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Abstract In this paper we examine the likelihood of multiple real steady states in deterministic exchange economies with overlapping generations. There is a single good and a single agent per generation with constant relative risk aversion expected utility. In order to test for multiple equilibria we employ methods from computational algebraic geometry. In our examples, we find that multiplicity becomes less likely as the life span of agents increases but becomes more likely as the coefficient of risk aversion increases. For moderate values of risk aversion, multiplicity is very unlikely when agents live for five or more periods.
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Introduction



In this note we show that in simple realistically calibrated exchange economies with overlapping generations, multiplicity of steady states tends to become rare as the life span of agents increases. The examples might give some hope that non-uniqueness of steady states is not common in practical applications where researchers consider life spans of 70 to 80 periods. Applied general equilibrium models with overlapping generations are ubiquitous in many areas of modern economics, in particular in macroeconomics and public finance, see, for example, Auerbach and Kotlikoff (1987). The usefulness of the predictions of these models and the ability to perform sensitivity analysis are seriously challenged in the presence of multiple equilibria. It is now well understood that even when one focuses on steady states, sufficient assumptions for the global uniqueness of competitive equilibria are too restrictive to be applicable to models used in practice. However, it remains an open question whether multiplicity of steady states is a problem that is likely to occur in so-called ‘realistically calibrated’ overlapping generations models. Given specifications for endowments and preferences, the fact that the known sufficient conditions for uniqueness do not hold obviously does not imply that there must be several competitive equilibria. While Kehoe and Levine (1990) construct robust examples of realistically calibrated OLG models with three-period lived agents where there are three ‘real’ steady states1 , it is not clear how likely multiple steady states are in calibrated OLG models with long-lived agents. To address these questions, we follow Kehoe (1985) who considers tightly parameterized classes of aggregate excess demand functions and investigates numerically how likely it is that these violate the weak axiom of revealed preferences. He finds that non-uniqueness is rare within this class of demand functions. We are interested whether multiplicity of steady states becomes less likely as the life span of agents increases. Aiyagari (1988) shows that as the life span tends to infinity every sequence of equilibrium interest rates converges to the discount rate. His result provides a limiting benchmark but obviously does not say much about the relevant case of finite life spans. We consider the simplest possible version of the model with one agent per generation who maximizes time separable expected utility with constant relative risk aversion Bernoulli utility. We show that for a coefficient of risk aversion of three, multiplicity of steady states is possible but extremely rare. When agents live for three periods, we find 1 In fact, in their example there is a continuum of competitive equilibria. As they point out, the possibility of a continuum of competitive equilibria poses a serious challenge to applied equilibrium modeling. In this paper we focus on steady states since clearly the presence of multiple (albeit finitely many) steady states poses serious problems as well.
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multiplicity in about 3/1000 cases, when they live for six periods this frequency reduces to 1/20000. For larger levels of risk aversion multiplicity occurs more often but also becomes less likely as the life span of agents increases. For example, for a risk aversion of five, multiplicity occurs in about 1.8 percent of the cases when agents live for three periods. In economies where agents live for seven periods this frequency drops to around 0.44 percent. Technically note paper builds on Kubler and Schmedders (2009) and on Kubler (2007) where the computational methods are introduced.



2 2.1



Helpful Mathematical Results Polynomials



A monomial in x1 , x2 , . . . , xn is a product xα1 1 · xα2 2 . . . xαnn where all exponents αi , i = 1, 2, . . . , n, are nonnegative integers. Monomial are conveniently written as xα ≡ xα1 1 · xα2 2 . . . xαnn with α = (α1 , α2 , . . . , αn ) ∈ Zn+ , the set of nonnegative integer vectors of dimension n. A polynomial f (x) is a linear combination of finitely many monomials with coefficients in a field K, X f (x) = aα xα , aα ∈ K, S ⊂ Zn+ finite. α∈S



In this note we focus on three commonly used fields. These are the field of rational numbers Q, the field of real numbers R, and the field of complex numbers C. We denote the collection of all polynomials in the variables x1 , x2 , . . . , xn with coefficients in the field K by K[x1 , . . . , xn ] or K[x] for short. Given polynomials f1 , . . . , fk ∈ K[x1 , . . . , xn ] we want to find all elements in the set {x ∈ Rn : f1 (x) = . . . = fk (x) = 0}. For given polynomials f1 , . . . , fk , the set ( k ) X I= hi fi : hi ∈ K[x] = hf1 , . . . , fk i i=1



is called the ideal generated by f1 , . . . , fk . The ideal hf1 , . . . , fk i is the set of all linear combinations of the polynomials f1 , . . . , fk , where the ‘coefficients’ in each linear combination are themselves polynomials in K[x]. Two aspects about ideals are crucial for our analysis. First note that {x ∈ Cn : f1 (x) = . . . = fk (x) = 0} = {x ∈ Cn : g(x) = 0 for all g ∈ hf1 , . . . , fk i}. In other words, the set of solutions to a polynomial system of equations is identical to the set of solutions to all (infinitely many!) polynomials in the ideal generated by the system. Therefore, we can call the solution set V the complex variety of the ideal hf1 , . . . , fk i and
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denote it by V (hf1 , . . . , fk i). Secondly note that we can find other polynomials, g1 , . . . , gr such that hg1 , . . . , gr i = hf1 , . . . , fk i and {x ∈ Cn : f1 (x) = . . . = fk (x) = 0} = {x ∈ Cn : g1 (x) = . . . = gr (x) = 0} . The sets of polynomials g1 , . . . , gr and f1 , . . . , fk are called bases of the ideal hf1 , . . . , fk i.



2.2



The Computation of All Solutions



We now restrict attention to square systems of polynomial equations, that is, k = r = n. In a slight abuse of notation, we call an ideal regular if its complex variety has finitely many complex solutions which are locally unique in the sense that the Jacobian has full rank at all solutions. That is, if I = hf1 , . . . , fn i, we say that I is regular if f (x) = 0 implies that Dx f (x) has full rank n. We can now state the key result for the analysis (see Kubler and Schmedders (2009)). Lemma 1 (Shape Lemma) Let I = hf1 , . . . , fn i be a regular ideal in Q[x1 , . . . , xn ] with all d complex roots of I having distinct xn coordinates. Then there exists a basis G of the shape G = {x1 − q1 (xn ), x2 − q2 (xn ), . . . , xn−1 − qn−1 (xn ), r(xn )} where r is a polynomial of degree d and the qi are polynomials with a degree of at most d − 1 such that V (I) = V (G). The set G is called the reduced Gr¨obner basis of I in the lexicographic term order. Computer algebra systems can be used to compute Gr¨obner bases. For this paper, we use the software SINGULAR, see Greuel et al. (2005). In the application examined in this paper the Shape Lemma always holds. Kubler and Schmedders (2009) discuss the assumptions of the lemma and their implications for general economic models. Observe that if the Shape Lemma holds finding all solutions to a polynomial system of equations reduces to finding all solutions to a single equation, a task for which there exist efficient numerical methods.



2.3



Bounds on the Number of Equilibria



The Shape Lemma essentially reduces the computation of finding all solutions to a system of n polynomial equations in n unknowns to finding all roots of a univariate polynomial. Sturm’s Theorem, see Sturmfels (2002), yields an exact bound on the number of roots of a univariate polynomial. For a univariate
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polynomial f , the Sturm sequence of f (x) is a sequence of polynomials f0 , . . . , fk defined as follows, f0 = f, f1 = f 0 , fi = fi−1 qi − fi−2 for 2 ≤ i ≤ k where fi is the negative of the remainder on division of fi−2 by fi−1 , so qi is a polynomial and the degree of fi is less than the degree of fi−1 . The sequence stops with the last nonzero remainder fk . Sturm’s Theorem provides an exact root count. Lemma 2 (Sturm’s Theorem) Let f be a polynomial with the Sturm sequence f0 , . . . , fk and let a < b, a, b ∈ R with neither a nor b a root of f . Then the number of roots of f in the interval [a, b] is equal to the number of sign changes of f0 (a), . . . , fk (a) minus the number of sign changes of f0 (b), . . . , fk (b). The theorem has the disadvantage that it cannot be easily applied to systems with parameters. A much cruder upper bound for the number of positive real zeros is provided by Descartes’ rule which states that the number of positive real zeros of f does not exceed the number of sign changes in the sequence of the coefficients of f .



2.4



Parametric Shape Lemma



What makes Gr¨obner bases particularly useful is the fact that we can compute a Gr¨obner basis for polynomials whose coefficients are parameters. The following lemma generalizes the Shape Lemma from above and allows us to represent equilibria of parameterized classes of economic models in the shape form. For the statement of this lemma we extend the definition of the polynomial ring K[x] with coefficients in the field K to allow for coefficients that are polynomials in parameters e1 , . . . , em . We denote this ring by K[e; x]. Lemma 3 (Parameterized Shape Lemma) Let E ⊂ Rm , be an open set of parameters, (x1 , . . . , xn ) ∈ Cn a set of variables and let f1 , . . . , fn ∈ K[e1 , . . . , em ; x1 , . . . , xn ]. Assume that for each e¯ = (¯ e1 , . . . , e¯m ) ∈ E, the ideal I(¯ e) = hf1 (¯ e; ·), . . . , fn (¯ e; ·)i is regular and all complex solutions have distinct xn coordinates. Then there exist r, v1 , . . . , vn−1 ∈ K[e; y] and ρ1 , . . . , ρn−1 ∈ K[e], not identical equal to zero, such that for all e¯ ∈ E with ρl (¯ e) 6= 0, for all l and with r(¯ e, ·) not identically equal to zero, the following holds. n {x ∈ C : f1 (¯ e, x) = . . . = fn (¯ e, x) = 0} = {x ∈ Cn : ρ1 (¯ e)x1 = v1 (¯ e; y), . . . , ρn−1 (¯ e)xn−1 = vn−1 (¯ e; y) for r(¯ e; xn ) = 0}.
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There may be some parameters for which this is not the correct Gr¨obner basis. However, it suffices to assume that ρl (¯ e) 6= 0, for all l and that at e¯ the polynomial r is not identically equal to zero, together with the fairly strong assumption that I is regular at all e ∈ E, see Kubler and Schmedders (2009) for more details.



2.5



Estimating the Size of Sets



Suppose the set of exogenous parameters is E = [0, 1]m . Let Φ ⊂ [0, 1]m be the set of parameters for which there exists a unique steady state. Let G be a grid of points in [0, 1]m , G = {1/d, 2/d, . . . , 1}m for some d ∈ N. For e ∈ [0, 1]m , let =(e) = 1 if there is a unique steady state for the corresponding economy and zero otherwise. We want to estimate the volume of Φ which is given by R m [0,1] =(e)de. Suppose it is known that the fraction of points in G for which there are multiple equilibria is not larger than some γ ∈ (0, 1). Let λ denote a bound on the maximal number of connected components of Φ intersected with any axes-parallel line. Then Koiran (1995) shows that ¯Z ¯ ¯ ¯ m ¯ ¯ (1) =(e)de − γ ¯ < λ . ¯ ¯ [0,1]m ¯ d We address the question of how to determine good bounds for λ in Section 3.2 below. We focus here on how to obtain a good probabilistic estimate for γ. Suppose M random vectors e1 , . . . , eM are drawn i.i.d. from the grid G. If multiplicity is detected for a fraction γˆ > 0 of the M draws, one can use Hoeffding’s inequality to bound γ as follows. Suppose the draws (ei )M i=1 are Bernoulli random variables with success probability p ∈ (0, 1) and let pˆ denote the empirical frequency of success. Hoeffding’s inequality can be written as P (p − pˆ > t) ≤ exp(−2M t2 ). In the experiments below, we use M = 200000 draws to bound γ from below with precision t = 0.005. Hence we obtain that P (γ − γˆ > 0.005) ≤ e−10 . Note that while the probability is very small and lies below 0.005 percent, the bound on γ is more than half of a percent and therefore fairly large.
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Pure Exchange OLG



We consider an OLG exchange economy with a single perishable commodity. Time extends from minus infinity to plus infinity, t = . . . , −1, 0, 1, . . .. We consider the so-called ‘double-ended infinity model’ since this simplifies our equations slightly. At each t a representative agent is born, living for N periods. Each period individuals receive endowments that depend on their age, ea being the endowment of an agent age a = 1, . . . , N . We assume that utility is time separable 6



P with the utility of an agent born at time t given by Ut (c) = N a=1 u(ca (t)). For simplicity we assume no discounting and focus on the case of constant relative 1−σ risk aversion, u(c) = c1−σ for some σ > 1. A competitive equilibrium is defined as usual and agent ¢ ¡ by market clearing optimality, that is, it is given by a sequence p(t), (ca (t))N such that for a=1 t∈Z PN each t, a=1 (ca (t) − ea ) = 0 and c1 (t), . . . , cN (t + N − 1)) ∈ arg maxc Ut (c1 (t), . . . , cN (t + N − 1)) PN s.t. a=1 p(t + a − 1)(ca (t + a − 1) − ea ) = 0. We restrict attention to stationary equilibria. In this model they correspond to all monetary and non-monetary steady states in the model with money and a single bond. A steady state, or stationary equilibrium, is a collection of consumptions for all agents and all ages, as well as prices such that pt+1 /pt = q for all t and some q > 0 and such that ca (t) = ca for all t.



3.1



Equilibrium System



Under our assumptions on utility functions, a stationary equilibrium is characterized by a system of polynomial equations; agents optimal allocations satisfy P must a−1 (c − cσa+1 q − cσa = 0, for a = 1, . . . , N − 1, and the budget equation N q a a=1 P c − e = 0. Eviea ) = 0. Market clearing leads to the final equation, N a a=1 a dently the system always has a solution with q = 1, corresponding to the golden rule monetary steady state. The question is, how many other solutions exist. Following Kehoe and Levine (1990) we refer to them as real steady states. In order to investigate this issue it is useful to define w = q 1/σ and to rewrite the system of equations as follows. (ca+1 )w − (ca ) = 0, N X



wσ(a−1) (ca − ea ) = 0



a = 1, . . . , N − 1



(2) (3)



a=1 N X



(ca − ea ) = 0



(4)



a=1



At this point we could isolate the variable w and characterize all real steady states as the positive real solutions (w 6= 1) to the following equation, Ã ÃN ! ! N X X ¡ ¢ 1 wσ(a−1) ea wN − ea wN −a+1 − wN −a − ea = 0. 1 − wN a=1



a=1



Since a general solution of this equations depends on whether N is even or odd, an analysis with Gr¨obner bases proves to be simpler. 7



3.1.1



Computations



For the polynomials on the left-hand side of equations (2)–(4) we compute the Gr¨obner basis with endowments as parameters. Sturm’s theorem allows us to quickly determine whether a given economy has multiple real steady states. Gr¨obner bases also give us a rather tight bound on the number of connected components, λ. Clearly if one moves along axes-parallel lines in endowment space, the number of equilibria can only change if one encounters a singularity, that is at points where both the univariate representation and its derivative are equal to zero. For any given coordinate i, we can use Gr¨obner bases and Descartes rule to obtain a fairly tight bound on the number of zeros of the system r(e−i ; ei , w)) = 0,



∂ r(e−i ; ei , w)) = 0. ∂w



The upper bound for λ is then obtained by taking the maximum across each coordinate in endowment space. We illustrate this point with a simple example. For N = 3 and σ = 3, the univariate representation of the equilibrium equations with the additional condition that w 6= 1 is r(e; w) = −e3 w5 − e2 w4 + (e1 + e2 )w3 − (e2 + e3 )w2 + e1 w + e1 . For i = 3, the univariate representation of the system of two equations in the two unknowns ei and w, r(e−i ; ei , w) = ∂r(e−i ; ei , w)/∂w = 0 is as follows, r(e−3 ; w) = 2(e1 +e2 )w6 +(e1 −2e2 )w5 +2(2e1 −e2 )w4 +(7e1 −e2 )w3 +4e1 w2 +e1 w+2e1 Descartes rule of sign implies directly that there can be at most two zeros. The number of connected components along the e3 -axis can therefore not exceed two.



3.2



Results



We examine how the likelihood of multiplicity changes with the life span of a generation. We take endowments as parameters and so have m = N parameters2 resulting in the parameter space E = [0, 1]N . For high risk aversion and long life spans we find bounds on the number of connected components as large as 103. Therefore, we conduct our analysis on a grid of 1000000N points, so d = 106 . Since we use a probabilistic approach, a large number of points only becomes problematic for the application of Sturm’s algorithm to detect multiplicity. The computer algebra system SINGULAR performs well if exponents, life spans and coefficients of the system are not too large. Table 1 displays the results. Recall 2



Since preferences are homothetic, we could normalize endowments to sum to one, but for simplicity we do not do this.
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σ 3 3 3 3 3 5 5 5 5 5



N 3 4 5 6 7 3 4 5 6 7



λ 2 5 14 32 59 7 21 49 58 103



γˆ (in %) 0.322 0.093 0.011 0.005 0.001 1.82 1.84 1.45 1.01 0.44



vˆ (in %) 0.83 0.60 0.52 0.52 0.54 2.32 2.35 1.97 1.55 1.01



σ 4 4 4 4 4



N 3 4 5 6 7



λ 5 17 43 51 87



γˆ (in %) 0.99 0.90 0.42 0.14 0.07



vˆ (in %) 1.49 1.41 0.94 0.67 0.63



10 15 20



3 3 3



17 30 43



4.67 6.70 9.11



5.18 7.21 9.62



Table 1: Fraction of Economies with Multiple Equilibria



that γˆ denotes the relative frequency of multiplicity in endowment space. The table also shows the computed upper bounds on the number of connected components of the set of economies with R multiple equilibria, λ, as well as a probabilistic upper bound vˆ on the volume [0,1]N =(e)de. From equation (1) it follows that with probability at least 1 − e−10 , the following inequality holds, Z =(e)de < vˆ ≡ γˆ + 0.005 + λN × 10−6 . [0,1]N



The results clearly show that the likelihood of multiplicity decreases rapidly with the life span. For σ = 5 the results are less obvious as initially there is no decrease. However, overall the frequency of multiplicity also decreases for this case as the life span increases. The table also illustrates how this likelihood increases considerably with the parameter of risk aversion, σ. For the cases σ = 2 and σ = 1 we can apply Descartes’ rule to the univariate representations of the equilibrium system to show that in fact the economies all have a unique (real) steady state. Multiplicity only becomes possible for coefficients of risk aversion above 2, and our computational experiments show that it is rare for moderate values of risk aversion and long life spans. For the interpretation of this fact, one should keep in mind that the coefficient of relative risk aversion is the inverse of the elasticity of intertemporal substitution – it is this parameter that drives the results. For N = 3, the lower right hand corner of the table illustrates that multiplicity becomes quite common as risk aversion become very (perhaps unrealistically) large. Both the decrease of the likelihood as N increases and the increase with risk aversion are economically intuitive, the intuition of the former being nicely explained in Aiyagari (1988). 9
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