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Abstract Let E be a real strictly convex Banach space with a uniformly Gˆateaux differentiable norm, and K be a nonempty closed convex subset of E. Suppose that {Tn } (n = 1, 2, . . .) is a uniformly asymptotically regular sequence of nonexpansive mappings from K to itself such that F := ∞ n=1 F(Tn ) = ∅. For arbitrary initial value x0 ∈ K and fixed contractive mapping f : K → K , define iteratively a sequence {xn } as follows: xn+1 = λn+1 f (xn ) + (1 − λn+1 )Tn+1 xn ,



n ≥ 0, ∞ where {λn } ⊂ (0, 1) satisfies limn→∞ λn = 0 and n=1 λn = ∞. Suppose for any nonexpansive mapping T : K → K , {z t } strongly converges to a fixed point z of T as t → 0, where {z t } is the unique element of K which satisfies z t = t f (z t ) + (1 − t)T z t . Then as n → ∞, xn → z. Our results extend and improve the corresponding ones of O’Hara et al. [J.G. O’Hara, P. Pillay, H.-K. Xu, Iterative approaches to finding nearest common fixed point of nonexpansive mappings in Hilbert spaces, Nonlinear Anal. 54 (2003) 1417–1426] and J.S. Jung [Iterative approaches to common fixed points of nonexpansive mappings in Banach spaces, J. Math. Anal. Appl. 302 (2005) 509–520] and H.K. Xu [Viscosity approximation methods for nonexpansive mappings, J. Math. Anal. Appl. 298 (2004) 279–291]. c 2006 Published by Elsevier Ltd 
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1. Introduction Let K be a nonempty closed convex subset of a Banach space E and let T1 , T2 , . . . , TN be nonexpansive mappings from K to itself (recall that a mapping T : K → K is nonexpansive if T x − T y ≤ x − y ∀x, y ∈ K ). We consider an iteration scheme: for N, nonexpansive mappings T1 , T2 , . . . , TN and y, x 0 ∈ K , x n+1 = λn+1 y + (1 − λn+1 )Tn+1 x n ,



n ≥ 0.



(1.1)



In 1967, Halpern [3] first introduced the iteration scheme (1.1) for y = 0, N = 1 (that is, he considered only one mapping T ). He pointed out that the control conditions (C1) limn→∞ λn = 0 and (C2) ∞ n=1 λn = ∞ are necessary for the convergence of the iteration scheme (1.1) to a fixed point of T . Subsequently, many mathematicians studied the iteration scheme (1.1) (see [1,7–9, 11,13]). Recently, O’Hara et al. [6] generalized the result of Shimizu and Takahashi [9] in the framework of a Hilbert space. Very recently, Jong Soo Jung [4] extended the main results of O’Hara et al. [6] to a uniformly smooth Banach space. For T : K → K a nonexpansive mapping with F(T ) = ∅, and f : K → K a fixed contractive mapping, Xu [5] propose the explicit iterative process {x n } given by x n+1 = αn f (x n ) + (1 − αn )T x n ,



(1.2)



and prove that the explicit iterative process {x n } converges to a fixed point p of T in uniformly smooth Banach space. In this paper, we introduce the following iterative sequence {x n } defined by (1.3) for the nonexpansive mapping sequence {Tn } (if f (x n ) ≡ u ∈ K in (1.3), we can get (1.1)): x n+1 = λn+1 f (x n ) + (1 − λn+1 )Tn+1 x n ,



n ≥ 0.



(1.3)



We used a new concept of a uniformly asymptotically regular sequence {Tn } of nonexpansive mappings to prove several strong convergence results. The results presented in this paper extended and improve the corresponding results of [4–6]. 2. Preliminaries Throughout this paper, it is assumed that E is a real Banach space with norm  · , and we let ∗ J denote the normalized duality mapping from E into 2 E given by J (x) = { f ∈ E ∗ , x, f  = x f , x =  f },



∀x ∈ E,



where E ∗ denotes the dual space of E and ·, · denotes the generalized duality pairing. In the sequel, we shall denote the single-valued duality mapping by j , and define F(T ) = {x ∈ E; T x = x}. When {x n } is a sequence in E, then x n → x (respectively x n  x, x n  x) will denote strong (respectively weak, weak∗ ) convergence of the sequence {x n } to x. In Banach space E, the following result (the Subdifferential Inequality) is well known (Theorem 4.2.1 of [10]). ∀x, y ∈ E, ∀ j (x + y) ∈ J (x + y), x + y2 ≤ x2 + 2y, j (x + y).



(2.1)
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Let E be a real Banach space and T a mapping with domain D(T ) and range R(T ) in E. T is called nonexpansive (respectively, contractive), if for any x, y ∈ D(T ), we have that T x − T y ≤ x − y, (respectively, T x − T y ≤ βx − y for some 0 < β < 1). Recall that the norm of E is said to be Gˆateaux differentiable (and E is said to be smooth), if the limit x + t y − x (*) lim t →0 t exists for each x, y on the unit sphere S(E) of E. Moreover, if for each y in S(E) the limit defined by (*) is uniformly attained for x in S(E), we say that the norm of E is uniformly Gˆateaux differentiable. The norm of E is said to be uniformly Fr´echet differentiable (and E is said to be uniformly smooth), if the limit (*) is attained uniformly for (x, y) ∈ S(E) × S(E). Banach space E is smooth if and only if the duality mapping J is single valued. In this case, the duality mapping J is strong–weak* continuous (Lemma 4.3.3 of [10]). A Banach space E is said to strictly convex if  x + y x = y = 1, x = y implies   2 


F(T ) =



F(Tn ).



n=0



∞ ∞ In particular, if βn Tn satisfies the above n=0 F(Tn ) = ∅, then the mapping T = n=0 requirement, where {βn } is a positive real number sequence such that ∞ n=0 βn = 1. Let C be a nonempty closed convex subset of a Banach space E. Recall that a mapping T : C → C is said to be asymptotically regular if lim T n+1 x − T n x = 0,



n→∞



∀x ∈ C.



The mapping T : C → C is said to be uniformly asymptotically regular if lim sup T n+1 x − T n x = 0.



n→∞ x∈C



Now, we introduce the concepts of an asymptotically regular sequence of mappings and a uniformly asymptotically regular sequence of mappings. Let C be a nonempty closed convex subset of a Banach space E, and Tn : C → C, n ≥ 1, then the mapping sequence {Tn } is said to be asymptotically regular (for short, a.r.) if for all m ≥ 1, lim Tm (Tn x) − Tn x = 0,



n→∞



∀x ∈ C.
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The mapping sequence {Tn } is said to be uniformly asymptotically regular (for short, u.a.r.) on C if for all m ≥ 1, lim sup Tm (Tn x) − Tn x = 0.



n→∞ x∈C



Example. Let T be a contractive mapping on a nonempty bounded closed subset C of Banach space E with Lipschitz constant β < 1. Put Sn = T n , n ≥ 1; then the sequence {Sn } is u.a.r. Indeed, ∀x ∈ C, we have Sm (Sn x) − Sn x = T n+m x − T n x ≤



m−1 



T n+i+1 x − T n+i x



i=0



≤



m−1 



β n+i T x − x ≤



i=0



βn T x − x. 1−β



Therefore, lim (sup Sm (Sn x) − Sn x) = 0



n→∞ x∈C



for any fixed contractive mapping f : K → K with contractive coefficient β ∈ (0, 1) and each t ∈ (0, 1), we consider the following implicit iterative sequence {x t } as defined by Xu [5]: x t = t f (x t ) + (1 − t)T x t .



(2.2)



Lemma 2.2. Let K be a nonempty closed convex subset of a real Banach space E which has uniformly Gˆateaux differentiable norm, and T : K → K be a nonexpansive mapping with F := F(T ) = ∅. Assume that {z t } strongly converges to a fixed point z of T as t → 0, where {z t } is defined Eq. (2.2). Suppose {x n } ⊂ K is bounded and limn→∞ x n − T x n  = 0. Then lim sup f (z) − z, j (x n+1 − z) ≤ 0. n→∞



Proof. Using equality z t − x n = (1 − t)(T z t − x n ) + t ( f (z t ) − x n ) and inequality T x − T y, j (x − y) ≤ x − y2 , we get that z t − x n 2 = (1 − t)T z t − x n , j (z t − x n ) + t f (z t ) − x n , j (z t − x n ) = (1 − t)(T z t − T x n , j (z t − x n ) + T x n − x n , j (z t − x n )) + t f (z t ) − z t , j (z t − x n ) + tz t − x n 2 ≤ x n − z t 2 + T x n − x n  j (z t − x n ) + t f (z t ) − z t , j (z t − x n ), and hence x n − T x n  z t − x n . (2.3) t Since {z t }, {x n } and {T x n } are bounded and x n − T x n → 0, taking n → ∞ in Eq. (2.3), we get  f (z t ) − z t , j (x n − z t ) ≤



lim sup f (z t ) − z t , j (x n − z t ) ≤ 0. n→∞



(2.4)
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Since z t converges strongly to z, as t → 0, and the set {z t − x n } is bounded, and in view of the fact that the duality map J is single valued and strong–weak* uniformly continuous on bounded sets of a Banach space E with a uniformly Gˆateaux differentiable norm, we get that | f (z) − z, j (x n − z) −  f (z t ) − z t , j (x n − z t )| = | f (z) − z, j (x n − z) − j (x n − z t ) + ( f (z) − z) − ( f (z t ) − z t ), j (x n − z t )| ≤ | f (z) − z, j (x n − z) − j (x n − z t )| +  f (z t ) − z t − ( f (z) − z) x n − z t  → 0, as t → 0. Hence, ∀ε > 0, ∃δ > 0 such that ∀t ∈ (0, δ), for all n, we have that  f (z) − z, j (x n − z) <  f (z t ) − z t , j (x n − z t ) + ε. By Eq. (2.4), we have that lim sup f (z) − z, j (x n − z) ≤ lim  f (z t ) − z t , j (x n − z t ) + ε n→∞



n→∞



≤ ε.



Since ε is arbitrary, we get that lim sup f (z) − z, j (x n+1 − z) ≤ 0. n→∞



The proof is complete.







In the sequel, we also need the following lemmas which can be found in [4–6,12]. Lemma 2.3 (Xu [12]). Let {an } be a sequence of nonnegative real numbers satisfying the property an+1 ≤ (1 − γn )an + βn ,



n ≥ 0,



where {γn } ⊂ (0, 1) and {βn } is a real number sequence such that  (i) ∞ n=0 γn = ∞;  (ii) either lim supn→∞ βγnn ≤ 0 or ∞ n=0 |βn | < +∞. Then {an } converges to zero, as n → ∞. 3. Main results First, let {Tn  } (n = 1, 2, . . .) be a u.a.r. sequence of nonexpansive mappings from K to itself such that F := ∞ n=1 F(Tn ) = ∅. We can get the following theorem. Theorem 3.1. Let E be a strictly convex Banach space, and K a nonempty closed convex subset of E. {Tn } (n  = 1, 2, . . .) is a u.a.r. sequence of nonexpansive mappings from K to itself such that F := ∞ n=1 F(Tn ) = ∅, for a fixed contractive mapping f : K → K with contractive coefficient β ∈ (0, 1), and the sequence {x n } generated by the following iterative process: x n+1 = λn+1 f (x n ) + (1 − λn+1 )Tn+1 x n ,



n ≥ 0,



(3.1)



where λn ∈ (0, 1) and limn→∞ λn = 0. Then there exists an nonexpansive mapping T : K → K such that F(T ) = F,



and



lim x n − T x n  = 0.



n→∞
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Proof. that there exists an nonexpansive mapping T = ∞ Firstly, by Lemma 2.1 weget ∞ that F(T ) = m=1 βm Tm such  m=1 F(Tm ) = F, where {βm } is a sequence of positive 1. It follows that ∀x ∈ K , we have Tm x ∈ K , ∀m ≥ 0. Noticing numbers such that ∞ m=1 βm = the closed convexity of K and ∞ m=1 βm = 1, we get that   n n   βm Tm x + 1 − βm x ∈ K . m=1



m=1



Let n → ∞; we obtain that Tx =



∞ 



βm Tm x ∈ K .



m=1



Thus, T (K ) ⊂ K . Next, we show that {x n } is bounded. Take u ∈ F. It follows that x n+1 − u ≤ (1 − λn+1 ) Tn+1 x n − u + λn+1  f (x n ) − f (u) + f (u) − u ≤ (1 − λn+1 ) x n − u + λn+1 (β x n − u +  f (u) − u) = (1 − (1 − β)λn+1 ) x n − u + λn+1  f (u) − u 



1 x  f (u) − u . ≤ max n − u , 1−β By induction,



x n − u ≤ max x 0 − u , 



1  f (u) − u , 1−β



n ≥ 0,



and {x n } is bounded, which leads to boundedness of {x n } and {Tn+1 x n }. Using the assumption that limn→∞ λn = 0, we get x n+1 − Tn+1 x n  = λn+1 u − Tn+1 x n  → 0. Finally, we prove that x n+1 − T x n+1 → 0 (n → ∞). In fact, since T = obtain that   ∞     βm Tm (Tn+1 x n ) − Tn+1 x n  T (Tn+1 x n ) − Tn+1 x n  =  m=0  ≤ ≤



∞  m=0 ∞  m=0



∞



(3.2)



m=1 βm Tm ,



we



βm Tm (Tn+1 x n ) − Tn+1 x n  βm sup Tm (Tn+1 x) − Tn+1 x, x∈C



where C  is any bounded subset of K containing {x n }. Since ∞ m=0 βm = 1 and {Tn } (n = 1, 2, . . .) is a u.a.r. sequence of a nonexpansive mapping, for any ε > 0, ∃m ε , Nε ≥ 0 such that ∞  m=m ε



βm 



ε , 2M



sup Tm (Tn+1 x) − Tn+1 x < x∈C



where M = sup{Tn x − Tl y; n, l ≥ 0, x, y ∈ C}.



ε , 2



∀n > Nε ,
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Therefore, noting mε 



m ε



m=1 βm



≤ 1, we get that



βm sup Tm (Tn+1 x) − Tn+1 x 



m=1



x∈C



ε , 2



∀n > Nε .



Thus, ∞ 



T (Tn+1 x n ) − Tn+1 x n  ≤



βm sup Tm (Tn+1 x) − Tn+1 x



m=m ε mε 



+



x∈C



βm sup Tm (Tn+1 x) − Tn+1 x



m=1 ∞ 



x∈C



βm M +



≤



m=m ε



ε < ε. 2



Since ε is arbitrary, we have lim T (Tn+1 x n ) − Tn+1 x n  = 0.



n→∞



(3.3)



Hence, x n+1 − T x n+1  ≤ x n+1 − Tn+1 x n  + Tn+1 x n − T (Tn+1 x n ) + T (Tn+1 x n ) − T x n+1  ≤ 2x n+1 − Tn+1 x n  + Tn+1 x n − T (Tn+1 x n ). Combining (3.2) and (3.3), we get that lim x n+1 − T x n+1  = 0.



n→∞



The proof is completed.







Theorem 3.2. Let E be a real strictly convex Banach space with a uniformly G´ateaux differentiable norm, and K be a nonempty closed convex subset of E. Suppose that {Tn } (n = 1, 2, . . .) is a uniformly  asymptotically regular sequence of nonexpansive mapping from K to itself such that F := ∞ n=1 F(T  n ) = ∅. The sequence {x n } is defined (3.1), and {λn } ⊂ (0, 1) satisfies limn→∞ λn = 0 and ∞ n=1 λn = ∞. Suppose for any nonexpansive mapping T : K → K , {z t } strongly converges to a fixed point p of T as t → 0, where {z t } is the unique element of K which satisfies z t = t f (z t ) + (1 − t)T z t . Then as n → ∞, x n → p. Proof. It follows from Theorem 3.1 that there exists one nonexpansive mapping T : K → K such that F(T ) = F,



and



lim x n − T x n  = 0.



n→∞



For nonexpansive mapping T : K → K , we can define z t = t f (z t ) + (1 − t)T z t , and {z t } strongly converges to a fixed point p ∈ F as t → 0 by supposition. Using Lemma 2.2, we obtain that lim sup f ( p) − p, j (x n+1 − p) ≤ 0. n→∞



(3.4)
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Using equality (3.1) and inequality (2.1), we get that x n+1 − p2 = λn+1 ( f (x n ) − p) + (1 − λn+1 )(Tn+1 x n − p)2 ≤ (1 − λn+1 )2 Tn+1 x n − p2 + 2λn+1  f (x n ) − f ( p), j (x n+1 − p) + 2λn+1  f ( p) − p, j (x n+1 − p) ≤ (1 − λn+1 )2 x n − p2 + 2λn+1 β x n − p x n+1 − p + 2λn+1  f ( p) − p, j (x n+1 − p) ≤ (1 − 2λn+1 + λ2n+1 ) x n − p2 + λn+1 (β x n − p2 + x n+1 − p2 ) + 2λn+1  f ( p) − p, j (x n+1 − p) (using β 2 ≤ β). Therefore, (1 − λn+1 ) x n+1 − p2 ≤ (1 − 2λn+1 + βλn+1 ) x n − p2 + λ2n+1 x n − p2 + 2λn+1  f ( p) − p, j (x n+1 − p).  λ2n+1 1−β x n+1 − p2 ≤ 1 − x n − p2 λn+1 x n − p2 + 1 − λn+1 1 − λn+1 2λn+1 +  f ( p) − p, j (x n+1 − p) 1 − λn+1 ≤ (1 − γn ) x n − p2  2 + γn Mλn+1 +  f ( p) − p, j (x n+1 − p) , 1−β where γn = Hence,



1−β 1−λn+1 λn+1



and M is a constant such that M >



1 1−β



x n − p2 .



x n+1 − p2 ≤ (1 − γn ) x n − p2 + γn αn , where αn = Mλn+1 + It is easily seen that



2 1−β  f ( p) − p, j (x n+1 − p).  γn → 0, ∞ n=1 γn = ∞, and (noting (3.4))



 lim sup αn = lim sup Mλn+1 + n→∞



(3.5)



n→∞



2  f ( p) − p, j (x n+1 − p) ≤ 0. 1−β



Using Lemma 2.3 onto (3.5), we conclude that x n → p. This completes the proof of the theorem.  Using Theorem 4.1 of Xu [5] and Theorem 3.2, we can get the following corollary. Corollary 3.3. Let E be a uniformly smooth and strictly convex Banach space, and K be a nonempty closed convex subset of E. Suppose that {Tn } (n = 1, 2, . . .) is a uniformly asymptotically regular sequence of nonexpansive mappings from K to itself such that F := ∞ F(T ) =  ∅. The sequence {x n } is defined (3.1), and {λn } ⊂ (0, 1) satisfies limn→∞ λn = 0 n=1  n λ = ∞. Then as n → ∞, x n → p, where p is the unique solution in F to the and ∞ n=1 n following variational inequality:  f ( p) − p, j (u − p) ≤ 0 for all u ∈ F(T ).
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