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Abstract This paper is concerned with the possible propagation of waves in an inﬁnite porous continuum consisting of a micropolar elastic solid and a micropolar viscous ﬂuid. Micropolar mixture theory of porous media developed by Eringen [A.C. Eringen, Micropolar mixture theory of porous media, J. Appl. Phys. 94 (2003) 4184–4190] is employed. It is found that there exist four coupled longitudinal waves (two coupled longitudinal displacement waves and two coupled longitudinal microrotational waves) and six coupled transverse waves in a continuum of this micropolar mixture. All the waves are found to attenuate and dispersive in nature. A problem of reﬂection of coupled longitudinal waves from a free boundary surface of a half-space consisting the mixture of a micropolar elastic solid and Newtonian liquid, is investigated. The expressions of various amplitude ratios and surface responses are derived. Numerical computations are performed to ﬁnd out the phase velocity and attenuation of the waves. The variation of amplitude ratios, energy ratios and surface responses are also computed for a speciﬁc model. All the numerical results are depicted graphically. Some limiting cases have also been discussed.  2006 Elsevier Ltd. All rights reserved. Keywords: Micropolar mixture; Wave propagation; Dispersion; Attenuation



1. Introduction Classical theory of elasticity fails to exhibit the behaviour of materials possessing microstructure. In reality, almost all materials possess microstructure and in such materials, microstructural motions (intrinsic rotation of grains) can not be ignored, in particular at high frequency. Eringen [33] developed a linear theory of micropolar elasticity which takes into account the microstructural motions. Eringen’s theory of micropolar elasticity is now well known and does not need much introduction. The basic diﬀerence between classical theory of elasticity and that of micropolar elasticity is the introduction of an additional kinematic variable corresponding to microrotation. In classical theory of elasticity, the points of a material have translational degrees of freedom and transmission of load across a diﬀerential element of a surface is described by a force vector only. However, in micropolar theory of elasticity, the additional degree of freedom is rotation of points and there *
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is an additional kind of stress called couple stress. Clearly, in classical theory of elasticity, the eﬀect of couple stress is neglected. Many problems related to wave propagation in micropolar media have been attempted by several researchers in the past and they have appeared in the open literature. A book on microcontinuum theories [2] is one of the recent monograph on the development of the subject of micropolar elasticity. Parﬁtt and Eringen [7] explored the possibility of wave propagation in an unbounded micropolar elastic medium and discussed their reﬂection from a free ﬂat boundary of a micropolar elastic half-space. They found that there can exist four waves propagating at four distinct speeds in an unbounded micropolar elastic solid, two of which disappear below a critical frequency. Twiss and Eringen [3,4] presented the ﬁrst extensive theory of micromorphic solids. They have derived the general form of the elastic constitutive equations for the non-linear, anisotropic, elastic micromorphic and micropolar materials in which there is no chemical reaction. They have also given the general micropolar equations explicitly for a linear isotropic, two-constituent mixture and investigated the possibility of elastic wave propagation in that. The equations developed by Twiss and Eringen [3,4] have found application in describing the behaviour of polyatomic or polymolecular crystal lattices as well as that of such materials as polycrystalline mixtures and granular composites. In this theory, deformation of material points require twelve degrees of freedom. Following the analysis of Parﬁtt and Eringen [7], Twiss and Eringen [4] have found that there exist longitudinal and transverse microrotation waves, in addition to the longitudinal and transverse displacement waves of classical elasticity in an unbounded micropolar mixture. The study of dynamic response of porous media is of great practical importance in various ﬁelds such as petroleum engineering, environmental engineering and geophysics including several others. Biot [5,6] was the ﬁrst who developed a linear theory for a ﬂuid saturated porous elastic solid. Since then various problems of waves and vibrations in porous media have been attempted by several researchers and they have appeared in the open literature. Biot [5,6] showed that there exist two kinds of compressional waves (one fast and other slow) along with a transverse wave in a ﬂuid saturated porous medium. The motions of liquid and solid phases are coupled for all the three waves. At low frequency, the medium does not support the slow compressional wave. On the other hand, at high frequency, tangential slip takes place, intertial eﬀect dominate and the slow wave becomes activated. The experimental detection of slow compressional waves has conﬁrmed by Plona [43]. Deresiewicz [22] and Deresiewicz and Rice [23] studied the eﬀect of boundaries on wave propagation in a liquid ﬁlled poroelastic medium. Deresiewicz and Skalak [15], Lovera [36] and de la Cruz and Spanos [35] proposed the boundary conditions for two diﬀerent ﬂuid saturated porous media in contact. These authors employed diﬀerent approaches, but conservation of mass and continuity of momentum were common principle. Some more notable work in porous media using Biot’s theory are by Berryman [34], Yew and Jogi [37], de la Cruz and Spanos [10], de la Cruz et al. [19], Chi-Hsin Lin et al. [18], Schanz and Diebels [17], Tsiklauri and Beresnev [38], Hajra and Mukhopadhyay [40], Dutta and Ode [39], Sharma and Gogna [44], Yang [20], Sharma [41], Wu et al. [24], Silin et al. [14], Rajagopal and Tao [26], Gorodetskaya [42] including several others. There are two important directions of porous media theory which are commonly acknowledged. The ﬁrst one is based on the investigations by Biot, the second one is based on mixture theory, extended by incorporating some variables such as the concept of volume fractions or some other variables to represent the microstructure of porous media. Bedford and Drumheller [16], Bowen [11–13], Thigpen and Berryman [28], Ciarletta [27], Tuncay and Corapcioglu [29], Eringen [21], Wei and Muraleetharan [8,9] and Boer [25] among several others introduced mixture theories. The historical development and current state of theory of porous media have been given by Boer [31,32]. In these theories, the intrinsic rotations of molecules were not taken into account, while studying the wave propagation. Recently, the micropolar eﬀects in the porous media theories was incorporated by Eringen [1]. He developed a theory of micropolar mixture of porous media (non-reacting mixture of a micropolar elastic solid and a micropolar viscous ﬂuid at a single temperature) to include the rotational degrees of freedom. In his theory, material points of each constituent of porous solid undergoes translation and rotation and hence possessing six degrees of freedom. Rotational degree of freedom is ignored in classical porous theories. Many engineering materials, as well as soils, rocks, granular materials, sand and underground water mixture may be modeled more realistically by means of micropolar continua. In this paper, using Eringen’s theory [1], we have explored the possibility of elastic wave propagation in an unbounded micropolar mixture of porous media. It is found that there can exist two coupled longitudinal displacement waves, two coupled longitudinal microrotational waves and six coupled transverse waves. All
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the waves are found to be dispersive and attenuated. A problem of reﬂection of coupled longitudinal waves from a free surface of a micropolar porous half-space is investigated. The half-space is taken as a mixture of micropolar elastic solid and Newtonian liquid. Amplitude ratios and energy ratios of various reﬂected waves have been obtained in closed form. The expressions of displacements and microrotation on the surface of the half-space are also derived. Numerical computations are performed for a speciﬁc model and the results obtained are depicted graphically. 2. Basic equations The equations of motion in an isotropic mixture of micropolar elastic solid and a micropolar viscous ﬂuid, in the absence of body force density and body couple density, are given by Eringen [1]    o2 us c21s þ c23s rðr  us Þ  c22s þ c23s r  ðr  us Þ þ c23s r  Us  c24s ðu_ s  u_ f Þ ¼ 2 ; ot 2 s  2  _sU _ fÞ ¼ o U ; c5s þ c26s rðr  Us Þ  c26s r  ðr  Us Þ þ c27s ðr  us  2Us Þ  c28s ðU ot2 2 f  2    _ f þ c2 ðu_ s  u_ f Þ ¼ o u ; c1f þ c23f rðr  u_ f Þ  c22f þ c23f r  ðr  u_ f Þ þ c23f r  U 4f ot2 2 f  2  _ f Þ  c2 r  ðr  U _ f Þ þ c2 ðr  u_ f  2U _ f Þ þ c2 ðU _sU _ fÞ ¼ o U ; c5f þ c26f rðr  U 6f 7f 8f ot2 



ð1Þ ð2Þ ð3Þ ð4Þ



where c21s ¼ ðks þ 2ls Þ=qs , c22s ¼ ls =qs , c23s ¼ K s =qs , c24s ¼ n=qs , c25s ¼ ðas þ bs Þ=qs js , c26s ¼ cs =qs js , c27s ¼ K s =qs js , c28s ¼ X=qs js , c21f ¼ ðkf þ 2lf Þ=qf , c22f ¼ lf =qf , c23f ¼ K f =qf , c24f ¼ n=qf , c25f ¼ ðaf þ bf Þ=qf jf , c26f ¼ cf =qf jf , c27f ¼ K f =qf jf , c28f ¼ X=qf jf , ks and ls are Lame’s parameters, Ks, as, bs and cs are micropolar constants, qs and js are respectively the density and micro-inertia of micropolar solid, us and Us are respectively the displacement and microrotation vectors for micropolar elastic solid, while kf, lf, Kf, af, bf and cf are micropolar ﬂuid viscosities, qf and jf are respectively the density and microinertia of micropolar ﬂuid, uf and Uf are respectively the displacement and microrotation vectors for elastic micropolar ﬂuid, n and X are the momentum generation coeﬃcients due to the velocity diﬀerence and due to the diﬀerence in gyrations respectively. Superposed dot indicates the temporal derivative and other symbols have their usual meanings. The constitutive relations in linear isotropic micropolar mixture are given by Eringen [1]   sskl ¼ ks r  us dkl þ ls usk;l þ usl;k þ K s ðusl;k þ elkm Usm Þ; ð5Þ mskl ¼ as r  Us dkl þ bs /sk;l þ cs /sl;k ;     sfkl ¼ kf tfm;m dkl þ lf tfk;l þ tfl;k þ K f tfl;k þ elkm msm ;



ð6Þ



mfkl ¼ af r  m f dkl þ bf mfk;l þ cf mfl;k ;



ð8Þ



s



f



s



ð7Þ



f



^ p ¼ ^ p ¼ nðu_  v Þ s _ s  mf Þ ^ ¼ m ^ f ¼ XðU m



ð9Þ ð10Þ



f



f



where vf ¼ ouot , m f ¼ oU ; sskl and sfkl are respectively the force stress tensors in micropolar solid and ﬂuid, mskl and ot f ^ s are respectively the force mkl are respectively the couple stress tensors in micropolar solid and ﬂuid, ^ps and m f ^ f are respectively the force and the couple exerted on the solid constituent from the ﬂuid constituent, ^p and m and couple exerted on the ﬂuid constituent from the solid constituent. Introducing the scalar potentials As, Af, C s and Cf, vector potentials Bs, Bf, Ds and Df through Helmholtz representation of vector ﬁeld, we can write us ¼ rAs þ r  Bs ; s



s



s



U ¼ rC þ r  D ;



r  Bs ¼ 0; s



r  D ¼ 0;



uf ¼ rAf þ r  Bf ; f



f



r  Bf ¼ 0; f



U ¼ rC þ r  D ;



Plugging (11) and (12) into Eqs. (1)–(4), we obtain



f



r  D ¼ 0:



ð11Þ ð12Þ
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 €s; c21s þ c23s r2 As  c24s ðA_ s  A_ f Þ ¼ A  2  €f ; c1f þ c23f r2 A_ f þ c24f ðA_ s  A_ f Þ ¼ A  2  € s; c5s þ c26s r2 C s  2c27s C s  c28s ðC_ s  C_ f Þ ¼ C  2  €f; c5f þ c26f r2 C_ f  2c27f C_ f þ c28f ðC_ s  C_ f Þ ¼ C  2  _ f þ c2 ðB_ s  B_ f Þ ¼ B €f ; c2f þ c23f r2 B_ f þ c23f r  D 4f _sD _ fÞ ¼ D € s; c2 r2 Ds þ c2 r  Bs  2c2 Ds  c2 ðD 6s



ðc22s



7s



þ



c23s Þr2 Bs



_f c26f r2 D



þ



c27f r



7s



8s



D   B_ Þ ¼ B ; 2 f 2 _sD _ fÞ ¼ D € f: _ þ c ðD  B_  2c7f D 8f



þ



c23s r



s



c24s ðB_ s



f



€s



f
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ð13Þ ð14Þ ð15Þ ð16Þ ð17Þ ð18Þ ð19Þ ð20Þ



We see that Eqs. (13) and (14) are coupled in scalar potentials As and Af, Eqs. (15) and (16) are coupled in scalar potentials Cs and Cf; while Eqs. (17)–(20) are coupled in vector potentials Bs, Bf, Ds and Df. 3. Wave propagation We wish to discuss the possibility of plane wave propagation in an inﬁnite medium of mixture of micropolar solid and viscous micropolar liquid. For this purpose, we shall ﬁrst solve the Eqs. (13)–(20). Consider the following form of plane waves propagating in the positive direction of a unit vector n: fAs ; Af ; C s ; C f g ¼ fas ; af ; cs ; cf g exp½ıkðn  r  VtÞ;



ð21Þ p ﬃﬃﬃﬃﬃﬃ ﬃ where as, af, cs and cf are the constant complex scalar wave amplitudes, ı ¼ 1, r is the position vector, V is the phase velocity in the direction of n, k is the wavenumber and x(=kV) is angular frequency. Inserting the values of As and Af from (21) into Eqs. (13) and (14), we obtain a set of two homogeneous equations in two unknown amplitudes namely as and af. Eliminating these, we get the following equation: a1 V 4  b1 V 2 þ c1 ¼ 0; ð22Þ  2            a1 ¼ x þ ı c4s þ c24f , b1 ¼ c21s þ c23s x þ ıc24f þ c21f þ c23f c24s x  ıx2 and c1 ¼ ıx2 c21s þ c23s where c21f þ c23f . Similarly, inserting the values of Cs and Cf from (21) in Eqs. (15) and (16), we obtain ð23Þ a2 V 4  b2 V 2 þ c2 ¼ 0;            2 2 2 2 2 2 2 2 2 2 where a2 ¼ 2c ıc28f þ x  2c27f x c28f  ıx  7s 22ıc7f þ  þ x2 ıc8s2 þ ıc8f2 þ x , b2 ¼ x c5s þ c6s ð2ıc7f þ ıc8f þ 2 2 2 2 4 2 xÞ þ c5f þ c6f ð2ıc7s þ c8s x  ıx Þ and c2 ¼ ıx c5s þ c6s c5f þ c6f . The roots of Eqs. (22) and (23) are given by qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 1 V 21;2 ¼ b1  b21  4a1 c1 b2  b22  4a2 c2 ; and V 23;4 ¼ ð24Þ 2a1 2a2 respectively. Here V 21 and V 23 are with ’plus’ sign and V 22 and V 24 are with ’minus’ sign. Insertion of (21) into Eqs. (11) and (12) will show that the displacement vectors (us, uf) and microrotation vectors (Us, Uf) are parallel to the direction of n. Hence, the waves propagating with phase velocities given by Vi (i = 1, 2, 3, 4) are longitudinal in nature. The waves propagating with velocities V1 and V2 may be called coupled longitudinal displacement waves and the waves propagating with velocities V3 and V4 may be called coupled longitudinal microrotational waves. These longitudinal waves are analogous to the longitudinal displacement and longitudinal microrotational waves of micropolar elasticity. In the limiting case, when presence of liquid is neglected, the velocities V1 and V3 reduce to the velocities of longitudinal displacement wave and longitudinal microrotational wave of micropolar theory of elastic solids. The other velocities V2 and V4 become zero in this limiting case. It is to be noted here that these coupled longitudinal displacement waves are analogous to the dialatational waves of classical elastic solid and ﬂuid, while there are no classical analogy to the microrotation waves. To solve Eqs. (17)–(20), which are coupled in vector potentials Bs, Bf, Ds and Df, we take the following form of vector potentials: fBs ; Bf ; Ds ; Df g ¼ fbs ; bf ; ds ; df g exp½ıkðn  r  VtÞ;



ð25Þ
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where bs, bf, ds and df are constant complex vector wave amplitudes. Other symbols are deﬁned earlier. Plugging (25) into Eqs. (17)–(20), we get four homogeneous vector equations in four unknowns A1 bs þ A2 bf þ A3 n  ds ¼ 0; s



s



ð26Þ



f



B1 n  b þ B2 d þ B3 d ¼ 0; s



f



ð27Þ



f



ð28Þ



f



ð29Þ



C 1 b þ C 2 b þ C 3 n  d ¼ 0; f



s



D1 n  b þ D2 d þ D3 d ¼ 0; where A1 ¼ k 2 ðc22s þ c23s Þ þ k 2 V 2 þ c24s ıkV ;



A2 ¼ c24s ıkV ;



A3 ¼ c23s ık;



B2 ¼ k 2 c26s  2c27s þ c28s ıkV þ k 2 V 2 ; B3 ¼ c28s ıkV ;   C 1 ¼ c24f ıkV ; C 2 ¼ ık 3 V c22f þ c23f þ c24f ıkV þ k 2 V 2 ; C 3 ¼ k 2 Vc23f ; B1 ¼ c27s ık;



D1 ¼ c27f k 2 V ;



D2 ¼ ıkVc28f ;



D3 ¼ c26f k 3 V ı þ 2c27f ıkV þ c28f ıkV þ k 2 V 2 :



Eliminating the vectors bs, bf, ds and df, we obtain a3 V 4 þ b3 V 2 þ c3 ¼ 0;



ð30Þ



N 1 V 8 þ N 2 V 6 þ N 3 V 4 þ N 4 V 2 þ N 5 ¼ 0;



ð31Þ



and



where



   a3 ¼ ıc24f þ x ıð2c27f þ c28f Þ þ x ;   c3 ¼  c22f þ c23f c26f x4 ;        b3 ¼ ıx2 c22f þ c23f ı 2c27f þ c28f þ x þ ıc26f x2 ıc24f þ x þ c27f c23f x2 ;        N 1 ¼ x þ ıc24s 2c27s þ ıc28s x þ x2 x þ ıc24f 2ıc27f þ ıc28f þ x þ c28s c28f x x þ ıc24s      x þ ıc24f þ 2c27s þ ıc28s x þ x2 2ıc27f þ ıc28f þ x c24s c24f þ xc24s c24f c28s c28f ;         N 2 ¼ x x þ ıc24f 2ıc27f þ ıc28f þ x  c22s þ c23s 2c27s þ ıc28s x þ x2  c26s x x þ ıc24s         c27s c23s þ x x þ ıc24s 2c27s þ ıc28s x þ x2 ı c22f þ c23f 2ıc27f þ ıc28f þ x        þ ıc26f ıc24f þ x þ c27f c23f  ıc27s c24s c28f c23f  ıc23s c28s c24f c27f þ c28s c28f  c22s þ c23s x þ ıc24f          þ ıx x þ ıc24s c22f þ c23f þ c24s c24f c26s 2ıc27f þ ıc28f þ x þ ıc26f 2c27s þ c28s ıx þ x2 ;  2   2   2  2   3 2 2 2 2 2 2 2 N 3 ¼ x c6s c2s þ c3s ıc4f þ x 2ıc7f þ ıc8f þ x  c2s þ c3s 2c7s þ ıc8s x þ x          þ xc26s x þ ıc24s þ c27s c23s ı c22f þ c23f 2ıc27f þ ıc28f þ x þ ıc26f ıc24f þ x þ c27f c23f            x c26f c22f þ c23f x þ ıc24s 2c27s þ ıc28s x þ x2 þ ıc28s c28f c22s þ c23s c22f þ c23f þ ıc24s c24f c26s c26f ;          N 4 ¼ x4 c26s c22s þ c23s ı c22f þ c23f 2ıc27f þ ıc28f þ x þ ıc26f ıc24f þ x þ c27f c23f        þ c26f c22f þ c23f c22s þ c23s 2c27s þ ıc28s x þ x2 þ c26s x þ ıc24s þ c27s c23s ;    N 5 ¼ x7 c26s c26f c22s þ c23s c22f þ c23f :



The roots of Eq. (30) are given by qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 V 25;6 ¼ b3  b23  4a3 c3 ; 2a3



ð32Þ



where V 25 is with ’plus’ sign and V 26 is with ’minus’ sign. It can be seen from the coeﬃcients of Eq. (32) that the velocities V 25;6 depend purely on micropolar ﬂuid viscosities and they do not depend on the properties of solid constituent. Moreover, if the constant cf is put p equal to zero then V 26 vanishes. Also, if the constants Kf, n and ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ﬃ X vanish, then the velocity V 25 reduces to V 25 ¼ ıxlf =qf , which is the velocity of transverse wave in viscous
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ﬂuid. Eq. (31) is not simple to solve analytically and the roots of this equation can be obtained by some numerical procedure. Since Eq. (31) is four degree equation in V2, therefore it can give four roots in general. Let these roots be V 27 , V 28 , V 29 and V 210 . This means that Eq. (31) will represent four waves propagating with these velocities. Using (25) into second and fourth equations of (11) and (12), it becomes apparent that n Æ bs = n Æ bf = n Æ ds = n Æ df = 0. Hence, all the four vectors bs, bf, ds and df lie in common plane whose unit normal is n. This means that the waves propagating with velocities Vj, (j = 5, 6, 7, 8, 9, 10) are transverse in nature. It is clear from the expressions of velocities that they depend on frequency. Hence, all waves propagating with these velocities are dispersive. In a limiting case, when presence of liquid is ignored, we see that the velocities given by V5 and V6 vanish and Eq. (31) reduces aV 4 þ bV 2 þ c ¼ 0; where a ¼ 1 



2c27s , x2



h     i 2c2 c2 b ¼  c22s 1  x7s2 þ c23s 1  x7s2 þ c26s and c ¼ c26s ðc22s þ c23s Þ.



This equation is the same equation as obtained by Parﬁtt and Eringen [7] and gives the velocities of coupled transverse waves in micropolar elastic solid. In another limiting case, when micropolarity of both ﬂuid and solid constituents along with moment generation coeﬃcients are neglected then one can verify that the reduced pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Eqs. (30) and (31) yield two velocities given by c2s and ıxc22f . These velocities are the velocities of purely transverse waves in classical elastic solid and viscous ﬂuid respectively. Now, let us look at the behaviour of these velocities at low and high frequencies. For higher frequency waves i.e. when x ! 1, we see that the velocities of coupled longitudinal waves reduce to V 21 ¼ c21s þ c23s and V 22 ! 1, the velocities of coupled longitudinal microrotational waves V 23;4 ! 1. The velocities of two coupled transverse waves reduce to V 25 ¼ V 26 ¼ 1 and that of remaining four coupled transverse waves reduce to V 27 ¼ V 28 ¼ 1 and V 29 ¼ c26s ; V 210 ¼ c22s þ c23s . At low frequency waves i.e. when x ! 0, all velocities vanish except  2  c1s þ c23s c24f 2 V1 ¼ : c24s þ c24f 4. Reﬂection of coupled longitudinal waves We shall discuss the reﬂection phenomena of coupled longitudinal waves impinging obliquely at the stress free plane surface of a half-space H composed of mixture of a micropolar elastic solid and inviscid non-polar simple liquid. Let x–y axes are horizontal and z-axis is vertically downward. we shall discuss two-dimensional problem in x–z plane such that x-axis is along the free plane boundary of the half-space. The half-space H occupy the region H = {1 < x, y < 1, z P 0}. Since, we are considering simple inviscid liquid, therefore, we shall ﬁrst ﬁnd the expressions of velocities of existing waves in the mixture considered. For this substituting zero values of the parameters corresponding to micropolarity and viscosity of ﬂuid constituent i.e. c22f ¼ c23f ¼ c25f ¼ c26f ¼ c27f ¼ c28f ¼ c28s ¼ 0 into the expressions of velocities obtained earlier. From the expression given in (22), we obtain qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 0 0 V 21;2 ¼ 0 b01  b02 ð33Þ 1  4a1 c1 ; 2a1          where a01 ¼ x þ ı c24s þ c24f , b01 ¼ c21s þ c23s ıc24f þ x þ c21f x c24s  ıx and c01 ¼ ı c21s þ c23s c21f x2 which are the velocities of coupled longitudinal displacement wave in a mixture consisting of micropolar elastic solid constituent and inviscid simple liquid constituent. From the expression of velocity given in (23), we obtain 



1   c2 V 23 ¼ c25s þ c26s 1  2 7s2 ; ð34Þ x which is the velocity of longitudinal microrotational wave in micropolar solid constituent. From the expressions of velocities given in (31), we obtain
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qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 V ¼ n2  n22  4n1 n3 ; 2n1        where n1 ¼ x2  2c27s x þ ıc24s x þ ıc24f þ c24s c24f , n3 ¼ x3 c26s c22s þ c23s ıc24f þ x   2     c2s þ c23s x2  2c27s þ xc26s x þ ıc24s þ c27s c23s þ c24s c24f c26s x2 : n2 ¼ x x þ ıc24f 2 9;10



ð35Þ



These velocities correspond to the waves arising from solid to liquid interactions. It is easy to verify that by neglecting the presence of liquid, these velocities reduce to the same velocities of coupled transverse waves of micropolar elastic solid obtained earlier by Parﬁtt and  Eringen  [7]. Since we areconsidering two dimensional problem in x-z plane, therefore, we shall take us ¼ us1 ; 0; us3 and uf ¼ uf1 ; 0; uf3 and /s2 ¼ ðUs Þ2 . 4.1. Incidence of coupled longitudinal plane wave with velocity V1 Let a plane coupled longitudinal wave propagating through the half-space H be incident at the surface z = 0. Let the incident wave with amplitude A0 propagates with velocity V1 and striking at the surface making an angle h0 with z-axis. To satisfy the boundary conditions on the traction and couples at the boundary surface, it is necessary to postulate the existence of reﬂected wave in four distinct directions. (i) A set of coupled longitudinal wave of amplitude A1 propagating with speed V1 and making an angle h1 with the z-axis. (ii) A similar set of coupled longitudinal wave of amplitude A2 propagating with speed V2 and making an angle h2 with the z-axis. (iii) A set of coupled transverse wave of amplitude A3 propagating with speed V9 and making an angle h3 with the z-axis. (iv) A similar set of coupled transverse wave of amplitude A4 propagating with speed V10 and making an angle h4 with the z-axis. The followings are the relevant potentials in H:  X Ap exp fwp1 g; ð36Þ As ¼ A0 exp w01 þ p¼1;2



 X Af ¼ n1 A0 exp w01 þ np Ap exp fwp1 g; Bs2 ¼



X



ð37Þ



p¼1;2



Ap exp fwp1 g;



ð38Þ



gp Ap exp fwp1 g;



ð39Þ



p¼3;4



/s2 ¼



X



p¼3;4



where w01 ¼ ık 1 ðsin h0 x  cos h0 zÞ  ıx1 t, wp1 ¼ ık p ðsin hp x þ cos hp zÞ  ıxp t and n1,2 are the coupling parameters between As and Af, while g3,4 are the coupling parameters between Bs2 and /s2 . The expressions of these coupling parameters are given by " #1  2 



c1s þ c23s x1;2 c27s 2 2 2 n1;2 ¼ 1  ı 2  k 1;2 2 : ; g3;4 ¼ c7s V 9;10  c6s  2 2 c4s c4s V 1;2 k 9;10 Since the boundary surface of half-space H is free from stresses, therefore, the boundary conditions at the free surface are the vanishing of force stresses, couple stress in micropolar solid constituent and stress in liquid constituent. Mathematically, these boundary conditions can be expressed as sszz ¼ sfzz ¼ sszx ¼ mszy ¼ 0



at z ¼ 0:



ð40Þ



The Snell’s law describing the relations between various angles of reﬂected waves and that of the incident wave, is given by sin h0 sin h1 sin h2 sin h3 sin h4 ¼ ¼ ¼ ¼ : V1 V1 V2 V9 V 10



ð41Þ



Making use of potentials given by Eqs. (36)–(39), using Snell’s law given by Eq. (41) and assuming that x1 = x2 = x3 = x4 = x at z = 0, the boundary conditions (40) are satisﬁed if
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aij zj ¼ bi



ði ¼ 1; . . . ; 4Þ;
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ð42Þ



j¼1



where   a1i ¼ ks þ ð2ls þ K s Þ cos2 hi k 2i ; a3i ¼ ð2ls þ K s Þ sin hi cos hi k 2i ;



a1j ¼ ð2ls þ K s Þ sin hj cos hj k 2j ; "



a2i ¼ ni k 2i ; # K s gj 2 s s 2 a3j ¼ l cos 2hj þ K cos hj  2 k j ; a4j ¼ gj cos hj k j ; kj



a41 ¼ a42 ¼ a23 ¼ a24 ¼ 0; i ¼ 1; 2; j ¼ 3; 4; and b1 = a11, b2 = a21, b3 = a31, b4 = a41. z1 ¼ AA10 , z2 ¼ AA20 , z3 ¼ AA30 and z4 ¼ AA40 are the amplitude ratios for the reﬂected longitudinal displacement wave due to solid with velocity V1 at an angle h1, reﬂected coupled longitudinal wave due to liquid with velocity V2 at an angle h2, reﬂected coupled transverse wave with velocity V9 at an angle h3, reﬂected coupled transverse wave with velocity V10 at angle h4 respectively. Solving the equations in (42), we obtain zi ¼



Di D



ði ¼ 1; 2; 3; 4Þ;



ð43Þ



where D ¼ a14 a22 a33 a41 þ a12 a24 a33 a41 þ a13 a22 a34 a41  a12 a23 a34 a41 þ a14 a21 a33 a42  a11 a24 a33 a42  a13 a21 a34 a42 þ a11 a23 a34 a42 ; D1 ¼ ða14 a33  a13 a34 Þða42 b2  a22 b4 Þ þ a24 ða33 a42 b1 þ a13 a42 b3 þ a12 a33 b4 Þ þ a23 ða34 a42 b1  a14 a42 b3  a12 a34 b4 Þ; D2 ¼ a41 ða24 a33 b1  a23 a34 b1  a14 a33 b2 þ a13 a34 b2 þ a14 a23 b3  a13 a24 b3 Þ þ ða14 a21 a33  a11 a24 a33  a13 a21 a34 þ a11 a23 a34 Þb4 ; D3 ¼ ða12 a41  a11 a42 Þða34 b2  a24 b3 Þ þ a22 ða34 a41 b1  a14 a41 b3  a11 a34 b4 Þ þ a21 ða34 a42 b1 þ a14 a42 b3 þ a12 a34 b4 Þ; D4 ¼ ða12 a41  a11 a42 Þða33 b2  a23 b3 Þ þ a22 ða33 a41 b1 þ a13 a41 b3 þ a11 a33 b4 Þ þ a21 ða33 a42 b1  a13 a42 b3  a12 a33 b4 Þ: 4.1.1. Surface response The following responses of the solid and liquid constituents at the surface of the half-space H are calculated. (i) Solid constituent: The expressions for the displacements and microrotation respectively are given by us1 ¼ ½k 1 sin h0 þ k 1 sin h1 z1 þ k 2 sin h2 z2  k 3 cos h3 z3  k 4 cos h4 z4 ıA0 expfık 0 xg; us3 ¼ ½k 1 cos h0 þ k 1 cos h1 z1 þ k 2 cos h2 z2 þ k 3 sin h3 z3 þ k 4 sin h4 z4 ıA0 expfık 0 xg;



ð44Þ ð45Þ



/s2 ¼ ½g3 z3 þ g4 z4 A0 expfık 0 xg:



ð46Þ



(ii) Liquid constituent: The expressions of the displacements of the liquid constituent are given by uf1 ¼ ½n1 k 1 sin h0 þ n1 k 1 sin h1 z1 þ n2 k 2 sin h2 z2 ıA0 expfık 0 xg;



ð47Þ



uf3



ð48Þ



¼ ½n1 k 1 cos h0 þ n1 k 1 cos h1 z1 þ n2 k 2 cos h2 z2 ıA0 expfık 0 xg;



where k1 sin h0 = k1 sin h1 = k2 sin h2 = k3 sin h3 = k4 sin h4 = k0. 4.1.2. Energy partition We shall now consider the partitioning of incident energy between diﬀerent reﬂected waves at the surface element of unit area. Following Achenbach [30], the instantaneous rate of work of surface traction is the scalar
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product of surface traction and the particle velocity. This scalar product is called the power per unit area, denoted by P*, and represents the rate at which the energy is transmitted per unit area of the surface, i.e. the energy ﬂux across the surface element. The time average of P* over a period, denoted by hP*i, represents the average energy transmission per unit surface area per unit time. For the mixture of micropolar solid with simple liquid, the rate of energy transmission at the free surface z = 0 is given by P  ¼ sszz u_ s3 þ sfzz u_ f3 þ sszx u_ s1 þ mszy /_ s2



ð49Þ



where superposed dot represents the temporal derivative. Following Achenbach [30], for any two complex functions of the forms F ¼ F 0 expfıðxt  c1 Þg;



f ¼ f0 expfıðxt  c2 Þg;



where F0 and f0 are real-valued functions. The following is relation for time average of a product of real parts of two complex functions F and f: hRðF Þ  Rðf Þi ¼ RðF f Þ=2:



ð50Þ



We shall now calculate hP*i for the incident and each of the reﬂected waves using the appropriate potentials and hence obtain the energy ratios giving the time rate of average energy transmission for the respective wave to that of the incident wave. The expressions for these energy ratios Ei(i = 1, . . . , 4) for reﬂected waves are given by



  Ei ¼ P i = P 0 ði ¼ 1; . . . 4Þ; ð51Þ where



  s  P 0 ¼ k þ 2ls þ K s  ıkf x1 n21 k 31 cos h0 ;



   P ‘ ¼  ks þ 2ls þ K s  ıkf x‘ n2‘ k 3‘ cos h‘ z2‘ ð‘ ¼ 1; 2Þ; !



 ð c s gm þ K s Þ 3 s s P m ¼  l þ K  gm k m cos hm z2m ðm ¼ 3; 4Þ: k 2m E1, E2, E3 and E4 represent the energy ratios of reﬂected coupled longitudinal wave with velocity V1, reﬂected coupled longitudinal wave with velocity V2, reﬂected coupled transverse wave with velocity V9 and reﬂected coupled transverse wave with velocity V10 respectively. 4.2. Incidence of coupled longitudinal plane wave with velocity V2 We now consider a train of coupled longitudinal wave of amplitude A0 propagating with velocity V2 through the half space and striking at the interface making an angle h0 with z-axis. In this case, to satisfy the boundary conditions at the free surface of half-space H, we shall postulate the existence of same set of reﬂected waves as considered in case of incidence of coupled longitudinal wave with velocity V1. Therefore, the potentials in the half-space due to various reﬂected waves will be of the form  X As ¼ A0 exp w02 þ ð52Þ Ap exp fwp2 g; f



A ¼ n2 A0 exp







w02







p¼1;2



þ



X



np Ap exp fwp2 g;



ð53Þ



p¼1;2



where w02 ¼ ık 2 ðsin h0 x  cos h0 zÞ  ıx2 t and wp2 ¼ ık p ðsin hp x þ cos hp zÞ  ıxp t. The expressions of potentials Bs2 and /s2 will remain same as deﬁned earlier in (38) and (39). The expressions of n1,2 and g3,4 are deﬁned earlier. Making use of potentials given above and the modiﬁed Snell’s law for the present case given sin h0 sin h1 sin h2 sin h3 sin h4 ¼ ¼ ¼ ¼ V2 V1 V2 V9 V 10



ð54Þ
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into the boundary conditions given in (40) and assuming x1 = x2 = x3 = x4 = x at the boundary surface z = 0, we obtain a system of four non-homogeneous equations as follows: 4 X



aijzj ¼  bi



ði ¼ 1; . . . ; 4Þ;



ð55Þ



j¼1



where aij are same as deﬁned earlier and  b1 ¼ a12 ; b2 ¼ a22 ; b3 ¼ a32 and b4 ¼ a42 , while z1 ¼ A1 =A0 , z2 ¼ A2 =A0 , z3 ¼ A3 =A0 and z4 ¼ A4 =A0 are the reﬂection coeﬃcients of various reﬂected waves. Solving the system of equations in (55), we obtain zi ¼



Di D



ði ¼ 1; 2; 3; 4Þ;



ð56Þ



where D ¼ a14 a22 a33 a41 þ a12 a24 a33 a41 þ a13 a22 a34 a41  a12 a23 a34 a41 þ a14 a21 a33 a42  a11 a24 a33 a42  a13 a21 a34 a42 þ a11 a23 a34 a42 ; D1 ¼ ða14 a33  a13 a34 Þða42  b2  a22  b4 Þ þ a24 ða33 a42 b1 þ a13 a42 b3 þ a12 a33 b4 Þ þ a23 ða34 a42  b1  a14 a42  b3  a12 a34  b4 Þ; D2 ¼ a41 ða24 a33  b1  a23 a34  b1  a14 a33  b2 þ a13 a34 b2 þ a14 a23 b3  a13 a24 b3 Þ þ ða14 a21 a33  a11 a24 a33  a13 a21 a34 þ a11 a23 a34 Þb4 ; D3 ¼ ða12 a41  a11 a42 Þða34  b2  a24  b3 Þ þ a22 ða34 a41 b1  a14 a41 b3  a11 a34 b4 Þ þ a21 ða34 a42  b1 þ a14 a42  b3 þ a12 a34  b4 Þ; D4 ¼ ða12 a41  a11 a42 Þða33  b2  a23  b3 Þ þ a22 ða33 a41 b1 þ a13 a41 b3 þ a11 a33 b4 Þ þ a21 ða33 a42  b1  a13 a42  b3  a12 a33  b4 Þ: Similarly, as computed in case of incidence of coupled longitudinal wave with velocity V1, the expressions of surface response for the displacements and microrotations of solid constituent and displacements of liquid constituent are given by us1 ¼ ½k 2 sin h0 þ k 1 sin h1 z1 þ k 2 sin h2 z2  k 3 cos h3 z3  k 4 cos h4 z4 ıA0 expfık 00 xg; us3 ¼ ½k 2 cos h0 þ k 1 cos h1 z1 þ /s2 ¼ ½g3 z3 þ g4 z4 ıA0 expfık 00 xg



k 2 cos h2 z2 þ k 3 sin h3 z3 þ



k 4 sin h4 z4 ıA0 expfık 00 xg;



ð57Þ ð58Þ ð59Þ



and uf1 ¼ ½n2 k 2 sin h0 þ n1 k 1 sin h1 z1 þ n2 k 2 sin h2 z2 ıA0 expfık 00 xg; uf3



¼ ½n2 k 2 cos h0 þ n1 k 1 cos h1 z1 þ



n2 k 2 cos h2 z2 ıA0 expfık 00 xg;



ð60Þ ð61Þ



where k 2 sin h0 ¼ k 1 sin h1 ¼ k 2 sin h2 ¼ k 3 sin h3 ¼ k 4 sin h4 ¼ k 00 . And the expressions for energy ratios Ei ði ¼ 1; . . . 4Þ for various reﬂected waves are given by



  ði ¼ 1; . . . 4Þ; ð62Þ Ei ¼ P i = P 0 where the expressions of hP i i are the same as deﬁned earlier, while the expression of hP 0 i is given by   hP 0 i ¼ ks þ 2ls þ K s  ıkf x2 n22 k 32 cos h0 : 5. Limiting case If we neglect the micropolar eﬀects from solid and ﬂuid constituents of the mixture, then we shall be left with mixture of elastic solid and liquid. For this, substituting the parameters corresponding to micropolarity
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in both solid and ﬂuid constituents equal to zero, i.e. c23s ¼ c25s ¼ c26s ¼ c27s ¼ c28s ¼ c23f ¼ c25f ¼ c26f ¼ c27f ¼ c28f ¼ 0 then Eq. (24) reduces to qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 0 2 0 0 V 1;2 ¼ 0 b1  b02 ð63Þ and V 3;4 ¼ 0; 1  4a1 c1 2a1   where a01 ¼ x þ ı c24s þ c24f , b01 ¼ ıc21s c24f þ ðc21s þ c24s c21f  ıc21f xÞx, c01 ¼ ıc21s c21f x2 . Thus there are two longitudinal displacement waves and the longitudinal microrotation waves disappear. Also, the velocities of coupled transverse waves given by Eq. (30) vanish and the velocities given by Eq. (31) reduce to qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ



1 0 2 0 0 V 9;10 ¼ 0 b2  b02 ð64Þ 2  4a2 c2 ; 2a2       where a02 ¼ x þ ı c24s þ c24f , b02 ¼ c22s x þ ıc24f þ ıxc22f x þ ıc24s , c02 ¼ ıx2 c22s c22f . These two transverse waves are coupled through the coupling parameter given by " # 2 ıV c 9;10 4s bs ¼ bf : kðV 29;10  c22s Þ þ ıV 9;10 c24s It is to be noted here that the velocities V1,2 given in (63) are analogous of two compressional waves of Biot [5,6]. The velocities V9,10 given in (64) correspond to two coupled transverse waves not observed in Biot’s theory. When viscosity of ﬂuid constituent is neglected i.e. when lf = 0, then one of the velocities in (64) vanishes and the other velocity becomes V 210 ¼ ls =qs for high frequency waves. 6. Numerical results and discussions In order to seek the behaviour of velocities of the existing waves in micropolar mixture with frequency parameter, we shall consider a speciﬁc model. The various amplitude and energy ratios at the free boundary of a porous mixture consisting of micropolar solid and inviscid liquid will be computed subsequently. For the purpose of studying the dispersion and attenuation phenomena of waves, we take the following values of relevant elastic parameters: ks = 7.59 · 1010 dyne/cm2, ls = 1.89 · 1010 dyne/cm2, Ks = 0.0149 · 1010 dyne/ cm2, as = 0.029 · 1010 dyne, bs = 0.027 · 1010 dyne, cs = 0.0263 · 1010 dyne, js = 0.00196 cm2, qs = 2192 gm/ cm3, n = 0.75 gm/cm3 s, X = 0.40 gm/cm s, kf = 2.14 · 1010 dyne s/cm2, lf = 0.450 · 1010 dyne s/cm2, Kf = 0.0112 · 1010 dyne s/cm2, af = 0.0178 · 1010 dyne s, bf = 0.0160 · 1010 dyne s, cf = 0.0198 · 1010 dyne s, jf = 0.00180 cm2, qf = 1010.0 gm/cm3. We shall compute the non-dimensional phase velocity at diﬀerent values of non-dimensional frequency. The expressions of velocities given in Eqs. (22), (23), (30) and (31) are computed and found that they are complex. The variations of real and imaginary parts of these velocities are obtained and depicted graphically through Figs. 1–5. Fig. 1 shows that the real part of velocity V1/c1s is dispersive until a certain value of frequency parameter x/c7s, beyond which it is independent of frequency. However, the real part of velocity ratio V2/c1s is found to be increasing with increase of frequency parameter x/c7s. The real parts of these two velocity ratios are found to be equal at xe(=x/c7s) = 58.41 It is clear from this ﬁgure that V1/c1s > V2/c1s in their real parts until x/ c7s < xe, but when x/c7s > xe, we found V2/c1s > V1/c1s in their real parts. The imaginary part of the phase velocity V1/c1s is found to be non-zero for low values of frequency parameter and it approaches to zero when x/c7s takes larger and larger values. On the other hand the imaginary part of V2/c1s is found to decrease with increase of frequency parameter. Thus we conclude that at low frequency, one of the longitudinal wave corresponding to phase velocity V1 propagates with complex phase velocity and hence dispersive and attenuated while at high frequency, this wave propagates with constant real phase velocity and remains unattenuated. Thus for high frequency range, this wave is independent of frequency. The other longitudinal wave propagating with phase velocity V2 propagates with complex phase velocity and hence dispersive and attenuated at all non-zero values of frequency parameter. At zero frequency, it is found that V1 is non-zero.
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The wave velocity V2/c1s vanish at x/c7s = 0, which increases monotonically with x/c7s and approaches to inﬁnity as x/c7s ! 1. Fig. 2 shows that the real part of V3,4/c1s vanish at x/c7s = 0. As frequency parameter increases, the real part of velocity ratio V3/c1s increases to the value 3.1319 at x/c7s = 1.32, thereafter it decreases with further increase of frequency parameter. The real part of velocity ratio V4/c1s increases with increase of frequency parameter. These velocity ratios are found to approach to inﬁnity as frequency parameter approaches to inﬁnity. The variation of imaginary parts of V3,4/c1s with frequency parameter is shown in the ﬁgure. The imaginary part or attenuation of V3/c1s is found maximum in low frequency range. Fig. 3 depicts the variation of real and imaginary parts (attenuation) of V5,6/V1s with frequency parameter. We note that both parts of these velocities vanish at x/c7s = 0. Thereafter, their real and imaginary parts increase in positively and negatively with increase of frequency parameter. The real part of V5/c1s is found to be greater than that of V6/c1s up to x/c7s = 1.88 and after that the real part of V6/c1s becomes greater than the real part of V5/c1s. These two velocities approaches to 1 as the frequency parameter tends to 1. It is also noticed that the imaginary parts of these velocity become more and more negative as x/c7s approaches to 1. It is also found that in the absence of cf, the velocity V6 disappear and the velocity V5 remains unchanged. Thus the velocity V5 does not depend on cf. Fig. 4. shows that the real parts of velocity ratios V7,8/c1s are zero at zero frequency. For x/c7s > 0, these velocity ratios increase and the real part of V8/c1s is found to be greater than that of V7/c1s. We also observe that there is an uplift in both the velocity ratios at x/c7s = 1.23. The variation of imaginary parts of these velocity ratios with frequency parameter is similar to that of their real parts, but with negative sign. Both the parts of these velocity ratios approaches to 1 as x/c7s ! 1. Fig. 5, we see that real part of the velocity ratio V9/c1s starts increasing from zero up to 1.7834 at x/c7s = 1.22 and decreases to 0.0357 at x/c7s = 1.23 and hereafter it starts increasing. The velocity V10 also follows the same pattern, but decrease is continuous function of frequency. We also observe the same trend for attenuation coeﬃcient, however the attenuation for V9 tends to 1 while attenuation of V10 tends to vanish as the frequency increases.
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Figs. 6–11 represent the variation of amplitude ratios, energy ratios and surface responses when the coupled longitudinal waves with velocities V1 and V2 are made incident at free surface of a porous half space containing mixture of micropolar elastic solid and inviscid non-polar liquid. These are computed at frequency parameter x/c7s = 103. Fig. 6 shows that the values of reﬂection coeﬃcients z2 and z3 are very small at each angle of incidence and they have depicted after magnifying 103 and 106 times respectively to their original values. The variation of z4 is also shown by magnifying its original value by 10. Thus we conclude that only reﬂected wave with amplitude z1 is dominant. Fig. 7 shows that the amplitude ratio z3 is very small as compared to the amplitudes of other reﬂected waves. The curve corresponding to z3 is shown after magnifying 105 times its original value. Here the amplitude ratio z2 is found to be almost independent of angle of incidence, while the amplitude ratios z1 and z4 behaves alike with angle of incidence. It is also noticed that at normal and grazing incidences, all reﬂected waves disappear except the wave corresponding to amplitude ratio z2. Figs. 8 and 9 represent the variation of energy ratio distribution with angle of incidence when a coupled longitudinal wave with velocities V1 and V2 is made incident respectively. It is noticed from Fig. 8 that maximum amount of energy travel along the reﬂected wave having amplitude z1 as was expected. Almost negligible amount of energy is carried by the reﬂected waves having amplitudes z3 and z4. Similarly, from Fig. 9, we note that the amount of energy carried by reﬂected waves having amplitude ratios z3 and z4 is negligible and the only reﬂected wave having amplitude z2 carry maximum amount of energy. In both ﬁgures, it has been veriﬁed that sum amounts of the energies carried with reﬂected waves is equal to the amount of energy given to the incident wave. Thus there is no dissipation of energy during reﬂection as the medium is non-dissipative. Figs. 10 and 11 depict the variation of surface displacement, microrotation in solid and surface displacements in ﬂuid with angle of incidence in case of incident coupled longitudinal wave with velocity V1 and V2, respectively. The displacement components us1 , us3 and uf1 , uf3 are normalized by a factor of ik1A0exp(ik0x)
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and ık 2 A0 expðık 00 xÞ respectively. The microrotation for solid /s2 is normalized by a factor of A0 k 21 expðık 0 xÞ in case of incident wave with velocity V1 and by the factor A0 k 22 expðık 00 xÞ in case of incident wave with velocity V2. It can be observed from these ﬁgures that the surface response of displacement components in ﬂuid constituent is greater than that of in solid constituent. 7. Conclusions Wave propagation and a problem of reﬂection of plane longitudinal waves from a free boundary surface of a porous micropolar mixture half-space are investigated. The equations of motion and constitutive relations for micropolar mixture theory of porous media developed by Eringen [1] has been employed for mathematical treatment. It is concluded that (i) There can exist two coupled longitudinal displacement waves, two coupled longitudinal microrotational waves and six coupled transverse waves (two of them are purely depend on ﬂuid parameters) in an inﬁnite micropolar mixture of porous media. All the waves are found to be dispersive and attenuated in nature. It has been veriﬁed that when the presence of ﬂuid is neglected from the mixture, these waves exactly reduce to the elastic waves in micropolar elastic solid earlier obtained by Parﬁtt and Eringen [7]. (ii) It is found that there is signiﬁcant eﬀect of presence of ﬂuid in the mixture. The longitudinal displacement wave corresponding to solid constituent in micropolar mixture is found to be dispersive for low range of frequency parameter while it is independent of the frequency in micropolar elastic solid. (iii) Phase velocities of all the waves corresponding to the micropolar viscous ﬂuid approach to inﬁnity as the frequency approach to inﬁnity. (iv) If the viscosity and micropolarity of the liquid constituent is neglected then there can exist three longitudinal waves (two corresponding to displacement and one corresponding to microrotational) and two
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transverse waves (corresponding displacement and microrotation of solid) in a continuum mixture of micropolar solid with Newtonian liquid. (v) The formulae for reﬂection coeﬃcients, energy ratios and surface responses have been derived and computed numerically. It is found that the reﬂection coeﬃcient and energy ratio corresponding to those reﬂected wave which propagates with same velocity as that of incident wave are dominant. (vi) We also concluded that the wave velocity V1 is greater than V2 up to a certain frequency parameter and after that velocity V2 is found to be more than V1. Similarly the phase velocity V5 is found to be more than V6 up to a certain frequency parameter and thereafter the phase velocity V6 is found to be more than V5. Acknowledgement One of the author Dilbag Singh is thankful to Council of Scientiﬁc and Industrial Research, New Delhi for providing ﬁnancial assistance in the form of JRF for completing this study. References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26]
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