope of the string to the right of x (x+∆x). The second term is the slope to the left of x. Dividing both sides by ∆x and taking the limit as ∆x→0 gives… Eq. 1. 5



∂ 2y 1 ∂ 2y = , ∂ x2 c2 ∂ t2



1 µ = c T



This is the one dimensional wave equation. 2



The Force-Voltage Analogy



Circuit theory treats all elements as operators in the time or frequency domain, similar to the Newtonian mechanics of discrete particles. Transmission line theory attempts to account for the physicality of circuit elements in a way that is analogous to the above treatment of the vibrating string. Thus, the electrical-mechanical analogy summarized in table I, helps bridge the gap between visible and invisible phenomena. Applying the forcevoltage analogy to eq. 1.5 gives: Eq. 1. 6



∂ 2q 1 ∂ 2q = 2 , ∂ x2 c ∂ t2



1 = c



LC



TABLE 1.1. ELECTRICAL-MECHANICAL ANALOGS



y y& m, µ k, T F



Mechanical Displacement Velocity Mass, Mass-per-unit-length Spring constant, Tension Force



q q& = i L C −1 V



Electrical Charge Current Inductance Reciprocal Capacitance Voltage



The interesting feature of electricity that charges are available in two oppositely attracting varieties now comes in to play. This simple concept - like charges repel and opposites attract - is what makes electrical engineering so intellectually stimulating. It accounts for the nearly ideal behavior of a wide variety of real electric machines, makes wireless 2



G. Fowles, Analytical Mechanics, 2nd ed., Saunders, Philadelphia, 1985, p. 76.



Transmission Lines



page 1.2



communication possible, and even explains how the earth is illuminated and warmed by the sun. At any rate, we know from electrostatics that there is a proportionally changing voltage associated with any changing quantity of charge. Thus, we may formally substitute voltage for charge in eq. 1.6: Eq. 1. 7



∂ 2v( x, t) − ∂ x2



LC



2



∂ 2v( x, t ) = 0. ∂ t2



The Incremental Lumped Element Transmission-line Model Every real wire has inductance and resistance per unit length. Between every pair of real wires there is capacitance and leakage (conductance) per unit length. If the wires are uniformly sized and spaced, then these quantities may be said to be differential in length, as depicted in fig. 1.2. i(x,t) i(x+∆x,t)



r∆x



l∆x g∆ x



v(x,t)



c∆x



v(x+∆x,t)



Fig. 1. 2. A differential transmission line section. Writing KVL and KCL for the network gives: Eq. 1. 8



∂ i (x ,t ) l ∆x − v ( x + ∆x ,t )= 0 ∂t ∂ v (x + ∆x ,t ) i ( x ,t ) − v ( x + ∆x ,t ) g ∆x − c∆x − i ( x + ∆x ,t ) = 0 ∂t



v (x ,t ) − i ( x ,t ) r ∆x −



If we perform the following steps: 1. Group the voltage and current terms. 2. Divide both equations by ∆x and take the limit as ∆x → 0. 3. Assume time harmonic (i.e., cosine based) excitation, so that the phasors V(x) and I(x) can be written for v(x, t) and i(x, t) and the jω operator can be substituted for the partial time derivative operator.(The displacement partial becomes a total derivative…) 4. Solve the second equation in the pair for I(x) and substitute that result into the first. The result is: Eq. 1. 9



d 2V (x ) − dx 2



(r + jω l )(g + jω c )



Transmission Lines



V (x ) = 0
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Equations 1.7 and 1.9 have the similar meaning when one realizes the equivalence between the jω operator and the partial time derivative operator in the case of time harmonic functions. Otherwise, eq, 1.7 is just the lossless case where r = g = 0.3



Characteristics of Infinite Lines Equation 1.9 leads to an expression for V(x): Eq. 1. 10



V (x ) = V0+ e −γx + V0− e +γx where Eq. 1. 11



(r + jω l )(g + jωc )



γ =



is the (complex and frequency dependant) propagation constant. Note there are two x dependant terms in eq. 1.10. They are not only important for mathematical generality, but also because they are physically meaningful, as shown in the next section. A transmission line (and the vibrating string) can evidently support simultaneous forward and backward traveling waves.4 Taking the limit of the first of eqs. 1.8 as ∆x→0 and substituting the result of eq. 10 gives the following voltage – current relationship on the line: Eq. 1. 12



I( x ) =



γ



(V r + jω l



+ 0



)



e −γx − V0− e +γx .



The coefficient may be simplified to: Eq. 1. 13



γ r + jω l



=



g + jω c ≡ Y0 ( Siemens ) , r + jω l



the (complex and frequency dependant) characteristic admittance, or its reciprocal: Eq. 1. 14



r + jω l ≡ Z 0 ( Ohms ) , g + jω c the (complex and frequency dependant) characteristic impedance.



3



Actually, this restriction can easily be removed by allowing complex voltage. Then the coefficients L and C would also be complex, leading inevitably to eq. 1.9. 4 In other words, transmission lines, like all passive elements, obey the theorem of superposition.
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The current on the line may be broken into forward and backward traveling components, as the voltage was in eq. 1.10. The result is: Eq. 1. 15



V0+ −γx V0− +γx I (x ) = e − e Z0 Z0 The general expressions for propagation constant (γ) and characteristic impedance (Z0) can be simplified for three limiting cases, as summarized in table 1.2. 5 In the first case, the line is assumed lossless, making it exactly analogous to the above treatment of the vibrating string. In the second case, it is assumed that the loss terms vanish compared with the energy storage terms. Thus, the complex propagation constant can be cleanly separated into a real part which is not frequency dependant, and an imaginary part which is frequency dependant. The real part, α, is called the attenuation constant, while the imaginary part, β , is called the phase constant. In the third case, the line is actually designed so that r l = g c . This property is important for long-haul transmission systems, such as the transatlantic telephone cable.



TABLE 1.2. TRANSMISSION LINE APPROXIMATIONS5 Limiting Case



Propagation Constant



Lossless Line



(r



= g = 0)



γ = jβ = jω l c



Phase Velocity



Characteristic Impedance



v ph =



ω 1 = β lc



Z0 = R0 =



l c



v ph =



ω 1 ≈ β lc



Z0 ≈ R0 ≈



l c



v ph =



ω 1 = β lc



Z0 = R0 =



l c



γ = α + jβ Low-loss Line



(r << ω l , g << ω c )







c



l 



 α ≈ 21  r +g  l c   β ≈ ω lc



γ = α + jβ Distortionless Line



r g   =  l c



α =r



c l



β = ω lc



5



D. Cheng, Field and Wave Electromagnetics, Addison-Wesley, Reading MA, 1985, pp. 381 –383.
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Stepped Excitation of Finite Lines Equations 1.10 and 1.15 imply backward traveling electric waves. Experiments with a stretched string confirm their presence. Nevertheless, what is their significance in the “real world” of electricity?



Ii



IL



Zg



Vg



Vi



ZL



Z0 , γ



z=0



VL



z=l



Fig. 1. 3. A finite transmission line, terminated at z = 0 with a generator, Vg & Zg, and at z = l with the load impedance, ZL. Figure 1.3 depicts a finite transmission line connected to a voltage source at z = 0 and an arbitrary impedance at z = l. The source generates a voltage, Vg and has a Thevenin impedance of Zg. The point, z = 0, is called the input of the line. Since there is an input voltage (Vi) and an input current (Ii), the source “sees” an input impedance, Zi, located at z = 0. Clearly, Zi is related to Z0, γ and ZL, but how? We will assign a unit stepped voltage to Vg in order to study this problem. First, let Zg = Z0 = 1 Ω and let the load impedance be an open circuit. Define a characteristic time, τ, for the voltage step to arrive at z = l. When the step voltage is turned on at t = 0 we may write KVL for the line, as follows: Eq. 1. 16



− Vg + I i+ (Z g + Z 0 ) = 0 which is valid as long as there is only a forward traveling wave. At t = τ, the step voltage will reach the open circuited end of the line at z = l. Having nowhere to go, it will be reflected back along the path it came. Thus, there will be a backward traveling wave of current, -Ii, and voltage Vi. At t = 2τ, the backward traveling wave will reach the point, z = 0, and cancel with the forward traveling wave. After this time, there will be no further change in voltage and current. The voltage at z = 0 as a function of time is presented in 1
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Fig. 1. 4. Vi(t) at z = 0 when Vg = 1V (step), Zg = 1Ω, Z0 = 1 Ω and ZL = ∞. fig. 1.4.
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Next, consider what happens when the load impedance is changed to a short. Again, there is a forward travelling wave. When it gets to z = l the wave continues travelling through the short and back to the generator through the second wire of the line. Thus, the voltage waves cancel but the current waves do not. Figure 1.5 demonstrates how the voltage at z = 0 behaves over time. 1
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Fig. 1. 5. Vi(t) at z = 0 when Vg = 1V (step), Zg = 1Ω, Z0 = 1 Ω and ZL = 0Ω. Finally, consider the case where ZL = Z0 = 1Ω. The forward travelling wave comes to the load after t = τ and is completely dissipated, because Eq. 1. 17



− Vg + I i+ Zg = I i+ ZL . (A figure demonstrating this would be trivial...) Evidently, a finite transmission line terminated in its characteristic impedance acts like an infinite line. Conversely, a transmission line terminated in its characteristic impedance looks like a lumped impedance of value Z0 at its input terminals. Next, consider what happens at the interface between two different transmission lines, fig. 1.6. Assume that at t = 0 a forward traveling wave reaches z = 0 from the left. This will result in a wave that travels to the right and possibly a reflected wave traveling back again to the left. We may write KVL and KCL for the situation as… Eq. 1. 18



I2 I1 Zg



IL Z01 , γ1



Vg
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V2
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VL
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z = -l1



ZL



z = l2



Fig. 1. 6. Two finite transmission lines, terminated at z = 0 with a generator, Vg & Zg, and at z = l2 with the load impedance, ZL.
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V1+ +V1− =V2+ , and Eq. 1. 19



V1+ − V1− =



Z 01 + V2 Z 02



Solving these two equations simultaneously allows V2+ and V1- to be normalized by V1+ and then expressed in terms of Z01 and Z02. Eq. 1. 20



V2+ 2 Z 02 = ≡T + V1 Z 02 + Z 01 Eq. 1. 21



V1− Z 02 − Z 01 = ≡Γ V1+ Z 02 + Z 01 The net power flowing into the interface must be exactly offset by the net power flowing out. Multiply eq 1.18 by eq. 1.19 and substitute eqs 1.20 and 1.21 to get: Eq. 1. 22



Γ2 +



Z 01 2 T =1 Z 02



The quantities T and Γ are the so-called transmission and reflection coefficients.6



Time-harmonic Excitation of Finite Lines The above derivation of Γ and T leads to a small conflict, which shall now be resolved. We originally developed the solution to the wave equation using sines and cosines, and then proceeded to develop the incremental transmission line model with phasors and exponentials. How, then could we apply those solutions to the step excitation problem? One answer lies in the theorem of Fourier. Since the step function used above can be shown to satisfy Fourier’s conditions, we know it may be represented by a sum of sine and cosine functions. We may then apply the earlier solution methods to each and every one of (infinitely many) separate functions to conclude that Γ and T are indeed valid for timeharmonic (sinusoidal) excitations. Still, we have to deal with the eventual reflection of V2+ and the re-reflection of V1-. Return to fig. 1.6, and this time assume ZL = Z02 and Zg = Z01. We know, based on the analysis leading to eq. 1.17 and immediately following, that: 1. There will be no reflection from ZL or any re-reflection from Zg. if they are matched to their respective lines. 2. From the perspective of line 1, the combination of line 2 terminated in its characteristic impedance will look exactly like a lumped impedance of ZL.



6



In general, T and Γ may be complex. In that case, eq. 1.22 changes slightly.
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Thus, the reflection coefficient, Γ, also applies when a transmission line is terminated in an arbitrary load impedance, ZL. When Z02 = ZL we can write an expression for the input impedance of the entire network: Eq. 1. 23



Z in =



V ( −l ) e γ l + Γ e − γ l = Z0 I ( −l ) e γ l − Γ e −γ l



By using eq. 1.21 for Γ and making use of Euler’s formula, a more usable form results: Eq. 1. 24



Z in = Z 0



Z L cosh γ l + Z 0 sinh γ l Z 0 cosh γ l + Z L sinh γ l



When the line is assumed to be lossless, γ = jβ . Then cosh (jβl) = cos (βl) and sinh (jβl) = j sin (βl) so that: Eq. 1. 25



Z in = Z 0



Z L cos β l + jZ 0 sin β l Z 0 cos β l + jZ L sin β l



for lossless lines.



Special Lossless Terminated Lines The chapter concludes with a discussion of five special lossless terminated transmission lines. The first case is when the line is terminated in a short circuit (ZL = 0). Equation 1.25 simplifies to: Eq. 1. 26



Z in = j Z 0 tan β l By inspection of eq. 1.26, when βl = 0, π, 2π,... Zin = 0 and when βl = π/2, 3π/2, 5π/2... Zin = ∞.Referring to table 1.2, we see that when Eq. 1. 27



fn =



n v ph , 2 l



n = even



a short-circuited transmission line will indeed act like a short circuit, but when Eq. 1. 28



fn =



n v ph , 2 l



n = odd



it will evidently act like an open. Expanding tan βl in a Maclaurin series gives
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Eq. 1. 29



β l3



2β l 5 tan β l = β l + + + ... 3 15 So for small β l the input impedance of a short circuited transmission line looks like Eq. 1. 30



Z in ≈ j Z 0 β l = j ω L When the line is terminated in an open circuit (ZL = ∞) equation 1.25 simplifies to: Eq. 1. 31



Z in = − j Z 0 cot β l This second case is just the dual of the first. Thus a quarter-wave7 line terminated in an open-circuit looks like a short at its input terminals, and an open-circuited half-wave line looks like an open. Also by the duality principle, we know that an electrically short (small βl) open circuited line has an input impedance of Eq. 1. 32



Z in ≈ − j



Z0 −j = βl ω C



The third and fourth special cases occur when βl = nπ/2 and ZL is arbitrary. Equation 1.25 simplifies to Eq. 1. 33



Z in =



Z 02 . ZL



When Eq. 1. 34



R 0 = R in RL ,



X 0 = X in = X L = 0



the terminated line is matched to the input impedance. A line with such a specially selected characteristic impedance is called a quarter-wave transformer. When Z0 = 1Ω, the input impedance is the reciprocal of the load impedance. Such a line is called an impedance inverter. The final special case occurs when βl = π. In this case, the load impedance is presented to the input terminals unchanged. It is as if the half-wave line section didn’t exist regardless of its characteristic impedance. When a particular length of line is physically inconvenient we may be able to add (or subtract) half-wave sections to create a realizable circuit.



7



When βl = 2π the transmission line is said to be one wavelength (λ) long.
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