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Unimodality of the Betti numbers for Hamiltonian circle action with isolated ﬁxed points Yunhyung Cho and Min Kyu Kim



Let (M, ω) be an eight-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated ﬁxed points. In this article, we will show that the Betti numbers of M are unimodal, i.e., b0 (M ) ≤ b2 (M ) ≤ b4 (M ).



1. Introduction Let (M, ω, J) be a complex n-dimensional closed K¨ ahler manifold. Then (M, ω, J) satisﬁes the hard Lefschetz property so that the Betti numbers are unimodal, i.e., bi (M ) ≤ bi+2 (M ) for all i ≤ n − 2. In the symplectic case, the unimodality of the Betti numbers is not clear in general. Actually, there are many examples of closed symplectic manifolds where the hard Lefschetz property fails. But to the best of our knowledge, we could not ﬁnd any example of a closed symplectic manifold where unimodality fails. In this paper, we will consider the following conjectural question raised by Susan Tolman, see [2]. Question 1.1. Let (M, ω) be a closed symplectic manifold with a Hamiltonian circle action. Assume that all ﬁxed points are isolated. Then is the sequence of Betti numbers unimodal? The reason why we put the condition “isolated ﬁxed points” is that, as far as the authors know, all known examples of Hamiltonian circle actions with only isolated ﬁxed points admit a K¨ ahler structure. In particular, Karshon proved that every symplectic 4-manifold with a Hamiltonian circle action ahler structure, see with only isolated ﬁxed points admits an S 1 -invariant K¨ [3]. In this paper, we will show
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Theorem 1.2. Let (M, ω) be an 8-dimensional closed symplectic manifold equipped with a Hamiltonian circle action with only isolated ﬁxed points. Then the Betti numbers of M are unimodal, i.e., b0 (M ) ≤ b2 (M ) ≤ b4 (M ). We would like to give a remark that our method to approach this problem is purely “topological” in the sense that we do not use any geometric structure, like an almost complex structure or metric. Moreover, we cannot be sure whether our method does not work in higher-dimensional cases.



2. Equivariant cohomology In this section, we brieﬂy review an elementary equivariant cohomology theory and the localization theorem for a circle action which will be used in Section 3. Throughout this section, we will assume that every coeﬃcient of any cohomology theory is R. Let S 1 be the unit circle group and let M be an S 1 -manifold. Then the equivariant cohomology HS∗ 1 (M ) is deﬁned by HS∗ 1 (M ) := H ∗ (M ×S 1 ES 1 ), where ES 1 is a contractible space on which S 1 acts freely. Since M ×S 1 ES 1 has a natural M -bundle structure over the classifying space BS 1 := ES 1 /S 1 , the equivariant cohomology HS∗ 1 (M ) admits an H ∗ (BS 1 )-module structure. Note that H ∗ (BS 1 ; R) is isomorphic to the polynomial ring R[u] where u is 1 1 of degree two. For the ﬁxed point set M S , the inclusion map i : M S → M induces an H ∗ (BS 1 )-algebra homomorphism i∗ : HS∗ 1 (M ) → HS∗ 1 (M S ) ∼ = 1



 F ⊂M



H ∗ (F ) ⊗ H ∗ (BS 1 )



S1



and we call i∗ the restriction map to the ﬁxed point set. Note that for 1 1 any ﬁxed component F ∈ M S , the inclusion map iF : F → M S induces 1 the natural projection i∗F : HS∗ 1 (M S ) → HS∗ 1 (F ) ∼ = H ∗ (F ) ⊗ H ∗ (BS 1 ). For ∗ every α ∈ HS 1 (M ), we will denote by α|F the image i∗F (i∗ (α)). The main technique for proving Theorem 1.2 is the following, which is called Atiyah– Bott–Berlin–Vergne localization theorem. Theorem 2.1 (A–B–B–V localization theorem). Let M be a closed manifold with S 1 -action with isolated ﬁxed points. Let α ∈ HS∗ 1 (M ; R). Then as an
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element of R(u), we have  α= M



 α|F , eF S1



F ∈M



where the sum is taken over all ﬁxed points, and eF is the equivariant Euler class of the normal bundle to F .  Remark 2.2. Sometimes, the integral M is called an integration along the ﬁber M . If the given action is Hamiltonian, then M is equivariantly formal so that we have HS∗ 1 (M ) ∼ = H ∗ (M ) ⊗ H ∗ (BS 1 ) as an H ∗ (BS 1 )-module, see [4]. Hence in the Cartan model, every equivariant cohomology class can be written as a sum of elements of the form x ⊗ uk ∈ HS∗ 1 (M ) ∼ = H ∗ (M ) ⊗  H ∗ (BS 1 ) and the operation M acts on the ordinary cohomology factor. Hence if α ∈ HS∗ 1 (M ) is of degree less than the dimension of M , then we have   α|F α= = 0. eF M S1 F ∈M



When our manifold has a symplectic structure ω and the given action is Hamiltonian, then the equivariant cohomology satisﬁes a remarkable property as follows. Theorem 2.3 ([4]). Let (M, ω) be a closed symplectic manifold and S 1 acts on (M, ω) in a Hamiltonian fashion. Then the restriction map i∗ to the ﬁxed point set is injective. Theorem 2.3 enables us to study the ring structure of HS∗ 1 (M ) more easily via the restriction map. For instance, assume that all ﬁxed  points are iso1 ∗ 1 ∼ 1 H (BS ) = lated. Then HS∗ 1 (M S ) is nothing but S F ∈M F ∈M S 1 R[u]. Hence we can think of an element f ∈ HS∗ 1 (M ) as a function i∗ (f ) from the 1 ﬁxed point set M S to the polynomial ring R[u] with one-variable u. Also, for any elements f and g of HS∗ 1 (M ), the product f · g can be computed by studying i∗ (f · g), which is simply the product of i∗ (f ) and i∗ (g) on each ﬁxed component. Now, consider a Hamiltonian S 1 -manifold (M, ω) with a moment map H : M → R. Then we may construct an equivariant symplectic class on M ×S 1 ES 1 as follows. For the product space M × ES 1 , consider a two form ωH := ω + d(H · θ), regarding ω as the pull-back of ω along the projection M × ES 1 → M and θ as the pull-back of a connection 1-form on the principal S 1 -bundle ES 1 → BS 1 along the projection M × ES 1 → ES 1 . Here,
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we can think of ES 1 → BS 1 in terms of its ﬁnite-dimensional approximations. It is not hard to show that ωH is S 1 -invariant and vanishes on the ﬁber S 1 of M × ES 1 → M ×S 1 ES 1 . So we may push-forward ωH to the Borel construction M ×S 1 ES 1 and denote by ω H the push-forward of ωH . Obviously, the restriction of ω H on each ﬁber M is precisely ω and we call a class [ ωH ] ∈ HS2 1 (M ) an equivariant symplectic class with respect to H. By deﬁnition of ω H , we have the following proposition. Proposition 2.4 ([1]). Let F ∈ M S be an isolated ﬁxed point of the given Hamiltonian circle action. Then we have 1



[ ωH ]|F = H(F )u.



3. Main theorem Let (M, ω) be a closed symplectic manifold, S 1 be the unit circle group acting on (M, ω) in a Hamiltonian fashion, and H : M → R be a moment map for the given action. Let νF be a normal bundle of F in M . Then the negative normal bundle νF− of F can be deﬁned as the sub-bundle of νF whose ﬁber over p ∈ F is the subspace of Tp M tangent to an unstable ∗ submanifold of M at F. We denote by e− F ∈ HS 1 (F ) the equivariant Euler − class of νF . McDuﬀ and Tolman found a remarkable family of equivariant cohomology classes as follows. Theorem 3.1 ([5]). Let (M, ω) be a closed symplectic manifold equipped with a Hamiltonian circle action with a moment map H : M → R. For each 1 ﬁxed component F ⊂ M S , let kF be the index of F with respect to H. Then given any cohomology class Y ∈ H i (F ), there exists a unique class F (M ) such that Y ∈ HSi+k 1 1 1) Y |F  = 0 for every F  ∈ M S with H(F  ) < H(F ),



2) Y |F = Y ∪ e− F, 3) the degree of Y |F  ∈ HS∗ 1 (F  ) is less than the index kF  of F  for all ﬁxed components F  = F. We call such a class Y the canonical class with respect to Y . In this case, when all ﬁxed points are isolated, let F be a ﬁxed point of index kF and 1F ∈ H 0 (F ) be the identity element of H ∗ (F ). Then Theorem 3.1 implies
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that there exists a unique class αF ∈ HSkF1 (M ) such that 1) αF |F  = 0 for every F  ∈ M S with H(F  ) < H(F ),  − wi u, where {wi− }1≤i≤ kF are the negative weights of 2) αF |F = e− F = 2 the S 1 -representation on TF M , 1



3) αF |F  = 0 for every F  = F ∈ M S with kF  ≤ kF . 1



Now, we prove our main theorem. Proof of Theorem 1.2. By the connectivity of M , the ﬁrst inequality is obvious. Now, let us assume that b2 (M ) > b4 (M ). Let z1 , . . . , zk be the ﬁxed points of index 2 and let w1 , . . . , wl be the ﬁxed points of index 4 where k = b2 (M ) and l = b4 (M ). Also, we denote by αi ∈ HS2 1 (M ) the canonical class with respect to zi for each i = 1, . . . , k. Since we assumed that b2 (M ) = k > l = b4 (M ), the k vectors {(αi |w1 , . . . , αi |wl )}1≤i≤k are R-linearly depen dent. Hence there exists a non-zero class α = ki=1 ci αi such that α|wj = 0 for every j, so that α can survive only on the ﬁxed points of index 2, 6 or 8. Now, consider an equivariant symplectic form ω H such that the ωH ] ∈ HS6 1 (M ), then we have maximum of H is zero. If we let β = α2 · [ β|F = (α|F )2 · H(F )u for each ﬁxed point F by Proposition 2.4. Since we took our moment map satisfying max H = 0, we have H(F ) < 0 for every ﬁxed point F which is not maximal so that all coeﬃcients of β|F are non2 positive. By Theorem 3.1 (3), we have β|zi = (ci e− zi ) · H(zi ), and so β|zi is non-zero for every i with ci = 0. Hence β is a non-zero class of degree 6 in HS∗ 1 (M ) and survives only on the ﬁxed points of index 2 or 6. Applying the localization theorem to β, we have  0=



β= M



 β|F  β|F  β|F = + . eF eF eF S1 S1 S1



F ∈M



F ∈M , ind(F )=2



F ∈M , ind(F )=6



Since the coeﬃcient of u4 of eF is negative for every ﬁxed point F of index 2 or 6, the right-hand side must be positive. Hence it is a contradiction. 



Acknowledgments The authors thank the anonymous referee for helpful suggestions. The second author is supported by GINUE research fund.



696



Yunhyung Cho and Min Kyu Kim



References [1] M. Audin, Torus actions on symplectic manifolds, Progress in Mathematics, 93, 2nd rev. ed., Birkh¨ auser Verlag, Basel, 2004. [2] L. Jeﬀrey, T. Holm, Y. Karshon, E. Lerman and E. Meinrenkenf, Moment maps in various geometries, available at http://www. birs.ca/workshops/2005/05w5072/report05w5072.pdf. [3] Y. Karshon, Periodic Hamiltonian ﬂows on four-dimensional manifolds, Mem. Amer. Math. Soc. 141(672) (1999), 1–71. [4] F.C. Kirwan, Cohomology of quotients in symplectic and algebraic geometry, Mathematical Notes, 31, Princeton University Press, Princeton, NJ, 1984. [5] D. McDuﬀ and S. Tolman, Topological properties of Hamiltonian circle actions, Int. Math. Res. Pap. 2006(2006), 1–77. School of Mathematics Korea Institute for Advanced Study 87 Hoegiro, Dongdaemun-gu, Seoul 130-722 Republic of Korea E-mail address: [email protected] Department of Mathematics Education Gyeongin National University of Education San 59-12, Gyesan-dong, Gyeyang-gu, Incheon 407-753 Republic of Korea E-mail address: [email protected] Received October 23, 2013



























[image: Unimodality of the Betti numbers for Hamiltonian circle ... - IBS-CGP]
Unimodality of the Betti numbers for Hamiltonian circle ... - IBS-CGP












[image: Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP]
Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP












[image: Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP]
Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP












[image: Densities of the Betti numbers of pre-level sets of quasi ...]
Densities of the Betti numbers of pre-level sets of quasi ...












[image: Hamiltonian circle action with self-indexing moment map]
Hamiltonian circle action with self-indexing moment map












[image: Semifree Hamiltonian circle actions on 6-dimensional ...]
Semifree Hamiltonian circle actions on 6-dimensional ...












[image: On the Chern numbers for pseudo-free circle actions]
On the Chern numbers for pseudo-free circle actions












[image: On the Chern numbers for pseudo-free circle actions]
On the Chern numbers for pseudo-free circle actions












[image: Hamiltonian Monte Carlo for Hierarchical Models]
Hamiltonian Monte Carlo for Hierarchical Models












[image: REPESENTASI HAMILTONIAN MEKANIKA.pdf]
REPESENTASI HAMILTONIAN MEKANIKA.pdf












[image: Teitelboim, Hamiltonian Formulation of General Relativity.pdf ...]
Teitelboim, Hamiltonian Formulation of General Relativity.pdf ...












[image: Dec 21 Circle of the Sun web]
Dec 21 Circle of the Sun web












[image: An Improved Degree Based Condition for Hamiltonian ...]
An Improved Degree Based Condition for Hamiltonian ...












[image: Dec 21 Circle of the Sun web]
Dec 21 Circle of the Sun web












[image: Gyromap for a two-dimensional Hamiltonian fluid model ...]
Gyromap for a two-dimensional Hamiltonian fluid model ...












[image: Model Reduction of Port-Hamiltonian Systems as ...]
Model Reduction of Port-Hamiltonian Systems as ...












[image: Interpolation-Based H_2 Model Reduction for Port-Hamiltonian Systems]
Interpolation-Based H_2 Model Reduction for Port-Hamiltonian Systems












[image: Circle of 5ths.pdf]
Circle of 5ths.pdf












[image: HAMILTONIAN PDE'S AND WEAK TURBULENCE ...]
HAMILTONIAN PDE'S AND WEAK TURBULENCE ...












[image: Circle of Drums.pdf]
Circle of Drums.pdf















Unimodality of the Betti numbers for Hamiltonian circle ...






and denote by ËœÏ‰H the push-forward of Ï‰H. Obviously, the restriction of ËœÏ‰H on each fiber M is precisely Ï‰ and we call a class [ËœÏ‰H] âˆˆ H2. S1 (M) an equivariant ... 






 Download PDF 



















 110KB Sizes
 10 Downloads
 150 Views








 Report























Recommend Documents







[image: alt]





Unimodality of the Betti numbers for Hamiltonian circle ... - IBS-CGP 

bi(M) â‰¤ bi+2(M) for all i â‰¤ n âˆ’ 2. In the symplectic case, the .... definition of ËœÏ‰H, we have the following proposition. Proposition 2.4 ([1]). Let F âˆˆ M. S1 be an ...














[image: alt]





Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP 

Apr 20, 2016 - b2n(M)} is unimodal, i.e. bi(M) â‰¤ bi+2(M) for every i < n. Recently, the author and Kim [Y. Cho and M. Kim, Unimodality of the Betti numbers for ...














[image: alt]





Unimodality of Betti numbers for Hamiltonian circle actions ... - IBS-CGP 

Apr 20, 2016 - c World Scientific Publishing Company. DOI: 10.1142/ ... b2n(M)} is unimodal, i.e. bi(M) â‰¤ bi+2(M) for every i < n. Recently, the author and Kim ...














[image: alt]





Densities of the Betti numbers of pre-level sets of quasi ... 

L: Rk â†’ Rn, the natural factorization P : Rn â†’ Tn, and a smooth function Ï†: ... Let Mnâˆ’k be a submanifold of Tn that is transversal to the image of P â—¦ L. Then the.














[image: alt]





Hamiltonian circle action with self-indexing moment map 

and we call iâˆ— .... We call such a class CY the canonical class with respect to Y . In the case when all the fixed ..... School of Mathematics, Korea Institute for Advanced Study ... Center for Geometry and Physics, Institute for Basic Science (IBS














[image: alt]





Semifree Hamiltonian circle actions on 6-dimensional ... 

The regular level near the minimum is an S3-bundle over the minimum, so. Mred is a ruled surface. To prove Theorem 1.3, we use the fact that each fixed ...














[image: alt]





On the Chern numbers for pseudo-free circle actions 

Jan 12, 2017 - Chern number ã€ˆc1(E)n, [M/S1]ã€‰ modulo Z in terms of the local data, where. E = M Ã—S1 C is the ...... not hard to check that Î± = 1 l Ï€âˆ— l Î± ..... Notation 4.4. From now on, we denote the closed unit disk in C by D and identify 














[image: alt]





On the Chern numbers for pseudo-free circle actions 

Jan 12, 2017 - of local data. Here, local data means. L(M,Ïˆ) = {(MZp ,Î½S1 (MZp ))}pâˆˆN,p>1 where Zp is the cyclic subgroup of S1 of order p, MZp is a submanifold of M fixed by Zp, and .... local data L(M,Ïˆ) if Ïˆ is a pseudo-free S1 action on M. 














[image: alt]





Hamiltonian Monte Carlo for Hierarchical Models 

Dec 3, 2013 - eigenvalues, which encode the direction and magnitudes of the local deviation from isotropy. data, latent mean Âµ set to zero, and a log-normal ...














[image: alt]





REPESENTASI HAMILTONIAN MEKANIKA.pdf 

There was a problem previewing this document. Retrying... Download. Connect more apps... Try one of the apps below to open or edit this item. REPESENTASI ...














[image: alt]





Teitelboim, Hamiltonian Formulation of General Relativity.pdf ... 

Whoops! There was a problem loading more pages. Whoops! There was a problem previewing this document. Retrying... Download. Connect more apps... Try one of the apps below to open or edit this item. Teitelboim, Hamiltonian Formulation of General Relat














[image: alt]





Dec 21 Circle of the Sun web 

Dec 21, 2009 - Page 1 .... And they are building a temple with another idol so we can see and feel what ... of silver foil, the prayer of your own heart. There is, of ...














[image: alt]





An Improved Degree Based Condition for Hamiltonian ... 

Lenin Mehedy1, Md. Kamrul Hasan1 and Mohammad Kaykobad2. 1Department of Computer Engineering, Kyung Hee University, South Korea. 2Department of Computer Science and Engineering, North South University, Dhaka, Bangladesh. Email: 1{lenin, kamrul}@oslab














[image: alt]





Dec 21 Circle of the Sun web 

Dec 21, 2009 - It is to make us wiser than we might have been, and gentler; it is to build connections among us and help us stay in community. It is to help us ...














[image: alt]





Gyromap for a two-dimensional Hamiltonian fluid model ... 

the constant ion temperature normalized by the electron tem- perature, and f;g. Ð… Ð‰ Ñ˜ z Ð‘ $f Ð’ $g is the canonical bracket in the plane across the magnetic field B ...














[image: alt]





Model Reduction of Port-Hamiltonian Systems as ... 

Rostyslav V. Polyuga is with the Centre for Analysis, Scientific computing and Applications ... Of course, the matrix D and the vector x in. (2) are different from ...














[image: alt]





Interpolation-Based H_2 Model Reduction for Port-Hamiltonian Systems 

reduction of large scale port-Hamiltonian systems that preserve ...... [25] J. Willems, â€œDissipative dynamical systems,â€� Archive for Rational. Mechanics and ...














[image: alt]





Circle of 5ths.pdf 

... a problem loading more pages. Retrying... Circle of 5ths.pdf. Circle of 5ths.pdf. Open. Extract. Open with. Sign In. Main menu. Displaying Circle of 5ths.pdf.














[image: alt]





HAMILTONIAN PDE'S AND WEAK TURBULENCE ... 

The mathematical tools are basic ones, essentially Fourier series and ODE's. References. [1] Bourgain, J. ... E-mail address: [email protected]. 1.














[image: alt]





Circle of Drums.pdf 

There was a problem loading this page. Retrying... Whoops! There was a problem loading this page. Retrying... Main menu. Displaying Circle of Drums.pdf.


























×
Report Unimodality of the Betti numbers for Hamiltonian circle ...





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















