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WEDDERBURN’S FACTORIZATION THEOREM APPLICATION TO REDUCED K-THEORY R. HAZRAT (Communicated by Lance W. Small) Abstract. This article provides a short and elementary proof of the key theorem of reduced K-theory, namely Platonov’s Congruence theorem. Our proof is based on Wedderburn’s factorization theorem.



Let D be a division algebra with center F . If a ∈ D is algebraic over F of degree m, then by Wedderburn’s factorization theorem one can find m conjugates of a such that the sum and the product of them are in F . This observation has been used in many different circumstances to give a short proof of known theorems of central simple algebras. (See [8] for a list of these theorems.) Here we will use this fact to prove Platonov’s congruence theorem. The non-triviality of the reduced Whitehead group SK1 (D) was first shown by V. P. Platonov who developed a so-called reduced K-theory to compute SK1 (D) for certain division algebras. The key step in his theory is the “congruence theorem” which is used to connect SK1 (D), where D is a residue division algebra of D to SK1 (D). This in effect enables one to compute the group SK1 (D) for certain division algebras. (See [5] and [6].) Before we describe the congruence theorem, we employ Wedderburn’s factorization theorem to obtain a result regarding normal subgroups of division algebras. Suppose that D has index n. Let N be a normal subgroup of the group of units D∗ of D. Let a ∈ N with the minimal polynomial f (x) ∈ F [x] of degree m. Then from the theory of central simple algebras we have the following equality: (1)



f (x)n/m = xn − T rdD/F (a)xn−1 + · · · + (−1)n N rdD/F (a),



where N rdD/F : D∗ → F ∗ is the reduced norm, T rdD/F : D → F is the reduced trace and the right-hand side of the equality is the reduced characteristic polynomial of a. (See [7], §9.) Using Wedderburn’s factorization theorem for the minimal polynomial f (x) of −1 a, one obtains f (x) = (x − d1 ad−1 1 ) · · · (x − dm adm ) for certain di ∈ D. Now from the equality (1), it follows that N rdD/F (a) is the product of n conjugates of a. Since N is a normal subgroup of D∗ , it follows that N rdD/F (a) ∈ N . Therefore N rd|N : N −→ Z(N ) is well defined, where Z(N ) = F ∗ ∩ N is the center of the group N . Received by the editors April 13, 2000 and, in revised form, June 12, 2000. 2000 Mathematics Subject Classification. Primary 16A39. Key words and phrases. Division algebra, reduced K-theory, congruence theorem, reduced Whitehead group. c
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Before stating the main lemma, we fix some notation. Let µn (F ) denote the group of n-th roots of unity in F and let Z(D0 ) denote the center of the commutator subgroup D0 of D∗ . Let D(1) stand for the kernel of the reduced norm. Observe that µn (F ) = F ∗ ∩ D(1) and Z(D0 ) = F ∗ ∩ D0 . If G is a group, denote by Gn the subgroup of G generated by all n-th powers of elements of G. If H and K are subgroups of G, denote by [H, K] the subgroup of G generated by all mixed-commutators [h, k] = hkh−1 k −1 , where h ∈ H and k ∈ K. We are now in a position to state our main lemma which is interesting in its own right. Lemma 1. Let D be a division algebra with center F , of index n. Let N be a normal subgroup of D∗ . Then N n ⊆ (F ∗ ∩ N )[D∗ , N ]. Proof. Let a ∈ N . As stated above, using Wedderburn’s factorization theorem, N rdD/F (a) = d1 ad1 −1 · · · dn adn −1 . But d1 ad1 −1 · · · dn adn −1 = [d1 , a]a[d2 , a]a · · · [dn , a]a = an da for some da ∈ [D∗ , N ]. This implies that an = N rdD/F (a)da −1 . Therefore N n ⊆ (F ∗ ∩ N )[D∗ , N ]. Let N = D∗ . Then by the above Lemma, for any x ∈ D∗ , xn = N rdD/F (x)dx where dx ∈ D0 . This shows that the group G(D) = D∗ /F ∗ D0 is a torsion group of bounded exponent n. Some algebraic properties of this group are studied in [4]. In order to describe Platonov’s congruence theorem, we need to recall some concepts from valued division algebras. Let D be a finite dimensional division algebra with center a Henselian field F . Recall that a valuation v on a field F is called Henselian if and only if v has a unique extension to each field algebraic over F . Therefore v has a unique extension also denoted by v to D ([11]). Denote by VD , VF the valuation rings of v on D and F , respectively and let MD , MF denote their maximal ideals and D, F their residue division algebra and residue field, respectively. We let ΓD , ΓF denote the value groups of v on D and F , respectively, and UD , UF the groups of units of VD , VF , respectively. Furthermore, we assume that D is a tame division algebra, i.e., CharF does not divide i(D), the index of D. Platonov’s congruence theorem asserts that if D is a tame division algebra over a Henselian field F , then (1+MD )∩D(1) ⊆ D0 . This is the crucial theorem of reduced K-theory which is proved in [5] (note that [5] provides a lengthy and complicated proof for the special case of a complete discrete valuation of rank 1, and [3] notes that the same proof works for the general case of tame Henselian valued division algebras). Here we give a short and elementary proof of this fact. Theorem 2 (Congruence Theorem). Let D be a tame division algebra over a Henselian field F = Z(D), of index n. Then (1 + MD ) ∩ D(1) = [D∗ , 1 + MD ]. Proof. First we show that (1 + MF ) ∩ D(1) = 1. Let 1 + f ∈ 1 + MF . If 1 + f ∈ D(1) , then (1 + f )n = 1. But v((1 + f )n − 1) = v(f ). This shows that f = 0 and so our claim. Now take N = 1 + MD . By Lemma 1,  i h (1 + MD )n ⊆ (1 + MD ) ∩ F ∗ D∗ , (1 + MD ) .
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n Since the valuation is tame and Henselian,h Hensel’s lemma i shows that (1 + MD ) =



1 + MD . Therefore 1 + MD = (1 + MF ) D∗ , (1 + MD ) . Now using the fact that (1 + MF ) ∩ D(1) = 1, the theorem follows.



Remark. There is an elegant proof of the congruence theorem by A. Suslin in [9], in the case of a discrete valuation of rank 1. This proof uses substantial results from valuation theory and the fact that the group SK1 (D) is torsion of bounded exponent n = i(D). Using results of Ershov in [3], Suslin’s proof can be written for arbitrary tame Henselian division algebras. Having the congruence theorem, it is easy to see, in the case of discrete valuation of rank 1, that the sequence SK1 (D) → SK1 (D) → L1 /Lσ− 1 → 1 −1 (1) and Lσ− 1 = the image of L is exact, where L = N rd(D), L1 = L ∩ NZ(D)/F



under the homomorphism a 7→ σ(a)a−1 , where hσi = Gal(Z(D)/F ). This leads to computations of SK1 (D) for certain division algebras. (See [5], [6] and [9].) Another look at the proof of Theorem 2 shows that 1 + MD ⊆ (1 + MF )D0 and ∗ ∗ therefore 1 + MD ⊆ UF D0 . Put G(D) = D /F D0 . In many applications, it is easy to obtain information about the residue data of division algebras. The following theorem gives an explicit formula for the group SK1 (D) when the group G(D) is trivial. Theorem 3. Let D be a tame division algebra over a Henselian field F = Z(D), of index n. If G(D) = 1, then SK1 (D) = µn (F )/Z(D0 ). ∗



∗



Proof. The reduction map UD −→ D induces an isomorphism D −→ UD /1+MD , a 7→ (1 + MD )a. Since 1 + MD ⊆ UF D0 , it follows that ∗



∗



'



D /F D0 −→ UD /UF D0 . ∗



∗



Now if G(D) = D /F D0 = 1, then UD = UF D0 . But D(1) ⊆ UD . This shows that D(1) = µn (F )D0 . Using the fact that µn (F )∩D0 = Z(D0 ), the theorem follows. Note that Hensel’s lemma implies that µn (F ) ' µn (F ). In particular if D is a totally ramified division algebra, i.e., D = F , then G(D) = 1. Example 4. Let C be the field of complex numbers and r be a nonnegative integer. Let D1 = C((x1 )) and define σ1 : D1 → D1 by the rule σ1 (x1 ) = −x1 . Now let D2 = D1 ((x2 , σ1 )) and set D3 = D2 ((x3 )). Again define σ3 : D3 → D3 by σ3 (x3 ) = −x3 . In general, if i is even, set Di+1 = Di ((xi+1 )) and if i is odd, define σi : Di → Di by σi (xi ) = −xi and Di+1 = Di ((xi+1 , σi )). By Hilbert’s construction (see [1], §1 and §24), D = D2r = C((x1 , · · · , x2r , σ1 , · · · , σ2r−1 )) is a division algebra with center F = C((x21 , x22 , · · · , x22r−1 , x22r )) and n = i(D) = 2r . P Finally define v : D∗ → ΓD = Z 2r by the rule v( ci xi11 · · · xi2r2r ) = (i1 , · · · , i2r ) where i1 , · · · , i2r are the smallest powers of the xi ’s in the lexicographic order. It can be observed that v is a tame valuation and D = C and F = C. Therefore G(D) = 1. Theorem 3 implies that SK1 (D) = µn (F )/Z(D0 ). From the multiplication rule in D, it follows that n o X ci xi11 · · · xi2r2r . D0 ⊆ ± 1 + i>0
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Since Z(D0 ) ⊆ µn (F ), it follows that Z(D0 ) = {1, −1}. But µn (F ) = µn (F ) = Z2r ; hence SK1 (D) = Z2r−1 . In [4], as another application of Lemma 1, we obtain theorems of reduced Ktheory which previously required heavy machinery, as a simple consequence of this approach. Acknowledgments I wish to thank Anthony Bak who read the note and made numerous corrections. References 1. P. Draxl, Skew Field, London Math. Soc. Lecture Note Ser. Vol 81, Cambridge, Univ. Press. Cambridge, 1983. MR 85a:16022 orpern, Lecture Notes in Math. Vol 778, Springer, 2. P. Draxl, M. Kneser (eds.), SK1 von Schiefk¨ Berlin, 1980. MR 82b:16014 3. Y. Ershov, Henselian valuation of division rings and the group SK1 (D), Math USSR Sb. 45 (1983), 63-71. 4. R. Hazrat, SK1 -like functors for division algebras, J. of Algebra, to appear. 5. V. P. Platonov, The Tannaka-Artin problem and reduced K-theory, Math USSR Izv. 10 (1976), 211-243. 6. V. P. Platonov, V. Yanchevskii, Algebra IX, Finite dimensional division algebras, Encyclopaedia Math. Sci. 77, Springer, Berlin, 1995. 7. I. Reiner, Maximal Orders, Academic Press, London, 1975. MR 52:13910 8. L. Rowen, Y. Segev, The multiplicative group of a division algebra of degree 5 and Wedderburn’s factorization theorem, Contemp. Math., 259, Amer. Math. Soc., 2000. CMP 2001:01 9. A. Suslin, SK1 of division algebras and Galois cohomology, Advances in Soviet Math 4, Amer. Math. Soc. (1991), 75-99. 10. J.-P. Tignol, A. R. Wadsworth, Totally ramified valuations on finite-dimensional division algebras, Tran. Amer. Math. Soc. 302 (1) (1987), 223-250. MR 88j:16025 11. A. R. Wadsworth, Extending valuations to finite dimensional division algebras, Proc. Amer. Math. Soc. 98 (1986), 20-22. MR 87i:16025 Department of Mathematics, University of Bielefeld, P. O. Box 100131, 33501 Bielefeld, Germany E-mail address: [email protected]



























[image: WEDDERBURN'S FACTORIZATION THEOREM ... - Semantic Scholar]
WEDDERBURN'S FACTORIZATION THEOREM ... - Semantic Scholar












[image: Non-Negative Matrix Factorization Algorithms ... - Semantic Scholar]
Non-Negative Matrix Factorization Algorithms ... - Semantic Scholar












[image: An abstract factorization theorem for explicit substitutions]
An abstract factorization theorem for explicit substitutions












[image: Physics - Semantic Scholar]
Physics - Semantic Scholar












[image: Physics - Semantic Scholar]
Physics - Semantic Scholar












[image: Physics - Semantic Scholar]
Physics - Semantic Scholar












[image: Physics - Semantic Scholar]
Physics - Semantic Scholar












[image: vehicle safety - Semantic Scholar]
vehicle safety - Semantic Scholar












[image: Reality Checks - Semantic Scholar]
Reality Checks - Semantic Scholar












[image: Top Articles - Semantic Scholar]
Top Articles - Semantic Scholar












[image: TURING GAMES - Semantic Scholar]
TURING GAMES - Semantic Scholar












[image: A Appendix - Semantic Scholar]
A Appendix - Semantic Scholar












[image: i* 1 - Semantic Scholar]
i* 1 - Semantic Scholar












[image: fibromyalgia - Semantic Scholar]
fibromyalgia - Semantic Scholar












[image: hoff.chp:Corel VENTURA - Semantic Scholar]
hoff.chp:Corel VENTURA - Semantic Scholar












[image: Dot Plots - Semantic Scholar]
Dot Plots - Semantic Scholar












[image: Master's Thesis - Semantic Scholar]
Master's Thesis - Semantic Scholar












[image: talking point - Semantic Scholar]
talking point - Semantic Scholar












[image: Physics - Semantic Scholar]
Physics - Semantic Scholar












[image: aphonopelma hentzi - Semantic Scholar]
aphonopelma hentzi - Semantic Scholar












[image: minireviews - Semantic Scholar]
minireviews - Semantic Scholar












[image: PESSOA - Semantic Scholar]
PESSOA - Semantic Scholar












[image: PESSOA - Semantic Scholar]
PESSOA - Semantic Scholar












[image: SIGNOR.CHP:Corel VENTURA - Semantic Scholar]
SIGNOR.CHP:Corel VENTURA - Semantic Scholar















WEDDERBURN'S FACTORIZATION THEOREM ... - Semantic Scholar






May 25, 2001 - Nrd|N : N âˆ’â†’ Z(N) is well defined, where Z(N) = F .... Let D1 = C((x1)) and define Ïƒ1 : D1 â†’ D1 by the rule Ïƒ1(x1) = âˆ’x1. Now ... dia Math. Sci. 






 Download PDF 



















 118KB Sizes
 1 Downloads
 244 Views








 Report























Recommend Documents







[image: alt]





WEDDERBURN'S FACTORIZATION THEOREM ... - Semantic Scholar 

May 25, 2001 - V. P. Platonov who developed a so-called reduced K-theory to compute SK1(D) .... be observed that v is a tame valuation and D = C and F = C.














[image: alt]





Non-Negative Matrix Factorization Algorithms ... - Semantic Scholar 

Keywordsâ€”matrix factorization, blind source separation, multiplicative update rule, signal dependent noise, EMG, ... parameters defining the distribution, e.g., one related to. E(Dij), to be W C, and let the rest of the parameters in the .... contr














[image: alt]





An abstract factorization theorem for explicit substitutions 

We show how to recover standardization by levels, we model both call-by-name and ... submitted to 23rd International Conference on Rewriting Techniques and ...














[image: alt]





Physics - Semantic Scholar 

... Z. El Achheb, H. Bakrim, A. Hourmatallah, N. Benzakour, and A. Jorio, Phys. Stat. Sol. 236, 661 (2003). [27] A. Stachow-Wojcik, W. Mac, A. Twardowski, G. Karczzzewski, E. Janik, T. Wojtowicz, J. Kossut and E. Dynowska, Phys. Stat. Sol (a) 177, 55














[image: alt]





Physics - Semantic Scholar 

The automation of measuring the IV characteristics of a diode is achieved by ... simultaneously making the programming simpler as compared to the serial or ...














[image: alt]





Physics - Semantic Scholar 

Cu Ga CrSe was the first gallium- doped chalcogen spinel which has been ... /licenses/by-nc-nd/3.0/>. J o u r n a l o f. Physics. Students http://www.jphysstu.org ...














[image: alt]





Physics - Semantic Scholar 

semiconductors and magnetic since they show typical semiconductor behaviour and they also reveal pronounced magnetic properties. Te. Mn. Cd x x. âˆ’1. , Zinc-blende structure DMS alloys are the most typical. This article is released under the Creativ














[image: alt]





vehicle safety - Semantic Scholar 

primarily because the manufacturers have not believed such changes to be profitable .... people would prefer the safety of an armored car and be willing to pay.














[image: alt]





Reality Checks - Semantic Scholar 

recently hired workers eligible for participation in these type of 401(k) plans has been increasing ...... Rather than simply computing an overall percentage of the.














[image: alt]





Top Articles - Semantic Scholar 

Home | Login | Logout | Access Information | Alerts | Sitemap | Help. Top 100 Documents. BROWSE ... Image Analysis and Interpretation, 1994., Proceedings of the IEEE Southwest Symposium on. Volume , Issue , Date: 21-24 .... Circuits and Systems for V














[image: alt]





TURING GAMES - Semantic Scholar 

DEPARTMENT OF COMPUTER SCIENCE, COLUMBIA UNIVERSITY, NEW ... Game Theory [9] and Computer Science are both rich fields of mathematics which.














[image: alt]





A Appendix - Semantic Scholar 

buyer during the learning and exploit phase of the LEAP algorithm, respectively. We have. S2. T. X t=Tâ†µ+1 Î³t1 = Î³Tâ†µ. T Tâ†µ. 1. X t=0 Î³t = Î³Tâ†µ. 1 Î³. (1. Î³T Tâ†µ ) . (7). Indeed, this an upper bound on the total surplus any buyer can hope 














[image: alt]





i* 1 - Semantic Scholar 

labeling for web domains, using label slicing and BiCGStab. Keywords-graph .... the computational costs by the same percentage as the percentage of dropped ...














[image: alt]





fibromyalgia - Semantic Scholar 

analytical techniques a defect in T-cell activation was found in fibromyalgia patients. ..... studies pregnenolone significantly reduced exploratory anxiety. A very ...














[image: alt]





hoff.chp:Corel VENTURA - Semantic Scholar 

To address the flicker problem, some methods repeat images multiple times ... Program, Rm. 360 Minor, Berkeley, CA 94720 USA; telephone 510/205-. 3709 ... The green lines are the additional spectra from the stroboscopic stimulus; they are.














[image: alt]





Dot Plots - Semantic Scholar 

Dot plots represent individual observations in a batch of data with symbols, usually circular dots. They have been used for more than .... for displaying data values directly; they were not intended as density estimators and would be ill- suited for 














[image: alt]





Master's Thesis - Semantic Scholar 

want to thank Adobe Inc. for also providing funding for my work and for their summer ...... formant discrimination,â€� Acoustics Research Letters Online, vol. 5, Apr.














[image: alt]





talking point - Semantic Scholar 

oxford, uK: oxford university press. Singer p (1979) Practical Ethics. cambridge, uK: cambridge university press. Solter D, Beyleveld D, Friele MB, Holwka J, lilie H, lovellBadge r, Mandla c, Martin u, pardo avellaneda r, WÃ¼tscher F (2004) Embryo. R














[image: alt]





Physics - Semantic Scholar 

length of electrons decreased with Si concentration up to 0.2. Four absorption bands were observed in infrared spectra in the range between 1000 and 200 cm-1 ...














[image: alt]





aphonopelma hentzi - Semantic Scholar 

allowing the animals to interact. Within a pe- riod of time ranging from 0.5â€“8.5 min over all trials, the contestants made contact with one another (usually with a front leg). In a few trials, one of the spiders would immediately attempt to flee af














[image: alt]





minireviews - Semantic Scholar 

Several marker genes used in yeast genetics confer resis- tance against antibiotics or other toxic compounds (42). Selec- tion for strains that carry such marker ...














[image: alt]





PESSOA - Semantic Scholar 

ported in [ZPJT09, JT10] do not require the use of a grid of constant resolution. We are currently working on extending Pessoa to multi-resolution grids with the.














[image: alt]





PESSOA - Semantic Scholar 

http://trac.parades.rm.cnr.it/ariadne/. [AVW03] A. Arnold, A. Vincent, and I. Walukiewicz. Games for synthesis of controllers with partial observation. Theoretical Computer Science,. 28(1):7â€“34, 2003. [Che]. Checkmate: Hybrid system verification to














[image: alt]





SIGNOR.CHP:Corel VENTURA - Semantic Scholar 

following year, the Brussels Treaty would pave the way for the NATO alliance. To the casual observer, unaware of the pattern of formal alliance commitments, France and Britain surely would have appeared closer to the U.S. than to the USSR in 1947. Ta


























×
Report WEDDERBURN'S FACTORIZATION THEOREM ... - Semantic Scholar





Your name




Email




Reason
-Select Reason-
Pornographic
Defamatory
Illegal/Unlawful
Spam
Other Terms Of Service Violation
File a copyright complaint





Description















Close
Save changes















×
Sign In






Email




Password







 Remember Password 
Forgot Password?




Sign In



















Information

	About Us
	Privacy Policy
	Terms and Service
	Copyright
	Contact Us





Follow us

	

 Facebook


	

 Twitter


	

 Google Plus







Newsletter























Copyright © 2024 P.PDFKUL.COM. All rights reserved.
















