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Abstract



In this thesis we consider how changes in housing policy may aect the steady state number of homeless households in a city or borough. We begin by parameterising an existing model, developed at the European Study Group with Industry in 1996, for the cities of Edinburgh and Glasgow. This model is then extended to include the additional eects of migration, household births and deaths, the rejection of housing oers and the suspension of waiting list applicants. The allocation procedure is also modelled in more depth and a points and categories model is introduced and studied. We speculate about the eect of giving homeless households a category priority. This points model is further extended to include the rejection of oers.
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Chapter 1 Introduction



1.1



Introduction



In 1995 a legal precedent was set that aected homeless applicants who applied to their local authority for housing. Under what has now become known as the Awua judgement [1], a local authority could discharge its responsibility for re-housing statutorily homeless applicants simply by placing them in temporary accommodation for up to 2 years. In particular, the judgement removed the responsibility of local authorities to provide suitable permanent accommodation to homeless applicants. The Awua judgement became enshrined in the 1996 Housing Act and was a turning point in homeless legislation. Prior to this, the 1977 Housing (Homeless Persons) Act, and later the 1985 Housing and 1987 Housing (Scotland) Acts, had given local authorities a duty to secure permanent accommodation for homeless households if they satis ed certain criteria. (See [2], [3], [4] and [5]). The criteria used to de ne homelessness, stress that households must be homeless or potentially homeless, as laid out in the 1977, 1985 or 1987 (Scotland) Acts; they must have a priority need, such as having dependent children or having been aected by a re or ood (see [6]); they must not have become homeless intentionally and they must also have a local connection with the local authority they are applying too, [7]. The data used in this work comes from oÆcial government and local authority statistics and so the term homeless is used to denote those that are statutory homeless. However, [7] writes that there are two other types of homeless groups who perhaps have no statutory right to housing. The rst are the `single homeless' consisting of 1



rough sleepers, and those in temporary accommodation, who de ne themselves as single. Secondly, there are the `invisible' homeless who are not necessarily sleeping on the streets but may be staying on a friend's oor, unable to secure suitable permanent accommodation. The latter two groups may fail to demonstrate priority need, as laid down in the legislation, and so may not be classed as statutory homeless. This can lead to households applying many times in a year for council assistance, a practice known as re-presentation. Thus, we acknowledge the that the term homeless used in this work, relying on oÆcial statistics, will be an under-estimate of the real situation. The underlying cause of homelessness is believed to be a critical shortage of aordable rented housing, but the immediate reasons as to why people become homeless are often given as the failure of a sharing arrangement, the breakdown of a family relationship and unemployment [5]. However, the provision of more aordable rented housing in itself will not help all homeless households. For some, alcohol, drug and mental health issues may mean that they have diÆculty in sustaining a tenancy agreement. Thus the allocation of a suitable property is not necessarily the solution to homelessness. The 1996 Housing Act concerned many homeless and housing charities, particularly Shelter. It was felt that local authorities would reduce the priority given to allocating homeless households in permanent accommodation as a consequence of the Awua ruling. Don Simpson, a housing consultant and trustee of Shelter, approached the European Study Group with Industry in 1996 to discuss the problem. The aim of the Study Group was to derive and analyse a model for the numbers of homeless and non-homeless people in a borough, in particular to see how these gures might be aected by dierent policies regarding various categories of people [8]. Chapter 1 of this thesis considers the work of the study group and applies the original model to Edinburgh and Glasgow. The work of the original Study Group also became the focus of several MSc dissertations in 1997 (see, for example [9] and [10]) and further research (see [11]). Throughout the work contained in this thesis, a continuum approach has been used as it was felt that the numbers supplied were large enough to justify this. A dis2



crete approach was not considered. Using systems of ordinary dierential equations, we consider how a city is aected by a council's allocation policy, and how this might aect households on the waiting list, council households and private-sector households. We primarily consider the time scales and steady states of these equations, should they ever be reached, by applying asymptotic techniques (see [12] or [13] for example). The original Study Group Model is extended to include household births and deaths, the processes which cause the creation and destruction of a household unit. Household migration is also considered and applied to Glasgow. Many households on the waiting list reject oers of housing which they receive from the council. As a consequence they may be suspended from the waiting list for a period of time and, if homeless, have their homeless status removed. Two models are developed and studied using Edinburgh data. We also look at the inclusion of Housing Associations in the original model and the role they play in re-housing homeless households through nomination agreements, the process by which housing associations agree to ll a proportion of their stock via the local authority's housing register. The inclusion of priority categories in the study group model is also considered. Priority categories are groups of households who have extra priority over all others on the housing register. Models which describe the points allocation system are developed and involve the use of partial dierential equations. A points and categories model, based on the housing allocation process used in the city of Edinburgh, is introduced and studied. Treating homeless households as a priority category, so that they are nearer the top of the waiting list, is also considered. The points model is further developed by incorporating the rejection of oers. This model includes the working practice adopted by the City of Edinburgh Council when allocating vacant houses. Several key assumption are made throughout the modelling. Firstly, we assume that all households within a group are the same. For example, we suppose that the private sector is the source of homelessness and that all households within it are equally susceptible. Although perhaps all households are at some risk of homelessness, for example through unemployment or relationship breakdowns, some households may 3



be more susceptible than others, for example those on low incomes. We also assume that all council properties are broadly alike. The area and type of property, such as whether it is a high rise building or in a problem area, all have a key in uence on the allocation process. We make no attempt at modelling human behaviour, the decision making process or what makes a household homeless. In addition, economic eects are also neglected although recessions will lead to an increase in unemployment, a factor cited as an immediate cause of homelessness. The de ning parameters in the models are assumed to be constant. Clearly this is not the case in reality as, for example, economic conditions will certainly aect the rate at which households become homeless. Also, strategies that the council adopt are likely to change these parameters at future times by, for example, in uencing people's decisions on whether or not to accept an oer of housing. Whilst not proclaiming to be an accurate representation of the real-life situation, the models in this work provide a qualitative understanding of the allocation process and are a basis for discussion and further work. 1.2



The Study Group Model



The Study Group Model (SGM) represents a borough or city with a total of G0 households. These households are divided into the city's three main population groups. These are council households denoted by P for Public housing, homeless households denoted by T , and the remainder of the city's households denoted by G for General households. In the SGM, households deemed to be homeless satisfy the relevant legislation which puts a duty on councils to re-house them. The council maintains a register where the details of households requiring a council house are stored. General and public sector households are further subdivided to re ect those waiting on this register, GR and PR , and those who are not, denoted by GN and PN . The council housing register therefore consists of three groups: GR , general register households, T , homeless households, and PR , council transfer households. Households are assumed to become homeless only from the general population as 4



councils themselves will not make households homeless. The rate at which households become homeless is assumed to be proportional to the total number of general households, with constant of proportionality denoted by k5 . Council tenants may wish to move into the private sector, and this is assumed to happen at a rate which is proportional to the number of council households, with constant of proportionality k6 . It should be noted that it is the household that is moving into the private sector and not the physical house. In this model, a council tenant's right to buy their council property is neglected and the total number of council properties remains constant, with this number denoted by P0 . General and council households may also move onto the register, and this rate is assumed to be proportional to their respective populations, with constants of proportionality denoted by k3 and k7 . General households on the register may also move o the register, say, due to an improvement in circumstances, and this ow is assumed to be proportional to GR , with constant of proportionality k9 . This ow was neglected in the original SGM. The allocation process is assumed to occur at a rate jointly proportional to the numbers of households in a particular group on the register and the amount of vacant council property, P0 P available at that time. Thus for homeless households (T ) this constant of proportionality is denoted by k1 , for general register households (GR ) this constant is k4 , and for council transfer households (PR ) this constant is denoted by k8 . Figure 1.1 illustrates the movements between the dierent categories. With these ow-rate laws a system of equations can be constructed to represent the SGM:
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Figure 1.1: The Study Group Model.
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P = PN + PR : In the SGM it is assumed that births, deaths and migration between cities are negligible. Administrative delays are also neglected, thus avoiding the use of delay equations at this stage. It is also assumed that the size of all populations are large enough so that they may be treated as continuum variables. Reducing the Number of Equations



Since the total number of households in the city, G0 , is known and using the conservation property of the city, the following relationship between the variables can be 6



written: + GR + PN + PR + T = G0 :
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Also, by adding equations (1.2.4) and (1.2.5), an equation describing the total number of occupied council households, P , can be derived, thus eliminating the variables PN and PR . Equation (1.2.6) can be used to eliminate GN since: GN
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The SGM can eectively be described in terms of the three variables GR ; P and T , with equations
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where Æ2 = k3 + k5 + k9 . 1.2.1



Applying the SGM to Edinburgh



Parameterising the model for Edinburgh



After consultation with the City of Edinburgh council, and using Scottish OÆce housing statistics [14] for 1996, the data in Table 1.1 was collected. Thus, the number of occupied council houses, P , must equal the total council housing stock less vacant council houses. Thus P = (1 0:0524)P0 = 30271 households. The number of council households not on the register, PN , is found by subtracting those council households on the register, PR , from the total number, P . This gives PN = 30271 5310 = 24961 households. The number of private sector households on the waiting list, GR , is given by subtracting the homeless and council households on the register from the total waiting list. Thus GR = 19082 842 5310 = 12930 households. Finally the number of private sector households not on the register, GN , is found using (1.2.7) to give GN = 154157 households. 7



Total Number of Council Houses (P0) 31945 Total Number of Households in Urban Area (G0) 198200 Percentage of Council Houses Vacant 5:24% Total Lets per annum Total Lets to Homeless Households per annum Total Lets to Council Households per annum Number of Council Households Number of Homeless Households Total size of Waiting List Number of Cancelled Applications per annum



4672 1807 1151 5310 842 19082 2212



Table 1.1: Data for Edinburgh from August 1997. The gures per annum relate to the nancial year from 1 April 1996 to 31 March 1997. To work out the other unknowns, we shall assume that the urban area is in a steady state. This is partly due to a paucity of information as no data is available for some of the ows in the model. With more eort, accurate information of ow rates could be gathered and this would lead to better estimates of k1 to k9 . At present, these parameters can only be deduced rather inaccurately. To keep the number of occupied council households constant, those moving to the private sector must be replaced by general and homeless households. Therefore using units [h] to denote households and [yr] to denote years we have:
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Figure 1.2: The Study Group Model with Edinburgh data rate of allocations to T and GR = rate of households leaving P 1807+1729 = k6 P 3536 yr 1 ; k6 = 30271 rate of households leaving PN = rate of households entering PN (k6 + k7 )PN = 4672 h yr 1 1771 yr 1 ; k7 = 24961 rate of households entering T = rate of households leaving T k5 (GN + GR ) = 1807 h yr 1 1807 yr 1 ; k5 = 167087 rate of households leaving register = rate of cancelled applications k6 PR + k9 GR = 2212 h yr 1 1532 h yr 1 ; k9 = 12930 rate of households leaving GN = rate of households entering GN (k3 + k5 )GN = k9 GR + k6 P 3401 yr 1 ; k3 = 154157 rate of oers allocated to T = 1807 h yr 1 k1 T (P0 P ) = 1807 h yr 1 1 1 k1 = 8421807 1674 h yr ;
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rate of oers allocated to PR = 1151 h yr 1 k8 PR (P0 P ) = 1151 h yr 1 1 1 k8 = 16741151 5310 h yr ; rate of oers allocated to GR = 4672 1807 1151 h yr k4 GR (P0 P ) = 1729 h yr 1 1 1 k4 = 16741729 12930 h yr :



1



These constants are summarised in Table 1.2. Constant P0 k1 1:282  10 k4 7:988  10 k6 k8 1:2949  10



Value Constant Value 31945 households G0 198200 households 3 per household per year k 2 : 2062  10 2 per year 3 5 per household per year k 1:0815  10 2 per year 5 0:11681 per year k7 7:0951  10 2 per year 4 per household per year k 0:11848 per year 9



Table 1.2: Estimates of the constants for Edinburgh.



Asymptotics of the SGM for Edinburgh Data



With this data we can begin to make use of large and small parameters in the model to simplify the equations for Edinburgh. In order to do this, the variables need to be rescaled. Let P = P0 (1 cp), T = Y h, GR = Xg and t = L where the scaling constants c, X , Y and L are to be determined. From the steady state rough guesses can be made and we expect that c  0:05, X  13; 000 households and Y  1; 000 households. We would like to nd parameter combinations which x suitable values for c, X and Y and also simplify the equations. From (1.2.10) we have: 



kG dh =L 5 0 d Y







k5 P0 (1 cp) k5 h k1 cP0 hp : Y



Substituting in the typical values, k1 cP0  2:05 whilst k5YG0  2:00. All the other terms in this equation are much smaller. Thus a sensible way to proceed would be G0 . The equation for h then becomes: to balance k5YG0 with k1 cP0 . Therefore Y = kk15cP 0 



dh = Lk1 cP0 1 d



P0 cP0 + p G0 G0



10







k5 h hp : k1 cP0



1 where c is still to be determined. The dimensional time scale of this equation is k1 cP 0 Continuing, the equation for g gives:   dg k3 G0 k3 P0 k3 Y = L (1 cp) h Æ2 g k4 cP0 gp d X X X   k3 G0 k3 P0 k3 k5 G0 = L (1 cp) h Æ2 g k4 cP0 gp ; (1.2.11) X X X k1 cP0 where Æ2 = k3 + k5 + k9 . Substituting in the typical values for X and c we nd that the largest coeÆcients are k3XG0  0:336, k4 P0c  0:128 and Æ2  0:151. To proceed the coeÆcients of gp and g are balanced to give c = k4ÆP2 0 . Substituting this into equation (1.2.11) gives:   dg k3 G0 P0 Æ2 XÆ2 k5 k4 =L 1 + p (g + gp) h : d X G0 k4 G0 k3 G0 k1 Æ2 This equation has a time scale of k3XG0 . Finally the typical values for Y , c are substituted into (1.2.9) to give:   dp k4 k6 P0 k4 k5 G0 =L k6 p k4 Xpg ph : (1.2.12) d Æ2 Æ2



Substituting in the typical value for X gives k4 kÆ62P0  1:97 whilst k4 X  1:03 and k4 k5 G0  1:13. A sensible way to proceed is to balance the coeÆcient of pg with the Æ2 coeÆcient of hp. This gives X = k5ÆG2 0 . Equation (1.2.12) can then be written as: 







dp kkP Æ2 kG =L 4 6 0 1 p 5 0 (g + h)p : d Æ2 k4 P0 k6 P0 The time scale of this equation is k4 kÆ62P0  6 months. To summarise, the scalings for are X = k5ÆG2 0 , c = k4ÆP2 0 and Y = k5kk14ÆG2 0 . These have values of 14161, 0.0593 and 882 respectively. The equations for h, g and p have three time scales which are denoted by kk14Æ2  5 months, k4 kÆ62P0  6 months and k5 k3 Æ2  3:24 years respectively. This suggests that the equations operate over two time scales, one of order 5 months and the other of order 3.24 years. We choose to scale L with the shortest time scale and so let L = kk14Æ2 . The equations then become: dh = 1 1 hp + 4 1 p 5 h; (1.2.13) d dp = 1 f1 3 (g + h)p 4 pg ; (1.2.14) d dg = 2 f1 1 2 (g + gp) + 4 1 p 5 hg ; (1.2.15) d 11



where 1 = GP00  0:1611 , 2 = kk35  0:4902, 3 = kk56GP00  0:5744, 4 = 2 5 = kk51kÆ24  0:004452, 1 = k4kk16Æ2P2 0  0:8107 and 2 = kk14 kk53  0:1271.



Æ2 k4 P0



 0:0593,



The Short-Time Solution



With the current time scale we note that 2  1 and also that 4  1. Neglecting these terms from (1.2.13) to (1.2.15) we have:



dh d dp d dg d







1 1



hp;



(1.2.16)







1 f1 3 (g + h)pg ;



(1.2.17)







0:



(1.2.18)



Thus it can be seen that over this time scale g remains approximately constant and so we have g  g(0), its initial value, where we restrict g(0) > 0. Equations (1.2.16) and (1.2.17) become:



dh d dp d







1 1







1 f1 3 (g(0) + h)pg :



hp;



(1 1 )3 g(0) These equations have only one steady state which is h1  and p1  1 3 (1 1 ) 1 3 (1 1 ) . For positive steady states we note that the following conditions must 3 g(0) be satis ed: 1 1  1  1 3 which in the original variables is 1



k6 P0 k5 G0



 GP0  1: 0



Rearranging gives k5 (G0 P0 )  k6 P0 . G0 P0 represents the lowest possible number of households not in council accommodation, with the highest possible number of households in the private sector with no homeless households. Multiplying this quantity by k5 is the rate of homelessness in the city, given that all council property is occupied and there are no homeless households in the city. This must then be less than or equal to the rate at which council households move to the private sector. 12



Additionally we also have that P0  G0 which tells us that the amount of council stock must be less than or equal to the number of households in the city. This latter condition is trivially satis ed. 1 If these inequalities are not satis ed, this suggests that at least one of h1 0 , p0 or g01 will have become in nite. If this is the case, our scalings are no longer of order one and so our variables must be rescaled. If we linearise the equations about h1 and p1 and consider the resulting Jacobian matrix, we nd that the eigenvalues of this Jacobian satisfy the equation:



2 + (p1 + 1 3 (g(0) + h1 )) + p1 1 3 g(0) = 0: Since g(0) > 0, the coeÆcients of this quadratic will be strictly positive and so the real parts of the eigenvalues must both be negative. We conclude that the equilibrium of the system is locally stable for all g(0) > 0. Thus, as we approach an intermediate time between our two time scales, the solutions for p and h tend towards the above steady state whilst g remains approximately constant. The Long-Time Solution



We now wish to consider the much longer time scale in the equations which was of the order of 3:24 years. To do this we let 2 =  and write 4 = 4  and 5 = 5 2 where 4  0:46665 and 5  0:27555. Time is also rescaled and so 2 =  , or in terms of the original variable, we scalet = kk35Æ2 2 . Equations (1.2.13), (1.2.14) and (1.2.15) become:



dh d2 dp  d2 dg d2











1 1







1 f1 3 (g + h)p 4 g ;







1 1



hp + 4 1 p 5 2 h; 2 (g + gp) + 4 1 p 5 2 h:



We choose to solve this system in terms of an expansion in  and so write h  h0 + h1 + : : : , p  h0 + p1 + : : : and g  g0 + g1 + : : : . The order-one terms in the



13



equations satisfy: 0 = 1 1



h0 p0 ;



(1.2.19)



0 = 1 3 (g0 + h0 )p0 ;



dg0 = 1 1 d2 This gives h0 p0 = 1 gives:



1 and so g0 p0 =



(1.2.20)



2 (g0 + g0 p0): 1 3 (1 1 ) . 3



(1.2.21)



Substituting this into (1.2.21)



 dg0 = (1 1 )(1 + 2 ) 2 2 g0 : d2 3 2 ) 2 Clearly this equation has only one steady state, namely g01 = 3 (1 1)(1+ , and 2 3 2 f1 3 (1 1 )g this steady state is stable. Through back substitution we have p1 0 = (1 1 )(1+2 )3 2 (1 1 )f(1 1 )(1+2 )3 2 g and h1 . We note that for positive steady states to exist, 0 = 2 f1 3 (1 1 )g 2 . In the original the following conditions must be satis ed: 1 13 < 1 < 1 3 (1+ 2 ) parameters this tells us k5 (G0 P0 ) < k6 P0 < (k5 + k3 )(G0 P0). As G0 P0 represents the number of private sector households in the city, if the council sector is fully occupied and there are no homeless households, k5 (G0 P0) is the rate at which households in the city become homeless when this is the case. This must be less than the maximum rate at which council households move to the private sector which, in turn, must be less than the maximum rate at which non-council households move onto the register. Again, we note that if these inequalities are not satis ed, at least one of the scaled variables becomes in nite. Since our asymptotics depended on our variables remaining of size order-one, the failure of one of these inequalities suggests a rescaling of at least one of the variables would be necessary. The steady state, regarded as a solution of the long-time solution, is stable since the eigenvalue, 2 , for the corresponding linearised problem is negative. The steady state is also stable as a solution of the short-time problem; the eigenvalues 1 , 2 for the linearised problem have negative real roots. Through linear stability analysis, we conclude that to leading order the eigenvalues of the original model, will be L1 , L2 3 , where L was the original scaling for the time variable. Thus, since all these and L 14



eigenvalues have negative real parts, the model given by equations (1.2.13) . . . (1.2.15) must also have a locally stable steady state. Unfortunately if we stop with the order-one terms, the approximation of the steady state is quite poor. For example, the answer found numerically for the steady state is h1 = 0:954; p1 = 0:8833 and g1 = 0:913. However, with the values of the 1 1 constants, we have h1 0 = 0:7523; p0 = 1:115 and g0 = 0:8091. It is necessary to calculate the next terms in the expansion. The order  terms satisfy: dh0 = fh0 p1 + h1 p0 g 1 4 p0 ; (1.2.22) d2 dp0 = 1 f 3 fp1g0 + p0 g1 + p1 h0 + p0 h1 g 4 p0 g; (1.2.23) d2 dg1 = 2 fg1 p0 + g0 p1 + g1 g + 1 4 p0 : (1.2.24) d2 To proceed we wish to nd the steady states of these equations and so nd that g11 = 4 p1 4 4 1 1 12 0 2 3 f1 3 + 2 1 2 3 g, p1 = 3 g01 f1 3 1gp0 + 2 3 g01 f1 2 3 1 3 2 gp0 and 4 1 1 41 f1 3 1gh1 1   . From these steady h1 1 = 2 3 g0 1 f1 2 3 3 1 2 gh0 p0 0 4 3 g0 states we nd g1 (1)  0:99288, h1 (1)  1:53356 and p1 (1)  2:3837. Together with the order-one terms, the steady state is approximatley g  0:93534, h  0:94735 and p  0:81185 which is an improved approximation. In the original variables, these steady states correspond to T1  836, GR1  13246 and P1  30407. This gives an error in the calculations of approximately 2:4%. Unfortunately the explicit form of the approximate steady-state solution is particularly complicated and so is not written here. We investigate how these steady states are aected by changes in the original parameters. That is we wish to see how k5 G0 1 k5 k4 G0 1 Æ2 1 1 1 1 1 1 G1 R  Æ2 fg0 + g1 g, T  k1 Æ2 fh0 + h1 g and P  P0 k4 fp0 + p1 g change as the parameters vary. We note though that since none of the i 's depend on k1 , to this order of accuracy, only T is dependent on k1 . Indeed, T is inversely proportional to k1 . Performing a sensitivity analysis on the steady state gives us more insight into how the original parameters aect the steady state. We consider the eect on the three populations by varying each parameter by 10% and seeing what this does.
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Figure 1.3: Sensitivity analysis for Edinburgh data. Only homeless households are particularly sensitive to k1 and k4 . Changes in the rate of homelessness, k5 , aects the homeless the most whilst both the homeless and general households on the register are sensitive to changes in k3 . Council households are particularly insensitive to small changes in any of these parameters. We can now discuss the sensitivity of the eventual steady state, should it be reached. From Figure 1.3 it can be seen that only homeless households are sensitive to changes in k1 , the constant determining the priority given to allocating homeless households. This is because k1 does not occur in any of the i 's but only occurs through the denominator of the scaling for the homeless, Y = k5kk14ÆG2 0 . Thus the steady state for the numbers of homeless is inversely proportional to the priority given to allocating them, k1 . It can be conluded that changing the priority for rehousing homeless households will not have much eect on either the number of general households on the register or the total number of occupied council houses. The rate of homelessness, k5 , has a signi cant eect on the numbers of homeless households. Small changes in k4 , the priority given to general households on the 16
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Figure 1.4: Sensitivity analysis for Edinburgh data. Parameters k7 and k8 have no eect on any of the three variables. Homeless and general households on the register are very sensitive to small changes in k6 although this has very little eect on the total number of occupied council houses. Parameter k9 aects both the homeless and general households on the register. Again, P is largely insensitive to all these parameters. register, also seem to have a detrimental eect on the number of homeless households but have little eect on the other two populations. From Figure 1.4 we see that both the homeless and general households on the register are very sensitive to small changes in k6 , the rate at which council households move to the private sector. Interestingly, the total number of occupied council households is insensitive to this parameter. Parameters k7 and k8 , the rate at which council tenants apply for a transfer and the constant determining the amount of priority given to council households on the register, have no eect on any of the populations. These are only of interest if we wish to see how the total number of occupied council households is split between those wishing to transfer and those who do not. In particular, these parameters have no eect on non-council households on the register. 17



parameter P0



parameter G0



60



60 GR∞



P∞



40



% Change in Popn



% Change in Popn



GR∞ T∞ 20 0 −20 −40 −10



−5



0 5 10 % Change in Parameter



40



P∞ T



∞



20 0 −20 −40 −10



15



−5



0 5 10 % Change in Parameter



15



Figure 1.5: Sensitivity analysis for Edinburgh data. Here all populations are sensitive to changes in the total number of council houses, P0, particularly homeless households. Small changes in the size of the city or borough, G0, have a big eect on the steady-state number of homeless households and the steady-state number of general applicants. However, this parameter appears to have no eect on the number of council households. From 1.5 we see that all populations are sensitive to the total number of council houses, P0. Decreasing P0 causes a greater rise in homeless households on the register and also increases the number of general households there. The total number of occupied council houses rises in proportion to P0 . Small increases in the size of the city or borough, G0 , lead to much larger increases in the steady-state number of homeless households and the steady-state number of general applicants. However, this parameter appears to have no eect on the steady-state number of council households. To measure the waiting times for each of the groups on the register, we divide the steady-state number of households by the rate of allocation for each group. Thus the waiting times for T , GR and PR can be written as 1



k1 (P0
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and



1



k8 (P0
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respectively.



This gives us waiting times of approximately 6 months for homeless applicants, 7 12 years for general applicants and just over 4 12 years for council transfer applicants. To further illustrate the eect that varying the priority given to homeless households on the register has on the populations, the original equations (1.2.1) ..(1.2.5) are solved numerically. From Figure 1.6 we see that increasing k1 by a factor of 10 has the eect of reducing the homeless households by a factor of 10. This is consistent with the asymptotics earlier. It is also worth noting the shorter time scale for the 18



homeless and council households. The system settles down over a period of 10 years which is consistent with the longer time scale. The Study Group Model applied to Edinburgh Data 3
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Figure 1.6: Using the original steady state, increasing k1 by a factor of 10 reduces the number of homeless by a factor of 10. The eventual steady states of the other populations are not signi cantly aected by varying k1 . This is consistent with the asymptotic analysis performed earlier. Moreover we note the much shorter time scale of around 6 months for the homeless, T , and a much longer time scale for the general applicants.
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1.2.2



Applying the SGM to Glasgow



Parameterising the SGM for Glasgow



After meeting with sta at the Hamish Allan centre in Glasgow data was received and used to parameterise the Study Group Model for that city. This data is summarised in Figure 1.7. Performing calculations that were identical to the ones in Section 1.2.1, and assuming that Glasgow is in a steady state, parameter estimates were obtained and are given in Table 1.3. Constant Value P0 98000 households k1 2:8683  10 4 per household per year k4 4:5778  10 5 per household per year k6 0:080745 per year 5 k8 6:3256  10 per household per year



Constant Value G0 292260 households k3 0:11486 per year k5 0:010824 per year k7 0:093088 per year k9 0:44722 per year



Table 1.3: Estimates of the parameters used in the SGM with Glasgow data.
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Figure 1.7: The parameterisation of the SGM for Glasgow. Data supplied by the Hamish Allan Centre.
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Asymptotic analysis of the SGM for Glasgow



As for Edinburgh we scaleP , GR and T as P0 (1 cp), Xg and Y h respectively where c, X and Y are to be determined. Using equations (1.2.8), (1.2.9) and (1.2.10), balancing leading coeÆcients determines, as in Section 1.2.1:



X=



k3 G0 k k k G2 kÆ Æ2 ; Y = 3 4 5 0 ; c = 6 2 and L = : Æ2 k1 Æ2 k6 P0 k4 k3 G0 k4 k3 G0



where X  58595 households, Y  3739 households, c  0:0301 and L  4 12 months. The scaled equations then become:



dp = 1 pg 3 hp p; d dh = 1 f1 1 hp + 1 p 5 hg ; d dg = 2 f1 1 g 2 pg + 1 p 5 hg ; d



(1.2.25) (1.2.26) (1.2.27)



where 1 = Æk242kk132kG6 P200  0:31546, 2 = k4 kÆ32G0  0:21358, 1 = GP00  0:33532, 2 = k5 k42 k32 G20 k5 G0 Æ2 k6 k6 P0 k3 G0  0:23572, 3 = k6 P0  0:39979,  = k4 k3 G0  0:030103 and 5 = k1 Æ22 k62 P0  0:42496. We treat 1 and 2 as if they are of order one and so we only have one time scale, of around 4 12 months, in this model to consider. Thus (1.2.25) . . . (1.2.27) must be solved simultaneously. Assuming an asymptotic series expansion for p, h and g of the form p  p0 + p1 + : : : , h  h0 +1 + : : : and g  g0 + g1 + : : : , the order-one system of equations become: 2



2



dp0 = 1 p0 g0 3 h0 p0 ; d dh0 = 1 f1 1 h0 p0 g ; d dg0 = 2 f1 1 g0 2 p0g0 g : d



(1.2.28) (1.2.29) (1.2.30)



We obtain an order-one approximation for the steady state of this system by solving the following equations for p0 ; h0 and g0 : 0 = 1 p0g0



3 h0 p0; 0 = 1 1



h0 p0 ; 21



and 0 = 1 1



g0



2 p0 g0 :



1 3 (1 1 ) 1 These give g01 = (1 1 )(1 + 2 3 ) 2 , p1 0 = (1  )(1 +   )  and h0 = 1 2 3 2 (1 1 )f(1 1 )(1 + 2 3 ) 2 g . For positive steady states to exist we need 1 3 (1 1 ) 1 1  0 which means that 1  1. We also need 1 3 (1 1 )  0 which can be written as 1 13  1 . Finally we need (1 1 )(1 + 2 3 ) 2  0 which can be written as 1  1 1+223 . If 1 satis es the last condition then the rst condition is automatically satis ed. Thus, in the original parameters, for positive steady states to exist we need: k5 P0 k3 + k5   : k5 + k6 G0 k3 + k5 + k6 G0 P0 represents the number of private sector households, given that the council sector is fully occupied and there are no homeless households. Mulitplying this quantity by k5 gives the rate of homelessness when the council sector is full and there are no homeless. The lower bound is equivalent to k5 (G0 P0 )  k6 P0, i.e. the minimum rate of homelessness must be less than the maximum rate at which council tenants move to the private sector. The upper bound is equivalent to k6 P0  (k3 + k5 )(G0 P0 ), i.e. the maximum rate of council tenants moving to the private sector must be less than the rate at which private sector households move onto the register, when the council sector is full and there are no homeless households. Failure of these inequalities suggest at least one scaled variable becomes in nite. As we are relying on our variables remaining of size order-one, a new scaling regime must then be considered. Investigating the stability of the steady state, we consider the eigenvalues of the Jacobian of (1.2.28) . . . (1.2.30). Substituting in the steady state we nd that the characteristic equation becomes:



3 + a2 + b + c = 0:



(1.2.31)



1 1 1 1 1 where a = (3 h1 0 + g0 + 1 p0 + 2 + 2 2 p0 ), c = g0 1 p0 2 and  1 1 1 1 1 12 b = g01 1 p1 0 + g0 2 + 1 p0 2 + 3 h0 2 + 3 h0 2 2 p0 + 1 p0 2 2 . We note that a, b and c are all positive. Substituting in the parameter values, we nd that the eigenvalues of (1.2.31) are 0:9166, 0:3650 and 0:1479. Thus this steady state is stable.
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We conclude that the steady state of the unapproximated equations (1.2.25), (1.2.26) and (1.2.27) is also stable. To increase the accuracy of the answer, we consider the order  terms of the expansion and nd:



dp1 = fg0 p1 + g1 p0 g p0 3 fp0h1 + p1h0 g; d dh1 = 1 f1 p0 5 h0 fh0 p1 + h1 p0 gg; d dg1 = 2 f g1 + 1 p0 5 h0 2 fg0 p1 + g1 p0 gg: d



(1.2.32) (1.2.33) (1.2.34)



The steady state of these equations is given by:



g11 = (1 + 2 + 1 3 2 ) p1 5 (1 + 3 2 ) h1 0 0 ;  2 1 1 1 (1 + 2 + 1 3 2 ) h0 p0 5 (1 + 3 2 ) h1 0 + (1 + 3 1 ) h0 +  h1 = 1 1 g01 g01 g01  2 3 h1 5 h1 0 5 0 ; g01 p1 p1 0 0 2 1 1 1 ( 1 2 1 3 2 ) p1 0 + 5 (1 + 3 2 ) h0 p0 + ( 1 3 1 ) p0 + 3 h0 5 : p1 1 = g01 g01 g01 g01



With the known values of the parameters, these give g01  0:49160, h1 0  0:44501, 1 1 1 p1 0  1:49362, g1  0:69318, h1  1:8170 and p1  5:3979. The asymptotics predict that GR1  30028; T1  1868 and P1  94073. This compares with actual answers of 29840; 1853 and 94000 respectively. The maximum error here is approximately 0:8%. The analytic form of the steady state cannot be written down in a simple form k3 G0 1 1 and so we perform a sensitivity analysis on the variables G1 R  Æ2 fg0 + g1 g, 2 k6 Æ2 1 1 1 1 T 1  kk31kÆ42kk56GP00 fh1 0 + h1 g and P  P0 (1 K 3k4 G0 fp0 + p1 g). A Sensitivity Analysis of the Model with Glasgow Data



A sensitivity analysis of the parameters for Glasgow combined with the above steadystate expressions gives some insight into the parameter dependence of the model. We note as before that k1 , the priority given to allocating homeless households, aects only homeless households. We have qualitatively the same behaviour as for Edinburgh with the number of homeless households being inversely proportional to k1 . The same 23



applies for parameter k3 , the rate at which general households move onto the register. This parameter aects the homeless and the general households on the register but when compared with Edinburgh, these populations are much less sensitive to changes in this parameter. The priority given to allocating the general households on the register, k4 , only aects homeless households. The rate at which households become homeless also only aects the homeless but this population is much less sensitive to changes in this parameter when we compare Glasgow with Edinburgh. The rate at which council households move to the private sector aects only the homeless. This is in contrast to Edinburgh where general households were also aected. However, small changes in this parameter have comparatively less eect on the homeless in Glasgow than in Edinburgh. Again k7 and k8 , the rate at which council households request a transfer and the priority given to allocating transfer households, have no eect on the populations, apart from the way in which transfer and non-transfer council households are divided. The rate at which general households leave the register, k9 , aects homeless households and general households on the register. The sensitivity dependence of Glasgow populations is approximately the same as for Edinburgh's. Small changes in the total council housing stock in Glasgow, P0 , only have a large eect on homeless households. Reducing the total stock causes a large change in homeless numbers. This change is much less when compared with Edinburgh. Small changes in the overall size of Glasgow also seem to have a large eect on the steadystate number of homeless households and the number of general applicants on the waiting list. Using the same measure of waiting times as used in section 1.2.1, we see that homeless applicants must wait approximately 10 months, general applicants must wait approximately 5 21 years whereas transfer applicants must wait around 4 years. The length of the waiting time for the homeless is probably too long since, for example, [26] suggests that around 80% of homeless applications are completed within the month, or the month following an application for re-housing.
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Figure 1.8: Only the steady-state number of homeless households are aected by the priority given to housing them, governed by parameter k1 . The rate at which general households move onto the register, k3 aects the general households on the register and the homeless. k4 , the parameter determining the priority given to housing general households on the register, only aects the steady-state number of homeless households. The rate at which households become homeless, k5 , only aects the steady state number of homeless households. Numerical simulation of the model with Glasgow data



Running a numerical simulation of the model with Glasgow data we see that, from Figure 1.11, increasing the priority by a factor of 10 for allocating homeless households reduces the eventual number of homeless households by the same factor. This conclusion and also the time scales involved are consistent with the asymptotic analysis.



Summary



In summary, Glasgow and Edinburgh have qualitatively the same dependence on the parameters in the model although, on the whole, Glasgow is much less sensitive to 25
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Figure 1.9: Homeless households are particularly sensitive to changes at which council households move to the private sector, k6 . The other populations are largely insensitive to this parameter. Both k7 , which governs the rate at which council households request a transfer, and k8 , which governs the priority given to housing transfer applicants, have no eect on the steady-state populations. However, they do determine how the council households are divided into transfer and non-transfer households. The rate at which general households on the register leave the register, k9 only aects the steady-state number of homeless and general households. parameter P0
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Figure 1.10: Only the homeless households are particularly sensitive to changes in the total amount of council housing stock, P0 . The steady-state number of council households is insensitive to changes in the overall size of the city, G0 .
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Figure 1.11: Increasing the rate of allocation for homeless households by a factor of 10 results in a ten-fold decrease in the numbers of homeless households in Glasgow. This is the same behaviour as for Edinburgh. small changes in these parameters. Reducing the priority given to re-housing homeless households, by decreasing k1 , results in an increase in the steady-state number of homeless households. The time scale governing the equation for homeless households also increases, indicating that homeless households must wait longer to be re-housed. The time scales of the other populations are unaected by a change in k1 . Increasing k4 , the priority given to re-housing general applicants, results in the time scale for homeless households increasing, possibly as a result of homeless households receiving fewer oers. The time scale for vacant council houses decreases, perhaps as a result of increased oer activity. Assuming the model accurately represents housing allocation in these two cities, in order to reduce the numbers of homeless households in the cities, the most eective strategies should, rather obviously, concentrate on increasing the total council housing stock, increasing the rate at which council households move to the private sector and reducing the rate at which a household may become homeless. 27



However, the model is probably more accurate for Edinburgh than for Glasgow. In Edinburgh, there is much more demand for council accommodation and therefore the model of allocation is probably valid. However, for Glasgow, demand is typically low and and a council house could be found on request. However, whether this house meets with the applicants' aspirations is another matter. From Figure 1.12 we see that for Edinburgh, all of the constants governing rehousing (k1 , k4 and k8 ) are much larger than for Glasgow. We also note that the rate at which households become homeless in both cities is almost identical. The rate at which households move onto the register in Glasgow is also greater than in Edinburgh yet the rate of council households moving into the private sector is less in Glasgow. Another key point is the nature of temporary accommodation in Glasgow. Many of Glasgow's homeless live in hostel accommodation. Whereas this is supposed to be a stop-gap measure, many homeless nd these a semi-permanent home (see [15]). As such, the notion of all homeless households seeking permanent accommodation in the council sector may be incorrect for Glasgow. Finally, both models suggest that increasing the amount of council stock would lead to a decrease in the steady-state number of homeless households. Whereas this might be the case for Edinburgh, we would not expect this to happen in Glasgow where homelessness is more a symptom of social problems than of housing shortages.
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Figure 1.12: A comparison of the constants for the Glasgow and Edinburgh SGMs. Ratios less than 1 indicate that the constant is larger for Glasgow. Ratios greater than 1 indicate that the constant is larger for Edinburgh.



29



Chapter 2 Further ODE Models



2.1 2.1.1



Births and Deaths The Linear Births and Linear Deaths Model



The longest time scale in the original SGM, when applied to a \typical northern town", suggested that births and deaths should be included. By births we mean the creation of a new household. Household births could be through children leaving home or through a breakdown of a relationship, where one partner moves out of the existing family home and has to nd new accommodation. Household deaths could be from an actual death of a sole occupant or through two people deciding to cohabit, when two households become one. To investigate the eect that births and deaths may have on the model we shall consider a prototype problem. In this problem three populations are considered: the general, private sector households (G), homeless households (T ) and council households (P ). We shall assume the same laws for death rates for both council and general households but a dierent one for homeless households. We suppose the death rates are proportional to their respective population with constant of proportionality 1 for general and council households and 1 for homeless households. As a starting point we assume all new households are created in the private sector. Births will be at a rate proportional to the non-homeless population in the city as we suppose homeless households cannot create a private sector household. This rate of proportionality will be called 1 . As a consequence, the only route into homelessness 30



is from the general population. Since council households are only created through allocation, there are no births directly into the council sector. For example, if the child of a council tenant leaves home then they are not automatically given a council house for themselves, but must apply through the housing register. We can think of such an applicant moving into the private sector, creating a new household, and then applying for a council house as a general applicant. They would not be a transfer applicant as they have no council house to transfer from. As in the SGM, we will let k5 be the constant of proportionality governing the rate at which households become homeless from the private sector. Again, k6 denotes the constant of proportionality determining the rate at which council households move to the private sector. We will model the allocation process as before with k1 and k4 being the constants of proportionality determining the priority given to the homeless and general applicants. Allocation is jointly proportional to the relevant population and the amount of vacant council stock. This model can be represented by the following equations:



dG = k6 P k5 G k4 G(P0 P ) + 1 (G + P ) 1 G; dt dT = k5 G k1 T (P0 P ) 1 T; dt dP = k6 P + (k1 T + k4 G)(P0 P ) 1 P : dt



(2.1.1) (2.1.2) (2.1.3)



Parameterising the Model



From [16] and [14] we have the following information as shown in Table 2.1. We see number of births 5159 people number of deaths 5092 people average household size 2.21 people Table 2.1: Information for Edinburgh from 1996 that the average household size is approximately 2.21 people per households. Compar31
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Figure 2.1: The linear births and deaths model ing the numbers of births and deaths we can conclude that the city is approximately in a steady state and therefore continue under this assumption. Assuming that the birth rate is constant, a birth rate of 5159 people equates to 2334 households being created each year. From [17] approximately 15 homeless households die per year, and we shall assume that this is the death rate for homeless households. For conservation, non-homeless households must have a total of 2219 deaths per year. We use the data from 1.1 to provide the remainder of the details. This data is summarised in Figure 2.2. 2334 1822
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Figure 2.2: Flow rate information for the linear births and deaths model
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The parameter values for this model therefore are:



k1 1:282  10 3 h 1 yr 1 1:18262  10 2 yr



1 1:78147  10 2 yr k6 1:05051  10 1 yr



1 1 1 1



k4 6:1815  10 6 h 1 yr 1 1 1:175022  10 2 yr 1 k5 1:09044  10 2 yr 1 P0 31; 945 h



Table 2.2: Parameter values for the linear births and deaths model.



Asymptotics of the Linear Births and Deaths Model



To exploit the large and small parameters in the model we scale so G = Xg, T = Y h, P = P0 (1 cp) and t = L where X , Y , c and L are to be determined. We expect typical sizes to be: X  170; 000, Y  1; 000 and c  0:05. Noting that 1 and 1 are very close to each other we write 1 = 1 + !. Beginning with (2.1.1) we have: 



dg P (k + ! + 1 ) =L 0 6 + (! d X







P c(k + ! + 1 ) k5 )g + 0 6 p k5 P0 cpg : X



If we substitute in the typical values we nd that the constant term and the coeÆcient of g approximately balance. Since k6  !; 1 and k5  !, we choose X = k6kP5 0 . Continuing with (2.1.2) we nd: 



dh kP = L 6 0g d Y







k1 P0 cph 1 h :



Again, with the typical values for Y and c we nd the coeÆcient of g and the coeÆcient of ph dominate the equations. Thus balancing these terms we choose to scale with Y = kk16c . Finally, considering (2.1.3) we have: 



dp k + =L 6 1 d c



(k6 + 1 )p



k4 k6 P0 k pg P 5







k6 ph : c



The typical values indicate that the coeÆcients of ph and pg should be balanced. This gives c = k4kP5 0 .



33



The value for Y then becomes



k6 k4 P0 . k1 k5



The half-scaled equations therefore are:











dg ! ! k5 k5 ! k5 1 = Lk5 1 + + 1 + g g p p p gp ; d k6 k6 k5 k4 P0 k4 k6 P0 k4 k6 P0   dh k1 k5 k4 1 = L g hp h ; d k4 k1 k5   dp k4 k6 P0 1 k5 k5 1 = L 1+ p p gp hp : d k5 k6 k4 P0 k4 k6 P0 These equations suggest three time scales, k15  92 years, kk1 k4 5  5 months and k5 k4 k6 P0  6 months. We choose to scale time with the shortest of these and thus write L = kk1 k4 5 . The scaled equations become:



dh = g hp h; d dp = 1 f1 + 1 2 p gp hp 3 pg; d dg = 2 f1 + 1 g 2 p gp + f5 + 6 g d



(2.1.4) (2.1.5)



3 pg 2 7 pg:



(2.1.6)



where  = kk14 k15  0:007877, 1 = k61  0:11185, 2 = k4kP5 0  0:05522, 3 = k4k2 k5 6 P1 k01 1  3 2 5 k1 0:78410, 5 = !k1 k14kk56  0:09185, 6 = k!k4 11  0:88481, 7 = k6!k P0 12 k43  0:64385, 2 1 = k4kk16kP52 0  0:84119 and 2 = k 51  0:61211. 2



The Short-Time Solution



We consider an \order-one time scale" of approximately 5 months. Neglecting terms in  we have



dh d dg d dp d







g







0;







1 f1 + 1



hp;



(2.1.7) (2.1.8)



2 p gp hpg :



(2.1.9)



Thus over this time scale, g remains approximately constant. Therefore g  g(0), where g(0) is the initial condition of g. We note that g(0) > 0 since we have a positive number of private sector households. Furthermore, as the size of the city is initially 34



G0 , then g(0) =



G0 X



< 1. We then have a pair of ODE's to consider: dh  g0 hp; (2.1.10) d dp = 1 f1 + 1 2 p g(0)p hpg : (2.1.11) d With our numerical values for this system, 1  0:11185, 2  0:05522 and g(0)  0:64402, the phase plane of equations (2.1.10) and (2.1.11) is given in Figure 2.3. Phase Plane for h and p.
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Figure 2.3: Phase plane of equations (2.1.10) and (2.1.11). Investigating the nature of this system, we see that the long-time solution of these equations is: 1 + 1 g(0) g(0)f2 + g(0)g ; h1 = : (2.1.12) p1 = 2 + g(0) 1 + 1 g(0) From our initial value of g(0), these steady states are positive and have the value h1  0:963 and p1  0:669. Linearising (2.1.10) and (2.1.11) about p1 and h1 gives the coeÆcient matrix: 2 3 p1 h1 4 5: 1 p1 1 (2 + g(0) + h1 ) 35



The characteristic equation of this matrix is given by:



2 + fp1 + 1 (2 + g(0) + h1 )g + p1 1 (2 + g(0)) = 0:



(2.1.13)



As the coeÆcients in this equation are positive, we conclude that the roots of this equation have negative real parts and so this system is stable. In our original variables, over a time scale of 5 months: (k4 G(0) + k6 )k5 G(0) k G(0) (k6 + 1 )P0 T! ; P ! P0 + 5 ; (2.1.14) f(k6 + 1)P0 k5G(0)gk1 k6 + k4 G(0) k6 + k4 G(0) where G(0) is the initial number of households in the private sector. It can be seen that the priority given to allocating homes to the homeless, k1 appears only in the denominator for the homeless. Thus, over a relatively \long" time, for example at an intermediate time between our short and long time scales, any change in this priority will only aect the numbers of homeless households and none of the other populations. We note also that over this time scale, numbers of homeless households are aected by changes in the non-homeless death rate governed by 1 . The parameter !, which is the dierence between the private sector birth and death rates, plays no part in the short-time scale dynamics. We employ a sensitivity analysis for further identi cation of how the parameters aect this \short-time steady state". From Figure 2.4 we nd that, over this short time scale, the steady-state number of council households is insensitive to changes in parameters k1 , k4 , k5 and k6 . However, we nd that the steady-state number of homeless households increases proportionately to the change in priority for general households, k4 , and also to the rate at which households become homeless, k5 . Increasing k1 , the priority for allocating homeless households, results in a decrease in the steady-state number of homeless households. Increasing the rate at which council households move to the private sector, k6 , has a similar eect on homeless households. Figure 2.5 shows the only parameter which aects the `steadystate' number of council households is the total council housing stock, P0. The `steady state' number of homeless households is insensitive to both death rates, 1 and 1 . However, it is sensitive to the initial number of households in the private sector and also to the total council housing stock. Increasing the total housing stock, P0 , leads to a decrease in the `steady-state' number of homeless households. 36
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Figure 2.4: Sensitivity analysis of the short-time steady state for the linear births and deaths model; parameters k1 , k4 , k5 and k6 . In summary, as we approach an intermediate time between our two time scales, birth and death rates do not have any signi cant eect on the dynamics of the model, as these parameters, apart from 1 , do not occur in the order-one asymptotic ODE's of the short-time problem, or in the population scalings. The general population remains approximately constant. The important parameters which aect the homeless are those relating to the allocations policies, k1 and k4 , the rate at which households become homeless, k5 , and the rate at which council households move to the private sector. The steady-state numbers of council households and homeless are aected by the total amount of council housing stock, P0. Over this time scale, strategies which would have most eect on reducing the numbers of homeless households should concentrate on reducing the rate at which households become homeless, increasing the rate at which council households move to the privates sector, and increasing the total housing stock. These ndings are consistent with the original SGM.
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Figure 2.5: Sensitivity analysis of the short-time steady state for the linear births and deaths model; parameters 1 , 1 , G(0) and P0. The Long-Time Solution



Suppose we consider a longer time scale and scale 2 = 2  . Neglecting terms in , equations (2.1.4), (2.1.5) and (2.1.6) give: 0 0 dg d



  



g



hp;



(2.1.15)



1 + 1



2 p gp hp;



(2.1.16)



1 + 1



g



(2.1.17)



2 p gp:



Since hp  g, substituting this into (2.1.16) gives 1 + 1 2 p gp g  0. Then dg (2.1.17) becomes  0. This suggests that the time scale for (2.1.17) was not of d order 1 as rst thought. Neglecting the small terms in the model causes diÆculty which suggests some degeneracy in the problem. We return to the original equations as given in (2.1.4), (2.1.5) and (2.1.6) but this time scale time such that 2 = 2 2  .
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The equations then become:



dh = g hp h; d2 dp 2 2 = 1 f1 + 1 2 p gp hp 3 pg; d dg 1 = f1 + 1 g 2 p gpg + f5 + 6 g d2 



2 2



(2.1.18) (2.1.19)



3 pg 7 p: (2.1.20)



We seek to nd solutions of the form h  h0 + h1 + : : : , p  p0 + p1 + : : : and g  g0 + g1 + : : : . Our order-one terms are terms then satisfy: 0 = g0



h0 p0 ;



0 = 1 + 1



2 p0



(2.1.21)



g0 p0



h0 p0:



(2.1.22)



From (2.1.21) we have h0 p0 = g0 and substituting this into (2.1.22) gives 0 = 1 + 1 2 p0 g0 p0 g0 . Substituting this into equation (2.1.20) we have:



dg0 = 5 + 6 g0 d2 = 5 + 6 g0



3 p0 1 + 1 g0 3 2 + g0 2  g + (6 2 + 5 + 3 )g0 + 5 2 = 6 0 2 + g0



3 (1 + 1 )



:



(2.1.23)



If we use the numerical values in (2.1.23), we nd that there are two possible stationary values, g01  0:5966 and g01  1:6418. Unfortunately since 6 , the coeÆcient of g02 in the numerator, is positive, this indicates that the positive root is unstable. As 6 = k!k4 11 , we conclude that since k1 ; k4 and 1 must all be positive, the instability is caused by ! > 0. That is, if the private sector birth rate exceeds the death rate then the positive xed point will be unstable. In conclusion, over the short time scale the model appeared to be stable. However, over the much longer time scale of approximately 10000 years, we would expect the city to grow inde nitely due to the birth rate exceeding the death rate. However, much could change during this time scale. For example, Edinburgh might not even exist! The instability in the long-time solution is not a desirable property of the model and is unrealistic. The birth and death laws must be adapted accordingly. 39



2.1.2



The Linear Births and Quadratic Deaths Model



In the previous section we investigated the behaviour of the linear births and deaths model. However, this model was very sensitive to the change between the birth and death rates and so we seek to modify the model to ensure robustness. If we consider a logistic type equation: dx = x(1 x); dt we note that such an equation has a linear growth rate and a quadratic decay term, with a positive, stable steady state. Such a property is desirable in a model describing births and death processes in the city. As a rst approximation, we could modify our death rates to be 1 G2 , 1 P 2 and



1 T 2 . We have our death rates proportional to the square of each population to represent cohabiting, say, with two households of the same sector joining together to make one new household. The death rate for non-homeless households is 2319 households per year, i.e.  2319 = 1 G2 + P 2 : Solving gives 1  810 8h 1 yr 1 , and so the annual death rate of council households is approximately 74 households per year, whilst for general households, the annual death rate is 2245 households per year. Since we can estimate life expectancy for each of these categories by: life expectancy 



size of population ; death rate



this gives a life expectancy of 74 years for general households and 409 years for council households. This is obviously incorrect! A better way to proceed is to suppose that the death rate is jointly proportional to the respective population and also the total size of the city: i.e. for general households the death rate is 1 (G + P + T )G, for council households we have 1 (G + P + T )P and for homeless households we have 1 (G + P + T )T . Thus, if the city grows too much we have much greater overcrowding. This could in turn lead to more traÆc, more pollution, and so a higher death rate. Or we can think of this death rate as a household 40



cohabiting with any other household in the city, irrespective of their original housing sector. Choosing the death rate to be in this form, 1  5:928  10 8h 1 yr 1 and



1  8:988  10 8h 1 yr 1. This gives us life expectancies of 85 years for council and general households and 56 years for homeless households. The full equations for the system are: dG = k6 P k5 G k4 G(P0 P ) + 1 (G + P ) 1 (G + T + P )G; (2.1.24) dt dT = k5 G k1 T (P0 P ) 1 (G + T + P )T; (2.1.25) dt dP = k6 P + (k1 T + k4 G)(P0 P ) 1 (G + T + P )P : (2.1.26) dt The constants for this model are identical to the previous model, see Table 2.2, with the exception that 1  5:928  10 8h 1 yr 1 and 1  8:988  10 8h 1 yr 1. Asymptotics of the Linear Births and Quadratic Death Model



To exploit the large and small parameters in the linear births and quadratic deaths model we scale G as Xg, T as Y h, P as P0 (1 cp) and t as L where X , Y , c and L are to be determined. Again, we expect typical sizes to be: X  170; 000, Y  1; 000 and c  0:05. In our new variables, (2.1.24) becomes:  dg P (k + 1 ) cP0 (k6 + 1 ) p = L 0 6 + cP0 ( 1 k4 ) gp X 1 g2 d X X 1 Y gh + (1 k5 1 P0 ) gg : (2.1.27) If we substitute our typical values for X; Y and c into (2.1.27) we nd that the largest terms are the constant term, the g2 term and also the gp term. However, the constant term is over twice the size of the other two terms, which are of similar size, and so we choose to balance the coeÆcient of g2 with the coeÆcient of gp. That is X 1 = k4 P0c since we can ignore the 1 term in the addition as 1  k4 . This gives X = k4 P10 c . Equation (2.1.27) then becomes:  dg (k6 + 1 ) 1 (k6 + 1 ) 1 = L + cP0 ( 1 k4 ) gp k4 P0cg2 dt k4 c k4 1 Y gh + (1 k5 1 P0)g : With the constant term being the largest term in the equation, we take this term out as a factor to normalise the coeÆcients. However, since 1  k6 , we take out only 41



k6 1 k4 c



to get: 



c (k6 + 1) k4 c2 P0 k cY p+ gp 4 gh k6 k6 k6  2 2 2 2 k4 c P0 2 k4 c P0 g pg : k6 1 k6 1



dg k  k4 cP0 = L 6 1 1+ 1 g d k4 c k6 k6 k4 c (k5 1 ) g k6 1



Substituting the new variables into equation (2.1.25) gives:



dh = L d



 



1 k4 P0 c kkPc gh + 5 4 0 g 1 Y 1 



1



Y h2



+ P0c ( k1 + 1 ) hp



 



1 P0 h :



If we substitute our typical values for Y and c into the above we nd that the two largest coeÆcients in this equation are the coeÆcients of g and hp. This suggests we should balance k5Yk4 P10 c with k1 cP0 since 1  k1 . This gives Y = kk15 k41 . Equation (2.1.28) becomes:



dh = L d







 



1 k4 P0c



kk gh + k1 P0cg 1 5 4 h2 + P0c ( k1 + 1 ) hp 1 P0 h 1 k1 1  



1 k4



1



1 k5 k4 2



1 = Lk1 P0c gh + g h hp + hp h : k1 1 k1 k1 c k1 2 P0c 1



Finally, if we substitute the new variables into equation (2.1.26) we have:



dp = L d







P0 ck4 (k4 + 1 ) gp + P0 k4 g 1 + ( k6



k5 k4 (k1 + 1 ) kk hp + 5 4 h + 1 P0 cp2 k1 1 ck1  k + P (2.1.28) 2 1 P0) p + 6 1 0 : c



With the typical value of c, we nd that the largest coeÆcients are the coeÆcients of gp, hp and the constant term. Again, the constant term is twice the size of the other two coeÆcients and so we choose to balance the coeÆcients of gp and hp but normalise the equation with the constant term. Using the fact that 1  k1 ; k4 , we 2 have P0 ck1 4 = k 5 k14 and so c = k4kP5 0 . Equation (2.1.28) becomes: 



k5 k4 (k1 + 1 ) k 2P k hp + 4 0 h + 1 5 p2 k1 1 k1 k4  (k + P ) k P + ( k6 2 1 P0 ) p + 6 1 0 4 0 k5  2 k6 k4 P0 k5 1 2 k5 1 1 P0 k5 2 k5 k5 2 = L p 2 p+ gp + g hp k5 k4 k6 k6 k4 k6 P0 k6 k1 k6 P0 k4 2 k6 P0  k5 k4 k5 k5 2 k5 2 + h p+1 gp hp : (2.1.29) k1 k6 k4 P0 k6 P0 1 k6 P0 1



dp = L d



k5 (k4 + 1 ) gp + P0 k4 g 1



42



With X , Y and c now found, having approximate values 183935, 887 and 0:05522 respectively, we have: 



dg k6 P0 1 1 k5 2 k4 k5 2 2 k5 (k5 1 ) k5 2 = L 1+ gh g g gp d k5 k6 k6 P0k1 1 k6 1 P0 k6 1 P0 k6 1 P0  k5 k5 (k6 + 1 ) k5 2 g p+ gp ; (2.1.30) k6 k4 P0k6 k4 P0 k6  



1 dh k1 k5



1 k4 k4 2 1 2 k4 P0 1 h hp + hp = L gh + g h : (2.1.31) d k4 k1 1 k1 k1 k5 k1 2 1 Equations (2.1.29), (2.1.30) and (2.1.31) suggest three time scales: k6 Pk50 1  54:8years, k5 k4 k1 k5  0:4422years and nally k4 k6 P0  0:5257years. We scale with the shortest time scale, i.e. L = kk1 k4 5 . The scaled equations become: 



dg kkP  k5 2 k4 k5 2 2 k52 k k5 2 = 4 6 20 1 1 + 1 gh g g+ 5 1 g gp d k1 k5 k6 k6 P0k1 1 k6 1 P0 k6 1 P0 k6 1 P0 k6 1 P0  k5 k5 k5 1 k5 2 g p p+ gp ; (2.1.32) k6 k4 P0 k4 k6 P0 k4 P0 k6 dh 



1 k4 k 2 kP = gh + g 4 2 1 h2 hp + 1 hp 4 0 1 h; (2.1.33) d k1 1 k1 k1 k5 k1 1  k42 k6 P0 k5 2 1 2 k5 1 1 P0 k5 2 k5 k5 2 dp = p + gp + g hp p 2 d k1 k52 k4 2 k6 P0 k4 k6 k6 k4 k6 P0 k6 k1 k6 P0  k5 k4 k5 k5 2 k5 2 + h p+1 gp hp : (2.1.34) k1 k6 k4 P0 k6 P0 1 k6 P0 1 The visual appearance of these equations can be greatly simpli ed if we consider the 2 2 2 following parameter groups. Let 1 = k4kk16kP52 0  0:8412, 2 = k4 kk61Pk053 1  0:14609, 2  = k4kP5 0  0:05522, 1 = k6 k15P0  0:5977, 2 = k6k 5 1 P1 0  0:6482, 3 = k61  0:11258, 3 2 5 3 4 = kk14kP6 01  0:94506, 5 = kk56  0:10380, 6 = k11k 41Pk50  0:13238, 7 = kk412 11Pk053  3 3 2 2 0:20933, 8 = 1kk14kP53 0  0:41636, 9 = 1kk54kP6 0  0:32647, 10 = 2 k15kk46P0  0:65293 and 2 3 11 = kP10k5kk46  0:16413. The equations then become:



dh = g hp 6 gh + 8 2 h + 8 3hp 7 3 h2 ; (2.1.35) d dp = 1 f1 1 p(h + g) + 5 g + 9  5 gp p 10 2p (2.1.36) d +11 2 h + 9 3 p2 11 3 hpg; dg = 2 f1 1 (g2 + gp + g) + 2 g + 3 5 g d p 3 p + 5 gp 4 2 ghg: (2.1.37) 43



Since   1 we begin by considering only the order-one terms in the equations and so:



dh d dp d dg d







g







1 f1 1 p(g + h) + 5 gg ;







2  1 1 (g2 + gp + g) + 2 g + 3



hp;



(2.1.38) (2.1.39)











5 g :



(2.1.40)



The Short-Time Solution



dg If we consider a time scale of order one, i.e. approximately ve months, then  0 d since   1. Thus g  g(0) where g(0) is the initial value of g. Hence our equations for h and p become: dh d dp d







g(0) hp;



(2.1.41)







1 f1 1 p(g(0) + h) + 5 g(0)g :



(2.1.42)



The `steady state' of these equations is given by:



p1 



1 (1 5 )g(0) 1 g(0)2 and h1  : 1 g(0) 1 (1 5 )g(0)



(2.1.43)



A necessary condition for positive steady states is that (1 5 )g(0) < 1. This corresponds to k5 G(0) < k6 P0 + 1 P0G(0). The initial rate at which households become homeless must be less than the maximum rate at which council households move to the private sector plus the initial rate at which council households `die': i.e. the total vacancy rate. If we linearise the system about this `steady state', we nd that the coeÆcient matrix of this system is: 



p1 1 1 p1







h1 1 1 (g(0) + h1 ) :



The eigenvalues of this matrix are given by the equation:



2 + (p1 + 1 1 (g(0) + h1 )) + 1 1 p1 g(0) = 0: We conclude that this steady state is stable, since the positive coeÆcients in the above equation imply that the eigenvalues, , have negative real parts. Thus over 44



a time scale of ve months we have that G remains approximately constant, having the value of its initial condition G(0), whilst:



k5 k4 (G(0))2 : 1 (k6 P0 + 1 P0 G(0) k5 G(0)) (2.1.44) Thus, as we approach an intermediate time between our two time scales of ve months and fty ve years, the birth and death rate parameters, 1 and 1 , do not appear in our solution. However, we note that 1 , the constant governing the rate at which council households `die' is important. By `dying' we mean that two council households could become one household by the occupiers cohabiting. Alternatively, this could also mean the death of a council tenant. We see that increasing 1 leads to an increase in vacant council houses and a decrease in the steady-state number of homeless households. As before, the parameter aecting the rate at which the homeless households are rehoused, k1 , aects only the steady-state number of homeless households. Increasing the rate at which council households move to the private sector, k6 , will, in the `steady state', lead to a decrease in occupied council households and also fewer homeless households. Increasing the priority given to rehousing general households, k4 , will lead to an increase in homeless household numbers and also an increase in the the number of council households. Strategies to reduce the number of homeless households might concentrate on increasing the amount of council stock, P0 , reducing the rate at which households become homeless, k5 , increasing the priority for allocating homeless, k1 , making it easier for council tenants to move in together if they wish. P



! P0



k6 P0 + 1 P0G(0) k5 G(0) and T k4 G(0)



!k



Long-Time-Scale Solution



We scale time and let 2 = 2  , a time scale of around 55 years. The equations become:



dg d2 0 0



  



1 1 (g2 + gp + g) + 2 g + 3



g



hp;



1 1 p(g + h) + 5 g: 45



5 g;



Thus, hp  g and 1 gp + 1 g  1 + 5 . Therefore:



dg d2



  



1 1 g2



1 gp 1 g + 2 g + 3



1 1 g2



1 + 2 g



3 + (2



25 )g



5 g



25 g



1 g2 :



The right-hand side is a quadratic in g. For our parameter values, the coeÆcients of g and the constant term are both positive and so we can deduce that we have one negative and one positive root. Since the coeÆcient of g2 is negative, we conclude that the positive root is stable and, in our original variable, is given by:



G1  For the case where



21 12 P02



s



(



1 1 2 1



)



1 12 +4 : 2 12 P02



P0 1



(2.1.45)



 4 we have the particularly elegant form: G1 



1 1



P0:



(2.1.46)



That is, the steady-state number of households in the private sector is the ratio of the parameters determining the private-sector birth and death rates less the council stock. We note that for G1 to be positive, a necessary condition is that 1 > 1 P0 . If we multiply both sides of this inequality by G, this is approximately saying that the birth rate of households into G must be greater than the rate at which households are `dying' in the council sector. Since the long-time steady state is also a solution of the short-time steady state, substituting G1 into (2.1.44) gives:



P



! P0



k6 P0 + 1 P0 G1 k4 G1



k5 G1



and T



!



k5 k4 (G1 )2 : (2.1.47) k1 (k6 P0 + 1 P0 G1 k5 G1 )



Expanding out these expressions does not add to the insight we gained from the short-time solution analysis. However, we observe that the parameter determining the homeless death rate, 1 , does not signi cantly aect the steady-state solutions. We also note that private sector households are, to leading order, unaected by the housing policy of the city if we model allocation, births and deaths in this way. Using 46



G1 as described in (2.1.45), the asymptotics give steady-state values of 172528, 869 and 30256 for G1 , T 1 and P 1 respectively. This corresponds to a maximum error of around 3%. Using the asymptotic form of the steady state we continue with a sensitivity analysis to determine the degree of dependence on the parameters. From Figure 2.6 we see that the steady-state numbers of council households and general households are unaected by these parameters. However, the steady-state numbers of homeless households are again sensitive to the priority given to rehousing them, k1 as opposed to the priority given to re-housing general households, k4 . Increasing k1 by 10% leads to a 10% decrease in the steady-state number of homeless households. Varying k4 has the opposite eect. The steady-state numbers of homeless households are very sensitive to the rate at which households become homeless, k5 , and the rate at which council households move to the private sector, k6 . Policies to reduce numbers of homeless households should perhaps concentrate on these last two parameters. From Figure 2.7, as mentioned before, the homeless-household death-rate parameter, 1 , does not aect any of the steady-state solutions. This is probably because the number of homeless households is small anyway and, with the time scales in the model, the allocation policy is more important in determining the number of homeless households. It is also worth noting that the steady-state number of council households is insensitive to changes in the private-sector birth and death-rate parameters, 1 and 1 . The steady-state number of general households behaves, as we have already noted, proportionally to 1 and inversely proportionally to 1 . The steady-state numbers of homeless households are particularly sensitive to these two parameters with large increases in 1 leading to decreases in the number of homeless households. Large increases in 1 lead to large increases in the number of homeless households. Finally, the steady-state number of homeless households is very sensitive to changes in the total council stock, P0. The steady-state number of council households is unsurprisingly also sensitive to P0. Revisiting the time scales in the model, we see that the time scale for homeless 47
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Figure 2.6: Sensitivity analysis of the steady-state solution for the linear births and quadratic deaths model, parameters k1 , k4 , k5 and k6 . parameter β1
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Figure 2.7: Sensitivity analysis of the steady-state solution for the linear births and quadratic deaths model, parameters 1 , 1 , 1 and P0 .



48



households is kk1 k4 5 . As k1 occurs in none of the other time scales, increasing the priority given to housing the homeless will decrease this time scale, and so the number of homeless households will change more quickly. However, we note that increasing k4 , the priority given to housing general applicants, will result in this time scale increasing and so it will take longer for the number of homeless households to change. The time scale for the private sector is k6 Pk50 1 and so we see that an increase in 1 , the nonhomeless death rate, will lead to this time scale reducing. Thus, if more households decided to cohabit, we would expect the private sector to change over a shorter time scale. In summary, adding linear births and quadratic deaths appears to aect the longtime behaviour of the model. Although numbers of council households are, to leading order, unaected by changes in the birth and death rates, the steady-state number of general households seems to be proportional to the birth-rate parameter and inversely proportional to the death-rate parameter. The steady-state number of homeless households is also very sensitive to changes in the birth and death-rate parameters. The consequence of this is that if the birth rate increases, we can expect the numbers of homeless households to rise as well, even if none of the other parameters in the model change. This could be because growth in the private-sector leads to a larger pool of households who could potentially become homeless. A reduction in the non-homeless death rate, for example through fewer people deciding to live together, results in fewer vacant council houses and so leads to a rise in the numbers of homeless households. This could be because there is increased demand for private-sector housing if more people decide to live on their own. As a consequence, those on the margins of private-sector accommodation may be squeezed out by more auent tennants and have to resort to council accommodation. More demand for council housing results in fewer vacant council houses and so the waiting list, including the number of homeless households, must rise.
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2.1.3



A Births and Quadratic Deaths Model with Land Supply



So far we have modelled the birth and deaths of households and, by using a linear birth rate and a quadratic death rate, we have achieved a model which behaves in an expected manner. However, with this model we have not taken into account the amount of available land supply upon which new houses can be built. The amount of land supply clearly restricts the growth of the city. Let us suppose that the current size of the city is G0. Moreover, suppose there is suÆcient land supply for 1G0 new households. Then the total land supply in the city is (1 + 1 )G0 households of which G + T + P households are occupied. The available land supply for new households is given by (1 + 1)G0 (G + T + P ). Thus taking the birth rate to be jointly proportional to the land supply and non-homeless households, we have model the birth rate as 1 (G + P )f(1 + 1)G0 (G + T + P )g where 1 is the constant of proportionality. Since all new households are assumed to be built in the private sector, this birth rate must only be included in the equation for the private sector. Thus, the model becomes:



dG = k6 P dt



k5 G k4 G(P0



P ) + 1 (G + P )f(1 + 1 )G0



(G + T + P )g



1 (G + T + P )G;



dT = k5 G k1 T (P0 P ) 1 (G + T + P )T; dt dP = k6 P + (k1 T + k4 G)(P0 P ) 1 (G + T + P )P : dt



(2.1.48) (2.1.49) (2.1.50)



These equations can be written more succinctly if we consider the total number of households in the city. Let C = G + T + P and so G can be written as G = C T P . The equations become:



dT = k5 (C T P ) k1 T (P0 P ) 1 CT; dt dP = k6 P + (k1 T + k4 (C T P ))(P0 P ) 1 CP ; dt dC = 1 (C T )f(1 + 1 )G0 C g 1 C (C T ) 1 CT: dt 50



(2.1.51) (2.1.52) (2.1.53)



Parameterising the model



From reference [18], Edinburgh is estimated to have an increase of 34,000 households by the year 2012 and therefore, for the want of better data, we suppose that 34;000 . As before, if there is land supply for 34000 new households. Then 1 = 198200 we assume that there will be 2334 new households per year, then this means that 7 1 1 1 = (198200 2334 842)(34000) = 3:4783  10 h yr . All the other parameters will be identical to the linear births and quadratic deaths model in the previous section. Asymptotics of the Land Supply Births and Quadratic Deaths Model



We scale the variables as follows: let C = Zf , T = Y h, P = P0 (1 cp) and t = L . We will nd suitable choices for Z; Y; c and L such that the problem is simpli ed. As an initial estimate of the typical values, we suppose that Z  200000, Y  1000 and c  0:05. Substituting the new variables into equation (2.1.51) we have: 



kZ dh =L 5 f d Y







k5 P0 k5 P0 c + p k5 h k1 P0 chp 1 Zfh : Y Y



If we substitute in the typical values for Z; Y and c we nd that the largest terms are those in f and hp. We choose to balance these and so we have kY5 Z = k1 P0 c, that is Y = kk15PZ0 c . The equation for h then becomes: 



dh = Lk1 P0 c f d



P0



Z



+



P0



Z



c



p



k5



k1 P0 c



h hp



 



1 Z fh : k1 P0 c



Next we consider the equation for p. With the new variables this becomes: 



dp k Z = L 6 + ( k6 + P0 k4 ) p + 1 f d c c



P0



ck4



p2



Z (k4 + 1 ) pf



Substituting in the typical values and constants tells us that there are three large terms. The constant term is the largest but there are two other terms which are approximately of the same size. These are the terms with pf and hp. Balancing these coeÆcients gives us that Z (k4 + 1 ) = k5 Zk(1kP10 ck4 ) . Since 1  k4  k1 we should balance k4 Z with kP50Zc . Hence we have c = k4kP5 0 which, we note, is the same 51







k5 Z ( k4 + k1 ) hp : k1 P0 c



scaling used in the births and quadratic deaths model. The equation for p becomes 



dp kkP k5 k5 Z k = L 4 6 0 1 p pf + 5 p d k5 P0 k4 P0k6 k6  Z k5 1 Z + 1 f fp : k6 P0k4 k6



k5 2 2 k5 k4 Z p + ph P0k4 k6 P0 k6 k1



k5 Z ph P0 k6



Finally we consider the equation for f which becomes: 



df = L 1 G0 (1 + 1 ) f d



1 k4 G0 (1 + 1) h Z (1 + 1 ) f 2 k1







Zk4 ( 1 1 + 1 ) fh : k1



Substituting in the typical value for Z we nd we should balance the coeÆcient of f with the coeÆcient of f 2 . Since 1  1 and 1  1, this suggests we should balance 1 G0 with 1 Z . That is Z = G0 . Using this scaling: 



df = L1 G0 f + 1 f d



k4 h k1



k4 1 h f2 k1



1 2 k4 k f + fh + 4 1 fh 1 k1 k1 1







k4 1 fh : k1 1



With all the scalings now known, the equations for h and p are 







dh kk P0 k k



kG = L 1 5 f + 5 p 4 h hp 1 4 0 fh ; d k4 G0 k4 G0 k1 k1 k5  dp kkP k5 kG k k5 2 2 k5 k4 G0 = L 4 6 0 1 p 5 0 pf + 5 p p + ph d k5 k4 P0 P0 k6 k6 k4 P0 k6 P0 k6 k1  k5 G0 1 G0 k5 1 G0 ph + f fp : P0 k6 k6 k4 P0 k6 We therefore have a choice of three time scales, namely 11G0  14 12 years, kk1 k4 5  ve months and k4 kk65P0  six months. We set L to be the shortest time scale and so let L = kk1 k4 5 . The scaled equations now become:



dh P0 k k



kG = f + 5 p 4 h hp 1 4 0 fh; d G0 kG k1 k1 k5  4 0 2 dp kkP k5 kG k k5 2 2 k5 k4 G0 = 4 620 1 p 5 0 pf + 5 p p + ph d k1 k5 k4 P0 P0 k6 k6 k4 P0 k6 P0 k6 k1  k5 G0 1 G0 k5 1 G0 ph + f fp ; P0 k6 k6 k4 P0 k6  df k4 1 G0 k4 k 1 2 k4 k = f + 1f h 4 1h f2 f + fh + 4 1 fh d k1 k5 k1 k1 1 k1 k1 1







k4 1 fh : k1 1



To simplify the equations we consider the following parameter groups: let 1 = k42 k6 P0 P0 k5 G0 k5 G0  0:16118, 1 = k1 k52  0:84112, 2 = k6 P0  0:64403, 3 = k6  0:10380, 52



4 = 1kG6 0  0:11185, 2 = k4k11kG5 0  0:03048, 1 = 0:17154, 5 =  11  0:17044 and 6 = k4kP5 0  0:05522. We neglect all other coeÆcients in the equations as these are all very small. The largest neglected term has coeÆcient k4kG5 0  0:0089. The equations become: dh  f hp 1; d dp  1 f1 2pf + (3 6)p 2hp + 4f g ; d  df  2 (1 + 1 )f (1 + 5 )f 2 : d For the sake of algebraic simplicity, we let 1 = 1 + 1 , 2 = 1 + 5 = 1 +  11 and 3 = 3 6 . The system of equations can be written as: dh  f hp 1; (2.1.55) d dp  1 f1 2pf + 3p 2hp + 4f g ; (2.1.56) d  df  2 1 f 2f 2 : (2.1.57) d The Short-Time Solution



If we consider an order-one time scale (approximately ve months) then (2.1.57) becomes: df  0 =) f ( )  f (0); say. d The other two equations, (2.1.55) and (2.1.56), become:



dh  f (0) hp 1; (2.1.58) d dp  1 f1 2pf (0) + 3p 2hp + 4f (0)g : (2.1.59) d With our numerical values for this system and taking f (0) = 1, so that the city initially has G0 households, the phase plane of equations (2.1.58) and (2.1.59) is given in Figure 2.8. The steady state of this system is given by: (f (0) 1 )(2 f (0) 3 ) 1 + 2 1 (2 4 )f (0) and p1 = : h1 = 1 + 2 1 (2 4 )f (0) 2 f (0) 3 Substituting in the numerical values gives h1  0:872 and p1  0:961. For positive steady states to exist we need 1  f (0) which means that P0 < C (0), i.e. the initial 53
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Figure 2.8: Phase plane of equations (2.1.58) and (2.1.59). size of the city must be greater than the total council stock. Secondly we need 3  2 f (0). In the original parameters this means we have the inequality P0 kk46 < C (0). But from the rst inequality, P0 < C (0), and so the second inequality is satis ed automatically. The third inequality that we need to consider is 1 + 1 2 (2 4 )f (0)  0. In the original parameters this gives k5 (C (0) P0 ) < k6 P0 + 1 P0 C (0), i.e the maximum initial rate of homelessness must be less than the maximum rate at which council households move to the private sector plus the maximum initial death rate of council households, i.e. the total vacancy rate. Investigating the stability of this steady state, we nd that the eigenvalues of the system, when linearised about this steady state, give rise to the characteristic equation 2 + (p1 + 1 (2 f (0) 3) + 1 2 h1 )  + 1 p1 (2 f (0) 3 ) = 0. With the above conditions for positive steady states, the coeÆcients of the characteristic equation are all positive and consequently both eigenvalues have negative real parts. The steady state is therefore stable. Therefore, as we approach an intermediate time 54



between our two time scales of ve months and fourteen and a half years, we have:



T



!



P



!



k5 (C (0) P0)(k6 + k4 (C (0) P0) ; k1 k6 P0 + 1 C (0)P0 k5 (C (0) P0) k6 P0 + 1 C (0)P0 k5 (C (0) P0) P0 : k6 + k4 (C (0) P0 )



Thus, we see that the steady-state number of homeless households is proportional to the parameter governing the rate of homelessness, k5 , and the number of non-council households in the city, C (0) P0 , and also inversely proportional to the steady-state number of vacant council houses in the city. The steady-state number of vacant council houses is proportional to the dierence between the rate at which council households `die' or move to the private sector and the rate of homelessness in the city. The Long-Time Solution



If we scale time and write 2 = 2  , a time scale of approximately 15 years, we have: 0 0 df d2



 f hp 1;  1 f1 2pf + 3p  f f1 2f g:



The equation for f has two steady states: f1



2 hp + 4 f g ;



 0 which is unstable and f1 



1 2



(1 + 1 )G0 . Thus 1 +  11 if the birth parameter is much bigger than the death parameter, i.e. 1  1 , the size of the city tends towards its maximum size, (1 + 1)G0 . For 1  1 , the steadystate size of the city is greatly reduced. We note that C 1 does not depend on any of the allocation parameters in the city which we expect. We expect the allocation parameters to determine the behaviour of T , GR and P , but not the number of households in the city. Returning to the other variables, we have the following steady states: which is stable. In the original variables, this tells us that C 1 =



(1 + 1 2 )2 (2 4 )1 ; 2 1 23 (1 21 ) (2 1 3 2) h = : 2 f(1 + 1 2 )2 (2 4 )1g



p =
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For positive steady states we rstly require that 2 1 < 1 which means that 1 < 21 . We also require that 2 1 3 2 > 0 which implies that 12 > 32 . Finally, we also 1 1 2 need that (1 + 1 2 )2 (2 4 )1 > 0 which implies that 1+ 2 4 > 2 . Since 1 1 + 1 2 3 =  k6 for positive steady states. 1 2 k4 G0 < 1 , we must have 1 <  <  2 2 4 P0 1 + 1 (k5 + k6 )P0 In the original parameters this gives: < < : Multiplying 1 G0 1 + 1 (k5 1 P0 )G0 through by G0 , the two inequalities become:



P0 < C 1 and k5 (C 1



P0) < k6 P0 + 1 C 1 P0 ;



and so the steady-state size of the city must be greater than the total council stock and also the rate of homelessness must be less than the rate at which households leave the council sector, whether this is from moving to the private sector or from household deaths. We note that this, and previous inequalities, are city or borough dependent. Another city may have almost identical parameter values but fail these inequalities, leading to quite dierent approximations. In such cases, we must return to the original model equations and redo the asymptotics for each city we are considering. Failure of these inequalities suggest at least one component of the steady-state variable has become in nite. As we are relying on our variables remaining of size order-one, a new scaling regime must then be considered. Checking the accuracy of the asymptotics by comparing the approximate steadystate with a numerical solution of the exact equations, we nd that the asymptotics predict steady-state values of 198387, 838 and 30255 for C 1 , T 1 and P 1 respectively. This corresponds to an error of approximately 0:5%. The expressions for the steady states for T and P are fairly complicated and so we continue with a sensitivity analysis to see how these solutions depend on the original parameters. From Figure 2.9 we see that parameters k1 , k4 , k5 and k6 have little eect on the steady-state number of council households. Whereas these parameters may aect the steady-state number of vacant houses, vacant houses themselves only make up a small proportion of the total council housing stock, leading to a negligible impact on the steady-state number of council households. These parameters also have no eect on the size of the city. However, the number of homeless households is 56
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Figure 2.9: Sensitivity analysis of the land supply births and quadratic deaths model, parameters k1 , k4 , k5 and k6 . sensitive to changes in k1 and k4 and also very sensitive to k5 and k6 . Figure 2.10 tells us that all populations are fairly insensitive to changes in the parameters which relate to the birth and death rates in the city. That is, the birth and death rates would both have to change considerably for there to be a large change in the steady-state number of homeless households. The parameter governing the homeless death rate, 1 , does not aect any of the populations. The steadystate number of homeless households is very sensitive to changes in P0. The steadystate number of council households is sensitive to P0 . Figure 2.11 indicates that all populations are insensitive to changes in 1 . Comparing these results with the quadratic death model, we see that the sensitivity of the number of homeless households to parameters k1 and k4 is unchanged. However, whereas in the quadratic deaths model the private-sector birth and deathrate parameters could cause large changes in the numbers of homeless households, in the current model all populations are insensitive to changes in the birth and death 57
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Figure 2.10: Sensitivity analysis of the land supply births and quadratic deaths model, parameters 1 , 1 , 1 and P0 . parameter ε
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Figure 2.11: Sensitivity analysis of the land supply births and quadratic deaths model, parameter 1 . rate parameters. This is because the available land supply caps the growth of the city and therefore limits the eect that this growth would have on the other populations. From the sensitivity analysis, strategies to reduce homelessness should concentrate 58



on reducing k5 , the rate at which households become homeless, increasing k6 , the rate at which council tenants move to the private sector, and increasing P0, the total council stock. Looking at the time scales in the model, are previous observations concerning k1 and k4 are also valid. However, the time scale governing the size of the city is 1 1 G0 . Thus, we note that the varying the parameter governing the rate at which new households are formed, also varies the time scale of the city. We note however that the strategies to reduce homelessness are not aected by the way we model births and deaths, with one exception. We note in this model that changes in 1 have very little eect on the steady-state number of homeless households. This is in contrast to the quadratic death model. Summary



How we choose to model births and deaths in a city is clearly very important and can give rise to very dierent results. With the linear births and quadratic deaths model, the steady-state size of the private sector is approximately the ratio of the birth and death rate parameters less the council stock. This would suggest that the size of the city behaves like the ratio of the birth and death rate parameters, if we can neglect the number of homeless households. In this model, the growth of the city is unconstrained. Births and deaths also have a signi cant eect on the steadystate numbers of homeless households. The number of council households in the city remains unchanged. Incorporating land supply into the birth-rate term limits the eventual steady-state number of households in the city. Since the private sector makes up most of the city, if the number of households in the private sector does not change much, then neither will the number of homeless households. As a result, the steady-state number of homeless households is also insensitive to the birth and death-rate parameters.
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2.2



Migration



A city may not only change size due to the births and deaths of households. We should also consider the eects of migration where households may either move from the city to a surrounding area or vice versa. After reading [19] it was found that Glasgow was losing population with net outwards migration being cited as a major cause. For example the following was forecast for Glasgow for the period 1995-2000: births deaths



72090 78604



natural change net migration



6514 23500



total loss



30014



Table 2.3: Changes in Glasgow's population: 1995-2005 We make the assumption that the household size remains constant over this period with a value, taken from [19] of 2.22 people per household. Reference [19] gives an annual net migration loss of 2500 people, and so we have a net migration loss of 1126 households per year. Considering the inwards migration into the city, [21] gives a gure of 2608 households per year. This gure consists of all households moves into the city from the surrounding regions, England and Wales and also outside of Great Britain. Thus, the outwards migration for Glasgow must occur at a rate of 1126 + 2608 = 3734 households per year. We would like to see what eects, if any, incorporating migration into the model might have. To explore this question we return to the SGM parameterised with Glasgow data. At this stage, we ignore births and deaths in the model. Increases or decreases in household numbers are due to inward or outward migration only. Let R0 be the total number of households who are living in, or could potentially live in, Glasgow. Although households move into Glasgow from all over the world, as a starting point, we restrict the catchment area of households who might want to live in Glasgow to be the Strathclyde region only. Thus we assume that all migrations 60



into the city come from the Strathclyde region although we know this is not the case. We assume no births and deaths of households in the Strathclyde region and so R0 is constant and the total number of households in the model will be conserved. However, since the number of households in the city itself is no longer conserved, we let C denote the total number of households in the city. Thus, using the previous notation, C = G + P + T . Thus we have C households living in Glasgow and R0 C households living in the surrounding area. We also suppose that the city, Glasgow in this case, has land supply for G1 private-sector houses in total. We let G0 be the total amount of households in the city at the starting time. Likewise, we suppose that the surrounding area has land supply for a total of R1 households. We assume that households that move into the city all become general households not on the housing register. This is because, rstly, councils will only re-house households who have a local connection and so no household from another area is permitted onto the register or given direct access to a council house. Secondly, as a consequence of the right-tobuy scheme, the vast majority of newly built homes will be in the private sector and we assume this is the only sector with space to accommodate new households (see [20]). Many housing associations have newly built homes but, as for council homes, only those with a local connection may be able to access this accommodation. We make the additional assumption that houses can be built instantaneously on demand, and there are no time delays caused by building properties. The rate of migration into the city is assumed to be jointly proportional to the number of households outside of the city, R0 C , and also the amount of spare private-sector housing in the city, G1 G, with constant of proportionality denoted by m1. We assume that only general households not on the register may move out of the city. Thus migration out of the city is assumed to be jointly proportional to those potentially wanting to move out of the city, GN , and the amount of space in the surrounding area, R1 fR0 C g, with constant of proportionality m2 . We keep the same model of allocation as with the SGM and so the equations
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Figure 2.12: The SGM including migration. become:



dC = m1(R0 dt



C )fG1



Gg



m2(G GR )fR1



(R0



C )g;



dGR = k3 (G GR ) (k5 + k9 )GR k4 GR (P0 dt = k3 G Æ2 GR k4 GR (P0 P ); dT = k5 G k1 T (P0 P ); dt dP = k6 P + (k4 GR + k1 T )(P0 P ); dt



(2.2.1)



P) (2.2.2) (2.2.3) (2.2.4)



where G = C P T . We note that the total number of households in the model, R0 is conserved as we have ignored the eects of births and deaths in this model. Any growth in the city is due to migration only. From the previous model, we could incorporate the births and death of households which depend on the populations in the city.
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Parameterising the Migration Model



Taking the information from [21], we nd that the number of households in the Strathclyde Region, R0 , is 901472 households. From Table 1.7 we see that G0 is 292260 households and so R0 C = 609212 households. Now from [19] Glasgow has land supply for a further 25000 private-sector households and so G1 = 25000 + 166567 = 191567 households. In the absence of other data, we assume that the Strathclyde region, excluding Glasgow, has room for a further 60000 households and so R1 = 609212 + 60000 = 669212 households. Further information would help to more accurately de ne R1. Again from [19], we nd that Glasgow has a rate 3734 of outward migration of 3734 households per annum. Then m2 = 166567 60000 = 3:736  10 7 per household per year. Similarly, as the rate of inwards migration is 2608 7 2608 households per year, this gives m1 = 609212 25000 = 1:712  10 per household per year. Keeping all other constants the same as in Table 1.7 we have: Constant Value P0 98000 households R0 901472 households k1 2:8683  10 4 per household per year k4 4:5777  10 5 per household per year k6 8:0745  10 2 per year k8 6:3256  10 5 per household per year G1 191567households 7 m1 1:712  10 per household per year



Constant G0



k3 k5 k7 k9 R1 m2



Value



292260 households



1:1487  10 1 per year 1:0824  10 2 per year 9:3088  10 2 per year 4:4722  10 1 per year 669212 households 7 3:736  10 per household per year



Table 2.4: Estimates of the parameter values for the Glasgow migration model.



Asymptotics for the Migration Model



We make use of the large and small parameters in the equations to simplify them. Let GR = Xg, T = Y h, C = Zf , P = P0 (1 cp) and t = L , where X; Y; Z and c are to be determined. However, we can use the scalings that we used in the Glasgow parameterisation of the SGM. This makes use of the fact that many of the constants in this model are identical to those used in the SGM. We also expect the approximate sizes of GR , T and P to be unchanged too. From the Glasgow SGM, we have X = 63



Y = kk31kk46kÆ52GP00 and c = k4kk63ÆG2 0 . As for the scaling of C , we expect it to be dominated by the initial size of the city, G0 and so let Z = G0. We let L = k4 kÆ32G0 , which is the shortest time scale from the Glasgow SGM. With these scalings, the dominant terms in equations (2.2.1) to (2.2.4) lead to: 2
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where 1 = Æk242kk132kG6 P200  0:31546, 2 = k4 kÆ32G0  0:21358, 3 = Æk24mk32GR00  0:12557,   G1 +P0 1 1 = GP00  0:33532, 2 = kk36GP00  0:23572, 3 = kk56GP00  0:39979, 7 = m m2 G0    G m P0 1 R1  0:36770,  = m1 + R1 1  0:20067, 9 = R00 1 m12  :17562, 8 G0 R0 m2 R0 10 = kÆ23RR01  0:14883 and 11 = kÆ23  0:20049. 2
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The Short-Time Solution



We consider an order-one time scale (approximately 4 21 months). Since 3  1, then the equation for f becomes:



df d



 0 and so f  f (0):



Since the size of the city is initially G0, with the scaling this corresponds to f (0) = 1. Hence, substituting this value for f0 into the other equation gives:
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We note that these equations are exactly the same as the SGM parameterised for Glasgow which we investigated in Section 1.2.2. Thus, as we approach an intermediate 64



time between our two time scales of four and a half months and three years, adding migration into the model has no eect. The Long-Time Solution



We scale time with  = 3 2 . This corresponds to a time scale of around 3 years. The equations then become:



dp d2 dh 3 d2 dg 3 d2 df 3 d2 3







1 pg







1 ff



1



hpg;







2 ff



1



g







3 7







3 hp;



8 f



2 pgg; 9 f 2 + (10







11 )g :



Since 3  1, this gives us: 0f
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(2.2.9)



Solving (2.2.9) gives
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The one dierential equation for f gives:



df d2
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1 )(1 + 2 3 ) 2 g (2.2.11) (2.2.12)



where B = 8 (10 11 )(1 + 2 3 )  0:25719 and C = 7 (10 + 11 )f1(1 + 2 3 ) + 2 g  0:39883. This equation has two steady states, the positive one which is stable and has a value of f 1  0:94322. Substituting this value into (2.2.10) gives g1  0:44959, p1  1:6673 and h1  0:37563. In our original variables, our 1 approximation of the steady state gives C 1  275666, G1 R  25165, T  1289 and P 1  92800. Running a numerical simulation of the original equations gives the steady state as 267823, 24937, 1326 and 93062 respectively. This suggests that our approximate solution has an error of around 3%. 65



To gain a further insight into this problem, we perform a sensitivity analysis to 1 1 see how the parameters aect the steady states for C 1 ; G1 R ; T and P . From Figure 2.13, we see that only homeless households are sensitive to k1 . Homeless and general households on the register are both sensitive to changes in k3 . Only homeless households are sensitive to changes in k4 and k5 . These results are essentially the same as the sensitivity analysis carried out on the Glasgow SGM. Including migration in the model has not changed the degree of sensitivity that the steady states have on these parameters. Figure 2.14 indicates that only homeless households are very sensitive to changes in k6 . None of the steady states are dependent on k7 and k8 . The homeless households and the general households are sensitive to changes in k9 . Again, these results are essentially the same as the sensitivity analysis carried out on the Glasgow SGM. Figure 2.15 shows that the steady-state number of homeless households is sensitive to changes in parameters m1 and m2. As we would expect, none of the steady-state populations are dependent on G0 , the initial size of the city. The steady-state number of homeless households is very sensitive to the size of the total council stock, P0 . The steady-state numbers of general and council households are also sensitive to P0 . We note that the number of households in the city is very insensitive to this parameter. Finally, Figure 2.16 indicates that the steady-state number of homeless households is very sensitive to parameters R0, G1 and R1 . The steady-state number of general-register households is also very sensitive to R0 and R1 and sensitive to to G1 . The steady-state number of households in the city is also sensitive to these three parameters. Summary of Results for the migration model



The sensitivity analysis reveals that the steady-state number of homeless households is very sensitive to the parameters governing migration. However, the steady-state number of general-register households is sensitive to R0 and R1, as is the total number of households in the city. Changes in R0, and R1 aect the size of the city, and since this mainly consists of private-sector households which are the source of homeless 66
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Figure 2.13: Sensitivity analysis of k1 ; k3 ; k4 and k5 for the migration model. and general applicants, similar changes in the numbers of these applicants is not unexpected. The steady-state number of council households is capped by the total council stock, P0 , whilst demand for council housing ensures that the steady-state number of council households is not too small. Thus the sensitivity analysis suggests that if predictions are to be made about the eventual size of the city, it is important to accurately determine R0, the total number of households that are, or who would consider, living in Glasgow; and also R1, the available land supply for households outside of the city. It is important to note that small changes in R0 and R1 will only lead to similarly small changes in the size of the city. As a consequence, unless there are big changes in migration for Glasgow, the model indicates that the number of households in Glasgow will not change considerably. Although the eventual steady state for the city does not depend on the parameters m1 and m2, the time scale over which the city reaches its steadystate is dependent on m2, the parameter governing the rate of outward migration, 67
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Figure 2.14: Sensitivity analysis of k6 ; k7 ; k8 and k9 for the migration model. and R0. The other time scales in the model are identical to the SGM parameterised for Glasgow and have been discussed earlier. As Table 2.5 illustrates including migration has resulted in the city decreasing in size by approximately 8% although the composition of the city remains unaltered. The eect of the council's allocation policy remains the same as in the SGM parameterised for Glasgow. Thus, including migration in the model has reduced the size of the city, but not the steady-state composition of household groups. The modelling of migration may be improved if we suppose that the rate of inwards migration depends only on the number of vacant private-sector households in the city, i.e. G1 G, and that outwards migration occurs at a rate proportional to those wishing to migrate, i.e. in proportion to GN . This removes any diÆculty with de ning R0 and R1. Migration to and from a city is often the result of prevailing economic conditions, as well as housing, and so a more accurate model could consider this also. This is left for future work. 68
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Figure 2.15: Sensitivity analysis of m1 , m2, G0 and P0 for the migration model. Population SGM (no migration) Numerical Solution Asymptotics T (homeless) 1853 (0.63%) 1326 (0.5%) 1289 (0.47%) P (occupied council) 94000 (32.2%) 93062 (34.7%) 92800 (33.7%) GR (general register) 29840 (10.2%) 24937 (9.3%) 25164 (9.10%) C ( city) 292260 267823 275666 Table 2.5: A comparison of the eects of migration on Glasgow's steady-state household populations. The percentages indicate the composition of the city, for each population group, as a proportion of the total number of households in the city. The composition of the city does not change much although the overall size of the city is reduced when migration is included. Strategies to reduce the number of homeless households might again concentrate on reducing the rate of homelessness, increasing the rate at which council households move to the private sector and increasing the amount of council stock. However, increasing the amount of council stock by a small amount will lead to a proportionate increase in the numbers in council accommodation but the overall size of city will remain approximately unchanged. We note that, in reality, some of the strategies 69
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Figure 2.16: Sensitivity analysis of R0, G1 and R1 for the migration model. that have been identi ed in this section may not work in practice due to reasons that have already been mentioned in Section 1.2.2. From [19], the expected number of households in Glasgow is expected to rise even though the overall population is expected to decrease. This is accounted for by a decreasing average household size, i.e. fewer people are deciding to cohabit. Therefore, to make this model more realistic we should also include births and deaths of households, modelling a decreasing average household size through the household death rate. This is left for future work.
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2.3



Rejections and Suspensions



In an attempt to reduce the time that council properties in Edinburgh lay empty, the City of Edinburgh council decided to reduce the number of reasonable oers that an applicant could reject. Applicants reject properties for a wide variety of reasons. For example, the applicant may have unreasonable housing aspirations which the council cannot provide for. Other examples may include the location of the property with respect to other family members or health services, a negative perception of the area the property is in, or the condition of the property. If an applicant rejects two reasonable oers they are suspended from the register for six months. Whilst suspended they receive no oers of housing. On completion of the six month suspension, the applicant rejoins the waiting list with their original number of points. (The points system for Edinburgh will be discussed in Chapter 3.) Of additional consequence, if a homeless applicant rejects two reasonable oers then they are not only suspended for six months, their homeless status is removed since the council is deemed to have discharged its statutory duty by making two reasonable oers of accommodation. After the suspension period, homeless applicants rejoin the waiting list as a general applicant. Applicants may appeal if they feel that an oer is unreasonable. When an oer is rejected, policy dictates that the property should be oered to the next suitable applicant on the waiting list. However, if a property has been rejected it is likely that those applicants with the greatest number of points may perceive it to be unsuitable. The rationale for them would be that a better property is likely to be oered to them in a short time anyway so accepting a lower standard of property would be unreasonable. As a consequence, if the council were to follow policy then the property would have to be oered to all those households at the top of the waiting list, who would then reject it until eventually it was allocated. To save wasting time and resources, since it may take 15 oers to allocate a rejected household, council `working practice' has developed so that rejected properties 71



are oered directly to homeless applicants. This helps to ful l the council's statutory duties and homeless households are able to receive oers from a wider pool of housing (rejected and non-rejected). In this section we wish to investigate how the rate of rejection aects the dynamics of housing allocation. In particular the council may seek to reduce the rejection rate, making the allocation process more eÆcient as fewer oers have to be made to allocate a property. 2.3.1



The First Rejection Model



To begin with we consider the eect of rejections only and so ignore the six-month suspension time in the model. For simplicity we will split the households in the city into four subgroups; GN , the private sector households not on the register, GR , the private sector households on the register, T , those households in temporary accommodation, and P which are the households in council accommodation. This is the same as for the SGM where we have grouped all the council households together rather than splitting them into transfer and non-transfer applicants. Homeless households who reject two oers have their homeless status removed and become general-register households. We take this rate of rejection to be proportional to the rate of acceptance, with constant of proportionality r. Let us have two sorts of vacant housing VA and VB . Initially all vacant property will be of type VA but if it is rejected twice it will become type VB . Thus r is the probability that a property is rejected twice. Here we assume that all applicants reject oers with the same probability, regardless of whether they are homeless or general applicants. We use the same method of modelling allocation as for the SGM. That is, the rate of allocations is jointly proportional to the demand and also the amount of vacant property. We make the additional constraint that properties oered to general applicants, GR may come only from the VA pool, whereas properties oered to homeless applicants may come from both the VA and VB pool. We use the same constants to describe the ow rates between these groups as for the SGM. 72



The equations for this model are:



dGN dt dGR dt dP dt dT dt dVA dt dVB dt



=



(k5 + k3 )GN + k9 GR + k6 P;



=



(k5 + k9 )GR + k3 GN



=



k6 P + k1 T (VA + VB ) + k4 GR VA ;



= k5 (GN + GR )



k4 GR VA + rk1 T (VA + VB );



(1 + r)k1 T (VA + VB );



(1 + r)fk1 T VA + k4 GR VAg;



= k6 P



= rfk1 T VA + k4 GR VA g k1 T VB :



This model does have the possible diÆculty that homeless households losing their homeless status may be put on the general household part of the register, only to later re-present themselves as homeless. We can reduce this system of equations by using the two conservation conditions; from conservation of council houses we have P = P0 VA VB , and from conservation of households in the city we have GN = G0 fP0 VA VB g GR T . Thus, eliminating P and GN from the equations we have the following system of equations to describe the city:



dGR = dt



Æ2 GR



k4 GR VA + k3 VA + rk1 T (VA + VB )



k3 T + k3 VB + k3 (G0



P0 ) ;



dT = k5 fG0 P0 + VA + VB T g (1 + r)k1 T (VA + VB ); dt dVA = k6 (P0 VA VB ) (1 + r)fk1 T + k4 GR gVA ; dt dVB = rfk1 T + k4 GR gVA k1 T VB ; dt



(2.3.1) (2.3.2) (2.3.3) (2.3.4)



where Æ2 = k3 + k5 + k9 . Parameterising the model



Using the original SGM parameterised for Edinburgh, assuming Edinburgh to be in a steady state, we know that GR = 12930, T = 842, P = 30271 and GN = 154157. We know that P0 = 31945 and G0 = 198200. From the Edinburgh SGM, 3536 = 0:11681 per year. We have also that we know that k6 P = 3536 and so k6 = 30271 73



1532 = 0:11848 per year. From information collected k9 GR = 1532 and so k9 = 12930 from the City of Edinburgh council, out of 167 oers made, 66 resulted in lets. Thus the probability of refusing one oer is 101 167 and so the probability of of refusing 2 two oers, assuming independence, is r = 101 1672 = 0:36577. Now we know from the SGM model for Edinburgh that the annual rate of lets to homeless applicants is k1 T (VA + VB ) = 1807. Since VA + VB = P0 P = 1674 households, we have 3 k1 = 8421807 1674 = 1:282  10 per household per year. From the steady-state equation for VA , we have that (1 + r)(k1T VA + k4GR VA ) = k6 P . Since the rate of allocations to general applicants is k4 GR VA = 1729 households per year, we have (1 + r)(k1 T VA + 1729) = 3536 households per year, and so solving this gives us that VA = 797 houses. 4 Then, VB = 31945 30271 797 = 877 houses. Hence k4 = 7971729 12930 = 1:6778  10 per household per year. Also, since k5 (GN + GR ) = (1 + r)1807, this gives us that r)1807 k5 = (1+ k5 GN and so 167087 = 0:014770 per year. Finally k3 GN = k6 P + k9 GR 2791 = 0:018105 per year. We summarise the parameters in the model in k3 = 154157 Table 2.6.



k1 k4 k6 r



1:282  10 2 per household per year k3 0:018105 per year 1:6778  10 4 per household per year k5 0:014770 per year 0:11681 per year k9 0:11848 per year 0:36577



Table 2.6: Parameter values for the rst rejection model. Asymptotics of the Rejection Model



Again we apply asymptotic techniques to simplify the model, making use of large and small parameters. We scale GR as Xg, T as Y h, VA as Aa, VB as Bb and t as L where X; Y; A; B and L are to be determined from the parameters in the model. We let the typical values for X , Y , A and B be 12930, 842, 797 and 878 respectively, the steady-state values for the model. We begin with (2.3.2) which now becomes: 



dh k (G = L 5 0 d Y



P0 )



k Aa k Bb k5 h + 5 + 5 Y Y 74







k1 A (1 + r) ah k1 B (1 + r) bh :



From the typical values, the largest term in this equation is the constant term, which is dominated by G0 , and we should take out as the time scale. However, this is balanced by the ah and bh terms which are approximately of equal size. Since the coeÆcients of ah and bh are k1 A(1 + r) and k1 B (1 + r) respectively, this suggests that we should let A = B . The equation for h then becomes: 



dh kG = L 5 0 1 d Y



P0 G0



+



B G0



a+



B G0



b



Y G0



h



Y k1 B (1 + r) bh k5 G0







Y k1 B (1 + r) ah : k5 G0



Next we consider the equation for a, equation (2.3.3) which becomes: 



da kP = L 6 0 d B



k4 X (1 + r) ag







k6 a k6 b Y k1 (1 + r) ah :



The typical values indicate that the two largest terms in this equation are the constant term and the coeÆcient of ag. Thus we should balance k6BP0 = k4 X (1 + r) and so we P0 . The time scale is also given by the constant term and so equation let B = k4 Xk6(1+ r) (2.3.3) becomes: 



da = Lk4 X (1 + r) 1 d



k6 a k4 X (1 + r)



k6 b k4 X (1 + r)







k1 Y ah ag : k4 X



Next we consider equation (2.3.4) which, after we substitute in the scalings, becomes:



db = L frk1 Y ah k1 Y bh + rk4 Xagg : d The typical values suggest that the coeÆcients of ag and hb should balance and so k1 Y = rk4 X which means that Y = rkk41X . The equation for b then becomes



db = Lrk4 X fah hb + agg : d Finally we consider the equation for g, equation (2.3.1) which is now:



dg = L d







Æ2 g



k6 P0 kkP r2 k6 P0 k rk ag + 2 3 6 0 a + ah 3 4 h X (1 + r) X k4 (1 + r) X (1 + r) k1  2 r k6 P0 kkP kG k3 P0 + hb + 2 3 6 0 b + 3 0 : X (1 + r) X k4 (1 + r) X X



The typical values suggest that the constant term is the largest, whilst the ag and g terms are also important. We choose to balance the coeÆcients of g and ag and so 75



k6 P0 6 P0 Æ2 = Xk(1+ r) . Hence X = Æ2 (1+r) . Taking out the dominant part of the constant term as the time scale, the equation for g is now: 



k G Æ (1 + r) P0 k6 P0 k6 P0 Æ dg = L 3 02 1 g ag + 2 a d k6 P0 G0 (1 + r) k3 G0 (1 + r) k3 G0 G0 k4  2 2 r k6 P0 k6 P0 rk4 r k6 P0 Æ2 + ah h+ hb + b : (1 + r) k3 G0 Æ2 (1 + r) G0 k1 (1 + r) k3 G0 G0 k4 rk4 k6 P0 Æ2 Æ2 6 P0 In summary the scalings are GR = Æ2k(1+ r) g , T = Æ2 (1+r)k1 h, VA = k4 a and VB = k4 b. These have the values of 18051, 864 and 902 households respectively. We need only to choose the scaling for L for which we have four choices; Æ2 (1+k6rP)0k3 G0  (1+r)Æ2 Æ2 k6 P0 5 years, Æ2 k1rkk54(1+ r)G0  3:5 months, k4 k6 P0  3 months and rk4 k6 P0  11 months. We choose the shortest of these and so set L = k4 kÆ62P0 . The scaled equations are:



da d dh d db d dg d



= 1 ag



rah 4 (a + b);



= 1 f1 1



(2.3.5)



2 (a + b)h + 1 4 (a + b) 5 hg ;



= 2 fag + rah 



= 4 3 1 1



(2.3.6)



bhg ;



(2.3.7) 



3 (a + 1)g + r2 3 (a + b)h + 1 4 (a + b) 5 h :(2.3.8)



k6 P0 where r  0:36577, 1 = GP00  0:16118, 2 = rkk56GP00  0:46623, 3 = k3 (1+ r)G0 Æ22 (1+r)k1 k5 G0 Æ k 2 6 k4 rP0 0:76140, 4 = k4 P0  0:02824, 5 = Æ2 (1+r)k1 G0  0:00436, 1 = k42 k62 P02 r 0:81907, 2 = 1+r r  0:26781 and 3 = Æ2 (1+k62rP)0k3G0  1:70182.



 



The Short-Time Solution



We note that 1  1 and so neglect terms of this size or smaller. The equation for g then becomes: dg  0 =) g  g(0); d where g(0) is the initial value of g. The remaining equations become:



da d dh d db d







1 ag(0)







1 f1 2 (a + b)hg ;







2 fag(0) + rah bhg : 76



rah;



These equations have the steady state:



a1 =



2 (1 + r) r 1 (1 2 )g(0)  (1 + r) r ;h = and b1 = 2 : 2 g(0) 2 (1 + r) r (1 2 )g(0)



For positive steady states we need:



r < 2 < 1; 1+r since 2 > 0. In the original parameters this gives:



r k G < rk6 P0 < k5 G0 : 1+r 5 0 5 G0 The rst inequality is k1+ r < k6 P0 which means that the rate of households becoming homeless who will accept a house must be less than rate at which council houses become available. The second inequality, rk6 P0 < k5 G0 , means the rate at which council houses are vacated and rejected must be less than the rate at which households become homeless. If we investigate the stability of this approximate solution by linearising about it, we nd that the characteristic equation is a cubic with positive coeÆcients. Using the values for the parameters, we nd that the roots of this cubic are all real and negative when we consider initial values of g(0) between 1  10 14 and 10. Thus, the roots of this cubic have negative real parts and so we conclude that this short-time solution is stable. Thus, as we approach an intermediate time between our two time scales of three months and ve years, the solutions to this system approach the steady states above. However, this solution will be valid only for as long as g stays `close' to g(0). As g moves away from g(0), we need to consider a longer time scale.
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The Longer Time Scale



We consider a new time scale  = 4 2 . Equations (2.3.5) . . . (2.3.8) become:



da d2 dh 4 d2 db 4 d2 dg d2 4







1 ag







1 f1 1







2 fag + rah bhg ;







3 1 1



rah 4 (a + b);







(2.3.9)



2 (a + b)h + 1 4 (a + b) 5 hg ;



(2.3.10) (2.3.11)



3 (a + 1)g + r2 3 (a + b)h +1 4 (a + b) 5 hg :



(2.3.12)



To solve these equations, we intuitively make use of the fact that 4 ; 5  1 and neglect all terms containing 4 and 5 . The equations then become: 0 0 0 dg d2



   



1 ag



rah;



1 1



2 (a + b)h;



ag + rah hb; 



3 1 1







3 (a + 1)g + r2 3 (a + b)h + 1 4 (a + b) :



However, if we substitute in the numerical values for 1 ; 2 , 3 and r, these equations have the steady state a  1:11498, b  1:39519, h  0:71675 and g  0:63471. If we calculate the exact value of the steady state for the original problem we obtain 877 842 12930 a = 797 A  0:88346, b = B  0:97214, h = Y  0:97444 and g = X  0:71630. Thus in comparison, neglecting all terms containing 4 gives rise to a solution with a signi cant error. In particular, neglecting 4 gives an error in b of almost 40%. p To proceed we consider taking the solution as an asymptotic expansion in  4 = , say. Then   0:16805. However, we must write 1 = 1 , where 1  0:95910, r2 3 = 6  where 6  0:60617 and 5 = 5 3 where 5 = 0:91865. If we rewrite the
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long-time scale as  = 2 2 then the equations then look like:



da  1 ag rah d2  dh 2 = 1 1 1  d2 db 2 = 2 fag + rah d2 dg = 3 f1 1  d2 2



2(a + b);



(2.3.13) 



2 (a + b)h + 3 1 (a + b) 5 3 h ;



(2.3.14)



bhg ;



(2.3.15)



3 (a + 1)g + 6 (a + b)h







+31 (a + b) 5 3h :



(2.3.16)



We look for solutions in the form a  a0 + a1  + a22 + a3 3 + : : : , b  b0 + b1  + b22 + b3 3 + : : : , g  g0 + g1  + g2 2 + g3 3 + : : : and h  h0 + h1  + h2 2 + h3 3 + : : : . The O(1) Solution



If we consider terms not including  then equations (2.3.13) . . . (2.3.16) become: 0 = 1 a0 g0



ra0 h0 ;



0 = 1 fa0 g0 + ra0 h0



(2.3.17)



h0 b0 g;



(2.3.18)



0 = 2 f1 2 (a0 + b0 )h0 g;



(2.3.19)



dg0 = 3 f1 3 (a0 + 1)g0 g: d2



(2.3.20)



From the rst three equations we can write h0 b0 = 1, a0 h0 = 1 r2 (1 2 ). The equation for g0 then becomes: 



dg0  (1 3 ) + r3 (1 2 ) = 3 2 d2 2 which has solution:



g0 (2 ) = g01 + fg0 (0) g01 ge



and a0 g0 =







3 g0 ;



3 3 2 ;



r3 (1 2 ) where g01 = 2 (1 3)+ . For g01 to be positive we need 2 < 2 3 original parameters this corresponds to:



k6 P0 < k3 G0 +



1 2 2



r3 (1+r)3 1 .



In the



k5 G0 : 1+r



The right-hand side represents the approximate rate of demand for council houses from general applicants and homeless households. For this model to have a positive 79



steady state, the potential demand for council housing must be greater than the supply. (1+r)2 r We conclude also that the order-one solution is stable and that a1 0 = 2 g01 , 1 2 1 . With the parameter values this tells us that g ! 0:73214, h1 and b1 0 0 = 2 a1 0 = h1 0 0 a0 ! 0:79390, h0 ! 1:44207 and b0 ! 0:693448. Since the order-one solution above is stable, combining this result with the stability of the short-time solution leads us to conclude that the model, as described by equations (2.3.1) to (2.3.4), must also be stable. To improve the accuracy of the asymptotic solution we consider further terms in the expansion. The O() Solution



If we look at the terms containing just  we have the following equations: 0 = 0 = 0 =



dg1 = d2



fa0g1 + a1g0g rfa0h1 + a1h0g; 1 f 1 2 fa0 h1 + a1 h0 g 2 fh0 b1 + h1 b0 gg; 2 fa0 g1 + a1 g0 fh0 b1 + h1 b0 g + rfa0 h1 + a1 h0 gg; 3 f 1 3 fa0 g1 + a1 g0 g 3 g1 + 6 f(a0 + b0 )h0 gg:



(2.3.21) (2.3.22) (2.3.23) (2.3.24)



From (2.3.21) we see that a0 g1 + a1 g0 = rfa0 h1 + a1 h0 g, whilst (2.3.23) suggests a0 g1 + a1 g0 = rfa0 h1 + a1 h0 g + h0 b1 + h1 b0 . Thus h0 b1 + h1 b0 = 0 and then (2.3.22)   tells us that a0 h1 + a1 h0 = 12 . Hence a0 g1 + a1 g0 = r 12 . Finally, from (2.3.19) we have (a0 + b0 )h0 = 12 . Substituting these into (2.3.24) gives:



dg1 1   = 3 f 1 3 r 3 g1 + 6 g d2 2 2   6 1 (2 + r3 ) = 3 3 g1 : 2 3



(2.3.25) 



We conclude that g1 has a steady-state value of g11 = 6 1(223+r3) . If we solve n o 1 and a1 we nd that a1 = 11 r1 a1 g 1 , h1 = (2.3.21) . . . (2.3.23) for h1 , b 1 1 1 1 0 1 1 g0 2 n o 1 b 1 a1 h1 + 1 and b1 = h1 1 0 . With the values for the parameters, this gives 1 0 1 a1 2 h1 0 0 us that g1 ! 0:30451, a1 ! 1:35794, h1 ! 5:05780 and b1 ! 2:43214. 80



The O(2 ) Solution



Identifying the O(2 ) terms in (2.3.13) . . . (2.3.16) gives:



da0 = fa0 g2 + a1 g1 + a2 g2 g rfa0 h2 + a1 h1 + a2 h0 g fa0 + b0 g;(2.3.26) d2 dh0 = 1 2 fa0 h2 + a1 h1 + a2 h0 + h0 b2 + h1 b1 + h2 b0 g; (2.3.27) d2 db0 = 2 fa0 g2 + a1 g1 + a2 g0 + rfa0 h2 + a1 h1 + a2 h0 g d2 fh0b2 + h1b1 + h2b0gg ; (2.3.28) dg2 = 3 f 3 fa0 g2 + a1 g1 + a2 g0 g 3 g2 d2 +6 fa0 h1 + a1 h0 + h0 b1 + h1 b0 gg : (2.3.29) Since ai , bi , hi and gi are known for i = 0; 1, then these equations reduce to three algebraic equations and one ordinary dierential equation in g2 . We let AG2 = a0 g2 + a1 g1 + a2 g2 , AH2 = a0 h2 + a1 h1 + a2 h0 and HB2 = h0 b2 + h1 b1 + h2 b0 . From  (2.3.22) we note that a0 h1 + a1 h0 + h0b1 + h1 b0 = 12 . Equations (2.3.26) . . . (2.3.29) then become:



da0 d2 dh0 d2 db0 d2 dg2 d2



=



AG2



rAH2



(a0 + b0);



=



1 2 fAH2 + HB2 g;



= 2 fAG2 + rAH2 = 3 3







AG2



g2



(2.3.30) (2.3.31)



HB2 g;







6 1 : 2 3



(2.3.32) (2.3.33)



These equations have solutions which will not change, when added to the larger terms, the qualitative behaviour. To see how the accuracy of the approximations changes we may con ne our attention to the steady state. Of course, the transient solution will be of genuine, practical interest to housing specialists. The steady state of these
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equations is found from solving: 0 =



AG1 2



rAH21



1 (a1 0 + b0 );



0 = AH21 + HB21 ; 1 HB 1 ; 0 = AG1 2 + rAH2 2    0 = AG1 g21 6 1 : 2 2 3 1 1 1 1 1 1 1 (a1 + Thus HB21 = (a1 0 + b0 ), AH2 = HB2 = (a0 + b0 ), AG2 = rAH2 0 6 1 1 1 1 1 1 1 b0 ) = (1 + r)(a0 + b0 ) and g2 = (1 + r)(a0 + b0 ) 23 . Back substitution gives 1 1 fa1 + b1 a1 h1 a1 h1 g 1 1 1 1 1 1 a1 2 = g01 f(1 + r)(a0 + b0 ) + a1 g1 + a0 g2 g, h2 = a1 0 0 1 1 2 0 0 1 fa1 + b1 + h1 b1 + h1 b1 g. Thus with the parameter values we conand b1 2 = h1 0 0 1 1 2 0 0 clude that g2 ! 0:39362, a2 ! 2:63662, h2 ! 15:31392 and b2 ! 0:134893. The O(3 ) Solution



Identifying the O(3 ) terms in equations (2.3.13) . . . (2.3.16) gives us:



da1 = AG3 rAH3 (a1 + b1 ); (2.3.34) d2 dh1 1  = 1 2 fAH3 + HB3 (a0 + b0 ) + 5 h0 g; (2.3.35) d2 2 2 db1 = 2 fAG3 + rAH3 HB3 g; (2.3.36) d2 dg3 = 3 f 3AG3 3 g3 + 6 fAH2 + HB2 g + 1 (a0 + b0 ) 5 h0 g;(2.3.37) d2 where AG3 = a0 g3 + a1 g2 + a2 g1 + a3 g0 , AH3 = a0 h3 + a1 h2 + a2 h1 + h3 h0 and HB3 = h3 b0 + h2 b1 + h1 b2 + h0 b3. Using the same method as in the previous section we nd that HB31 = (a1 1 +    1 1 5 1 1 1 r1 1 1 1 1 1 b1 1 ), AH = 2 (a0 + b0 )+(a1 + b1 ) 2 h0 , AG3 = f(1+ r)(a1 + b1 )+ 2 (a0 + n o r5 1 1 = 1 + r f  (a1 + b1 ) b1 ) h g and, with a little help from (2.3.31), g 0 3 1 0 0 2 0 3 2  1 1 1 5 h0 g + (1 + r)(a1 + b1 ). Back substitution then gives us   1 r1 1 1 r5 1 1 1 1 1 1 1 1 1 1 (1 + r)(a1 + b1 ) + (a0 + b0 ) h + a0 g3 + a1 g2 + a2 g1 ; a3 = g01 2 2 0   1 1 1 1 5 1 1 1 1 1 1 1 1 1 h3 = (a + b0 ) h + (a1 + b1 ) a3 h0 a2 h1 a1 h2 ; a0 2 0 2 0 1 1 1 1 1 1 1 1 1 fa1 + b1 + b2 h1 + b1 h2 + b0 h3 g : b1 3 = h1 0 82



Thus we conclude that g3 ! 5:38986, a3 ! 14:85058, h3 ! 10:96733 and b3 ! 22:70913. By including terms up to and including 3 we achieve the desired accuracy and hence conclude that over a time scale of approximately ve years, the solution of equations (2.3.13) . . . (2.3.16) converges to a steady state with g ! 0:71766, a ! 0:87716, h ! 0:97254 and b ! 0:99820. This gives excellent agreement with the exact steady state as the asymptotic solution has an error of around 2.7%. However, if we plot the absolute size of each term in the expansion evaluated at the steady state, as in Figure 2.17, we note that the asymptotic series for b is beginning to diverge. This is consistent with what we expect when we take a xed value for . As a consequence, including further powers of  will only decrease the overall accuracy of the expansion. 1.5
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Figure 2.17: Use of the asymptotic expansion to evaluate the steady state values for a1 , b1 , g1 and h1 . For a xed value of , each term in the expansion was evaluated and the absolute size was plotted. We note that the accuracy in the steady state for b1 begins to deteriorate as the series expansion for b1 begins to diverge after the second term. We now investigate how this steady state depends on the original parameters and perform a sensitivity analysis on it. The results of this can be seen in Figures 2.18, 83
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Figure 2.18: Sensitivity analysis for the rst rejection model, parameters k1 , k3 , k4 and k5 . We note that the steady-state number of homeless households, T , is very sensitive to k5 , k6 , P0 and G0 . This is also the only variable to depend on k1 . This variable is also sensitive to r with a 10% decrease in the rate of rejections leading to approximately a 10% increase in homeless households. The steady-state number of general households on the register, GR is sensitive to k6 , P0 and G0. The steady-state number of Va houses, those vacant council houses which are not rejected, is sensitive to k3 and k5 and very sensitive to k6 , P0 and G0 . The steady-state number of Vb houses, those vacant council houses which have been rejected, is very sensitive to k5 , k6 , r, P0 and G0. Conclusions



Changing the SGM by representing the rejection process only signi cantly aects the steady state of two populations in the model, namely homeless applicants and the 84
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Figure 2.19: Sensitivity analysis for the rst rejection model, parameters k6 , k9 , r and P0 . parameter G
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Figure 2.20: Sensitivity analysis for the rst rejection model, parameter G0 . number of rejected vacant council houses. A 10% reduction in rejected oers would lead, approximately, to a 10 % rise in the steady-state number of homeless households and an 18 % decrease in the number of vacant, rejected council houses. All populations are sensitive to P0 and G0 . A 10% rise in the total council stock would lead to a large decrease in those on the waiting list. However, increasing P0 would lead to a much larger increase in the amount of vacant council stock, particularly houses of type Vb . This is because introducing more council stock would 85



mean more homeless households could be accommodated, thus removing the demand for Vb houses. A similar argument can be applied for the increase in VA houses. It is worth noting that strategies which reduce homelessness, such as increasing k6 and reducing k5 , also have the eect of increasing the amount of vacant stock in the city. Considering the time scales in the model, i.e. the time it takes for our populations to change rather than the actual waiting time, we note that the homeless time scale again contains the ratio kk14 , illustating how increasing k1 leads to a shorter time scale, whilst increasing k4 leads to a longer time scale. k1 only occurs in the homeless time scale and so varying the priority given to housing the homeless, does not aect the time scales of any of the other populations, at least for k1 of this order of magnitude. Rejections and suspensions, considered in the following subsection, were introduced by the council to reduce the amount of vacant council property that was left unlet. We note that policies which reduce the rejection rate, r, have no signi cant eect on reducing the steady-state number of Va properties. However, there is a signi cant reduction in the steady-state number of Vb properties, those properties which have been rejected twice. Such a policy would also cause a signi cant rise in homeless numbers but have virtually no eect on general applicants. Again we note that increasing the priority to allocating homeless applicants, by increasing parameters k1 or r, aects only homeless applicants and none of the other populations. Practioners may also be interested in the time applicants have to wait on the register. As a mesure of waiting time we divide the respective population by the rate at which they are processed by the council. Thus the homeless waiting time is given by (1+r)k1 (1VA +VB ) , whilst for general applicants it is given by k41VA . These give waiting times of four months and seven and a half months respectively. Thus the general applicants' waiting time is unchanged from the SGM, whilst including the rejection-rate parameter, r, in the homeless waiting time has reduced it from six months to only four months. We note that the homeless waiting time is reduced as 86



this also includes homeless applicants who have lost their homeless status and have not been rehoused. 2.3.2



The Rejection Model including Suspensions



We now wish to see how incorporating suspension times into the model aects the behaviour of the system. To do this we include an extra population in the model where all suspended households must go and wait for the the duration of the suspension period. The suspension period, ts , is currently six months. We call this population of suspended households GRs , for General Register Suspendeds. The suspendeds receive no housing oers. However whilst suspended, households are free to move into the private sector, perhaps due to an improvement in circumstances. We suppose this occurs at the same rate as before, with constant of proportionality k9 . Upon completion of the suspension period all suspended households, who have not moved to the private sector, move to the general part of the register. The model is simplistic as it implies that one rejection implies a suspension. In reality, it is the rejection of more than one oer which gives rises to a suspension. Suspended households are unable to become homeless, as de ned statutorily, since the council will assume that they have made themselves intentionally homeless by rejecting the council's housing oers. As a simpli cation, we omit from the model council-transfer households rejecting oers
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and being suspended. The delay dierential equations for this model become: dGN = (k5 + k3 )GN + k9 (GR + GRs ) + k6 P; dt dGR = (k5 + k9 )GR + k3 GN (1 + r)k4 GR VA dt  +re k9 ts k1 T (t ts )(VA (t ts )+ VB (t ts ))+ k4 GR (t ts )VA (t ts ) ; dP = k6 P + k1 T (VA + VB ) + k4 GR VA ; dt dT = k5 (GN + GR ) (1 + r)k1 T (VA + VB ); dt dVA = k6 P (1 + r)fk1 T VA + k4 GR VA g; dt dVB = rfk1 T VA + k4 GR VA g k1 T VB ; dt dGRs = rfk1 T (VA + VB ) + k4 GR VA g k9 GRs dt  re k9 ts k1 T (t ts )(VA (t ts )+ VB (t ts ))+ k4 GR (t ts )VA (t ts ) : The exponential, e k9 ts occurs in the second and last equations to represent those households returning to the register after their suspension period is over, allowing for some of the original suspensions moving to the private sector during the suspension period. We can simplify the above system by making use of the conservation conditions for council houses, P = P0 VA VB , and also the conservation condition for the city, GN = G0 GR P T GRs . The system of equations then becomes: dGR = Æ2 GR (1 + r)k4 GR VA + k3 VA k3 T + k3 VB + k3 (G0 P0 GRs ) dt  +re k9 ts k1 T (t ts )(VA (t ts )+ VB (t ts ))+ k4 GR (t ts )VA(t ts ) ; (2.3.38) dT = k5 fG0 P0 + VA + VB T GRs g (1 + r)k1 T (VA + VB ); (2.3.39) dt dVA = k6 (P0 VA VB ) (1 + r)fk1 T + k4 GR gVA; (2.3.40) dt dVB = rfk1 T + k4 GR gVA k1 T VB (2.3.41) dt dGRs = rfk1 T (VA + VB ) + k4 GR VA g k9 GRs dt  re k9 ts k1 T (t ts )(VA (t ts )+ VB (t ts ))+ k4 GR (t ts )VA (t ts ) ; (2.3.42) where Æ2 = k3 + k5 + k9 . We use the same values for the parameters in this model as we did for the rst rejection model. For the values of the parameters, see Table 2.6. 88



Asymptotics of the Delay Rejection Model



Again we apply asymptotic techniques to simplify the model, making use of large and small parameters. We scale GR as Xg, T as Y h, VA as Aa, VB as Bb, GRs as Sf and t as L , where X; Y; A; B; S and L are to be determined from the parameters in the model. We let the typical values for X , Y , A and B be 12930, 842, 797 and 878 respectively, the steady states of the previous model. We make no assumptions about S at this stage other than S  G0. With these values in equations (2.3.38) . . . (2.3.41), we nd that the scalings as used in the rst rejection model for Y , A, B and X are are suitable. That is 4 k6 P0 6 P0 Y = Ærk , A = B = kÆ24 and X = Æ2k(1+ r) . The time scales of these equations 2 (1+r )k1 are the same as before, with the exception of the equation for g. The time scales Æ2 (1+r) 1 corresponding to a, b h and g are k4 kÆ62P0 , rk , rk4 k6 P0 and Æ2 (1+ r) respectively. 4 k6 P0 Æ2 (1+r )k1 k5 G0 Considering equation (2.3.42) and substituting in the scaled variables we have: 



rk P df = L 6 0 ag + rah + rbh d S (1 + r) e k9 ts fag + rah + rbhg ;



Sk9 (1 + r) f rk6 P0



where ag = a( tLs )g( tLs ), the variables evaluated at the scaled delay time. The r) above equation has a time scale of Srk(1+ . We expect the size of S to be similar to 6 P0 that of A and B and therefore scale S = kÆ24 . The time scale of the above equation Æ2 (1+r) then becomes rk , the same as (2.3.41). 4 k6 P0 We choose to scale L with the shortest time scale and so let L = k4 kÆ62P0 . The scaled equations then become:



da d dh d db d df d dg d



= 1 rah



ag



= 1 f1 1 = 2 fag + rah



4 (a + b);



2 (a + b)h + 1 4 (a + b f ) 5 hg; hbg;



= 2 fag + r(ah + bh) = 3 4 f1 1



(2.3.43) (2.3.44) (2.3.45)



7 fag + r(ah + bh)g 8 f g;



(1 + r)3 ag



3 g + 1 4 (a + b f ) 5 h 



+7 fr3 ag + r2 3 (ah + hb)g ; 89



(2.3.46) (2.3.47)



r)k1 k5 G0 where 1 = Æ2 (1+  0:819073, 2 = 1+1 r  0:26781, 3 = Æ2(1+k62rP)0k3G0  k42 k62 P02 r 1:70182, 1 = GP00  0:161176, 2 = rkk56GP00  0:46623,3 = (1+kr6)Pk03G0  0:76140, rk4 k6 P0 k9 ts  0:94248, and 4 = k4ÆP2 0  0:02824, 5 = Æ2 (1+ r)k1 G0  0:00436, 7 = e 2 k9 (1+r ) 8 = Ærk  0:10696. The scaled delay time, s = tLs = tsk4Æk26P0  2:0682, 4 k6 P0 and is therefore comparable with the shortest time scale. 2



The Short-Time Solution



We make use of the fact that 4 ; 5  1. We suppose also that 1  1 (for comdg = 0. Thus g patibility with the long-time solution). Equation (2.3.47) becomes d remains constant at its initial value g(0). Thus, over this time scale, of approximately three months, equations (2.3.43) . . . (2.3.46) become: da = 1 rah ag(0); (2.3.48) d dh = 1 f1 2 (a + b)hg; (2.3.49) d db = 2 fag(0) + rah hbg; (2.3.50) d df = 2 fag(0) + r(ah + bh) 7 fag(0) + r(ah + bh)g 8 f g: (2.3.51) d We note that the short-time scale dynamics of equations (2.3.48) . . . (2.3.50) do not depend on f and are identical to the equations we had for the short-time scale dynamics of the rst rejection model. The properties of these equations were studied in Section 2.3.1. To continue, we investigate the behaviour of (2.3.51). This is the only equation with delay terms and these are in the variables a, b and h which, since the equations decouple, can be regarded as known. When we substitute the values of a1 , b1 and h1 into this equation, we nd it has the single steady state f 1 = 1 87 (1 + r). In the (1 e k9 ts )rk6 P0 original parameters, this tells us that G1 . Making use of the fact Rs = k9 the f only occurs in (2.3.51), the eigenvalue of (2.3.51) is 2 8 , which is negative, and so the steady state of this equation is stable. This rather simply removes any diÆculty the delay terms may have posed. Thus as we approach an intermediate time between our two time scales of three months and ve years, the number of suspended households approaches the value G1 Rs . 90



We note that this steady state does not depend on the initial value GR (0) but only on k9 , ts , r, k6 and P0 . Over this short time scale, increasing the suspension time has the eect of increasing the number of suspended households. All other populations in the model are unaected, since the solution of the equations is identical to the short-time solution of the rst rejection model, which does not involve ts . Thus when we take the rejection rate to be independent of the suspension time, altering the suspension time has no eect, to leading order, on the other populations in the model. The Long-Time Solution



To investigate the long-time behaviour of the system (over approximately ve years), p we rst let  = 4 and then re-write 1 = 1 , 8 = 8 , 7 = 1 10, 5 = 5 3 and r2 3 = 6  where 1  0:9591, 8  0:636469, 5  0:91865, 10  0:34229 and 6  0:60617. If we consider a new time scale 2 = 2  then equations (2.3.43) . . . (2.3.47) become:



da d2 dh 2 d2 db 2 d2 df 2 d2 dg d2 2



= 1 rah



ag



2(a + b);



(2.3.52)



= 1 f1 1  2 (a + b)h + 1 3(a + b f ) = 2 fag + rah



5 3 hg;



(2.3.53)



hbg;



(2.3.54)



= 2 fag + r(ah + bh)



(1 10)fag + r(ah + bh)g 8 f g;(2.3.55)







= 3 1 1  (1 + r)3 ag



3 g + 1 3(a + b f ) 5 3h 



+(1 10 )fr3 ag + 6 (ah + hb)g :



(2.3.56)



We look for solutions in the form a  a0 + a1  + a2 2 + a3 3 + : : : , b  b0 + b1  + b2 2 + b3 3 + : : : , g  g0 + g1  + g2 2 + g3 3 + : : : , h  h0 + h1  + h2 2 + h3 3 + : : : and f  f0 + f1  + f2 2 + f3 3 + : : :
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The O(1) Solution



If we consider terms not involving  then equations (2.3.52) . . . (2.3.55) become: 0 = 1 a0 g0



ra0 h0 ;



0 = 1 fa0 g0 + ra0 h0



(2.3.57)



h0 b0 g;



(2.3.58)



0 = 2 f1 2 (a0 + b0 )h0 g;



dg0 = 3 f1 (1 + r)3 a0 g0 3 g0 + r3 a0 g0 g; d2 0 = 2 fa0 g0 + r(a0 h0 + h0 b0 ) (a0 g0 + r(a0 h0 + h0 b0 )g:



(2.3.59) (2.3.60) (2.3.61)



From (2.3.59), we nd that (a0 + b0 )h0 = 12 , which is constant, and so (a0 + b0 )h0 = 1 2 . Equation (2.3.61) then implies that a0 g0 = a0 g0 . Equation (2.3.60) becomes identical to (2.3.20) which makes this system of equations identical to the O(1) equations for the rst rejection model, the solution of which is given in Section 2.3.1. The order-one system is stable, as in the Section 2.3.1, and so the original system, (2.3.52) . . . (2.3.56), is also stable. We can conclude that, to leading order, introducing suspensions has no eect on the long-time behaviour of the system. For greater accuracy in determining the steady state, we consider further terms of the expansion. The O() Solution



If we look at the terms containing just  we have the following equations: 0 = 0 = 0 =



fa0g1 + a1g0g rfa0h1 + a1h0g; 1 f 1 2 fa0 h1 + a1 h0 g 2 fh0 b1 + h1 b0 gg; 2 fa0 g1 + a1 g0 fh0 b1 + h1 b0 g + rfa0 h1 + a1 h0 gg; 



0 = 2 a0 g1 + a1 g0



(2.3.62) (2.3.63) (2.3.64)



(a0 g1 + a1 g0 ) + 10a0 g0 + r(a0 h1 + a1 h0 ) r(a0 h1 + a1 h0 )



+r10 a0 h0 + r(h0 b1 + h1 b0 ) r(h0 b1 + h1 b0) + r10 h0 b0



dg1 = 3 f 1 (1 + r)3 fa0 g1 + a1 g0 g 3 g1 + 6 f(a0 + b0 )h0 g d2 +r3 (a0 g1 + a1 g0 ) r3 10 a0 g0 g :







8 f0 ;(2.3.65) (2.3.66)



From (2.3.62) we see that a0 g1 + a1 g0 = rfa0 h1 + a1 h0 g, whilst (2.3.64) suggests that a0 g1 + a1 g0 = rfa0 h1 + a1 h0 g + h0 b1 + h1 b0. Thus h0 b1 + h1 b0 = 0 and then 92











(2.3.63) tells us that a0 h1 + a1 h0 = 12 . Hence a0 g1 + a1 g0 = r 12 . From (2.3.59) we have (a0 + b0 )h0 = 12 . Substituting these into (2.3.65) gives: 0 = 10 (1 + r) 8 f0 ; and so f0 =



10 (1+r) 8 .



(2.3.67)



Equation (2.3.66) becomes: 







dg1   ( + r3 ) + r3 10fr 2 (1 + r)g = 3 3 6 1 2 g1 : (2.3.68) d2 2 3 Without loss of generality, we can take g1 (0) = 0, then (2.3.68) gives: g1 (2 ) = g11 f1 e



3 3 2



g;



(2.3.69) 



3 10 fr 2 (1+r )g and so g1 decays to its steady-state value of g11 = 6 1 (2 +r3 )+r . We 2 3 note that equations (2.3.62) . . . (2.3.64) were identical to the original equations of the rst rejection model( (2.3.21) . . . . (2.3.23)). Including suspensions does not directly aect these equations although the solution of h1 , b1 and a1 dier only through their dependence on g1 . If we solve (2.3.62) . . . (2.3.64) for h1 , b1 and a1 we nd that n  o n o a1 = g10 r21 a0 g1 , h1 = a10 a1 h0 + 12 and b1 = hh10b0 . With the values for the parameters, this gives us that g1 ! 0:37729, a1 ! 1:4369, h1 ! 5:20113, b1 ! 2:50107 and f0 ! 0:734507.



The O(2 ) Solution



First we let AG2 = a0 g2 + a1 g1 + a2 g0 , AH2 = a0 h2 + a1 h1 + a2 h0 and HB2 = h0 b2 + h1 b1 + h2 b0 . Identifying the O(2) terms in (2.3.52) . . . (2.3.56), and using the O(1) and O() equations, gives: da0 = AG2 rAH2 (a0 + b0 ); (2.3.70) d2 dh0 = 1 2 fAH2 + HB2 g; (2.3.71) d2 db0 = 2 fAG2 + rAH2 HB2 g; (2.3.72) d2  df0 = 2 AG2 AG2 + rfAH2 AH2 g + rfHB2 HB2 g 8 f1 (2.3.73) ; d2  dg2 = 3 (1 + r)3 AG2 + r3 AG2 3 g2 d2  6 r2 1 3 10 ( +  ) : (2.3.74) 2 1 10 2 93



1 1 The steady state of these equations is given by HB21 = (a1 0 + b0 ), AH2 = 1 1 1 (a1 + b1 ) = (1 + r)(a1 + b1 ), HB21 = (a1 0 + b0 ), AG2 = rAH2 0 0 0 0 n o 2 6 r 1 3 10 , and f 1 = 0. Back sub1 g21 = 31 3 (1 + r)(a1 0 + b0 ) + 2 (1 + 10 ) + 1 2 1 1 1 1 1 1 1 1 stitution gives a2 = g01 f(1 + r)(a0 + b0 ) + a1 g1 + a0 g2 g, 1 a1 h1 a1 h1 g and b1 = 11 fa1 + b1 + h1 b1 + h1 b1 g. h2 = a110 fa1 0 + b0 1 1 2 0 2 0 0 1 1 2 0 h0 Thus with the parameter values we conclude that g2 ! 0:28508, a2 ! 1:72502, h2 ! 14:42021, b2 ! 1:05499 and f1 ! 0. The O(3 ) Solution



Identifying the O(3 ) terms in equations (2.3.13) . . . (2.3.16) and nding the steady state gives us: 1 (a1 1 + b1 ); 1 1 1 0 = 2 fAH31 + HB31 (a + b0 2 0 1 HB 1 g; 0 = 2 fAG1 3 + rAH3 3



0 =



AG1 3



rAH31



f01 ) +



0 =



1 1 8 f01 + 10fAG1 2 + r(AH2 + HB2 )g;



0 =



3 AG1 3







5h



(2.3.75)



2



0



g;



1 3 g31 + 6 fAH21 + HB21 g + 1 (a1 0 + b0



r3 10 AG1 2



6 10 (AH11 + HB11 );



(2.3.76) (2.3.77) (2.3.78)



f01 ) 5 h1 0 (2.3.79)



1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 where AG1 3 = a0 g3 + a1 g2 + a2 g1 + a3 g0 , AH3 = a0 h3 + a1 h2 + a2 h1 + h3 h0 1 1 1 1 1 1 1 and HB31 = h1 3 b0 + h2 b1 + h1 b2 + h0 b3 . Using the same method as in the previous section we nd that HB31 = (a1 1 +   1 1 1 1 f 1 ) + (a1 + b1 ) 5 h1 , AG3 = f(1 + r)(a1 + b1 ) + b1 1 ), AH = 2 (a0 + b0 0 1 1 1 2 0 n o1  r1 1 1 r  1 r 1 1 1 1  1 10 5 1 2 (a0 + b0 f0 ) 2 h0 g, f2 = 8 (1+ r)(a0 + b0 ) and, g3 = 3 + 2 f1 (a0 + 1  1 1 1 1 6 10 1 1 b1 0 f0 ) 5 h0 g +(1+ r)(a1 + b1 )+ 2 3 + r10 (1+ r)(a0 + b0 ). Back substitution then gives us    1 1 1 + b1 ) + r1 (a1 + b1 f 1 ) r5 h1 a3 = (1 + r )( a 1 1 0 0 g01 2 0 2 0 1 1 1 1 1 +a1 0 g3 + a1 g2 + a2 g1 g ;    1 1 1 1 5 1 1 1 1 1 1 1 1 1 1 h3 = (a + b0 f0 ) h + (a1 + b1 ) a3 h0 a2 h1 a1 h2 ; a0 2 0 2 0 1 1 1 1 1 1 1 1 1 fa1 + b1 + b2 h1 + b1 h2 + b0 h3 g : b1 3 = h1 0
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Thus we conclude that g3 ! 4:92879, a3 ! 12:37425, h3 ! 11:5909, b3 ! 18:36177 and f2 ! 1:09247. By including terms up to and including 3 we achieve the desired accuracy and hence conclude that, over a time scale of approximately 5 years, the solution of equations (2.3.52) . . . (2.3.56) converges to a steady state with g ! 0:68407, a ! 0:92792, h ! 0:92025, b ! 1:0564 and f ! 0:70366. This gives excellent agreement with the exact steady state as the asymptotic solution has an error of around 4%. We investigate how the original parameters aect the steady state by performing a sensitivity analysis. parameter k1
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Figure 2.21: Sensitivity analysis for the rejection model with suspensions, parameters k1 , k3 , k4 and k5 . We note that the sensitive dependence of the original variables, GR , T , VA and VB , is the same as for the rst rejection model. In addition to this we see that the steady-state number of suspended applicants is sensitive to k6 , r, P0 and ts . A rise in any of these parameters will lead to an increase in the suspended population. We note that no other population is sensitive to ts .



95



parameter k6



parameter k9



40



10 Va∞



Va∞ V



b∞



20



% Change in Popn



% Change in Popn



V



GR∞ T∞ G



0



Rs∞



−20



−40 −10



−5



0 5 10 % Change in Parameter



GR∞ T∞ G



0



Rs∞



−5



−10 −10



15



b∞



5



−5



0 5 10 % Change in Parameter parameter P0



parameter r 20



80 V



V



a∞



Vb∞



10



% Change in Popn



% Change in Popn



15



G



R∞



T∞ GRs∞



0



−10



a∞



60



Vb∞



40



G



20



T∞



R∞



GRs∞



0 −20 −40



−20 −10



−5



0 5 10 % Change in Parameter



−60 −10



15



−5



0 5 10 % Change in Parameter



15



Figure 2.22: Sensitivity analysis for the rejection model with suspensions, parameters k6 , k9 , r and P0 . parameter G0



parameter ts



80



10 Va∞



Va∞



Vb∞



40



GR∞



20



T∞



% Change in Popn



% Change in Popn



60



G



Rs∞



0 −20



Vb∞



5



GR∞ T∞ G



0



Rs∞



−5



−40 −60 −10



−5



0 5 10 % Change in Parameter



−10 −10



15



−5



0 5 10 % Change in Parameter



15



Figure 2.23: Sensitivity analysis for the rejection model with suspensions, parameters G0 and ts . Conclusions



If we take the rejection rate, r, to be constant and not in uenced by ts , and keeping all constants the same as in the rst rejection model we nd that the steady-state solutions when we included suspensions and time delays are very close to the rst rejection model. A comparison between the two models is made in Table 2.3.2. Including suspensions in the model causes a slight decrease in the steady-state 96



Population First Rejection Suspension +Time Delay % Change T 842 804 -4.5% VA 797 830 +4.1 % VB 877 916 +4.4% GR 12930 12383 -4.0% GRs n/a 626 n/a Table 2.7: A comparison of the steady states for the rst rejection model and the rejection model including suspensions and delays. number of homeless households but causes a comparable increase in the amount of vacant council property. This is of course contrary to one of the original aims of introducing suspensions to reduce the amount of vacant council property. Thus the suspension time must reduce the rejection rate for this to happen. This modelling of the behaviour of households on the register has not been considered here. We note that as the model stands, only the steady-state number of suspended households depends on the suspension time ts . If this policy was introduced, then we can expect to have around 600 suspended applicants on the register if the steady state was achieved. In conclusion, including the suspension time has not aected the short or long-time scale dynamics of this model and the resulting steady states suggest that suspensions and time delays might be omitted. 2.4



The Housing Association Model



We next seek to include housing associations into the model. Housing associations are typically independent, private, not-for-pro t organisations providing rented and shared ownership accommodation (see [22]). The amount of stock which housing associations have varies considerably from just a few houses to several hundred. Housing associations normally have their own allocations policy although most, if they are large enough, work in conjunction with the local authority through nomination agreements. Nomination agreements mean that half of all vacant housing association properties are lled via the existing council house register. For Edinburgh, such agreements are monitored over six-month intervals to ensure this balance is be97



ing achieved. It is possible that an applicant could be on both the council's and the housing association's registers. For the purpose of our modelling, we suppose that this overlap is negligible and that the registers are distinct. With a nomination agreement, a housing association will approach the local authority and ask for between three and six applicants for each vacancy they require to be lled via the council register. The ratio of applicants to vacancies is `large' to ensure a strong chance of acceptance. Applicants are assessed with respect to the housing association's allocations policy and a suitable applicant is chosen. The housing association always has the nal say. Whilst this is happening, applicants are suspended from the council register for around four weeks. However, homeless applicants will be left on the active register during this period. For the purposes of modelling, due to this suspension time being small in relation with the previous time scales we have seen above, we assume that this allocation process is instantaneous. In any case, the length of the suspension period here is comparable to administrative delays and the inclusion of this suspension period should mean inclusion of other delays too. As we found from the previous model, including suspensions had very little eect on the overall model and so we base the Housing Association model on the rst rejection model. For the purpose of this model we make no distinction between transfer and non-transfer council households. Letting Vc denote the amount of vacant housing association stock, the rate of allocation of housing association properties to homeless households is modelled as being jointly proportional to the number of homeless household and vacant housing association properties, with constant of proportionality k10 : i.e. k10 T Vc . Similarly, the rates of allocation to general register households and council households are modelled as k40 GR Vc and k80 P Vc respectively. Nomination agreements ensure that the rate of allocation of housing association properties to the private sector equal those housed via the council register. Thus, the rate of housing association allocations to the private sector is given by fk10 T + k40 GR + k80 P gVc . We assume also that all housing associations may be treated together, although we know that small housing associations do not have enough property to have a nomination 98



agreement with the council. We suppose the households in housing association accommodation may leave to reside in the private sector and this occurs at a rate proportional to the number of households in Housing Association accommodation, H0 VC , with constant of proportionality k60 and where H0 is the total housing association stock in the borough. The model can thus be described by the following equations:



dGN dt dGR dt dP dt dT dt dVA dt dVB dt dVC dt



=



(k5 + k3 )GN + k9 GR + k6 P + k60 (H0



=



(k5 + k9 )GR + k3 GN
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k6 P + k1 T (VA + VB ) + k4 GR VA
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fk10 T + k40 GR + k80 gVC ;



k4 GR VA + rk1 T (VA + VB ) k40 GR VC ; k80 P VC ; k10 T VC ;



= k5 (GN + GR )



(1 + r)k1 T (VA + VB )



= k6 P + k80 P VC



(1 + r)fk1 T VA + k4 GR VA g;



= rfk1 T VA + k4 GR VA g k1 T VB ; = k60 (H0



VC ) 2(k10 T + k40 GR + k80 P )VC :



We can reduce this system of equation by using the two conservation conditions; from conservation of council houses we have P = P0 VA VB , and from conservation of households in the city we have GN = G0 fP0 VA VB g GR T (H0 VC ). Thus, eliminating P and GN from the equations we have the following system of equations to describe the city:



dGR = dt



Æ2 GR



dT = k5 fG0 dt



k4 GR VA + k3 VA + rk1 T (VA + VB )



k3 T + k3 VB + k3 VC + k3 (G0 P0



H0 + VA + VB + VC



(1 + r)k1 T (VA + VB )



P0



H0 )



k40 GR VC ; (2.4.1)



Tg



k10 T VC ;



dVA = (k6 + k80 VC )(P0 VA VB ) (1 + r)fk1 T + k4 GR gVA; dt dVB = rfk1 T + k4 GR gVA k1 T VB ; dt dVC = k60 (H0 VC ) + 2(k10 T + k40 GR )VC dt +2k80 (P0 VA VB )VC ; 99



(2.4.2) (2.4.3) (2.4.4) (2.4.5)



where Æ2 = k3 + k5 + k9 . Parameterising the model



We take the steady-state values for GR and T to be 12930, 842 households. Since the steady-state value of P is 30271 households, the number of vacant council houses is VA + VB = 1674 houses. In the absence of further data, we assume that 5% of HA properties are vacant, a similar proportion to the council sector. This estimate could be improved with information supplied by Housing Associations. There is a total housing association stock of 10585 households (H0 ) in Edinburgh and the steadystate value of VC is approximately 543 houses. From these gures, GN =143842 households. We note also that the rates of council allocations to GR and T are 1729 households per year and 1807 households per year respectively. After discussions with the City of Edinburgh Council it was found that there are typically 148, 215 and 95 housing association allocations to the homeless, general applicants and council applicants in any twelve-month period. These gures give k10  3:237  10 4 per household per year, k40  3:062  10 5 per household per year, k80  5:780  10 6 per household per year and k60  0:0888 per year. We keep the same rejection rate as we had in the rst rejection model and so r = 0:36577. We also keep k9 = 0:11848 per year. From (2.4.2), setting the left-hand )1807+148 side to zero gives us k5 = (1+r156772  0:016686 per year. Then from (2.4.1) this 5 1729 1532 215 gives us k3 = 1807r 12930k143842  0:02107 per year. For the steady-state 3441  0:11367 per year. Since k T (V + V ) = 1807 value of P we need k6 = 30271 1 A B households per year, we have k1  1:282  10 3 per households per year. To calculate Va we use (2.4.3) and the fact that k4 GR VA = 1729 households per year. Then VA = 797 households, and so VB = 1674 VA = 877 households. We also calculate 1729 4 k4 = 12930 797  1:6784  10 per household per year. We summarise these constant in the table below
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k1 k4 k6 r k40 P0 G0



1:282  10 2 per household per year 1:6778  10 4 per household per year 0:11367 per year 0:36577 3:0622  10 5 per household per year 31945 households 198200 households



k3 k5 k9 k10 k80 H0



0:02107 per year 0:01669 per year 0:11848 per year 3:237  10 4 per household per year 5:7796  10 6 per household per year 10858 households



Table 2.8: Parameter estimates for the housing association model. Asymptotics of the Housing Association Model



Again we apply asymptotic techniques to simplify the model, making use of large and small parameters. We scale GR as Xg, T as Y h, VA as Aa, VB as Bb, VC as Cc and t as L where X; Y; A; B; C and L are to be determined from the parameters in the model. We let the typical values for X , Y , A, B and C be 12930, 842, 797,878 and 543 respectively. With these values in equations (2.4.1), (2.4.2), (2.4.3) and (2.4.4), we nd that the scalings as used in the rst rejection model for Y , A, B and X are suitable. That 4 k6 P0 6 P0 is, Y = Ærk , A = B = kÆ24 and X = Æ2k(1+ r) . The time scales of these equations 2 (1+r )k1 are the same as for the rst rejection model. The time scales corresponding to a, b h Æ2 (1+r) , rk4 k6 P0 and Æ2 (1+k6rP)0k3G0 respectively. and g are k4 kÆ62P0 , rk 4 k6 P0 Æ2 (1+r )k1 k5 G0 Considering equation (2.4.5) and substituting in the scaled variables we have: 



dc k0 H = 6 0 1 d C



Ck0 rk k P Ck0 k P c 2 0 1 4 6 0 ch 2 0 4 6 0 cg H0 k6 H0 Æ2 (1 + r) k1 k6 H0 Æ2 (1 + r)  0 0 Ck Æ Ck Æ +2 0 8 2 ca + 2 0 8 2 cb : k6 H0 k4 k6 H0 k4 C



Ck0 P 2 08 0c k6 H0



The typical value for C suggests that the constant term should be balanced with the 0 r)H0 coeÆcient of cg. This gives us C = k6 Æ22k(1+ The time scale of this equation is then 0 4 k6 P0 Æ2 (1+r) 2k40 k6 P0  10 months. We therefore choose the scale L to be the shortest time scale of rk4 k6 P0 . 3 months, and with the new choice of parameter values, this means L = Æ2 (1+ r)k1 k5 G0
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With these scalings, the full set of scaled equations becomes:



dh d da d db d dc d dg d



= 1



1



2 (a + b)h + 1 4 (a + b) 5 h 1 + 1 6 c 3 ch; (2.4.6)



= 0 f1 ag



rah 4 (a + b) + 9 c 9 4 (a + b)cg ;



= 2 fag + rah



bhg ;



(2.4.7) (2.4.8)



= 4 f1 cg



5 ch 6 c 7 c + 7 4 (a + b)cg ;



= 3 f1 1



3 (a + 1)g + 6 (a + b)h + 1 4 (a + b) 5 h 1 + 1 6 c 4 cgg ;



(2.4.9) (2.4.10)



k6 P0 where r  0:36577, 1 = GP00  0:16118, 2 = rkk56GP00  0:40161, 3 = k3 (1+ r)G0  k6 k4 rP0  0:00411,  = r2   0:085178, 0:63666, 4 = k4ÆP2 0  0:02914, 5 = Æ2 (1+ 6 3 r)k1 G0 2 2 2 2 2 2 2 rk4 k6 P0 r k4 k6 P0 rk4 k3 0 = Æ22 (1+ r)k1 k5 G0  0:96115, 2 = Æ22 (1+r)2 k1 k5 G0  0:25741, 3 = k1 k5  0:06047, 2rk4 k62 P02 k40 H0  0:054783,  = rk4 k10 k60 H0  0:073791, 4 = Æ22 (1+  0 : 25680,  = 1 3 2 G0 2k1 k5 k40 G0 r) k1 k5 G0 k60 H0 rk10 k4 k60 Æ2 (1+r) 4 = 2k3 G0  0:11544, 5 = k1 k40  0:50602, 6 = 2k40 k6 P0  0:085206, 7 = Æ2 k80 (1+r) k80 k60 Æ2 (1+r)H0 k40 k6  0:354303, and 9 = 2k40 4k62 P0  0:04704. The Short-Time Scale Solution



We note that 6  1 and neglect terms of this order or smaller. The equation for g then becomes dg  0 =) g  g(0) d where g(0) is the initial value of g. The remaining equations become



dh d da d db d dc d







1 1







0 f1 ag(0) rahg;







2 fag(0) + rah bhg ;







4 f1 (g(0) + 5 h + 7 )cg:



2 (a + b)h;



We note 1 and 2 do not involve any parameters relating to the housing association part of the model. Also, the rst three equations decouple from the fourth. Therefore, to leading order, variables a, b and h are unaected by the inclusion of housing 102



associations in the model. There exists the steady state h1 = 2(1(1+r1) r2(1)g(0)1) , a1 = 2 (1+r) r(1 1) and b1 = 2(1(1+r1) r2(1)g(0)1) . We note for these steady-state values to be 2 g(0) positive we require   1 < 1 < 1 2 : 1 2 1 + r In the original variables this means



r G P0 k6 P0 < k5 0 < k6 P0 ; 1+r 1+r that is, the rejected proportion of the rate of vacant council houses must be less than the rate at which homeless households accept housing oers (i.e. the rate at which homelessness occurs, k5 (G0 P0), multiplied by the proportion who accept oers, 1+1 r ), which in turn must be less than the rate at which council houses become available. Investigating the stability of these equations by linearising about the above steady state gives us a cubic in the eigenvalues. Numerical investigation for a variety of values for g(0) gives us three real and negative eigenvalues. We conclude that this steady state is stable. The fourth equation for c has one steady state, namely c1 = 7 +5 h11 +g(0) , and this is stable. We therefore conclude that as we approach an intermediate time between our two time scales of three months and ve years, introducing housing associations into the model has no eect on the dynamics of the council register. The Long-Time Scale Solution



To investigate the long-time behaviour of the system (approximately ve years), we rst let  = 6 and then re-write 3 = 3 , 4 = 4 , 5 = 5 2 , 6 = 6 ,1 = 1 , 3 = 3  and 9 = 9 where 3  0:70967, 4  0:34200, 5  0:56632, 6  0:99967, 1  0:64295, 3  0:86604 and 9  0:55206. If we consider a new time scale
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2 = 3  then equations (2.4.7) . . . (2.4.10) become 3



dh = 1 1 d2



da d2 db 3 d2 dc 3 d2 dg d2 3



2 (a + b)h + 1 4 (a + b) 5 2h 1  + 1 2c 3 ch;







rah 4 (a + b) + 9 c 9 4 2 (a + b)c ; (2.4.12)



= 0 1 ag = 2 fag + rah = 4 f1 cg = 1 1







(2.4.11)



bhg ;



(2.4.13)



5 ch c 7 c + 7 4 (a + b)cg ;



(2.4.14)



3 (a + 1)g + 6 (a + b)h + 1 4 (a + b) 5 2h 1  + 1 2c 4 cg:



(2.4.15)



We look for solutions in the form a  a0 + a1  + : : : , b  b0 + b1  + : : : , g  g0 + g1  + : : : , h  h0 + h1  + : : : and c  c0 + c1  + : : : . The Order-One Solution



If we consider only terms not containing  then (2.4.11) . . . (2.4.15) become 0 = 1



1



0 = 1



a0 g0



(2.4.16)



ra0 h0 ;



(2.4.17)



h0 b0 + ra0 h0 ;



(2.4.18)



fg0 + 5h0 + 7gc0;



(2.4.19)



0 = a0 g0 0 = 1



2 (a0 + b0 )h0 ;



dg0 = 1 1 d2



3 a0 g0



3 g0



4 c0 g0 :



(2.4.20)



Solving the rst four equation we nd h0 = Ag10 , a0 = A2 g10 , b0 = Ag10 and c0 = A1 B1 +C1 g0 where = 1 1 2 , A1 = 2 r , B1 = 7 A1 and C1 = 2 + (5 r) . Substituting these into (2.4.20) gives  dg0 1 = C + B0 g0 d2 B1 + C1g0 0



A0 g02







(2.4.21)



where A0 = 3 C1 , B0 = C1D1 3 B1 4 A1 , C0 = D1 B1 and D1 = 1 1 3A2 1 . With the parameter values, A0  0:29478, B0  0:12856 and C0  0:03902. Thus we conclude that for A0 ; B0 and C0 all positive, (2.4.21) has two stationary points, one 104



positive and one negative. If we consider the dynamics for g0 positive, we see that it tends to the stable (positive) steady state



B + g1 = 0 0



p



B02 + 4A0 C0 : 2A0



We conclude that the order-one system has a positive, stable equilibrium. Together with the stability result of the short-time solution regarded as a solution of the full system of equations, the full system must be stable. The Order- Solution



For greater accuracy in our approximation of the steady state, we consider the next term in the expansion. The qualitative behaviour of the order- solution is unaltered. The steady-state form of these equations is given by: 0 =



2 fa0 h1 + a1 h0 + b0 h1 + b1h0 g + 1 4 fa0 + b0 g 1



0 =



(a1 g0 + a0 g1 )



3c0 h0 ;



r(a0 h1 + a1 h0 ) 4 (a0 + b0 ) + 9 c0 ;



0 = a0 g1 + a1 g0 + r(a0 h1 + a1 h0 )



(h0 b1 + h1 b0 );



5 (c0 h1 + c1 h0 ) c0



7 c1 + 7 4 (a0 + b0)c0 ;



0 =



(c0 g1 + c1 g0 )



0 =



3 (a0 g1 + a1 g0 + g1 ) + 6 (a0 + b0 )h0 + 1 4 (a0 + b0 ) 1



4 (c1 g0 + c0 g1 ):



This is a system of ve coupled linear equations and is best solved numerically. With the asymptotic solution we consider a sensitivity analysis of the steady state to see how the original variables, VA, VB , VC , GR and T are aected by the parameters. Some non-linear eects occur in the sensitivity analyses for k6 , P0 and for G0 . From the sensitivity analysis we note that the variables, T , VA , VB andGR have broadly the same sensitive dependence on k1 , k3 , k4 , k5 , k6 , r, P0 and G0 as we saw in the rst rejection model. With the parameters associated with housing associations, we note that the steady-state number of homeless households is sensitive to changes in the total housing association stock. That is, increasing H0 will cause a corresponding decrease in the number of homeless households and a slightly larger increase in the amount of 105
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Figure 2.24: Sensitivity analysis of the housing association mode, parameters k1 , k3 , k4 and k5 . parameter k6
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Figure 2.25: Sensitivity analysis of the housing association model, parameters k6 , k9 , r and P0. vacant housing association property. We note also that varying the allocation priorities k10 , k40 and k80 has little eect on the steady-state values of T and GR and P since 106
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Figure 2.26: Sensitivity analysis of the housing association model, parameters G0 , H0 , k10 and k40 . parameter k′
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Figure 2.27: Sensitivity analysis of the housing association model, parameters k60 and k80 . housing association allocations are small when compared to the council allocations. Parameter k60 , the constant determining the rate at which housing association tenants move to the private sector, only causes a signi cant change in the steady-state number of vacant housing association properties and has negligible eect on the other variables.
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Conclusion



Incorporating housing-associations into the model appears to have had no eect on the short-time (three-month) dynamics of the problem. Even over the much longer time scale of ve years the resulting steady states, with the exception of the number of homeless households, are fairly insensitive to the housing-association parameters. The only key housing-association parameter appears to be H0 , the total housing association stock. The steady-state number of homeless households decreases as H0 increases, as we would expect, whereas Vc is proportional to H0. We conclude that increasing housing-association stock will reduce the steady-state number of homeless households in the city but not signi cantly aect any of the other register populations. This situation may change in the future. Firstly, housing associations are responsible for much of the new building in the public renting sector and so we expect H0 to become much larger. This would aect some of the parameter combinations and hence may change the dynamics of the model. Secondly, with the advent of Stock Transfers, many local authorities are considering transferring their stock out of public-sector ownership. This may mean that the way allocations are modelled will need to be re-considered and a new model constructed to take this into account.
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Chapter 3 Modelling the Allocation Process Used in the City of Edinburgh



3.1



Introduction



In the previous chapters we took the SGM as the basis for the allocation procedure. In this, and the following chapter, we seek to represent the mechanisms governing allocation more accurately. The models concentrate on the allocation process used by the City of Edinburgh council. However, the work here can be generalised to apply to many other cities and boroughs (see [23]). Housing allocation in the City of Edinburgh consists of two main areas. When an applicant applies to the council, they are assessed on their level of housing need. This is achieved by allocating the applicant points depending on services their current accommodation lacks, the number of people occupying the property and their overall level of housing need. For example, using information supplied by the City of Edinburgh council, an applicant who wanted to move nearer to relatives, lacked a bathroom in their dwelling and was experiencing harassment would be awarded 20 points, 20 points and 60 points respectively. When added to the 100 point baseline which all applicants are awarded, this gives a total of 200 points. A homeless applicant receives 40 bonus points for their homeless status. However, after discussions with a senior housing oÆcer from the City of Edinburgh Council, it was felt that these `bonus' points made little dierence to the overall points score and so we choose to neglect them. The `bonus' points for a homeless applicant are 109



in addition to both the 100 basic points and points for lacking all facilities. Applicants may also be awarded a priority category status if it is felt that they have particularly acute housing needs which cannot be re ected by the points system alone. Two examples of priority categories are `urgent top medical' and `top medical'. These may be awarded where medical opinion believes that an applicant's medical condition may be improved by their housing. For example, an elderly patient may require a ground oor at after a hip replacement operation and so may be awarded top medical priority. Other priority categories are `committee', `underoccupation and over-crowding' and `national mobility'. Thus there are six possible types of priority categories. Applicants may receive committee priority if they have particularly acute housing needs where council intervention is required. For example, private sector home owners experiencing subsidence may need to be moved urgently. Similarly the council may wish to move some council tenants in order to upgrade their accommodation. Priority categories may be further ranked by date of priority category award or by existing points score. All applicants receive a further point for every two months spent on the register. In the modelling we ignore this as it was felt that these waiting points made a negligible contribution to the overall points score. Further work may be needed to validate this claim. The waiting list in Edinburgh is sub-divided by area and property type into many smaller sub-waiting lists. When allocating a council house, priority is given to those with category status rst, and then to those with the highest points score. For example, suppose that a second oor at has become available in a certain part of Edinburgh. The council will then consider the relevant sub-waiting list for this area and at type. The rst 15 or so applicants may all have a priority status. However, those requiring a ground oor at will be instantly passed over and we suppose that this property is unsuitable for all other category applicants. After passing through the priority categories, the house is successfully allocated to the accepting household on the register with the largest points score. When modelling the allocation system in Edinburgh we consider only one waiting 110



list, made by combining all of the sub-lists, and suppose that all houses and areas are identical. 3.2



The SGM with Priority Categories



For Edinburgh the number of applicants in priority categories is small compared with other populations in the model. We investigate how important categories are and to what extent their inclusion in the model aects other populations. To simplify the model, we amalgamate the six types of priority categories and consider just one overall priority category. We introduce two new populations to the original SGM; these are Pc which is the number of council tenants on the register and with a priority category, and C which is the number of non-council tenants with a priority category. We suppose that the rate of homeless households being awarded category status is proportional to the number of homeless households, with constant of proportionality given by u1 . The rate of general applicants being awarded category status is assumed to be proportional to GR with constant of proportionality u4 . Transfer applicants are awarded category status at a rate proportional to PR , the number of transfer applicants on the register, with constant of proportionality u8 . We use the SGM method of allocation and suppose that the rate of allocations to C is given by k10 C (P0 P ), where k10 is the constant of proportionality. Similarly, the rate of allocation to Pc is de ned to be k11 Pc (P0 P ).
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The full system of equations governing this model are:



dGN dt dGR dt dT dt dPN dt dPR dt dC dt dPc dt



=



(k3 + k5 )GN + k6 (PN + PR ) + k9 GR ;



=



(k5 + k9 )GR + k3 GN



k4 (P0



= k5 (GN + GR ) k1 (P0 =



P )T



(k6 + k7 )PN + (P0



= k7 PN



k6 PR



= u4 GR + u1 T = u8 Pc



k9 GR



u4 GR ;



u1 T;



P )(k1 T + k4 GR + k8 PR + k10 C + k11 Pc );



k8 (P0



P )PR



k10 C (P0



P );



k11 Pc (P0



P )GR



u8 PR ;



P ):



We can use the conservation condition in the city to eliminate GN by writingGN = G0 P T GR C . We also replace PN with PN = P0 P Pc . The equations then become:



dT dt dGR dt dP dt dPR dt dPc dt dC dt



= k5 (G0



P



T



C ) k1 T (P0



= k3 (G0



P



T



C ) Æ2 GR



=



k6 (P0



= k7 (P0



u4 GR



P c) Æ1 PR



k8 PR (P0



k10 C (P0



k11 Pc (P0



P );



P );



P );



(3.2.1)



k4 GR (P0



Pc ) + (k1 T + k4 GR + k10 C )(P0



= u1 T + u4 GR = u8 PR



P ) u1 T;



P );



P );



(3.2.2) (3.2.3) (3.2.4) (3.2.5) (3.2.6)



where Æ1 = k7 + k6 + u8 and Æ2 = k5 + u4 + k9 . Parameterising the Model



During the course of this work, more recent data relating to waiting lists was received from the City of Edinburgh Council and so we proceed using this data. This gives us values of 363, 12787, 654, 379 and 4401 for C , GR , T , Pc and PR respectively. From [24] we nd that Edinburgh has a total council stock of P0 = 29368 houses and also that there are 1483 vacant council houses. This then gives P = 27885 households 112



and so PN = 23105 households. From [18] we have G0 = 206100 households and so GN = 164411 households. In the absence of ow rate data,we assume the same



ow rates as for the original SGM. This gives us values of k1 = 6541724 1483 households 3509 per year, k = 1646 1807 per year, k3 = 164411 4 127871483 households per year, k5 = 177198 per 696 3536 per year, k = 1717 per year, k = year, k6 = 27506 7 8 23105 44011483 per household per year 1646 per year. Additional information from the City of Edinburgh Council and k9 = 12787 gives the non-council priority category a total of 166 lets per annum and the council priority category a total of 455 lets per annum. This then gives us k10 = 363166 1483 per household per year and k11 = 379455 1483 per household per year. We summarise these parameters in Table 3.1. Constant P0 k1 k4 k6 k8 k10 u1 u8



Value 29368 households 1:7775  10 3 per household per year 8:6800  10 5 per household per year 0:12855 per year 1:0664  10 4 per household per year 3:0836  10 4 per household per year 0:12691 per year 0:10339 per year



Constant Value G0 206100 households k3 2:1321  10 2 per year k5 1:0198  10 2 per year k7 7:4313  10 2 per year k9 0:12872 per year k11 8:0952  10 4 per household per year u4 06:491  10 3 per year



Table 3.1: Estimates of the parameter values for the SGM with priority categories, parameterised for Edinburgh.



Asymptotics of the SGM with Priority Categories for Edinburgh Data



With the parameter values we can begin to make use of large and small parameters in the model to simplify the equations for Edinburgh. To do this we need to scale the variables. Let P = P0 (1 Z1p), T = Y h, GR = Xg, PR = Z2q, Pc = Z3 r,C = Z4 c and t = L where the scaling constants Z1, Z2, Z3 , Z4 , X , Y and L are to be determined. From the steady state we can make rough guesses and expect Z1  0:05, Z2  4400, Z3  380, Z4  360, X  13; 000 households and Y  1; 000 households. We would like to nd parameter combinations which x suitable values for Z1, Z2 , Z3, Z4, X and Y and also simplify the equations. 113



Scaling equations (3.2.1), (3.2.3) and (3.2.2) we nd that the original SGM scalings are suitable. Thus we have X = k3ÆG2 0 , Y = k4kk15ÆG2 0 and Z1 = k4ÆP2 0 . If we consider equation (3.2.4) we have: 



kP dq =L 7 0 d Z2



k7 Æ2 p k4 Z2



k8 Æ2 pq k4



k7 Z3 r Z2







Æ1 q :



With the parameters and typical values we nd we should balance the constant term and the coeÆcient of q. This gives Z2 = k7ÆP2 0 . The scaled equation then becomes: 



dq = LÆ1 1 q d



Æ2 p k4 P0







k8 Æ2 pq k4 Æ1



Z3 r : P0



(3.2.7)



Next we look at equation (3.2.5): 



dr ukP = L 8 7 0q d Z3Æ1







k11 Æ2 rp : k4



Substituting in the typical value of Z3, we nd both coeÆcients are approximately of the same size and so balance them. That is, we let Z3 = uk811k7Æk24ÆP10 . The equation for r then becomes: dr k Æ = L 11 2 fq rpg : (3.2.8) d k4 Finally we consider equation (3.2.6) which gives: 



dc ukGk ukG = L 1 5 0 4h + 4 5 0g d Z4 k1 Æ2 Z4 Æ2







Æ2 k10 cp : k4



With the typical values, the coeÆcient of cp is the largest and we should take this out as the time scale. However, the coeÆcients of h and g should balance but this gives us no information about Z4. As we expect the size of Z4 to be comparable with Z3, we let Z4 = uk811k7Æk24ÆP10 . The equation then becomes: 



dc Æk kk ÆukG k ÆukG = L 2 10 4 11 1 1 5 0 h + 11 1 4 5 0 g d k4 Æ2 k10 u8 k7 P0 k1 Æ2 k10 u8 k7 P0







cp :



We have 6 equations and so 6 possible time scales. These are: kk35Æ2 , kk14Æ2 , k4 kÆ62P0 , Æ11 , k4 k4 k4 Æ2 k10 and Æ2 k11 . The shortest of these time scales is k1 Æ2  4 months whilst the longest is Æ11 which corresponds to approximately 3 41 years. We choose to scale time with the
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k4 k1 Æ2 .



shortest time scale and so let L =



dh d dp d dg d dq d dc d dr d



The scaled equations then become:



hp 7h + 2 14p 25 h 2 6 c;



= 1 1



= 1 f1 3 (g + h)p 4 p = f1 1



(3.2.10)



2 (gp + g) 13g + 2 14 p 2 5 h 26 cg; (3.2.11)



= 3 f1 q



10 pq



= 4 f11 h + 12 g = 5 fg



8 cp 9 rg;



(3.2.9)



4 p 9 rg;



cpg;



(3.2.12) (3.2.13)



rpg;



(3.2.14)



where  = kk14 kk53  0:10210 1 = GP00  0:14249, 2 = kk53  0:47831, 3 = kk56GP00  3 2 2 0:55673, 4 = kÆ412 kk31 kP50  0:61568, 5 = Æ2kk54kk132  0:29814, 6 = Æ1kÆ12kk532kk74uk811PG0 0  0:22948, 7 = uÆ21kk35  0:37881, 8 = kÆ11kk35kk47 ku68kk1110  0:72812, 9 = Æk11Æk25kk37ku118  0:16443, 10 = k8 Æ2  0:64284,  = Æ1 u1 k4 k5 k11 G0  0:28965,  = Æ1 u4 k5 k11 G0  0:30337,  = 11 12 13 k4 Æ1 k1 Æ2 k7 u8 k10 P0 Æ2 k7 u8 k10 P0 k52 u4 k1 Æ2 k12 k52 k42 k6 P0 Æ k 1 5 k32 Æ2 k4  0:18976, 14 = k32 k42 G0  0:85924 1 = l1 Æ22  0:62320, 3 = Æ2 k3  0:91409, 4 = kk101  0:17348 and 5 = kk111  0:45543. 3.2.1



The Short-Time Solution



If we consider an order-one time scale, which is approximately four months, and ignore terms of order  then equations (3.2.11) and (3.2.12) become:



dg d



dq  0 and d  0:



Thus over a time scale of 4 months, the number of general and transfer applicants remains approximately constant. We let g  g(0) and q  q(0), their initial values. The remaining equations then become:



dh d dp d dc d dr d







1 1



hp;



(3.2.15)







1 f1 3 (g(0) + h)pg;



(3.2.16)







4 f11h + 12 g(0) cpg;



(3.2.17)







5 fg(0) rpg:



(3.2.18)
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We note, to leading order, including priority categories in the SGM has not affected the short-time solution for h and p. Equations (3.2.15) and (3.2.16) are identical to the short-time equations of the SGM. Referring back to Section 1.2.1, positive steady states for p1 and h1 exist if k5 (G0 P0 ) < k6 P0. That is, the rate of homelessness, when the council sector is full and there are no homeless households, must be less than the rate of council-sector vacancies to the private sector. The steady state for p1 and h1 is stable. We next consider equations (3.2.17) and (3.2.18). These have steady state c1 = 11 h1 +12 g(0) 1 1 1 1 and r1 = gp(0) 1 . If p and h are both positive, then c and r will also p1 be positive. We note equations (3.2.15) and (3.2.16) decouple from the rest of the system and we can treat (3.2.18) and (3.2.17) separately. The eigenvalue of equation (3.2.17), linearised about c1 , is 4 p1 which is negative. Thus, c1 is also stable. Similarly equation (3.2.18), linearised about r1 , has eigenvalue 5 p1 which is negative. This steady state is also stable. In conclusion, the short-time solution has a locally stable steady state. The inclusion of priority categories has not aected the short-time dynamics of the homeless or council households. 3.2.2



The Long-Time Solution



We re-scale time and let 2 =  , a much longer time scale of approximately three years. We consider an asymptotic solution of the form g  g0 + g1 + : : : , h  h0 + h1 + : : : , p  p0 + p1 + : : : , q  q0 + q1 + : : : , r  r0 + r1 + : : : and
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c  c0 + c1 + : : : . The order-one equations are then: 0 = 1 1



h0 p0 ;



0 = 1 3 (g + h)p;



dg0 = 1 1 2 (g0 p0 + g0 ); d2 dq0 = 3 f1 q0 10 p0 q0g; d2 0 = 11 h0 + 12g0 c0 p0 ; 0 = g0



r0 p0 :



(3.2.19) (3.2.20) (3.2.21) (3.2.22) (3.2.23) (3.2.24)



Using equations (3.2.19) and (3.2.20), equations (3.2.21) and (3.2.22) become:  dg0 = (1 1 )(1 + 2 ) 2 2 g0 ; (3.2.25) d2  3   10(1 3 (1 1 )) dq0 = 3 1 q0 q : (3.2.26) d2 3 g0 Equation (3.2.25) is identical to its counterpart in the original SGM model. We conclude that introducing priority categories has not aected the order-one solution. The order-one solution of the SGM is the same as the order-one solution for g, h and p in the SGM with priority categories added. From the work in Section 1.2.1, equation (3.2.21) has a stable steady state. As this equation decouples from (3.2.26), when we linearise (3.2.26) about its steady state, it has eigenvalue 1 10 (1 3g301(1 1)) which is negative, since 1 3 (1 1 ) > 0 is the condition we needed for p1 and h1 to be positive in the short-time solution. As both eigenvalues relating to the long-time solution are negative, the long-time solution is stable. As the long-time steady state is also a steady state of the shorttime problem, we conclude that the corresponding equilibrium of the full model is stable. 2 ) 2 The steady state of the order one solution is given by g01 = 3 (1 1)(1+ . 2 3 2 f1 3 (1 1 )g Through back substitution we have p1 0 = (1 1 )(1+2 )3 2 and 1 1 11 h1 (1 1 )f(1 1 )(1+2 )3 2 g 1 0 +12 g0 h1 , q0 = 3 g01 +10(13 g0 3 (1 1)) , c1 and r01 = 0 = 0 = 2 f1 3 (1 1 )g p1 0 g01 . p1 0 With the exception of the solution for r01 , the accuracy of the other order-one solutions is poor and so we consider the order- terms to correct this. The order- 117



equations, excluding r1 , are:



dh0 d2 dp0 d2 dg1 d2 dq1 d2 dc0 d2



=



h0 p1



h1 p0



7 h0 ;



= 1 f 3 (h0 p1 + h1 p1 + g0 p1 + g1 p0 ) 4 p0 =



2 (g0 p1 + g1 p0 ) 2 g1



= 3 fq1



4 p0



8 c0 p0



9 r0 g;



13 g0 ;



10 (p0 q1 + p1 q0 ) 9 r0 g;



= 4 f11 h1 + 12 g1



c0 p1



c1 p0 g:



We consider the steady state of these equations since the stability properties of the system have already been found. The steady-state values are easily found, for example using Maple, although their closed form is long and not particularly helpful. If we were to consider the transient behaviour of the solution, a numerical solution would probably be best. Returning to the original variables, the asymptotics give steady-state values for GR , T , P , PR , C and P c of 13137, 665, 28083, 4467, 351 and 383 respectively. This equates to a maximum error of 3:3%. Having found both the order-one and order- terms of the steady state, we employ a sensitivity analysis to determine how the steady-state value of each variable depends on the parameters in the model. The results of the sensitivity analysis are shown in Figures 3.1 to 3.4. Considering only the steady states for G, P and T , the sensitivity of the variables on the parameters is almost identical to the results found with the SGM. There is a negligible dependence on k7 and all of the priority categories parameters. These slight, but extremely small dependences have come through the inclusion of the order terms to improve accuracy. This result is important as it shows that including priority categories in the model had a negligible eect on changing the dynamics or eventual steady state. When we compare the original SGM with the SGM with priority categories we see very little dierence in the behaviour of the key variables GR , P and T . We conclude that priority categories might not be important in determining the number of homeless 118
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Figure 3.1: Sensitivity analysis of the SGM with priority categories, parameters k1 , k3 , k4 and k5 . parameter k
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Figure 3.2: Sensitivity analysis of the SGM with priority categories, parameters k6 , k7 , k8 and k9 . households, general register households or council households and so could be omitted from further models. 119
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Figure 3.3: Sensitivity analysis of the SGM with priority categories, parameters k10 , k11 , P0 and G0 . parameter u1
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Figure 3.4: Sensitivity analysis of the SGM with priority categories, parameters u1 , u4 and u8 . 3.3



The First Points Model



In this section we consider the points allocation system in greater detail. We suppose that the waiting list can be split into the same three household groups as used before, 120



but now strati ed by point scores. Thus we let the number of homeless households with points score x at time t be represented by T (x; t). The number of general households on the register with points score x at time t is given by GR (x; t). Similarly, the number of council transfer households on the register with points score x at time t is given by PR (x; t). (These are actually densities: numbers of households per point). We can also regard each vacant council house as having a points value too. At any given time a vacant property will be oered to households with the same number of x points. However, the points value of a vacant house will decrease as it passes down the waiting list. We let the density of vacant council houses at time t and with a points value of x be given by 1 (x; t). As before, we let the total number of council households be P (t). This is made up of those council households not on the register, R PN (t), and those who households who are on the register, 0M PR (x; t)dx. On the waiting list, we suppose that households may have a minimum of 0 points and a maximum of M points. Again, P0 is the total stock of council houses in the borough or city. The number of private sector households, not on the register is GN (t). Allocations are assumed to be jointly proportional to the relevant household density and the density of vacant council households. Thus for the homeless households, allocation is assumed to happen at a rate of k1 T (x; t)1 (x; t) households per point per year. As in the earlier models, k1 can be thought of as the parameter which determine the success of matching between vacant household and applicant. Similarly, the rates at which houses are allocated to those on the general register and to the council-transfer register are given by k4 GR (x; t)1 (x; t) and k4 PR (x; t)1 (x; t). We let k1 and k4 be dierent to aid parameterisation of the model and to allow for a dierent matching parameter for homeless households, re ecting the dierences in housing need and also the dierences in behaviour of these two groups. Although we found that priority categories were unimportant, we include the basic mechanism in this model. Priority categories are awarded to an applicant when it is felt that the points system alone does not re ect their housing need, and so they need additional status to ensure they are rehoused quickly in suitable accommodation. Examples of priority categories are `top medical priority' where an 121



applicant may need rehousing in a ground oor at. We suppose that the priority category allocations are made to the homeless household density at a rate proportional to this density. This constant of proportionality is given by uT . For the general applicant and council transfer densities, these constants of proportionality are given by uG and uP respectively. As with the original SGM, we suppose that households move onto the register at a rate proportional to the population from which they originate. Thus households may become homeless at a rate of k5 GN (t). However, as we are now dealing with density functions, we must include a distribution function which represents the council's allocation policy and \social conditions" as it decides how many points each household is given. We let f1 (x) be the distribution of points awarded to homeless households and so the rate per point of households arriving on the register as homeless is k5 GN (t)f1 (x). However, households may also become homeless via the general register household density. The points a household has will be re-evaluated by the council R and so this ow is assumed to act as a source of homeless of k5 f1 (x) 0M GR (x; t)dx households per point per year. We suppose that households move onto the general household part of the register at a rate of k3 GN (t) households per year. To allow for points, we suppose that the council allocation policy combined with conditions gives a policy distribution of g1 (x) for this group. This gives a rate of k3 GN (t)g1 (x) households per point per year arriving onto to the general part of the register. Similarly, we assume that the rate at which council households move to the transfer part of the register is given by k7 PN (t) households per year. We let the policy distribution here be represented by g2 (x) and so we have a rate of k7 PN (t)g2 (x) households per point per year coming to this register. Again, we suppose that council households move to the private sector at a rate R of k6 fPN (t) + 0M PR (x; t)dxg households per year and general households on the R register remove themselves at a rate of k9 0M GR (x; t)dx households per year. The equations which model the household densities on the register and the number of
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council households are given by: Z



M @ T (x; t) = k5 GN (t)f1 (x) + k5 f1 (x) GR (x; t)dx @t 0 uT T (x; t) k1 T (x; t)1 (x; t); (3.3.1) @ G (x; t) = k3 GN (t)g1 (x) Æ2 GR (x; t) k4 GR (x; t)1 (x; t); (3.3.2) @t R @ P (x; t) = k7 PN (t)g2 (x) (k6 + uP )PR (x; t) k4 PR (x; t)1 (x; t); (3.3.3) @t R Z M Z M dP (t) = k6 P (t) + uG GR (x; t)dx + uT T (x; t)dx dt 0 0



+



Z M 0



fk1T (x; t) + k4GR (x; t)g1(x; t)dx;



(3.3.4)



R



where Æ2 = k5 + k9 + uG and P (t) = PN (t) + 0M PR (x; t)dx. Our PDEs are valid for 0  x  M . If we were to include a term re ecting the award of 21 point per month this would be included in the left-hand side of the PDEs by including the \spatial" derivative of the respective population, multiplied by the speed at which points increase, i.e. six points per year. If we have a total of G0 households in the city, using conservation of households R R in the city or borough gives GN (t) = G0 P (t) 0M GR (x; t)dx 0M T (x; t)dx. We R may also write PN (t) = P (t) 0M PR (x; t)dx. To model the allocations process, we suppose that vacant houses are passed down the waiting list at speed u points per year. At this stage we assume that u is constant although it is more likely that u will depend on k1 T (x; t) + k4 fGR (x; t) + PR (x; t)g. That is, as there are more households on a certain points value, it will take longer for the vacant households to be passed down the waiting list. For u constant, the equation for 1 (x; t) is:



@ @ 1 (x; t) u 1 (x; t) = @t @x



fk1T (x; t) + k4fGR(x; t) + PR(x; t)gg1(x; t):



(3.3.5)



The right-hand side represents the loss of vacant housing per point through allocation.
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R



Now since 0M 1 (x; t)dx = P0 ranging and dierentiating gives:



d 0 = dt



Z M



Z M



0



P (t), the number of vacant council houses, rear



1 (x; t)dx + P (t)



@ dP (t) 1 (x; t)dx + dt 0 dt  Z M @ = u 1 (x; t) fk1 T (x; t) + k4 fGR (x; t) + PR (x; t)gg1 (x; t) dx @x 0 =



k6 P (t) + uG +



Z M 0



Z M 0



GR (x; t)dx + uT



0



T (x; t)dx



fk1T (x; t) + k4GR (x; t)g1(x; t)dx Z M



= uf1 (M; t) 1 (0; t)g k6 P (t) +uG



Z M



Z M 0



GR (x; t)dx + uT



Z M 0



0



k4 PR (x; t)1 (x; t)dx



T (x; t)dx:



Thus the boundary condition for the rate of vacant households owing into the top of the register at M points is given by 



1 k P (t) + 1 (M; t) = u 6



Z M



uT



k4 PR (x; t)1 (x; t)dx uG



0 Z M 0







T (x; t)dx + 1 (0; t):



Z M 0



GR (x; t)dx (3.3.6)



The rate at which vacant houses are available for allocation in the points system is equal to the rate at which council houses become vacant, either through council households transferring or moving to the private sector, less the rate at which houses R are allocated to the priority categories. We do not see a term up 0M PR (x; t)dx, the rate at which council households are awarded a priority category, due to cancelling between the rate at which council houses become vacant and the rate at which houses are allocated to priority categories. The nal term, 1 (0; t), re ects that any council property unallocated at zero points is fed back into the allocation process instantaneously, and passed through again. In reality, there will be some delay before the property is fed back through the system, possibly due to the property being refurbished. Indeed, if a property is proving to be diÆcult to let, sta from the City of Edinburgh Council may visit it to decide how it can be improved. 124



Points Band General Register 1 Transfer 2 Priority Need 100 to 149 4388 1712 34 150 to 199 4922 1007 75 200 to 224 1526 276 122 225 to 249 1017 573 133 250 to 299 717 594 168 300 to 349 177 159 67 350 to 399 38 59 45 400+ 2 21 10 Total 12787 4401 654 1



Excludes general register households who are in priority need.



2



Excludes transfer households who are in priority need



Table 3.2: The waiting list for Edinburgh by points bands on 11 December 2000. Parameterising the Model



Using data supplied by the City of Edinburgh Council, Table 3.2 shows how the waiting list is split between the dierent points bands and the households on the register. In the absence of speci c homeless household points band information, we assume that all households with priority need status are homeless. This will under-estimate the number of homeless households since around one quarter of Edinburgh's homeless households are non-priority need (see [25]). The points bands indicate that there are households with over 400 points. From looking at waiting lists for Edinburgh, we can suppose that no applicant has more than 500 points. From Table 3.2, we rst translate the points axis by subtracting one hundred points; the minimum number of points is now at zero. The maximum number of points, M , is now four hundred points. We construct the densities by dividing the number of households in each point band by the width of the point band and place the resulting average density at the middle of the point band. Densities elsewhere are found by linear interpolation and extrapolation of the average point band densities. If extrapolation causes the density to become negative, the density is set to zero in that region. A correcting factor is used to ensure that each density function integrates to give the required total 125
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population. Assuming the densities are in a steady state, T (x; 1), GR (x; 1) and PR (x; 1) are given in Figure 3.5.
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Figure 3.5: The steady-state household density functions for Edinburgh.



In this model, we have a mechanism for allocating houses through the priority category mechanism and this is assumed to be instantaneous. Our model does not 126



allow for priority categories on the waiting list, only points applicants. Since the number of households with priority category status is relatively small, we adjust the data by neglecting all households with priority categories in the city. With 379 council-register households and 363 general-register households with priority category status, we adjust the total council housing stock to give P0 = 29368 379 = 28989 households. The total number of households in the city is adjusted to give G0 = 206100 379 363 = 205358 households. Integrating the density functions R R we have 0M GR (x; t)dx = 12787 households, 0M T (x; t)dx = 654 households and RM 0 PR (x; t)dx = 4401 households. With a total of 1483 vacant council houses in Edinburgh, this gives P = 27506 households and so PN = 23105 households as before. GN = G0 27506 12787 654 = 164411 households. As with the Priority Category Model, in the absence of ow-rate data for 2000, we use the same ow-rate data that was used in the original SGM with priority categories. Since the sizes of the populations on the register are unchanged, we have the same values for k3 , k5 , k6 , k7 and k9 as in the SGM with priority categories. There were 166 lets per annum to non-council priority category households. This ow rate, in the absence of other information, is divided equally between the homeless and 83 per year general households on the register. This gives values for uT and uG as 654 83 per year respectively. With 455 lets per annum to council households with and 12787 455 per year. priority category status, this gives uP a value of 4401 Parameterising the model in a steady state, equation (3.3.5) becomes:



u



d  = fk1 T + k4 GR + k4 PR g1 ; dx 1



which we can re-write as:



d  = fk1 T + k4 GR + k4 PR g1 dx 1 = R  1 ; where k1 = ku1 , k4 =



k4 u



(3.3.7) (3.3.8)



and R = k1 T + k4 GR + k4 PR . Solving for 1 gives:



1 (x) = 1 (M ) expf = 1 (M )v(x); 127



Z M x



Rdxg



(3.3.9) (3.3.10)



RM x



where v(x) = expf



Rdxg. In particular equation (3.3.10) gives: 1 (0) = 1 (M )v(0);



(3.3.11)



and we can substitute this into equation (3.3.6) to give:



1 (M ) =



1 u



n



k6 P +



RM 0 k4 PR 1 dx



R



uG 0M GR dx uT 1 v(0)



R



R



We note k6 P + 0M k4 PR 1 dx uG 0M GR dx uT so the steady-state value for 1 (M ) is:



1 (M ) = Since



RM 0 1 dx



= P0



RM 0



RM 0



o



T dx



:



T dx = 4066 lets per annum and



4066 : u f1 v(0)g



(3.3.12)



P = 1483, the number of vacant council houses, 1 (M )



Z M 0



and so



v(x)dx = 1483; R



4066 0M v(x)dx : (3.3.13) u= 1483f1 v(0)g Thus as v(x) is only a function of the unknowns k1 and k4 , u is a function of these two unknowns also. To nd k1 and k4 we need to solve any two of the following three equations which determine the rate of allocations through the points mechanism: Z M 0 Z M 0 Z M 0



k1 T 1 dx = 1724;



(3.3.14)



k4 GR 1 dx = 1646;



(3.3.15)



k4 PR 1 dx = 696:



(3.3.16)



If we integrate equation (3.3.8) we see that:



uf1(M ) 1 (0)g =



Z M 0



k1 T 1 dx +



Z M 0



k4 GR 1 dx +



Z M 0



k4 PR 1 dx:



Substituting in (3.3.12)and (3.3.11) gives: 4066 =



Z M 0



k1 T 1 dx +



Z M 0



k4 GR 1 dx +
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Z M 0



k4 PR 1 dx:



Thus satisfying any two of (3.3.14), (3.3.15) and (3.3.16) will ensure that the third condition is satis ed. We replace k1 with uk1 and k4 with uk4 in equations (3.3.14) and (3.3.15) and solve these equations numerically for k1 and k4 . This gives values of k1 = 1:0890  10 3 per household and k4 = 1:10399  10 4 per households. Then u = 780:88622 points per year, k1 = 0:85042 points per household per year and k4 = 0:086209 points per household per year. We note k1 is approximately ten times greater than k4 , perhaps indicating the greater housing need of homeless households as we have a greater degree of acceptance between oers and applicants. We determine the policy distributions f1 (x), g1 (x) and g2 (x) as follows. From considering equations (3.3.1), (3.3.2) and (3.3.3) in the steady state we have:



uT T (x) + k1 T (x)1 (x) ; R k5 (GN + 0M GR dx) Æ G (x) + k4 GR (x)1 (x) g1 (x) = 2 R ; k3 GN (k + u )P (x) + k4 PR (x)1 (x) g2 (x) = 6 P R : k7 PN



f1 (x) =



(3.3.17) (3.3.18) (3.3.19)



The policy distributions are shown in Figure 3.6. The mean number of points given to homeless households is 179 points, greater than the mean of 94 points, for general applicants, and the mean of 111 points for transfer applicants. Transfer households seem to to fall into roughly two groups, judging by the bi-modal nature of g2 (x). The mean number of points for general applicants is less than for the other two households groups. Policy distribution f1 (x) is consistent with homeless households receiving, on average, more points than other applicants. The parameter values for this points model are summarised in Table 3.3. 3.3.1



Numerical Solution of the Points Model



We divide the points axis equally to obtain a mesh of N + 1 points and so x = M N. We approximate the spatial derivative in (3.3.5) by using a forward dierence ap@  (nx; t)  1 ((n+1)x;t) 1 (nx;t) . We solve equations (3.3.1) proximation and so @x 1 x 129
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Figure 3.6: The policy distributions for Edinburgh. Constant Value P0 28989 households k3 2:1321  10 2 per year k6 0:12855 per year k9 0:12872 per year uG 6:49097  10 3 per year u 780.88622 points per year



Constant Value G0 205358 households k5 1:0198  10 2 per year k7 7:4313  10 2 per year uT 0:12691 per year uP 0:10339 per year k1 0.85042 points per household per year k4 0.086209 points per household per year



Table 3.3: Estimates of the parameter values for the rst points model
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. . . (3.3.5) using the method of lines and so have N + 1 ODEs for each of T , GR and PR , a single ODE for P and n ODEs for 1 as we do not 1 (M; t), which is found by considering (3.3.6). To overcome the diÆculty of 1 (M ) occurring both on the left-hand side and in the integrand, we split the integrand into two parts by applying the trapezium rule as follows: Z M 0



k4 PR 1 dx =



Z M x 0



+



k4 PR 1 dx



x fk P ((N 2 4 R



1)x; t) + k4 PR (M; t)1 (M; t)g:



1)x; t)1((N



We can then substitute this into (3.3.5) to gain an explicit expression for 1 (M; t):



1 (M; t) = where



(



1 A = k P (t) + u 6



Z (N 1)x 0



uG 3.3.2



A + 1 (0; t) ; 1 2ux k4 PR (M; t)



k4 PR 1 dx + Z M 0



x k P ((N 2 4 R



GR dx uT



Z M 0



1)x;t)1 ((N 1)x;t)







T dx :



Results of the Numerical Solution



Figures 3.7 and 3.8 show the result of our numerical solution, starting with the known steady state. We see that the populations do not change which indicates that the constants and policy distributions are correct and give us the desired steady state. Figure 3.9 gives the solution of 1 (x; 1), the steady-state density of vacant council houses. We wish to explore what happens if homeless households are given the same policy distribution as general households on the register. This removes any priority that homeless households are given in the allocation system. We keep the same values of k1 and k4 , as we expect matching between homeless households and vacant houses to be greater for homeless households due to their increased housing need, and set f1 (x)  g1 (x). The results are shown in Figures 3.10 and 3.11. This change has a time scale of the order of three years. Only homeless households are aected by this change in 131



normalised populations



policy and we see approximately a three-fold increase in the steady-state number of homeless households on the register. From Figure 3.11, we see that the household densities for general households on the register and transfer households are virtually unaected by this change in policy. However, the homeless household density has changed considerably. Figure 3.12 illustrates how the number of vacant council houses per point are affected when the policy distribution for homeless households is changed. Qualitatively, 1 (x; 1) changes very little, exhibiting the same monotonic form. The numerical results suggest that if we change the policy distribution for homeless households then only homeless households will be aected by this change. Non−Register Households 2.6
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Figure 3.7: The numerical solution of the rst points model. The numerical solution with the steady state as the initial condition.
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Figure 3.8: The numerical solution of the rst points model. The graphs on the left-hand side show the policy distributions whilst the graphs on the right-hand side show the household densities on the register at the steady state. Time is in units of years. α1(x,∞) 6
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Figure 3.9: The numerical solution of the rst points model. The steady-state solution for 1 (x; t).
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Figure 3.10: The numerical solution of the model when the policy distribution for homeless households is the same as that for general resister households. All households groups are shown.



Scaling the First Points Model



We seek to scale the variables to try and gain a fuller understanding of the model and simplify the equations. We let GR = Xgr (^x;  ), T = Y h(^x;  ), PR = Z2q(^x;  ), 1 = W v(^x;  ) and t = L where X , Y , W , Z2 and L are to be determined. We let P = P0 p and x = M x^. We must also non-dimensionalise the policy distributions and so write g1 (x) = H1 1(^x), g2 (x) = H1 2(^x) and f1 (x) = H13 (^x). From Figure 3.6 we assign H1 = 0:008 per point. Figure 3.8 suggests that the typical values for X , Y and Z2 are 100 households per point, 6 households per point and 40 households per point respectively. Figure 3.9 suggests W  5:5 households per point. Considering equation (3.3.1) we have: 



kHG kHP @ h = L 5 1 0 3(^x) 5 1 0 3(^x)p k5 H1M3(^x) @ Y Y uT h k1 W hvg : 134
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Figure 3.11: The numerical solution of the model when the policy distribution for homeless households is the same as that for general resister households. Policy distributions are shown in the right-hand column, register densities on the left. Time is in units of years. With the typical sizes and constants, we nd that the coeÆcient of 3 (^x) and the coeÆcient of hv are the largest and so we choose to balance these. This gives Y = k5 H1 H0 . The equation for h then becomes: k1 W 



Z







1 @ P0 kHM uT h = k1 W L 3 (^x) 3 (^x)p 5 1 3 (^x) hdx^ h hv : @ G0 k1 W k1 W 0 Turning our attention to equation (3.3.2) we have:  Z 1 @ k3 H1 G0 k3 H1 P0 k3 k5 H12 MG0 g = L 1 (^x) 1 (^x)p 1 (^x) hdx^ @ r X X k1 XW 0



k3 H1 M1(^x)



Z 1 0



gr dx ^



(k5 + uG + k9 )gr







k4 W gr v :



With the typical values and constants we nd the two largest terms are the coeÆcients 135
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Figure 3.12: The numerical solution of the rst points model. The solution for 1 (x; 0) and 1 (x; 20) when homeless households are given the same policy distribution as general households on the register. of 1(^x) and gr v. Balancing these coeÆcients gives X = then becomes: 



Z



k3 H1 G0 . k4 W



1 P0 k5 H1M  (^x)p  (^x) hdx^ G0 1 k1 W 1 0   k5 u k + G + 9 gr gr v : k4 W k4 W k4 W



@ g = k4 W L 1(^x) @ r



The equation for gr



k3 H1M  (^x) k4 W 1



Z 1 0



gr dx^



Next we consider equation (3.3.3) which becomes, after substituting in the scaled variables: 



@ kHP q = L 7 1 0 2 (^x)p k7 H1 M2(^x) @ Z2



Z 1 0







qdx^ (k6 + uP )q



k4 W qv :



Again substituting in the typical values and constants reveals that the two largest terms are the coeÆcients of 2(^x)p and qv and so we choose to balance these. This gives Z2 = k7kH4 W1 P0 and so the equation for q becomes: 



@ q = k4 W L 2(^x)p @



k7 H1M  (^x) k4 W 2



Z 1 0



qdx^











k6 u + P q k4 W k4 W







qv :



Next, we consider equation (3.3.6), the boundary condition, which gives: Z



k6 P0 Mk7 H1P0 1 uG Mk3 H1 G0 p+ qvdx^ v(1; t) = Wu Wu W 2 uk4 0 Z 1 uT Mk5 H1 G0 hdx^ + v(0; t): W 2 uk1 0



Z 1 0



gr dx^



With the typical values we nd the coeÆcient of p to be very close to 1 and so let 136



W=



k6 p0 . u



This equation then becomes:



Mk H v(1; t) = p+ 7 1 k6



Z 1 0



uuG Mk3 H1 G0 qvdx^ k62 P02 k4



Z 1 0



uuT Mk5 H1 G0 gr dx^ k62 P02 k1



Z 1 0



hdx^+v(0; t):



Next we consider equation (3.3.5) which is:



@v @



uL @v Lk5 H1 G0 u = hv M @ x^ k6 P0



Lk3 H1 G0u gr v k6 P0



Lk7 H1u qv: k6 P0



The largest coeÆcient is the coeÆcient of gr v and so we take this out as the time scale. We then have:



@v Lk3 H1 G0 u = @ k6 P0







k5 hv k3



gr v







k7 P0 k6 P0 @v qv + : k3 G0 k3 H1G0 M @ x^



Finally if we consider equation (3.3.4) then we have:



dp = L d







Z



Z



u Mk H G u 1 u Mk H G u 1 k6 p + T 5 2 1 0 hdx^ + G 3 2 1 0 gr dx^ k6 P0 k1 k6 P0 k4 0 0  Z Z Mk3 H1 G0 1 Mk5H1 G0 1 hvdx^ + gr vdx^ : + P0 P0 0 0



With the typical values and constants, the largest coeÆcient occurs in the term and so we have:



dp Mk H G = L 3 1 0 d P0







Z



k6 P0 u ku 1 uuG p+ T 5 hdx^ + Mk3 H1G0 k3 P0k1 k6 0 k4 k6 P0  Z 1 Z 1 k hvdx^ + gr vdx^ : + 5 k3 0 0



Z 1 0



R1 ^ 0 gr vdx



gr dx^



We have four possible choices for scaling time and these are k1 ku6 P0 from the equation for h, k4 ku6 P0 from the equations for gr and q, Mk3PH0 1 G0 from the equation for p and nally k3 Hk61PG00 u from the equation for v. The values of these time scales are approximately 3 months, 2 21 years, 2 years and 1 12 months respectively. The equation for v has the shortest time scale and so we let L = k3 Hk61PG00 u . The other scalings are X = kk3 H4 k16GP00u , Y = kk5 H1 k16GP00u , Z2 = kk74Hk16u and W = k6uP0 . Evaluated with the constants, these give values of 85:14 households per point, 4:13 households per point, 41:89 households per point and 4:77 houses per point and so give good agreement with the
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typical values. The fully scaled equations then become: 







Z



1 @h = 1 3 (^x) 1 3(^x)p 2 3(^x) hdx^ 3 h hv ; (3.3.20) @ 0  Z 1 @gr = 2  1(^x) 1 1(^x)p 2 1 (^x) hdx^ (3.3.21) @ 0



4 1(^x) 



Z 1 0



gr dx^ (7 + 9 + 8 )gr



gr v ;



Z







1 @q = 2  2(^x)p 10 2 (^x) qdx^ (11 + 12 )q @ 0  Z 1 Z 1 dp =  5 p + 13 hdx^ + 8 gr dx^ d 0 0



+6



Z 1 0







hvdx^ +



Z 1 0



qv ;







gr vdx^ ;



(3.3.22)



(3.3.23)



@v @v = 6 vh gr v 18 qv + 5 ; (3.3.24) @ @ x ^ Z 1 Z 1 Z 1 v(1;  ) = p + 15 qvdx^ 16 gr dx^ 17 hdx^ + v(0; t); (3.3.25) 0



0



0:065848, 1 = GP00  0:14116, 2 = uk1kk562HP01  0:12211, 3 = u2 u T uk3 H1 M k6 P0 k5 k1 k62 P0 M  0:47488, 4 = k4 k6 P0  0:16584, 5 = Mk3 H1 G0  0:26597, 6 = k3  2 2 9 0:47831, 7 = k4 ku62 Pk50 M  0:37644, 8 = k4uk62uPG0 M  0:23961, 9 = k4uk k6 P0  0:31289, 10 = ukk47kH61PM0  0:57805, 11 = k4uP0  0:31247 12 = k4uuk6PP0  0:25131, 13 = k5 u2 uT Mk7 H1  1:8499,  = u2 uG k3 H1 G0 = 0:90088,  = 16 17 k3 P0 k1 k62 M  0:22714, 15 = k6 k63 P02 k4 2 2 2 u uT k5 H1 G0  0:85406,  = k7 P0  0:49201,  = k1 k6 P0  0:55288, and  = 18 1 2 k3 G0 u2 k3 H1 G0 k63 P02 k1 k4 k6 P02 uk3 H1 G0 M  0:85117. We make no attempt to solve these equations analytically or nd an asymptotic solution using an expansion in the small parameter . The scalings have revealed two important time scales, one of the order of months for vacant council households per point and homeless households per point, and a much longer time scale of the order of years for general register households, transfer households and non-transfer council households. where  =



3.3.3



k6 M u
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Treating Homeless Households as a Category



After initial discussions with the City of Edinburgh Council, housing oÆcers wondered what would happen if homeless households were given priority category status 138



rather than being allocated houses on the basis of the points system. Since the award of a category status would mean that all vacant houses are oered to homeless households before others on the register, we can model this process by changing the policy distribution. For example, since the maximum number of points that general or transfer households can have is M points, we give homeless households a policy distribution which awards more than M  points, where M < M . For Edinburgh, a household on the register may have a maximum of, eectively, 400 points. We suppose that the award of category status is equivalent to an applicant having up to 600 points. To award homeless households category status we change their policy distribution to a normal distribution with, say, mean 500 points and variance of 144 points and so f1 (x) = N (500; 144). This gives homeless households more points than any other group on the register and so they will have rst choice when houses are allocated. In reality, there may be some overlap between the dierent groups on the register, but we suppose here that it is negligibly small. The award of category status will also result in a policy distribution with little variance. This is because the award of category status implies that all with this award are of similar housing need, thus with little variation of point scores between applicants. We begin with the original steady state, given by our parameter values in Table 3.3, as the initial condition. Figure 3.13 indicates that only homeless households are signi cantly aected by being awarded category status. We see a reduction of approximately 200 households or one third of the initial number of homeless households. Figure 3.14 shows the new policy distribution for homeless households, illustrating the award of category status. More points are awarded to the homeless than other groups on the register. After twenty years we note little change in the number of general or transfer applicants on the register. Figure 3.15 illustrates the density of vacant council houses at time 0 and after 20 years. We note the sharp decrease in 1 at around 500 points where oers are made to homeless households before the other groups on the waiting list. In summary, awarding category status to homeless households results in an approximate decrease of one third in the steady-state number of homeless households. 139



normalised populations



Non−Register Households 2.6



← PN=23349



2.4 2.2 2 1.8 1.6



← G =164566 N



0



5



10



15



20



years



Integrated Register Densities no. of households



15000



← G =12480 R



10000



← P =4510 R



5000



0



0



5



10



15



← T=453



20



years



Figure 3.13: The numerical solution of the model when the policy distribution for homeless households is changed to give homeless households category status. Other populations in the city do not change signi cantly. Although more households may try to use the homelessness route to apply for a house, it is expected that the rate of households accepted as homeless would remain approximately the same. In this case, awarding priority category status to homeless households would reduce the steady-state number of homeless households. 3.3.4



Summary



In this chapter we have modelled the points system used to allocate vacant council houses in Edinburgh. A policy distribution is used for each of the groups on the register and this decides how many points each households receives. Changing the policy distribution for homeless households to that of general households on the register, thereby removing any extra priority that homeless households may have received, results in the number of homeless households almost trebling. The numerics suggest that this changes has a time scale of the order of ve years. If we compare the results of this model to the SGM in Chapter 1, we note that 140
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Figure 3.14: The numerical solution of the model when the policy distribution for homeless households is changed to give homeless households category status. Time is in units of years. this increase in homeless households is less than that predicted in the SGM. For the SGM, we would expect that removing any additional priority to homeless households is equivalent to setting k1 = k4 in the SGM model. For the SGM, reducing k1 by a factor of 10 approximately leads to a 10 fold increase in steady-state homeless households. For the SGM parameterised for Edinburgh, k1 is approximately 160 times the size of k4 . Thus, after removing priority from homeless households, we expect the SGM to give a much larger increase in the steady-state numbers of homeless households, certainly greater than the trebling of homeless numbers as seen with the rst points model. This suggests that our notion of removing priority from homeless households is dierent for each model. To make the SGM `fair' might mean reducing k1 , but not setting it equal to k4 . 141
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Figure 3.15: The numerical solution of the model when the policy distribution for homeless households is changed to give homeless households category status. Although both models indicate that removing priority away from homeless households gives rise to an increase in the steady-state number of homeless households, the magnitude of this increase depends on how we model the allocation process. However, both models predict that all other populations are unaected by removing priority from homeless households. Thus, we conclude that how we model the allocation process is important for deducing the numbers of homeless households resulting from any policy change. Awarding homeless households priority category status reduces the steady-state number of homeless households by around one third. All other populations are unaffected.
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Chapter 4 The Second Points Model



4.1



Introducing Rejections into the Points Model



In Section 2.3.2 we explored the eect that rejections and suspensions had on the model when we used a SGM type allocation system. In this chapter we incorporate rejections into the points model and investigate how a change of policy, or change in rejection rate, aects the city or borough. We recall that modelling suspensions and including delays in Section 2.3.2 made little dierence to the results of the original rejection model and so we consider rejections only. We build on the rst points model from Chapter 3.3 and adapt these equations to allow for suspensions and rejections. We suppose that there are two types of vacant council housing, but these are now further subdivided by points. Thus we have 1 (x; t) vacant council households per point and 2 (x; t) rejected vacant council houses per point. We suppose that all newly vacant council houses are of type 1 originally but, once these are rejected, become type 2 vacant council houses. We suppose the rate of rejection is proportional to the rate of allocation with constant of proportionality given by r. Again, discussions with the City of Edinburgh council support the claim that this parameter r is the same for all populations on the register. From discussions with the City of Edinburgh Council, only homeless households are oered the 2 (x; t) houses per point. This is referred to as `working practice' where it is deemed more eÆcient to oer such houses straight to homeless households rather than have them rejected by many applicants rst and then oered to homeless households. Thus the rate at which homeless households per point are allocated a 143



house is given by k1 T (x; t)f1 (x; t) + 2(x; t)g households per point per year. We use the same constant of proportionality, k1 , to represent the matching between oer and applicant as homeless households will be unable to distinguish whether they are being oered an 1 (x; t) type house or an 2 (x; t) type house. When a homeless household rejects two oers, their homeless status is removed and they are moved to the general part of the register. For simplicity, we assume here that homeless households only receive one oer. Homeless households reject oers at a rate of rk1 T f1 + 2 g households per point per year. Here we have also assumed that no priority category oers are rejected. This is because such oers are more tailored to the applicants needs, for example the applicant who needs a ground oor



at for medical reasons. As a consequence, such oers are more specialised and so the applicant is less likely, if at all, to reject them. Those homeless who reject oers are then re-evaluated, subject to the general register policy distribution, g1 (x). Thus the rate at which those households which reject oers join the general part of the R register is given by g1 (x)r 0M k1 T f1 + 2 gdx households per point per year. The equations for homeless households per point, general register households per point, transfer households per point and the total number of occupied council households are: Z



M @ T (x; t) = k5 GN (t)f1 (x) + k5 f1 (x) GR (x; t)dx uT T (x; t) @t 0 (1 + r)k1 T (x; t)f1 (x; t) + 2 (x; t)g; @ G (x; t) = k3 GN (t)g1 (x) Æ2 GR (x; t) k4 GR (x; t)1 (x; t) @t R Z



+g1 (x)r



M



0



k1 T (x; t)f1 (x; t) + 2 (x; t)gdx;



(4.1.1) (4.1.2)



@ P (x; t) = k7 PN (t)g2 (x) (k6 + uP )PR (x; t) k4 PR (x; t)1 (x; t); (4.1.3) @t R Z M Z M dP (t) = k6 P (t) + uG GR (x; t)dx + uT T (x; t)dx dt 0 0 + +



Z M 0



Z M 0



fk1T (x; t) + k4GR (x; t)g1(x; t)dx



k1 T (x; t)2 (x; t)dx;



where Æ2 = k5 + uG + k9 , PN (t) = P (t)



RM 0 PR (x; t)dx
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(4.1.4) and, using the other conser-



R



R



vation condition, GN (t) = G0 P (t) 0M T (x; t)dx 0M GR (x; t)dx. We see that homeless households who have rejected an oer are moved to the general part of the register. We note also the additional allocation term in (4.1.4) due to the extra allocation of houses to homeless households. All other ows in the model are identical to those described in Section 3.3. We model the two types of vacant houses, 1 (x; t) and 2 (x; t), using:



@1 @t @2 @t



@1 = @x @ u 2 = @x u



(1 + r)fk1 T + k4 GR + k4 PR g1 ;



(4.1.5)



k1 T 2 :



(4.1.6)



Here, u denotes the speed at which oers are passed down the register and we assume this to be the same for both type of houses. We see that the number of 1 vacant houses per point decreases due to allocation and rejection. However, the number of 2 vacant houses per point reduces only due to allocation to homeless households. If we consider the boundary conditions for 2 (x; t) we let,



u2 (M; t) = r



Z M 0



fk1T + k4GR + k4PR g1(x; t)dx + u2(0; t):



(4.1.7)



Thus the rate at which houses ow down from the top equals the rate at which houses are rejected plus the rate at which unallocated houses ow out from the bottom of the register, these oers then being recycled instantaneously. Since 1 and 2 represent the number of vacant council houses per point, we R must have 0M f1 (x; t) + 2(x; t)gdx = P0 P (t). Dierentiating with respect to time gives:



@ 0 = @t =



Z M



f1 + 2gdx + dPdt(t)



0 Z M @







@ dP (t) + 2 dx + : @t @t dt 1



0



Substituting in (4.1.4), (4.1.5) and (4.1.6) gives: 



1 1 (M; t) + 2 (M; t) = k P (t) + u 6



Z M



uT



k4 PR 1 dx uG



0 Z M 0



T (x; t)dx + r



+1 (0; t) + 2 (0; t): 145



Z M



0 Z M 0



GR (x; t)dx



fk1T + k4GR + k4PRg1dx







Then, using (4.1.7), we have the second boundary condition, namely 



1 1 (M; t) = k P (t) + u 6 +1 (0; t):



Z M 0



k4 PR 1 dx uG



Z M 0



GR (x; t)dx uT



Z M 0







T (x; t)dx



(4.1.8)



We note that this equation is identical to the boundary condition, (3.3.6), of the rst points model. The second points model therefore consists of ve PDEs ((4.1.1), (4.1.2), (4.1.3), (4.1.5) and (4.1.6)), one ODE ((4.1.4)) and two boundary conditions ((4.1.8) and (4.1.7)). 4.2



Parameterising the Second Points Model



We use the same values for k6 , k7 , k9 , uT , uG , P0 and G0 as in the rst points model as these are unaected by incorporating rejections into the model. We also take T (x; 1), GR (x; 1), PR (x; 1) and P to have the same values as before. We take the constant determining the rejection rate, r to be r = 0:36577 as in Section 2.3.1. To calculate k5 we note that:



k5 fGN +



Z M 0



GR dxg = (1 + r)



Z M 0



k1 T f1 + 2gdx + uT



Then k5 = 0:013757 per year. We also have:



k3 GN = (k5 + k9 + uG ) R



Z M 0



GR dx +



Z M 0



Z M 0



T dx = 1724(1 + r) + 83:



k4 GR 1 dx 1724r:



Since 0M k4 GR 1 = 1646 houses per year, then k3 = 0:017760 per year. Parameterising the model in a steady state, equation (4.1.5) becomes:



@1 = (1 + r)R1 ; @x where R = k1 T + k4 GR + k4 PR and k1 =



k1 u



and k4 = ku4 . Then we have:



1 (x) = 1 (M )v1 (x); where v1 (x) = expf



RM  x (1 + r)R dx



g. Similarly:



2 (x) = 2 (M )v2 (x); 146



R



where v2 (x) = expf xM k1 T dxg. We note that v1 (x) and v2 (x) contain only the R R R unknowns k1 and k4 . Now k6 P + 0M k4 PR 1 dx uG 0M GR dx uT 0M T dx = 4066 houses per year and so (4.1.8) becomes:



1 (M )f1 v1 (0)g = Therefore:



1 (M ) = Equation (4.1.7) gives:



u2 (M )f1 v2 (0)g = r



4066 : u



4066 : uf1 v1 (0)g Z M 0



fk1T + k4GR + k4PR g1dx Z



ru M = (1 + r)R1 dx 1+r 0 ru f (M ) 1(0)g = 1+r 1 4066r : = 1+r Hence :



4066r : u(1 + r)f1 v2 (0)g P = 1483, this tells us that:



2 (M ) = Now since



RM 0



f1 + 2gdx = P0



4066 uf1 v1 (0)g



Z M 0



4066r v1 (x)dx + u(1 + r)f1 v2 (0)g



Z M 0



v2 (x)dx = 1483:



Rearranging for u gives: 4066 u= 1483f1 v1 (0)g



Z M 0



4066r v1 (x)dx + 1483(1 + r)f1 v2 (0)g



Z M 0



v2 (x)dx:



Thus u is also a function of the unknowns k1 and k4 . To nd k1 and k4 we need to solve the equations: Z M 0



k1 T f1 + 2 gdx = 1724; Z M 0



k4 GR 1 dx = 1646:



If we replace k1 with uk1 and k4 with uk4 then we have two equations for the two unknowns k1 and k4 . We solve these numerically and nd that k1 = 3:8287410 4 per 147



household and k4 = 1:07489  10 4 per household. This gives values of k1 = 0:76588 points per household per year, k4 = 0:21501 points per household per year and u = 2:00034  10 3 points per year. We summarise the Edinburgh parameterisation for this model in Table 4.1. Constant Value P0 28989 households k3 1:7760  10 2 per year k6 0:12855 per year k9 0:12872 per year uG 6:49097  10 3 per year u 2000:34 points per year r 0:36577



Constant Value G0 205358 households k5 1:3757  10 2 per year k7 7:4313  10 2 per year uT 0:12691 per year uP 0:10339 per year k1 0.76588 points per household per year k4 0.21501 points per household per year



Table 4.1: Estimates of the parameter values for the second points model We determine the policy distributions f1 (x), g1 (x) and g2 (x) as follows. From considering equations (4.1.1), (4.1.2) and (4.1.3) in the steady state we have:



Æ2 GR (x) + k4 GR (x)1(x) ; R k3 GN + r 0M k1 T f1 + 2 gdx u T (x) + (1 + r)k1 T (x)f1(x) + 2 (x)g f1 (x) = T ; R k5 (GN + 0M GR dx) (k + u )P (x) + k4 PR (x)1 (x) g2 (x) = 6 P R : k7 PN g1 (x) =



(4.2.1) (4.2.2) (4.2.3)



The policy distributions are shown in Figure 4.1. We notice a very slight dierence between Figure 4.1 and Figure 3.6, the policy distributions of the rst points model. Indeed, the means for the policy distributions of the second points model are 164 points, 95 points and 112 points for f1 (x), g1 (x) and g2 (x) respectively. These means are slightly dierent from their rst points model counterparts. 4.2.1



Numerical Solution of the Second Points Model



The method of solution is essentially identical to that used for the rst points model but adapted to include the equation for 2 (x; t). When we discretise the spatial axis 148
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Figure 4.1: The Policy Distributions for Edinburgh into a mesh of N + 1 points, we use the method of lines and have N + 1 ODEs for T , GR and PR . We have one ODE for P and N ODEs for each of 1 and 2 . The boundary condition for 1 (M; t) is calculated as for the rst points model. The boundary condition for 2 (M; t) is calculated by numerically integrating equation (4.1.7). With the values of the parameters and policy distributions found in the last section, we rst verify the accuracy of the numerical solution and check that we obtain the desired steady state. The results are shown in Figures 4.2 to 4.4. We con rm that the numerical solution is acceptable. We note a slight drift of the solution of 2 (x; t) 149



normalised populations



when we compare the initial solution and the solution at twenty years. This is due to numerical error, since increasing the number of points we choose to discretise over reduces this discrepancy. Non−Register Households 2.6
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Figure 4.2: The numerical solution of the second points model. The steady state was used as the initial condition. All households groups are shown. We next consider what happens if we adjust r, the parameter which governs the the rate of rejection. We consider two cases, the rst is when we reduce r by 10% and the second where we increase r by 10%. A local authority may wish to reduce the rejection rate so that allocations can be made more eÆciently and reduce the amount of time that a vacant property is left unoccupied.
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Figure 4.3: The numerical solution of the second points model. The graphs on the left-hand side show the policy distributions whilst the graphs on the right-hand side show the household densities on the register at the steady state. From Figure 4.5 we see that only homeless households are signi cantly aected by a reduction in the rejection rate. A 10% reduction in the rejection rate leads to an approximate increase of 22% in homeless households. All other populations change very little. Considering Figure 4.6 we see that only the density of homeless households on the register which changes signi cantly. There is a major increase in homeless households in the middle of the points range. This suggests that homeless households who have a high points score would be unaected by such a change in r as they would be rehoused anyway. Similarly, homeless households with a very low points score would also be unaected as they would not expect to get a house in either case. Only those homeless households in the middle would be aected by this reduction in r. 151
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Figure 4.4: The numerical solution of the second points model. The steady-state solution for 1 (x; t) and 2 (x; t). Non−Register Households 2.6
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Figure 4.5: The numerical solution of the second points model. The eect of reducing the rejection rate by 10%. All household groups shown.
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Figure 4.6: The numerical solution of the second points model. The graphs on the left-hand side show the policy distributions whilst the graphs on the right-hand side show the household densities on the register when the rejection rate is reduced by 10%. Figure 4.7 illustrates that the solution of 1 is unaected by a reduction in the rejection rate. Thus the rate of supply of vacant council houses is unaected by changes in the rejection rate. However, reducing the rejection rate leads to a reduction in the supply of rejected vacant council houses, as we would expect. This leads to a reduced supply of houses which can be oered to homeless households and therefore leads to the increase in homeless households as seen in Figure 4.5. We next consider the eect of a 10% increase in the rejection rate. This might come about by a lack of investment in the local authority's housing stock, leading to a reduction in house quality. 153
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Figure 4.7: The numerical solution of the second points model. The eect, on vacant council property, of reducing the rejection rate by 10%. Non−Register Households 2.6 2.4
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Figure 4.8: The numerical solution of the second points model. The eect of increasing the rejection rate by 10%. All household groups shown.
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Figure 4.9: The numerical solution of the second points model. The graphs on the left-hand side show the policy distributions whilst the graphs on the right-hand side show the household densities on the register when the rejection rate is increased by 10%. From Figure 4.8 we note that there is a slight decrease in the number of homeless households, approximately of the order of 12%, and a small rise in the number of general register households. This suggests that although an increase in r corresponds to an increase in oers to homeless households, there is also a corresponding increase in the rate at which homeless households reject oers and have their homeless status removed. This explains why we see a small increase in general register households. Figure 4.9 shows that only the density of homeless households is signi cantly aected by a 10% increase in r, with fewer homeless households with mid-range points. Again, this is due to the increase in oers resulting from an increase in r with these extra 155
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Figure 4.10: The numerical solution of the second points model. The eect, on vacant council property, of increasing the rejection rate by 10%. oers now reaching those with mid-range point scores. The small rise in general register households is not discernible from Figure 4.9 since the increase is negligible when compared to the total number of general register households. Figure 4.10 illustrates that the supply rate of vacant houses is not signi cantly aected by a change in the rejection rate, although an increase in r does lead to an increase in type 2 houses per point, as we would expect. This increase in type 2 houses per point explains the corresponding decrease in homeless households. We now consider how a change of policy might aect the numbers of homeless households in the city. To do this we give the homeless the same policy distribution as general households on the register. That is we set f1 (x) = g1 (x). Homeless households will then typically receive the same points scores as general applicants, thus creating a `fairer system'. Homeless households will still have some advantage though, as all rejected households are oered to homeless applicants.
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Figure 4.11: The numerical solution of the second points model. The eect of giving homeless households the same policy distribution as general households. All households groups shown. Figure 4.11 shows only homeless households are signi cantly aected by this change in policy, with the steady-state number of homeless households approximately doubling when compared to the initial number. All other populations change very little. When we consider Figure 4.12 we see that the densities for general and transfer households on the register change very little under this policy change. However, the steadystate density of homeless households appears to have a similar distribution to general households on the register. This is due to both register groups having the same policy distribution. Figure 4.13 illustrates that a change in policy has no signi cant eect on the supply of vacant council houses. However, the number of rejected households per point is signi cantly reduced due to the much larger number of homeless households. That is, as we have more homeless households the take up of type-2 houses per point is much greater and so we have fewer type-2 houses per point unoccupied at any one time. Since we have fewer type-2 houses per point in the steady state, this also suggests that we have slightly fewer vacant council houses. The numerics indicate 157
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Figure 4.12: The numerical solution of the second points model. The graphs on the left-hand side show the policy distributions whilst the graphs on the right-hand side show the household densities on the register when homeless households are given the same policy distribution as general households. that this gure is around 80 fewer vacant council households, a reduction of 5% when compared to the original number of vacant council houses. In summary, changing the policy distribution for homeless households, so that it is the same as the policy distribution for general households, appears to only signi cantly aect homeless households. This change occurs over a time scale of approximately ve years. Scaling the Second Points Model



We seek to scale the variables to try and gain a fuller understanding of the model. As for the rst points model we let GR = Xgr (^x;  ), T = Y h(^x;  ), PR = Z2q(^x;  ), 1 = W1 v1 (^x;  ), 2 = W2 v2 (^x;  ) and t = L where X , Y , W1 , W2 , Z2 and L are 158
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Figure 4.13: The numerical solution of the second points model. The eect, on vacant council property, of giving homeless households the same policy distribution as general households. to be determined. We let P = P0p and x = M x^. We must also non-dimensionalise the policy distributions and so write g1 (x) = H1 1(^x), g2 (x) = H1 2(^x) and f1 (x) = H1 3(^x). From Figure 4.1 we assign H1 = 0:008 per point. Figure 4.3 suggests that the typical values for X , Y and Z2 are 100 households per point, 6 households per point and 40 households per point respectively. Figure 4.4 suggests W1 and W2 should be approximately 2:5 households per point. Considering equation (4.1.1) we have: 



Z



1 kHG @h = L 5 1 0 3(^x) k5 H1M3(^x) hdx^ uT h @ Y 0 k1 (1 + r)W1 v1 h k1 (1 + r)W2 v2 hg :



k5 H1P0 3(^x)p Y



Substituting in the typical values and constants, we nd that the terms involving v1 h and v2 h are of similar size and so we should balance these. This gives W1 = W2 . The largest coeÆcient is the coeÆcient of 3 (^x) and so we take this out as the time scale.
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The equation then becomes: 



@h kHG = L 5 1 0 3 (^x) @ Y



Z



1 P0 YM  (^x)p  (^x) hdx^ G0 3 G0 3 0  k1 (1 + r)W2 Y uT h fv1 + v2gh : k5 H1 G0 k5 H1G0



We next consider equation (4.1.2) which is: 



@gr kHG = L 3 1 0 1(^x) @ X k3 H1 M1(^x)



k3 H1 P0  (^x)p X 1



Z 1 0



k3 H1 MY 1(^x) X



gr dx^ (k5 + k9 + uG )gr



H rMk1 Y W2 + 1 1(^x) X



Z 1 0



v1 hdx^ +



Z 1 0



v2 hdx^



Z 1 0



hdx^



k4 W2 gr v1 



:



With the typical values and constants we nd that the coeÆcient of gr v1 is the largest and so we should take this out as the time scale. We nd also that the coeÆcient of R1 ^ is the same size as the coeÆcient of gr , which is dominated by k9 , and so 0 v1 hdx we balance these two terms. That is k9 = H1 rMkX1 Y W2 and so X = H1 rMkk91 Y W2 . The equations for gr then becomes: 



Z



1 @gr k9 k3 G0 k9 k3 P0 k9 k3 = Lk4 W2  (^ x )  (^ x ) p  (^ x ) hdx^ 1 1 1 @ k4 W22 rMk1 Y k4 W22 rMk1 Y k4 W22 rk1 0   Z 1 k5 k9 uG k3 H1 M  (^x) gr dx^ + + g gv k4 W2 1 k4 W2 k4 W2 k4 W2 r r 1 0 Z 1  Z 1 k9 +  (^x) v1 hdx^ + v2 hdx^ : k4 W2 1 0 0



Next we consider the scaled equation for PR which is: 



kHP @q = L 7 1 0 2(^x)p k7 H1 M2(^x) @ Z2



Z 1 0



qdx^ (k6 + uP )q







k4 W2 v1 q :



The typical values indicate that the coeÆcients of 2 (^x)p and qv1 dominate the equation and so we should balance these. Thus Z2 = kk7 H4 W1 P2 0 and the equation for q becomes: 



@q = Lk4 W2 2 (^x)p @



k7 H1M  (^x) k4 W2 2



Z 1
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0



qdx^











k6 u + P q k4 W2 k4 W2







qv1 :



We next consider the boundary condition for 1 (M; t) in equation (4.1.8) which becomes: Z



Mk7 H1P0 1 uG M 2 H1rk1 Y k6 P0 v1 (1;  ) = p+ qv1dx^ W2 u W2 u uk9 0 Z 1 uT MY hdx^ + v1 (0;  ): W2 u 0



Z 1 0



gr dx^



With the typical values, we note that the coeÆcient of p has a value of around 0:75 R whereas the coeÆcient of 01 qv1 dx^ is approximately 1:38. For simplicity, we choose W2 = k6uP0 and so the scaled boundary condition becomes:



Mk7 H1 v1 (1;  ) = p + k6



Z 1 0



qv1 dx^



uG M 2H1 rK1 Y uk9



Z 1 0



gr dx^



uT MY k6 P0



Z 1 0



hdx^ + v1 (0;  ):



We could use the boundary condition for 2 (M; t), equation (4.1.7), to nd a suitable scaling for Y but instead we use the equation for 2 , (4.1.6), as this gives better results. The scaled form of (4.1.6) is:



@v2 @



uL @v2 = M @ x^



Lk1 Y hv2 :



With the typical values the coeÆcients of the spatial derivative and hv2 balance and so we let Y = k1uM . The equation for v2 then becomes: 



@v2 Lu @v2 = @ M @ x^







v2 h :



In summary, the scalings are X = H1 rkk96 P0 , Y = k1uM , Z2 = kk74Hk16u and W1 = W2 = k6uP0 . These give values of 84:71 households per point, 6:53 households per point, 43:02 households per point and 1:86 houses per point respectively and so give fair agreement with the typical values. The equation for 1 , when scaled, then becomes: 



@v1 k H rk P k9 u @v1 k9 k7 u(1 + r) = L 4 1 6 0 qv1 @ k9 k4 H1 rk6 P0 M @ x^ k4 rk62 P0  k9 u(1 + r) hv : k4 H1 rk6 P0M 1



(1 + r)gr v1



Similarly, the scaled equation of the boundary condition for 2 (M; t) is:



v2 (1;  ) = r



Z 1 0



k P r2 Mk4 H1 v1 hdx^ + 6 0 uk9



Z 1 0
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rMk7 H1 gr v1 dx^ + k6



Z 1 0



qv1 dx^ + v2 (0;  ):



Finally, the scaled equation for P is: 



Z



Z



1 1 k9 u k u2 u uuG p+ 2 9 T 2 hdx^ + g dx^ P0Mk4 H1 rk6 P0 Mk4 H1 rk6 k1 0 P0k4 k6 0 r  Z 1 Z 1 Z 1 uk9 uk9 + v hdx^ + v hdx^ + gr v1 dx^ : rMk6 P0 k4 H1 0 1 P0 Mk4 H1rk6 0 2 0



dp P Mk H rk2 = L 0 4 1 6 d k9 u



The time scales are therefore k5 H1 Gu0 k1 M  4 months for h, k4 ku6 P0  2:5 years for gr and pr , P0 Mkk49Hu 1 rk62  2 years for p, k4 H1krk9 6 P0  18 days for v1 and Mu  2:5 months. We scale time with the shortest of these and so let L = k4 H1krk9 6 P0 . There are perhaps three distinct time scales in the model. Over the shortest time scale of approximately 3 weeks, we see changes in the amount of vacant council stock 1 and 2 . Homeless households appear to have a time scale of around 4 months. The other households on the register and the council households not on the register experience changes over a much longer time scale of around 2 years. We note that the shortest time-scale of 3 weeks may be suspect. Indeed, our model may not be valid over this time scale and, in any case, we should certainly be considering administrative delays when delaing with short times. Ignoring the diÆculties presented by the three-week time scale, the fully scaled equations can be written as: 



Z



1 @h 2 =  3 (^x) 1 3 (^x)p  2 3 (^x) hdx^ 2 3 h @ 0 (4 + 5 )hfv1 + v2 gg ; (4.2.4)  Z 1 Z 1 @gr = 2 2 6 1 (^x) 7 1 (^x)p 2 8 1(^x) hdx^ 9 1(^x) gr dx^ @ 0 0



(2



10 + 11 



+ 2 



12 )gr



gr v1 + 11 1(^x) Z



Z 1 0



(v1 + v2 )hdx^ ; (4.2.5)



1 @q = 2 2 2 (^x)p 13 2(^x) qdx^ (14 + 15)q @ 0  Z 1 Z 1 dp 2 2 2 = 3  16 p +  17 hdx^ +  12 gr dx^ d 0 0



+16



Z 1 0



(v1 + v2 )hdx^ +



Z 1 0











qv1 ; 



gr v1 dx^ ;



@v1 @v = 16 1 (21 + 22 )qv1 (1 + r)gr v1 (16 + 23)hv1 ; @ @ x^ Z Z 1 Z 1 1 v1 (1;  ) = p + 18 qv1 dx^ 19 gr dx^ 20 hdx^ + v1 (0;  ); 0



0
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0



(4.2.6)



(4.2.7) (4.2.8) (4.2.9)







@v2 @v2 = 16 @ @ x^ v2 (1;  ) = r



Z 1 0







v2 h ;



v1 hdx^ + 24



(4.2.10)



Z 1 0



gr v1 dx^ + 25



Z 1 0



qv1 dx^ + v2 (0;  ); (4.2.11)



k6 uk4 r P0 4 k6 P0 where  = k5kG4 rk0 k69Pk01uM  0:19003, 2 = k9 Hruk  0:60898, 3 = Mk 2 2 2 2 2 2 2  1 k5 G0 k1 M 2 5 G0 k9 k1 3 2 2 2 2 3 2 2 u k4 r k6 P0 u uT k4 r2 k62 P02 6u  0 : 74283,  =  0 : 35219,  = 0:71186, 1 = GP200kk5 k4 rk 3 3 2 2 2 3 2 k1 G0 k5 k9 M k53 H1 G30 k13 M 3 k92  9 k1 M 2 k2 P 2 k u r 9 k3 G0 1:0154, 4 = k5 Hk61PG00 M  0:41222, 5 = k52 H1 G620 M0 24k9 k1  0:79345, 6 = uk k4 k62 P02 r  2 4 2 0:85994, 7 = k6 k5uGk03k1 M  0:63885, 8 = k9 ku13 kk523Gk420rM 2  0:30287, 9 = ku5 Gk03kH91kr1  3 2 u3 uG k4 k6 P0 r2 9 0:74667, 10 = ku5 Gk204kk926kP120Mr 2  0:95104, 11 = k4uk k6 P0  0:32134, 12 = k52 G20 k92 k12 M 2  0:44876, 13 = ukk47kH61PM0  0:59367, 14 = k4uP0  0:32093, 15 = k4uuk6PP0  0:25811, 4 16 = P0 Mkk49Hu 1 rk6  0:27455, 17 = k9 Mu3 HuT1 kk134kr52 G20  0:67625, 18 = H1kk67 M  1:8499, 2 2 19 = uG Hk921kr5 Gk40kk61P0 u  0:31060, 20 = k12uk5uGT0kk49rM  0:46806, 21 = k4kk9 6k2 P7 u0 r  0:50789, 2 2 2 4 H1 22 = k6 kk57Gu0 kr1 M  0:97758, 23 = M 2 Hu1 kr5 G0 k1  0:52844, 24 = k6 P0 rukMk  1:3323 9 and 25 = rMkk67 H1  0:67665. Again we make no attempt at any asymptotic solution, especially as the small parameter  is not as small as we would perhaps like. The scaling suggests three possible time scales which we might consider; one of order one for vacant council houses per point, one of order  for homeless households per point and one of order 2 for all other populations. 2 2 2



4.2.2
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2 2 2



Summary



In this chapter we have extended the rst points model to consider the eect of including rejections. If we now change the homeless policy distribution to be the same as the general households' policy distribution, we again see a relatively large increase in the steady-state numbers of homeless households. Under this policy change and starting with the same initial conditions, the steady-state number of homeless households is 1841 households for the rst points model (see Figure 3.10) whereas this gure is only 1264 households for the second points model (see Figure 4.11). Thus the eect of removing any additional priority that homeless households have is much less dramatic for the second points model. This is probably due to homeless households still receiving rejected houses in addition to the general pool of houses that all 163



applicants are oered. As such, with the second points model homeless households still receive some degree of additional help. Alternatively, a \fairer" system might be consistent with setting r = 0 in equations (4.1.5) and (4.1.7). This would mean that no rejected houses would be passed down to homeless households as the supply of type-2 houses would eventually become zero. The \advantage" given to homeless households would then be removed. This is left for further work. When considering the eect that varying the rejection rate has, the second points model indicates that only homeless households, and the supply of rejected houses, are aected by such a change. A 10% reduction in the rejection-rate parameter leads to a 22% increase in the steady-state number of homeless households. Conversely, a 10% increase in this parameter leads to a 12% decrease in the steady state homeless households numbers. If we compare this with the original ODE model in Chapter 2, Figure 2.19 illustrates that the steady-state number of homeless households increases by only 10% when the rejection-rate parameter is reduced by 10%. The converse is true when the rejection-rate parameter is increased by 10%. Both models agree on the approximate time scale over which such a change will aect homeless households and this is around 4 months. Qualitatively the models agree, although the magnitude of the change is greater for the second points model. In summary, removing priority from homeless households will result in a large increase in the steady-state number of homeless households. Varying the rate at which applicants refuse houses also has a signi cant eect on the steady-state number of homeless households. Other populations in the city are unaected by these changes.
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Chapter 5 Discussion, Conclusion and Further Work



In Chapter 1 we parameterised the Study Group model for both Edinburgh and Glasgow. We found that changing the priority given to allocating homeless households, by varying the parameter k1 , only aected the number of homeless households. All other populations were unaected. This result holds for not only Edinburgh and Glasgow, but is also consistent with the borough studied at the Study Group. Reducing the priority given to re-housing homeless households, by decreasing k1 , results in an increase in the number of homeless households. The time scale governing the equation for homeless households also increases, indicating that it takes longer for the number of homeless households to change. The time scales of the other populations are unaected by a change in k1 . Increasing k4 , the priority given to re-housing general applicants, results in the time scale for homeless households increasing. The time scale for vacant council houses decreases, perhaps as a result of increased oer activity. We apply caution here as the SGM suggests that homelessness can be reduced by allocating houses. This may be true for areas where homelessness is more a symptom of housing shortages but for areas such as Glasgow, where homelessness is more a result of social problems, the SGM may not be so useful. Key parameters to reduce the number of homeless households are k6 , the parameter determining the rate at which council households move to the private sector, P0, the total council stock, and k5 , the parameter which determines the rate at which households become homeless. A small percentage decrease in k5 or a small percentage increase in k6 or 165



P0 can lead to a larger percentage decrease in the number of homeless households. Considering the waiting times for applicants, i.e. the time it takes to be allocated a house rather than the mathematical notion of time scale, we nd that for Edinburgh, homeless, general and transfer applicants must wait approximately six months, seven and a half years and four and a half years respectively. Similarly for Glasgow, these waiting times are 10 months, ve and a half years and four years respectively. Qualitatively, these gures indicate that homeless households wait for a much shorter period than other groups. In Chapter 2 households births and deaths were added to the SGM. In one model the city was allowed to grow without any constraints. In this case, the number of general households in the city was able to vary considerably, depending on the parameters governing the birth and death rates. As a consequence, the number of homeless households increased as the number of general households increased, and decreased if the number of general households decreased. The number of homeless households was found to be very sensitive to the parameters governing the birth and death rates. Thus if the city or borough, which is not constrained by the number of households that it can have, experiences a small percentage increase in its household birth rate, the number of homeless households will experience a much larger percentage increase. The eects of including births and deaths can only be seen over a long time scale. If the cities or boroughs are constrained to have a limited number of households, then the number of general households is found to be insensitive to changes in the birth and death rate parameters. As a consequence, the number of homeless households is also insensitive to these parameters. In this case births and deaths may be neglected from the model. This may be a more realistic model for Edinburgh, and certainly other cities and boroughs, where signi cant future growth is limited. The conclusions regarding parameters k1 , k5 , k6 and P0 also hold for both of the birth and death rate models. In addition, the number of council households is insensitive to any parameters governing household birth and death rates. In the migration model the migration of general households in and out of the city was considered. This was felt to represent the present situation in Glasgow. 166



In the steady state, the size of the city reduced to a value which was sensitive to the household capacity of the surrounding destination area, governed by parameters R0 and R1. The conclusion regarding parameters k1 , k5 , k6 and P0 also hold for this migration model. In the steady state, the composition of the city was almost identical to the original SGM, parameterised for Glasgow, although the number of households in the city had reduced by around 8%. However, Glasgow's number of households is expected to rise even with net outward migration. This is due to a decrease in the average household size by, for example, fewer people deciding to live together. Improving the migration model can be achieved by including births and deaths in the model, using the household death rate to model fewer households cohabiting. This is left for further work. The rejection model in Chapter 2 concluded that varying r, the parameter governing the rate at which oers were refused, signi cantly aected only the number of homeless households and the number of rejected vacant council houses. A percentage decrease in r would lead to a larger percentage increase in the number of homeless households and a larger percentage decrease in the number of rejected vacant council houses. This implies that policies which reduce the rejection rate, such as those which might concentrate on home and neighbourhood improvements, may inadvertently increase the number of homeless households in a borough as less vacant housing is available to the homeless. Furthermore, large changes in the rejection rate are needed before any signi cant aects on general-register households can be seen. The number of homeless households is again particularly sensitive to parameters k1 , k5 , k6 and P0 . Considering the waiting time for homeless applicants, the waiting time was found to reduce from six months to four months when compared with the SGM parameterised for Edinburgh. This reduction was due to semantics since the measure of waiting time was more a measure of processing time as actual allocations and homeless applicants losing their status were included. If homeless applicants losing their status were ignored, the waiting times for both homeless and general applicants were the same as for the SGM. 167



If we include suspensions and time delays in the rejection model we nd that the resulting steady states vary little from the original rejection model. As a consequence, suspensions and time delays can be omitted from future models. Furthermore, taking the parameter governing the rate of rejection to be independent of the suspension time, we nd that varying the period of suspension only aects the number of suspended applicants. Thus if the council adopts a policy where the suspension time is doubled, this will not cause any signi cant changes in any of the other populations. The assumption of independence between the rejection rate and suspension time may be unrealistic and further work might consider the rejection rate parameter, r, as a function of the suspension period ts . The nal model of Chapter 2 was the Housing Association, HA, Model. Including housing associations and nomination agreements in the original SGM led to steady states which were not very sensitive to the HA model parameters. However, the exception was the number of homeless households which was found to be sensitive to the total HA stock, H0. Small percentage increases in the total HA stock lead to similar percentage decreases in the steady state number of homeless households. This suggests that HAs play an important role, particularly in allocating houses to homeless households. The number of homeless households was also sensitive to parameters k1 , k5 , k6 and P0 . Throughout our models in Chapter 2, we note that the time scale for homeless households contains the ratio kk41 . This is the ratio of the priority given to allocating general register households over the priority given to allocating homeless households. We note that increasing k4 will lead to a longer time scale for the homeless, whilst increasing k1 will lead to a shorter time scale. By time scale, we mean the time it takes for the population to change signi cantly when perturbed from its steady state. This is what we would expect as favouring general applicants would lead to a longer time on the register for homeless households. It is important to note that k1 does not occur in any of the other population time scales for any of the other models. In Chapter 3 we began to model priority categories and the points allocation process. The inclusion of priority categories was found not to alter the results of 168



the original SGM and so it was felt that these could be neglected. Using the points allocation model, setting the homeless policy distribution to be the same as the general policy distribution, thereby removing any priority that homeless households may have received, led to a trebling in the number of homeless households. This result is consistent with the original SGM where a reduction in the priority given to allocating homeless households led to an increase in their number. However, the rst points model gives a more conservative estimate of this increase. Other populations in the rst points model are unaected by this change in policy and this is again consistent with the SGM. With the points allocation model, changes associated with homeless households have a time scale of k1 ku6 P0 years whilst general and transfer households have a time scale of k1 ku6 P0 years. We note that increasing the matching constants k1 and k4 both reduce these time scales, as does increasing the rate at which council households move to the private sector, and also increasing the total council stock, P0. Treating homeless households as a category was also considered and this led to a reduction in the number of homeless households of approximately one third. Again, the other populations in the model were unaected. Further work may re-introduce priority categories by treating them as household densities with large point scores. This would be similar to the treatment of homeless households as a category. In the nal chapter of this thesis, Chapter 4, we developed the second points model which incorporated rejections into the rst points model. Varying the rejection rate was again found to only aect the number of homeless households and rejected vacant council houses. This is consistent with the rejection model although the magnitude of the eect is greater in the second points model. In other words, a small percentage reduction in the rejection rate will lead to a much larger percentage increase in the number of homeless households, even if this is compared with the original rejection model. Again, the other populations in the model are unaected. Changing the homeless household policy distribution to be the same as the general register policy distribution, modelling a reduction of the priority given to allocating homeless households, again leads to a rise in the number of homeless households. 169



However, this rise is less than with the rst points model since homeless households still receive additional oers via the rejected vacant council house route. Further work on the points model should consider letting the speed at which oers are passed down the register, u, be dependent upon the households capable of accepting an oer, e.g. u / k1 T +k4 G1R +k4 PR . This would mean that oers would be passed down more slowly when there are many applicants with a particular point score. We should bear in mind that the steady states suggest by the models in this thesis may never be reached as many take a relatively long time to reach, certainly of the order of ten years. In such cases, changes in governmnents and policies may make the original model invalid. Other additional work should concentrate on re-presentations where a homeless applicant, who has successfully been allocated a house, voluntarily gives up their tenancy and later re-applies for another council house. At the time of writing, research (see [26]) is still being carried out in this area to estimate the size of this problem. The assumption that all general households may become homeless should also be tested. Information on the previous tenancies of homeless households would be helpful. It would also be interesting to see if more households use the homelessness route to obtain a council house when more priority is given to housing homeless households. The evidence gathered from the models developed in this thesis suggest strategies to reduce the number of homeless households should concentrate on reducing the rate at which households become homeless. Small percentage decreases in this rate lead to much larger percentage decreases in the number of homeless households. Increasing the amount of council stock and increasing the rate at which council households, but not their houses, move to the private sector would also reduce the number of homeless households. It is worth noting that most policies which increase the number of vacant council houses lead to a decrease in the number of homeless households. This is because there is much greater matching between applicants and vacant council houses and therefore the allocation process is more successful, resulting in fewer households 170



on the register. In summary, if the policy for allocating houses to homeless households is changed, whether this is through changing the parameter k1 in the SGM type models or the policy distribution in the points models, only the number of homeless households is signi cantly aected. Reducing the priority given to allocating houses to homeless households leads to large increases in the number of homeless households. No other populations in the city or borough are signi cantly aected.
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