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Motivation



Models with heterogeneous perception of shocks I



agents agree to disagree



I



agents differ in aversion to uncertainty



Recent interest, especially in finance I



gains from trade → large asset positions



I



asset prices reflect payoff perceptions, helps with puzzles



Can we integrate effects into standard DSGE models?
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This paper Equilibrium when agents disagree in the long run I



expectational difference equations with disagreement about means



I



first order perturbation approach



Computational challenge I



agents expect different dynamics of endogenous variables, even in steady state



I



solve jointly for steady state & dynamics



Application: heterogeneous ambiguity averse agents I



evaluate plans under worst-case distribution with low mean



I



differences in ambiguity aversion work like disagreement about means derive effects of uncertainty on steady state & linear dynamics



I
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Literature Models with heterogeneous preferences I I



different discount factors: perturb around deterministic SS differences in risk aversion / beliefs F F F



complete markets finite horizon models with frictions stationary equil. with frictions: - special assumptions on preferences - projection methods - perturbation method for transitory disagreement



Precautionary savings in incomplete markets I I



usually not with aggregate shocks with ambiguity, agent’s response to mean beliefs reflects uncertainty



Representative agent models with biased beliefs I



perturb around deterministic SS with biased belief
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Leading example Borrower-lender model with collateral constraint I



type A agents worry about uncertain labor income



I



type B agents confident about labor income



I



agents trade trees & safe bonds collateralized by trees



Equilibrium I



type B agents own trees & supply safe bonds to type A agents



I



collateral constraint allows for existence of steady state
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Leading example Borrower-lender model with collateral constraint I



type A agents worry about uncertain labor income



I



type B agents confident about labor income



I



agents trade trees & safe bonds collateralized by trees



Equilibrium I



type B agents own trees & supply safe bonds to type A agents



I



collateral constraint allows for existence of steady state



Modeling uncertainty usually



this paper



”Type A agents worry”



higher risk aversion



perceive lower mean



Solve for



nonlinear dynamics



SS + linear dynamics
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Leading example: experiments Scarcity of safe assets → comparative statics of steady states I



low or negative real interest rate, high excess return on trees F F



low supply (tight constraint): tree price & leverage low high demand (high uncertainty): tree price & leverage high



I



more government debt can substitute for safe private debt



I



with nominal credit, inflation uncertainty lowers gains from trade



F



F



raises interest rate, lowers tree price lowers debt & tree price



Uncertainty shocks → impulse response of linearized system I



temporary increase in uncertainty about labor income



I



mild scarcity: type A consumes less, accumulates wealth in short run, then draws down savings, consumes more



I



severe scarcity: low yield → type A accumulates less wealth in short run → persistently low type A consumption
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Outline



1



2



General setup with heterogeneous beliefs I



recursive equilibrium



I



computational approach



Application: borrower lender model I



properties



I



numerical example
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Stochastic difference equation Notation I I



Z = exogenous shocks; linear processes X = m endogenous state variables; Y = n other endogenous variables



Conditional distributions of shocks 1 2



true law of motion: Et0 [Zt+1 |Zt ], with long run mean Z¯ finite number of agents with beliefs Eti [Zt+1 |Zt ] allow Eti [.|Zt ] to differ at Zt = Z¯ → disagreement in steady state



P mi equations that capture intertemporal behavior; i mi = m   Eti g i (Xt−1 , Xt , Yt , Yt+1 , Zt , Zt+1 ) = 0 n equations to determine the other endogenous variables f (Xt−1 , Xt , Yt , Zt ) = 0 Ilut, Krivenko, Schneider
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Source of heterogeneous beliefs 1



Long run disagreement I I



2



expected utility preferences heterogeneous priors (agents agree to disagree)



Heterogeneity in ambiguity aversion I



recursive multiple priors preferences Ut = u (ct ) + β min E p [Ut+1 ] p∈Pt



Pt = one step ahead belief sets (may depend on history) I



Size of belief sets captures ambiguity F F F



with singleton Pt , back to expected utility this paper: use interval of means to parametrize Pt uncertainty shocks = changes in interval of means
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Source of heterogeneous beliefs 1



Long run disagreement I I



2



expected utility preferences heterogeneous priors (agents agree to disagree)



Heterogeneity in ambiguity aversion I



recursive multiple priors preferences Ut = u (ct ) + β min E p [Ut+1 ] p∈Pt



Pt = one step ahead belief sets (may depend on history) I



Observational equivalence F F F F



equilibrium of RMP model → EU model with same equilibrium (endogenous) worst case belief supports choices policy experiments may require recomputing worst case belief! computation of any given equilibrium reduces to disagreement case
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Recursive equilibrium with general beliefs Difference equation



Eti







f (Xt−1 , Xt , Yt , Zt ) = 0  g (Xt−1 , Xt , Yt , Yt+1 , Zt , Zt+1 ) = 0 i



State variables st := (Xt−1 , Zt ) Time invariant solution: functions X 0 (s) and Y (s) st ∀s:  f X , X 0 (s) , Y (s) , Z = 0,    E i g i X , X 0 (s) , Y (s) , Y X 0 (s) , Z 0 , Z , Z 0 Z = 0, I I



P P n + i mi functional equations in n + i mi functions agents agree on functions X 0 and Y but disagree on Z
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Perturbation Assume existence of steady state s¯ with X 0 (¯ s ) = X 0 (X¯ , Z¯ ) = X¯ and



gi



 f X¯ , X¯ , Y (X¯ , Z¯ ), Z¯ = 0,     X¯ , X¯ , Y (X¯ , Z¯ ), Y X¯ , E i Z 0 |Z¯ , Z¯ , E i Z 0 |Z¯ = 0



I



  with long run disagreement, may have Y (X¯ , E i Z 0 |Z¯ ) 6= Y (X¯ , Z¯ )



I



steady state values depend on function Y !



Perturbation around s¯ I



generally can not avoid challenge by picking other point s F



I



long-run mean for Z under belief of some agent j ? works only with representative agent



system fluctuates around s¯



Solve jointly for steady state values and dynamics Ilut, Krivenko, Schneider
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Perturbation Assume existence of steady state s¯ with X 0 (¯ s ) = X 0 (X¯ , Z¯ ) = X¯ and



gi
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Linear approximation and steady state



 Ei gi



 f X , X 0 (s) , Y (s) , Z = 0,   X , X 0 (s) , Y (s) , Y X 0 (s) , Z 0 , Z , Z 0 Z = 0.



Use loglinear expansions around steady state X˜0 , Y˜ , e.g. Y˜ (X , Z ) = Y (X¯ , Z¯ ) exp εyx (logX − log X¯ ) + εyz (logZ − log Z¯ )







Algorithm 1 2



Guess elasticities εyx , εyz Compute candidate steady state (X¯ , Y (X¯ , Z¯ )) from  f X¯ , X¯ , Y (X¯ , Z¯ ), Z¯ = 0,      g i X¯ , X¯ , Y (X¯ , Z¯ ), Y˜ X¯ , E i Z 0 |Z¯ , Z¯ , E i Z 0 |Z¯ = 0



3 4 5



Substitute Y˜ for future Y in difference eqn Perturb new system around candidate steady state Compare new elasticities εyx , εyz to guess; iterate until fixed point
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Linear approximation and steady state



 Ei gi



 f X , X 0 (s) , Y (s) , Z = 0,   X , X 0 (s) , Y (s) , Y X 0 (s) , Z 0 , Z , Z 0 Z = 0.



Use loglinear expansions around steady state X˜0 , Y˜ , e.g. Y˜ (X , Z ) = Y (X¯ , Z¯ ) exp εyx (logX − log X¯ ) + εyz (logZ − log Z¯ )







Algorithm 1 2



Guess elasticities εyx , εyz Compute candidate steady state (X¯ , Y (X¯ , Z¯ )) from gi



3 4 5



 f X¯ , X¯ , Y (X¯ , Z¯ ), Z¯ = 0,     X¯ , X¯ , Y (X¯ , Z¯ ), Y (X¯ , Z¯ )(E i Z 0 |Z¯ /Z¯ )εyz , Z¯ , E i Z 0 |Z¯ = 0



Substitute Y˜ for future Y in difference eqn Perturb new system around candidate steady state Compare new elasticities εyx , εyz to guess; iterate until fixed point
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Linear approximation and steady state  f X , X 0 (s) , Y (s) , Z = 0, i h   i i 0 0 0 0 ˜ E g X , X (s) , Y (s) , Y X (s) , Z , Z , Z Z = 0. Use loglinear expansions around steady state X˜0 , Y˜ , e.g. Y˜ (X , Z ) = Y (X¯ , Z¯ ) exp εyx (logX − log X¯ ) + εyz (logZ − log Z¯ )







Algorithm 1 2



Guess elasticities εyx , εyz Compute candidate steady state (X¯ , Y (X¯ , Z¯ )) from  f X¯ , X¯ , Y (X¯ , Z¯ ), Z¯ = 0,      g i X¯ , X¯ , Y (X¯ , Z¯ ), Y˜ X¯ , E i Z 0 |Z¯ , Z¯ , E i Z 0 |Z¯ = 0



3 4 5



Substitute Y˜ for future Y in difference eqn Perturb new system around candidate steady state Compare new elasticities εyx , εyz to guess; iterate until fixed point
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Borrower lender model Two types of infinitely lived agents; preferences # "∞ X c 1−γ j t t E0 β 1−γ t=0



Beliefs about income (endowment of goods) I I I I



 type B agents get iid y¯B exp εBt ; all agents know this  at date t, type A agents believe they get yt+1 = y¯A exp εAt+1 − at in fact, type A agents also iid yt+1 = y¯A exp εAt+1 ; type B know this at = ambiguity perceived by type A agents (stochastic)



Assets I I I



One period noncontingent debt, price qt Trees: dividend d, price pt ; no short sales Leverage `t = −qt bt /pt θt ; cost to borrower −k (`t ) qt bt k (`) = 0 for ` ≤ 0; k (`) , k 0 (`) , k 00 (`) > 0 for ` > 0



Date t budget constraint ct + pt θt + qt bt (1 − k (`t )) = yt + (pt + d) θt−1 + bt−1 Ilut, Krivenko, Schneider
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Recursive equilibrium Market clearing I I



goods market: ctA + ctB = ytA + ytB + d − qt bt k (`t ) debt market: btA + btB = 0



Focus on equilibria s.t. only type B agents hold tree State variables I I I



type A income y A ; type B income y B ambiguity a distribution of asset holdings; here just type B debt b = −b B = b A



Allocations & prices find c i (y A , y B , a, b), b 0 (y A , y B , a, b), q(y A , y B , a, b), p(y A , y B , a, b) agents disagree only about income, know equilibrium map ⇒ find functions from Euler equations + budget constraints I



I
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Steady state: type B agents, leverage & collateral value All allocations & prices constant I I



type B agents expect constant consumption c¯B marginal effects of debt and tree on leverage `¯ =



q¯b¯ p¯



Type B Euler equation for bonds r I



−1



bond



= q¯



−1=β



−1







  q¯ 0  − 1 − k `¯ + k `¯ b¯ /β p¯



more leverage, lower interest rate



Type B Euler equation for trees r tree = I



d q¯b¯ 0 ¯ q¯b¯ = β −1 − 1 − k ` /β p¯ p¯ p¯



more leverage, lower tree return, higher tree price



Excess return    r tree − r bond = k `¯ + k 0 `¯ `¯ 1 − `¯ /β I



for low leverage, positive premium on tree
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Precautionary savings: steady state and linearization Guess coefficients of loglinear approximation: type A consumption ˆ cˆA = log c A − log c¯A = εcA ˆA + εcA ˆ + εcA a a yA y b b Type A Euler equation for bonds r bond = β −1 − 1 − γεcA ¯ yA a I I



more worry, lower interest rate works like different discount factor, but endogenous



Solve for equil by adding forward looking var for belief of agent A !−γ ! A,New −γ A c c t+1 t+1 qt = βEtA = βEt ctA ctA cA cA log ctA,New = log c A + εcA b (bt−1 − b) + εyA (yA,t − y − at−1 ) + εa (at − a)



Linearize around candidate SS Fixed point: jointly solve for constants and elasticities I



can check accuracy via Euler equation errors
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Steady state: tree market participation



  Type A expects tree price drop from p¯ to p¯ exp −εpyA a¯ I



type pessimistic about (endogenous) price if εpyA > 0



Must have type A perceived tree return < bond return d − εpyA a¯ < r bond p¯ I I



true in example below even if r bond < r tree = d/p¯ price impact of y A is important
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Numerical example Baseline parameters I I I



output = 1, income & dividends: y¯A = y¯B = .45, d = .1 preferences: u (c) = log c, β = .96, ambiguity a¯ = 10% k (`) = (.075) `2 → steady state leverage cost k (`) qb = .016



Steady state



c¯A



c¯B



a¯ = 0



q¯



p¯



.960



2.4



debt q¯b¯



¯ p¯ `¯ = q¯b/



0



0



0



∆r



baseline



.454



.530



.997



3.2



2.8%



1.3



.40



γ=2



.423



.542



1.014



4.2



3.7%



2.1



.48



k = .15`2



.45



.538



1



2.9



3.3%



0.9



.29



Ambiguity ⇒ gain from trade, type A ”patient consumer” I I I I



low interest rate, high leverage, high tree price, excess return inequality from sharing ambiguity lower IES → ambiguity matters more higher leverage cost → low supply of safe assets
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Temporary increase in uncertainty (baseline) one time increase in ambiguity by one percent impact effect 0



type A consumption



0.3



type B consumption



I I



-0.1



0.2



-0.2



0.1



-0.3



0 0



10



20



bond price



0.2



I



cA ↓, cB ↑ safe assets scarce low interest rate



propagation I



0



10



20



debt



0.1



I



debt = wealth of A falls due to low yield c A persistently low



scarcity intensity



0.1



I



0 0 -0.1



I



-0.1 0



10
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10



desire to smooth consumption less if low β or high IES



20
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Temporary increase in uncertainty (low discount factor) one time increase in ambiguity by one percent impact effect 0.2



type A consumption



0.4



type B consumption



I I



0



0.2



-0.2



0



-0.4



-0.2 0



10



20



bond price



0.3



I



propagation I



0



0.2



0.1



0.1



10



20



debt



0.3



0.2



I



I



0 0



10
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20



debt = wealth of A falls due to low yield c A persistently low



scarcity intensity I



0



cA ↓, cB ↑ safe assets scarce low interest rate



0



10



desire to smooth consumption less if low β or high IES



20
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Government debt Government I



issues safe debt b g & levies lump sum taxes; budget constraint g = qt btg + τtA + τtB bt−1



I I



bond market clearing btA + btB = btg parameters: b¯g = .6, equal taxes for both types



Steady state



c¯A



c¯B



q¯



p¯



∆r



debt q¯b¯



`¯



(private) baseline



.454



.530



.997



3.2



2.8%



1.3 (1.3)



.40



government



.463



.527



.994



3.1



1.9%



1.8 (1.2)



.32



Fiscal policy here alternative safe asset scheme I



less private debt, higher interest rate, lower collateral values



Ilut, Krivenko, Schneider



Beliefs in linear models



Princeton



27 / 29



Nominal credit & uncertain inflation Nominal credit I I



−1



bond payoff = (1 + π) ; q now nominal bond price; actual π = 0 borrower believes π = −.01, lender believes π = .01 (worst case beliefs with ambiguous inflation)



debt q¯b¯



`¯



Steady state



c¯A



c¯B



q¯



p¯



∆r



baseline



.454



.530



.997



3.2



2.8%



1.3



.40



amb. inflation



.456



.537



.993



2.7



1.9%



0.9



.32



Inflation uncertainty lowers gains from trade I I



uncertainty premium lowers price of nominal bonds less debt, lower value of collateral



Evidence that inflation disagreement decreased since 1980s I



predict high debt, high stock value, high bond price
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Conclusion Stochastic difference equations with disagreement I I I



transition dynamics important for behavior in steady state solve jointly for steady state & coefficients of loglinear approximation paper provides general formulation



Multiple priors utility with ambiguity about means I I



find worst case beliefs for all agents solve implied model with disagreement



Example: differences in ambiguity about income I I I I I I



precautionary saving by scared poor type A agents trees valuable as collateral for confident rich type B agents low interest rate and stock market boom ambiguity shocks may persistently lower type A consumption government debt may substitute for safe private debt inflation uncertainty lowers gains from trade
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