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Hexagons and the Chinese Remainder Theorem Christine McMeekin March 2017



Abstract Consider the hexagonal arrangement of circles in the painting above. There is a puzzle [4] dating back to Aristotle where the goal is to fill the 19 circles with distinct integers between 1 and 19 such that every row adds to 38. I encrypted the solution to this puzzle in a painting via the Chinese Remainder Theorem using color, shade, and texture. The goal is to decrypt the painting to find the solution to the puzzle. Exercises for students learning elementary number theory are included.
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The Original Puzzle



For Christmas 2015, in my stocking was a puzzle [4] that my parents had gotten for me. The puzzle consisted of 19 small hexagons numbered 1,...,19 and the goal was to arrange these into a larger hexagonal arrangement such that every row adds up to 38. Below is an image of the larger hexagonal arrangement with three of the rows indicated with lines. 1



Note that in each of three directions, there are five rows; two of length 3, two of length 4, and one of length 5, for a total of 15 rows. While I was looking for a more elegant solution, I did solve the puzzle using some programming and a little linear algebra. My solution was similar to the solution given in this blog [3] about the puzzle which I later found. Meanwhile I had been painting1 quite a lot and trying to explain the Chinese Remainder Theorem to some of my friends and I realized that I could transform this puzzle into another puzzle which does have an elegant solution. The puzzle I transformed it into is intended for students learning elementary number theory. The idea is that we can use the Chinese Remainder Theorem to uniquely encode the integers 1,...,19 in a painting using color, texture, and shade. The new puzzle is to decode the painting which reveals the solution to the original hexagon puzzle. Next I will give a brief introduction to the Chinese Remainder Theorem in Section 2, then I will explain the details of the encryption in the painting in Section 3. Finally, I end with some exercises accessible to students learning elementary number theory.
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Introduction to the Chinese Remainder Theorem



To understand the statement of the Chinese Remainder Theorem, one must first understand modular arithmetic, which one could think of as a generalization of the concept of even and odd. When the modulus is 2, an integer n is said to 0 mod 2 exactly when n is even, and 1 mod 2 exactly when it is odd. That is, n is 0 mod 2 when n is 0 plus a multiple of 2, and 1 mod 2 if n is 1 plus a multiple of 2. More generally, an integer n is said to be congruent to r mod m whenever n = r + km for some integer k. We write n≡r



mod m.



For example, multiples of m are always 0 mod m, and 1, 6, 11, 16, 21, ... are examples of integers which are 1 mod 5. Given n and m, there always exists a unique integer 0 ≤ r ≤ m − 1 such that n ≡ r mod m. We call this value of r the least positive residue mod m. Taking the integers modulo m partitions the integers into m sets; the least positive residue is a canonical representative of that set. 1



Check out my art page! See [5].
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Theorem 2.1 (The Chinese Remainder Theorem). If n1 ≡ r1 mod m1 and n2 ≡ r2 mod m2 and m1 and m2 are relatively prime, then there is a unique residue mod m1 m2 which satisfies both congruences simultaneously. For example, if we have a 1 digit number 0, ..., 9 and we know that it is 1 mod 5 and even (so 0 mod 2), that uniquely determines that the integer must be 6. If we didn’t know it was a one digit number, we would still know the integer must be 6 mod 10.
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About the Painting



There are 5 different colors used in the painting (grey-scale, red, yellow, blue, and green) each corresponding to a residue modulo 5. Similarly there are 3 different shades of each color each corresponding to a residue mod 3 and there are 2 different textures each corresponding to a residue mod 2. Note that I chose 2, 3, and 5 as my moduli because these are the first three prime numbers, so they are automatically relatively prime and because their product is 30 which is greater than 19 so if we know we are only allowed to use integers 1,..,19 then knowing the residues mod 2, 3, and 5 uniquely determines the integer in question. That is, the texture, shade, and color of each circle in the painting uniquely determines the integer which goes in that circle by the Chinese Remainder Theorem. Below is a “map” of the painting.



Exercises The following exercises are intended for students learning elementary number theory. The last exercise is challenging; I proved the result myself and later discovered this website [2] where the solution is given along with some history of the problem. However, one should note that the solution given in [2] defines n slightly differently so a modification is needed. The first two involve the Chinese Remainder Theorem and the third is about divisibility of certain polynomials at integer values.
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1. Determine which colors correspond to which residues mod 5, which shades correspond to which residues mod 3, and which textures correspond to which residues mod 2. For example, let rred denote the least positive residue corresponding to red. One of the rows of four is entirely red, which tells us that 4rred ≡ 38 because the row must add to 38. Note that 38 ≡ 3 mod 5 so 4rred ≡ 3 mod 5. Also observe that 4 × 4 = 16 ≡ 1 mod 5, so 4 is the inverse of 4 mod 5. Multiplying the equation 4rred ≡ 3 mod 5 by 4, we see that 16rred ≡ 12 mod 5, or rred ≡ 2 mod 5, so we’ve determined that the color red corresponds to the residue 2 mod 5. 2. Decrypt the painting to find the solution to the puzzle! 3. The original hexagon puzzle had one hexagon in the center and two rings of hexagons around it. Let n denote the number of rings around the center hexagon so for example, in the original puzzle, n = 2. The following depicts the first three cases; n = 1, n = 2, and n = 3 respectively.



(a) (Warm-Up) Let m denote the number of hexagons and let r denote the number of rows in the arrangement of hexagons determined by n rings around a center hexagon. For example, when n = 2 as in the original puzzle, then m = 19 and r = 15. Find formulas for m and r in terms of n. (b) (Conjecture) We say n has property ? if there exists an integer d such that we can fill in the m hexagons with integers 1,...,m such that every row adds up to d. For example, when n = 2, we saw that n = 2 satisfies property ? with d = 38. Make a conjecture for the set of n which satisfy property ?. (c) (Proof) Prove your conjecture.



References [1] Keith Conrad. The Chinese Remainder Theorem http://www.math.uconn.edu/ kconrad/blurbs/ugradnumthy/crt.pdf 4
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