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Introduction This exposition consists of three parts. In the first part, we construct a projective representation of the symplectic group G, first considered systematically by Andr´e Weil. We write down formulas for this representation over specific subgroups, and compare them to derive formulas for the representation over G. In the second section, we prove a theorem of Suslin which classifies certain central extensions of the symplectic group by an abelian group M in terms of maps from the square of the augmentation ideal of the Witt ring of quadratic forms to M . If the ground field is a local or finite field then these central extensions split over a double covering of the symplectic group, known as the metaplectic group. In the case of the central extension of G arising from the Weil representation, the corresponding map W (F ) → M is Weil’s gamma index. It follows that the Weil representation comes from a true representation of the symplectic group if and only if the ground field is a finite field or the complex numbers. If the ground field is a local field other than the complex numbers, then the Weil representation does not come from a true representation; rather, it comes from a true representation of the metaplectic group. In the appendix we gather related results, whose introduction in the main body of the text would have disrupted the flow. We define the Witt ring of quadratic forms and state Milnor’s conjectures. Next, we define the Maslov index of triples of Lagrangians of a symplectic vector space, and use it to construct a central extension of the symplectic group by the square of the augmentation ideal. Finally, we introduce Weil’s gamma index, and prove the existence of the Fourier transform of quadratic characters over a vector space over local or finite fields. 1. A Projective Representation of the Symplectic Group Let F be a local or finite field. We will always assume that F has characteristic not equal to 2. Fix a non-trivial additive character ψ of F . Let V be a vector space over F of dimension 2n equipped with a symplectic form B. The symplectic group G = Sp(V ) is the group of automorphisms of V preserving B. (For preliminaries on symplectic geometry see [11]) Definition 1.1. The Heisenberg algebra h is defined as follows: As a vector space h := V ⊕ span{E}, where E is a new symbol. The Lie bracket on h is defined by [v, tE] = 0



[v, w] = B(v, w)E 1



∀ t ∈ F,



∀ v, w ∈ V.
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Definition 1.2. The Heisenberg group H is the set V × F with the group operation * given by 1 (v, t) ∗ (v � , t� ) = (v + v � , t + t� + B(v, v � )). 2 The multplication formula is derived from the Campbell-Hausdorﬀ Formula, keeping in mind that [h, [h, h]] = 0. Remark 1.3. It is easy to see that the center Z(H) of of the Heisenberg group is the set {(0, t) | t ∈ F }. Thus, Z(H) can be identified with the ground field F .



Definition 1.4. A subspace W of V is isotropic if B(w1 , w2 ) = 0 for all w1 and w2 in W . A Lagrangian subspace of V is a maximal isotropic subspace. For each Lagrangian subspace l of V , define an abelian subgroup L of H, by L := l × F . Observe that the function 1 × ψ defined by (1 × ψ)(v, t) = ψ(t) defines a character of L. Definition 1.5. The Schr¨ odinger representation ρ = ρl of H is the representation obtained by inducing the character (1 × ψ) of L to H. Remark 1.6. Suppose dh is an invariant measure on H/L. Let Hl be the Hilbert space of measurable functions φ : H → C satisfying: (1) (2)



φ(hm) = (1 × ψ)(m)−1 φ(h) ∀ h ∈ H, m ∈ L � |φ(h)|2 dh < ∞ H/L



By the definition of induction, ρl acts on Hl by [ρl (h)φ](x) = (h.φ)(x) = φ(h−1 x), for h ∈ H.



Remark 1.7. It is not hard to show that a Lagrangian subspace l has a complement l� which is itself a Lagrangian. In this case, V = l ⊕ l� , and Hl ∼ = L2 (l� ). The following theorem of Stone and Von-Neumann is a crucial ingredient of our construction of the Weil representation.



Theorem 1.8. (1) The Schr¨ odinger representation ρ = ρl of the Heisenberg group H is irreducible. (2) Suppose θ is an irreducible representation of H with central character ψ. Then, θ is unitary equivalent ρ. Remark 1.9. Theorem 1.8 implies that there is essentially one interesting representation of H. However, there are many diﬀerent realizations of this representation, reflecting interesting facets of it; see [9]. For ease of notation, choose a basis {e1 , ..., e2n } for V . Let � � 0 In J= , −In 0



and define the symplectic form by B(v, w) := v t Jw. Then the symplectic group G identifies with Sp2n (F ) = {X ∈ GL2n (F ) | XJX t = J}. For A ∈ GLn (F ) and B ∈ Symn (F ) define � � � � � � A 0 1 B 0 I h(A) := , x(B) := , and w := . 0 (At )−1 0 1 −I 0
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Lemma 1.10. G is generated by h(A), x(B), and w, for A ∈ GLn (F ), and B ∈ Symn (F ). Proof. This follows from the set of generators and relations for G, given in [13]. � Next observe that the symplectic group acts on the Heisenberg group by g.(v, t) = (g.v, t). By setting ρg (v, t) := ρ(g.v, t), we obtain a new representation of H with central character ψ. Lemma 1.11. For any g ∈ G there exist a unitary operator R(g) on L2 (l� ), unique up to a scalar of modulus 1, such that R(g)−1 ρ(v, t)R(g) = ρg (v, t)



(∗)



Proof. By the first part of the Stone Von-Neumann Theorem and Schur’s lemma, if such R(g) exists, it is unique up to a scalar of modulus one. It remains to show the existence. Suppose g ∈ G; by the second part of the same theorem, ρ is equivalant to ρg . It follows that there exists an operator R(g) intertwining these two unitary representations. One can prove the existence of such operators without refering to the second part of the Stone Von-Neumann Theorem, which is the diﬃcult part to prove. Note that the set of all elements g ∈ G for which such operator exists form a subgroup of G. An easy calculation shows that the following formulas define such intertwiners for the generators h(A), x(B), and w: � t � 1 x Bx t 2 R(h(A))f (x) = |det(A)| f (A x), R(x(B)) = ψ f (x), R(w) = fˆ(x) 2 �



� := { (g, R(g)) | (∗) holds }. This is a central extension of Definition 1.12. Let G G fitting into the following short exact sequence, which we call the fundamental short exact sequence: �→G→1 1 → U (1) → G



As R(g) is defined up to a scalar of modulus 1, the assignment g �→ R(g) is a projective representation of G on L2 (l� ). One can show that this representation is continuous. It is called the Weil Representation of the symplectic group. The following theorem is the central result of this exposition. Theorem 1.13. The Weil representation comes from a true representation of a double covering of the symplectic group. This representation comes from a true representation of G if and only if F = C or F = Fq . It is helpful to re-state this theorem in a diﬀerent form. Let G� be a central ˜ comes from G� , if there exists a map extension of G by a group A. We say that G � ˜ α ∈ Hom(A, U(1)) such that G = G ×A U(1), fitting in the following commutative diagram: � U(1) �G �G �0 ˜ 0 � � α



0



�A



f



� G�



�G



�0
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˜ is the pushforward of the central extension G� with respect to In other words, G α. It is natural to ask whether there is a smallest group A, for which there exists ˜ G]. ˜ On the other hand, G is such a diagram. It is easy to see that f (G� ) ⊇ [G, ˜ comes from the following central extension of G: perfect; therefore, G ˜ G] ˜ → G → 1. 0 → B → [G,



˜ G] ˜ → G) is the smallest such group. It follows B = ker([G, We see then that Theorem 1.13 is equivalant to the following theorem. ˜ is the central extesion of G coming from the Weil Theorem 1.14. Suppose G � {1} F = C, or Fq ˜ ˜ representation. Then, [G, G] = {±1} F local Next �suppose F = Fq ; recall that the Legendre symbol of F is defined by �



χ(x) :=



x q



=x



q−1 2



.



Proposition 1.15. Suppose F = Fq the Weil representation comes from a ing formula: R(h(A))f (x) R(x(B))f (x) R(w)f (x) � 1 if q ≡ 1 (mod 4) where γ = . i if q ≡ 3 (mod 4)



2πix



with additive character ψ(x) = e q . Then, true representation of G, given by the follow= χ(det(A))f (At x) t = ψ( x 2Bx )f (x) = γ n fˆ(x)



The rest of this section can be considered as a sketch of proofs of Theorem 1.13 and Proposition 1.15. Define subgroups P and N of G by P := �h(A), x(B) | A ∈ GLn (F ), B ∈ Symn (F )�



N := �h(A), w | A ∈ GLn (F )�.



Let l := span{e1 , ..., en } and l� := span{en+1 , ..., e2n } be transverse Lagrangians. Notice that P is the stablizer of l in G, and N is the stablizer of {l, l� }. In what follows, we will show that the Weil representation restricted to these subgroups comes from a true representation. Furthermore, we parameterize the set of all such ˜ consists of unitary operators, it is natural to restrict ourselves representations. As G to those representations of these subgroups which are unitary. By comparing the formulas for such representations, we derive formulas for the Weil representation on G. In each case, we give an outline of the proof, leaving the details to the reader. We need an obvious lemma from the theory of projective representations, which allows us to work with splittings instead of representations. Lemma 1.16. Let K be a group, ρ : K → P GLn (C) be a projective representation of K, giving rise to a central extension of K ˜ →K→1 1 → U (1) → K



(∗)



Then (∗) splitts if and only if ρ lifts two a true representation of K. In this case, there exists a bijection between splittings of (∗) and lifitings of ρ to GLn (C). Next proposition characterizes the splittings of a short exact sequence. Recall that a K-torsor, is a non-empty set with a simply transitive action of K.
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˜ is a central extension of K by an Lemma 1.17. Let K be a group. Suppose K abelian group A, fitting into a short exact sequence ˜ →K→0 0→A→K



Assume there is at least one splitting of the above short exact sequence. Then the set of all splittings forms a torsor over Hom(K, A). Remark 1.18. Suppose κ ∈ Hom(GLn (F ), U(1)) is a character of GLn (F ). As U(1) is commutative, κ must factor through the commutator subgroup of GLn (F ), which is SLn (F ). It follows that there exists a character ι ∈ Hom(F × , U(1)) such that for every invertible matrix A, κ(A) = ι(det(A)). Proposition 1.19. The restriction of the Weil representation to P lifts to a true unitary representation of P on L2 (F n ). If |F | > 3 or n > 1, then the set of all such representations is parameterized by the set of multiplicative characters λ ∈ Hom(F × , U(1)), according to the following formulas: 1



Rλ (h(A))f (x) := λ(det(A))|det(A)| 2 f (At x) t Rλ (x(B))f (x) := ψ( x 2Bx )f (x)



Proof. By definition, P is generated by elements h(A) and x(B) for A ∈ GLn (F ), and B ∈ Symn (F ). It is easy to show that the defining relations among these generators are: x(B)x(C) = x(B + C),



h(A)h(B) = h(AB),



h(A)x(B)h(A)−1 = x(ABAt )



One can check that R = R1 gives a true unitary representation of P . By Lemmas 1.16 and 1.17, we need to show that every morphism ω ∈ Hom(P, U(1)) has the form h(A)x(B) �→ λ(det(A)), for some morphism λ ∈ Hom(F × , U(1)). By Remark 1.18, ω(h(A)) = λ(det(A)) for a multiplicative character λ ∈ Hom(F × , U(1)). On the other hand, x(B)x(C) = x(B + C) implies that ω(x(B)) = s(B), where s(B) is an additive character on the space of symmetric matrices. The commutator identity [h(A), x(B)] = x(ABAt − B) implies that s(ABAt − B) = 1 for all suitable A’s and B’s. One shows that if |F | > 3 or n > 1, this implies that s is identically one. � Remark 1.20. Corollary 2 of Theorem 10.2 of [7] implies that the central extension of G obtained from the Weil representation is exceptional in the following sense: Let G be a simply connected simple Chevalley group over a local field F and G˜ a non-trivial central extension of G, which becomes trivial when restricting to the maximal torus T ⊂ G. Then G is isomorphic to the symplectic group, and G˜ is isomorphic to the metaplectic group. Proposition 1.21. The restriction of the projective Weil representation to N lifts to a true unitary representation. The set of all such representations is parameterized by a complex number �, and a multiplicative character δ ∈ Hom(F × /(F × )2 , U(1)), satisfying δ(−1)n = �2 . Let fˆ ∈ L2 (F n ) denote the Fourier transform of f . Then, these representations are given by the following formulas: 1



Rδ,� (h(A))f (x) := δ(det(A))|det(A)| 2 f (At x) Rδ,� (w)f (x) := �fˆ(x). Proof. It is easy to see that N is generated by h(A) and w, with defining relations: h(A)h(B) = h(AB)



wh(A)w = h(−(At )−1 )
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An easy computation shows that R = R1,1 gives a true representation of N . By Lemmas 1.16 and 1.17, it remains to parameterize morphisms λ ∈ Hom(N, U(1)). By Remark 1.18, there exists a ι ∈ Hom(F × , U(1)), such that λ(h(A)) = ι(det(A)). Let � = λ(w). Then setting A = In in the second relation implies that λ(w)2 = δ(det(−I)) = δ(−1)n . � Next suppose A is a symmetric invertible matrix. Consider the lower triangular matrix y(A) defined by: � � 1 0 y(A) := wx(A)w−1 = A 1



Suppose W denotes the Weyl group of G with respect to the parabolic subgroup P . By the Bruhat decomposition, G = P W P . In particular, y(A) can be written in the form P W P . It is straightforward to check that: y(A) = x(−A−1 )w−1 x(−A)h(A). It follows that for all symmetric invertible matrices A, the following relation is satisfied in the symplectic group: h(A) = x(A)wx(A−1 )wx(A)w



(∗)



In particular, a true representation of G must give compatible actions for both sides of the above equality. It turns out, see Proposition 1.22, that calculating the action of the r.h.s. of (∗) involves calculating the Fourier transform F of functions on F n of the form ψ( qB2(x) ), where B is a symmetric invertible matrix. 1 Such a function is not in the Schwartz space S(F n ), but it is in the space of Schwartz generalized functions S � (F n ) = S(F n )∗ ; so its Fourier transform, F(ψ ◦ q2B ), is a well-defined element of S � (F n ). We will prove in the appendix, Corollary 3.20, that there exists a scalar of modulus 1, γ(B), such that 1 qB q −1 F(ψ ◦ ) = γ(qB )|det(B)|− 2 (ψ ◦ −B ) (∗∗) 2 2 The scalar γ(B) is known as Weil’s index of the quadratic form qB . Proposition 1.22. Let A be a symmetric invertible matrix. Then, the action of x(A)wx(A−1 )wx(A)w is given by 1



f (x) �→ �3 |det(A)| 2 γ(A−1 )f (Ax)



where � ∈ U(1) and γ is the Weil index.



Proof. We know x(A) acts by f (x) �→ ψ( x 2Ax ), and w acts by f �→ �fˆ, for some � ∈ U(1). It follows that x(A)wx(A−1 )wx(A)w acts by t



f (x) �→ �3 qA (x)F[qA−1 × F(qA × fˆ)](x)



Using formula (**) one can simplify the action of the RHS to the required form. � Definition 1.23. Let K be a group. A signed representation of K is a projective representation of K, which is a true representation up to a sign. Note that there is a one to one correspondence between true representations of double coverings of K, and signed representations of K. 1In the definition of Fourier transform, we are using the standard identification of F n with its dual, and the resulting self-dual Haar measure on F n .
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Remark 1.24. In the next section we will prove that the Weil representation comes from a true unitary representation of a double covering of the symplectic group, known as the metaplectic group. This implies that there is a choice of splitting of the fundamental short exact sequence over P and N , so that the ensuing formulas give a signed representation of G. Theorem 1.25. The Weil representation comes from a signed representation R of G. This representation is given, up to ±1, by R(h(X))f (x) = R(x(B))f (x) = R(w)f (x) =



1



γ 4n−1 γ(det(X))|det(X)| 2 f (X t x) X ∈ GLn (F ) ψ( qB2(x) )f (x) B ∈ Symn (F ) nˆ γ f (x)



R is a true representation if and only if F = C or F = Fq .



Proof. By Remark 1.24 we know that the Weil representation comes from a signed representation R of G. On can derive the formulas for this representation by comparing the action of the two sides of the identity h(A) = x(A)wx(A−1 )wx(A)w, using Propositions 1.19 and 1.21. The details are left for the reader. If F = C or F = Fq , then by Theorem 2.5 the above formulas define a true representation of G. On the other hand, if F is a local field other than C, it follows from Remark 3.25 that this is not a true representation. � Remark 1.26. If F is a finite field, then the above theorem and Proposition 3.21 give a proof of Proposition 1.15. Remark 1.27. Let n = 1; notice that −I acts on L2 (F ) by f (x) �→ γ 2 f (−x). Thus, the metaplectic covering of SL2 (F ) splits over the subgroup {±I} if and only if γ is a fourth root of unity. In particular, it does not split if F = R. 2. Central Extensions of G over Arbitrary Fields Suppose F is an arbitrary field of characteristic �= 2, and M is a fixed abelian group. Let W = W (F ) be the Witt ring of quadratic forms over F , and I the augmentation ideal of W . (For more on the Witt ring see the appendix.) It is clear that � � A 0 A �→ h(A) = 0 (At )−1



gives an imbedding SLn (F ) �→ Sp2n (F ). In this section, we study the central extensions of the symplectic group G = Sp2n (F ), which split over SLn (F ). Notice that this class of central extensions include the extension of the symplectic group coming from the Weil representation. Let C(G) be the group of isomorphism classes of central extensions of the symplectic group by M , which split over SLn (F ). In the appendix, we construct a ˆ ∈ C(G) of G by I 2 using the reduced Maslov index. Suppose central extension G 2 ˜ be the pushforward of the G ˆ with respect to γ. Then G ˜ γ ∈ Hom(I , M ); let G is a central extension of G by M , which splits over SLn . The following theorem is central in our study of the Weil representations; see [14] for a proof. ˜ establishes a canonical isomorphism Theorem 2.1. (Suslin) The map γ �→ G between Hom(I 2 , M ) and C(G).
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ˆ is the universal object in C(G). Remark 2.2. It is clear from the theorem that G



˜ be a central Notice that det(g) = 1 for all g ∈ G; therefore, Sp2n ⊂ SL2n . Let G 2 extension of G by M , correponding to a morphism γ : I → M . The following ˜ to a central theorem gives a necessary and suﬃcient condition for extending G extension of SL2n . ˜ comes from a central extension of SL2n if and only if Theorem 2.3. (Suslin) G ˜ comes from a unique central extension γ is identically zero on I 3 . In this case, G of SL2n , given by the Steinberg symbol c(a, b) := γ(�1� ⊕ �−a� ⊕ �−b� ⊕ �ab�). Remark 2.4. Suppose F is a local or finite field. By Proposition 3.2 and 3.3 I 3 (F ) = 0. It follows that any central extension of G which splits over SLn comes from a central extension of SL2n .



Theorem 2.5. Suppose F is a finite field or the field of complex numbers, and ˜ is a central extension of G. If F = C or Fq , then G ˜ splits. If F is a local G ˜ non-Archimedean field then G splits over a double covering of G known as the Metaplectic group. Proof. Suppose F is a finite field or the complex numbers. Then by Proposition 3.2, ˜ splits over G. If F is a local non-Archimedean field; I 2 (F ) = 0; this shows that G ˜ comes from a true representation then, by Corollary 3.3, I 2 = Z/2Z. Therefore, G of a double covering of G. � ˜ is the central extension of G coming from the Weil representaNext suppose G tions, in the sense of Definition 1.12. Theorem 2.6. Suppose F is a finite field or the field of complex numbers, then the Weil representation comes from a true representation of the symplectic group. If F is a local field other than the complex numbers, then the Weil representation comes from a true representation of the metaplectic group. Proof. For F �= R, the result is immediate in view of Theorem 2.5. Suppose F is the field of real numbers, with the fixed character ψ(x) = eix . Then the signature map s from W (F ) to Z identifies W (F ) with Z, and I with 2Z. It follows that πi γ(q) = γ s(q) . On the other hand, one can show that γ = e 4 . Thus, γ is an eighths ˜ root of unity. It follows that the restriction γ|I 2 is a map from I 2 to Z/2Z; i.e., G comes from a central extension of G by {±1}. Another way to settle the case of the real numbers is to note that the projective Weil representation of G = SL(2, R) gives rise to a true representation of the Lie algebra g on L2 (R). �One can � show that the operator corresponding to the Lie 0 1 algebra element ζ := , which generates the circle subgroup SO2 of G, is −1 0 iH, where 1 d2 H := {− 2 + x2 } 2 dx is an unbounded self-adjoint operator of L2 (R). As e2πζ = 1 in G, it follows that the Weil representation of G is a true representation if and only if e2πiH = 1; i.e., if and only if eigenvalues of H are integers. However, one can show that the eigenvalues of H are of the form n + 12 for n ∈ Z. Therefore, the Weil representation is a signed representation. This method can easily be generalized to Sp2n ; see [2] and [4]. �
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Remark 2.7. In quantum mechanics, H is known as the Hamiltonian of the harmonic oscillator; in this context, the Weil representation is also known as the oscillator representation. Theorem 2.8. For n big enough, the central extension of G = Sp2n (F ) derived from the Weil representation, comes from a central extension of SL2n (F ) given by the Hilbert Symbol of F . Proof. This follows by Remark 2.4 and Corollary 3.23.



�



3. Appendix 3.1. Witt Ring of Quadratic Forms. In this section we review the notion of the Witt ring of quadratic forms over an arbitrary field F of characteristic not two; see [5] for more details. A quadratic form on a finite dimensional vector space is a non-degenerate symmetric bilinear inner product. A vector space equipped with a quadratic form is a quadratic space. For a ∈ F × /(F × )2 denote by �a� the one dimensional quadratic space, where the inner product of some vector with itself is a. It is easy to show that any quadratic space is isomorphic to �a1 � ⊕ ... ⊕ �an �, for some ai ∈ F × /(F × )2 , i = 1, 2, ..., n. This process is known as diagonalization. Let (X, q) be a quadratic space. Define the associated symmetric morphism ρ : X → X ∗ by 1 [y, ρx] = (q(x + y) − q(x) − q(y)) ∀x, y ∈ X 2 Here symmetric means that for all x, y ∈ X, we have [ρx, y] = [x, ρy]. It is easy to see that this establishes a one to one correspondence between quadratic forms on X, and symmetric linear maps X → X ∗ . Let W be the semi-ring generated by the isomorphism classes of non-degenerate ˆ = W ˆ (F ) is defined quadratic forms over F . The Witt-Grothendieck ring W to be the ring obtained by applying the Grothendieck construction to W. Each ˆ has the form [q1 ] − [q2 ], where [q1 ] and [q2 ] are isomorphism classes element of W of non-degenerate quadratic forms over F . ˆ generated by the hyperbolic plane H. The quotient Let ZH be the ideal of W ˆ (F )/ZH is known as the Witt ring of quadratic forms over F . The W (F ) := W augmentation ideal I of W consists of classes of even dimensional forms. The following theorem shows that the I-adic topology on W (F ) is Hausdorﬀ. Theorem 3.1. (Arason-Pfister) Suppose F is a field of characterstic not 2. Then, ∞ � I n (F ) = {0}. n=1



The square of the augmentation ideal of the Witt ring is important in the theory of central extension of the symplectic group, see Theorem 2.1. The following propositions give formulas for Witt rings and powers of the augmentation ideal in the case of local and finite fields. Proposition 3.2. (1) Suppose F is an algebraically closed field. Then all quadratic spaces of the same dimension are pair-wise isometric. Therefore, ˆ ∼ W = Z, W ∼ = Z/2Z, and I n = 0, for all n > 0.
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(2) Sylvester’s Law: The map s(E, q) = index(q) defines an isomorphism of W (R) with Z. Under this isomorphism, I is identified with 2Z. (3) Suppose Fq denotes the finite field of cardinality q. If q ≡ 1(mod 4) then W (Fq ) is isomorphic to the ring of dual numbers, (Z/2Z)[�] where �2 = 0. Otherwise, W (Fq ) is isomorphic to Z/4Z. In either case, I = Z/2Z and I n = 0, for all n > 1. Proposition 3.3. Suppose F is a local field with char(F¯ ) �= 2. Then, I 2 = Z/2Z and I 3 = 0. The structure of the Witt ring is verified by Milnor’s Conjectures, recently proved by Voevodsky; Theorems 3.5 and 3.7. We will give a quick summary of the main theorems of this subject; see [6] and [8] for more details. Let F be an arbitrary field. The Milnor K-theory K. F of F is defined to be the graded commutative ring K. F := ( K0 F, K1 F, K2 F, . . . ) where K0 F := Z, K1 F := F × , and for n > 1, Kn := F × ⊗ F × ⊗ ... ⊗ F × /J. Here J is the ideal generated by a1 ⊗ a2 ⊗ ... ⊗ an , where ai + ai+1 = 1 for some i ∈ {1, ..., n−1}. Let kn (F ) = Kn (F )/2Kn (F ). This will sometimes be abbreviated as kn = Kn /2Kn . Theorem 3.4. (Milnor) There exists a unique ring homomorphism � s = (s1 , s2 , ...) : k. (F ) → I n /I n+1 n



The homomorphisms s1 and s2 are bijective, and sn is surjective for all n. Theorem 3.5. (Voevodsky) s is an isomorphism. Next let G = GF be the Galois group of Fs over F , where Fs is the separable closure of F . Hilbert’s Theorem 90 implies that H 1 (G; Z/2Z) can be identified with F × /(F × )2 . This latter is by definition k1 (F ). Theorem 3.6. (Bass, Tate)The isomorphism k1 (F ) → H 1 (G, Z/2Z) extends uniquely to a ring homomorphism hF : k. (F ) → H ∗ (G; Z/2Z). Theorem 3.7. (Voevodsky) hF is an isomorphism.



Remark 3.8. In the case of finite, local, and global fields, the proof of Theorem 3.7 was known long before Voevodsky. 3.2. Maslov Index. Let F be a field of characteristic not two, and I be the augmentation ideal of the Witt ring of quadratic forms over F . In this section we define the Maslov index and indicate how it is used to construct a canonical extension of the symplectic group G by I 2 . For more on Maslov index see [3] or [15]. The following definition is due to Kashiwara. Definition 3.9. Let Λ denote the set of Lagrangian subspaces of a symplectic space (V, B). Suppose l1 , l2 , l3 ∈ Λ. The Maslov index τ (l1 , l2 , l3 ) is the class in the Witt group of the quadratic form q(x) = B(x1 , x2 ) + B(x2 , x3 ) + B(x3 , x1 ) on l1 ⊕ l2 ⊕ l3 . Here it is understood that if q is degenerate then its class in W (F ) is defined to be the class of the corresponding non-degenerate form on (l1 ⊕ l2 ⊕ l3 )/Ker(q).
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Remark 3.10. If l1 is transversal to l3 , then τ (l1 , l2 , l3 ) is the class of the quadratic form B(P13 x, P31 x) on l2 , where Pij is the projection of l2 → li along lj . If l1 is transverse to both l2 and l3 , then l3 is the graph of a non-degenerate symmetric operator ρ : l2 → l1 ∼ = l2∗ . In this case, τ (l1 , l2 , l3 ) is the class in W (F ) of ρ. Proposition 3.11. The Maslov index satisfies the cocycle property τ (l1 , l2 , l3 ) + τ (l1 , l3 , l4 ) = τ (l2 , l3 , l4 ) + τ (l1 , l2 , l4 ). Definition 3.12. An orientation on l is the class of a non-zero vector x ∈ det(l) = Λn (l), under the following equivalence relation: x ∼ x� ⇐⇒ x� = t2 x,



t ∈ F×



˜ be the set of oriented Lagrangian subspaces of V . The following theorem Let Λ is proved in [10]. ˜ ×Λ ˜ → W (F ), such that Theorem 3.13. There exists a function σ : Λ τ (l1 , l2 , l3 ) ≡ σ(l˜1 , l˜2 ) − σ(l˜1 , l˜3 ) + σ(l˜2 , l˜3 ) (mod I 2 )



Remark 3.14. It follows from Theorem 3.13 that the Maslov cocycle admits a natural reduction τˆ to I 2 . We call τˆ the reduced Maslov index. Definition 3.15. Fix a Lagrangian l ∈ Λ, and define ρ : G × G → W (F ) by, ρ(g, h) = τ (l, g.l, gh.l) ∀ g, h ∈ G



By Proposition 3.11, ρ is a cocycle on G, known as the Maslov cocycle of the symplectic group. Define the reduced Maslov cocycle ρˆ analogously. ˆ of G Remark 3.16. The reduced Maslov cocycle gives rise to a central extension G fitting into the short exact sequence ˆ→G→1 0 → I2 → G



This central extension of the symplectic group was first constructed by Suslin, using symplectic K-theory; see [14]. 3.3. Fourier Transform of Quadratic Forms. Suppose F is a local or finite field of characteristic not two. Fix a non-trivial additive character ψ : F → U(1). Let X be a finite dimensional vector space over F , with dual space X ∗ . Denote by [x, x∗ ] the canonical pairing between X and X ∗ , and identify X with X ∗∗ by [x∗ , x] = [x, x∗ ]. Let S(X) denote the space of Schwartz functions on X, and S � (X) denote the space of distributions on X. The Fourier transform F : S(X) → S(X ∗ ), is defined for all f ∈ S(X) by, � ∗ ∗ ˆ F(f )(x ) = f (x ) = f (x)ψ([x∗ , x])dx X



where the measure dx is a Haar measure on X. The Fourier transform extends naturally to a map from S � (X) to S � (X ∗ ) by carrying the distribution G to F(G), where F(G)(f ) = G(F(f )) for all functions f ∈ S(X). For the rest of this section, suppose q is a quadratic form on X with associated symmetric form ρ : X → X ∗ . Let x ∈ X. We identify x with x∗ = ρ(x), thus fixing an identification of X and X ∗ . Let dx be the self-dual Haar measure on X with respect to this identification.
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Define a function Θq (x) : X → U(1) by Θq (x) = ψ( q(x) 2 ). It is easy to see that Θq is not in the space of Schwartz functions. On the other hand, Θq (x) defines a distribution on X. Thus, it has a Fourier transform in the sense of distributions. In what follows we will prove that the Fourier transform of Θq is naturally represented by a simple function. This is proved in [16] using the projective representation of the symplectic group constructed in the first section of this exposition. We will sketch a diﬀerent proof of this theorem which has the advantage of being independent of the Weil representation. Definition 3.17. Let a be an element of X. Define the addition operator Ta and multiplication operator Ma on S(X) by Ta (f )(x) = f (x + a)



Ma (f )(x) = ψ([a∗ , x])f (x)



∀ f ∈ S(X), x ∈ X



It is easy to see that Ta and Ma extend naturally to operators on the space of distributions on X by setting for all G ∈ S � (X) and f ∈ S(X), Ta (G)(f ) = G(Ta (f ))



Ma (G)(f ) = G(Ma (f )).



The following lemma is standard from the theory of Fourier transforms. Lemma 3.18. Suppose a ∈ X. Then



F ◦ Ta = M−a∗ ◦ F



F ◦ Ma = Ta∗ ◦ F



Theorem 3.19. Let q be a quadratic form over X, with symmetric form ρ : X → X ∗ . Suppose q � is the quadratic form on X ∗ associated to ρ� = −ρ−1 . Then, there exists a scalar of modulus one γ(q), known as Weil index of q, such that 1



F(Θq ) = γ(q)|ρ|− 2 Θq� Proof. Let f (x) = Θq (x). Observe that Ta f (x) = f (x + a) = f (x)ψ([a∗ , x])Θq (a) = Θq (a)Ma f (x). It follows that f ∈ Ker(Ta − Θq (a)Ma ). By Lemma 3.18, F(f ) = fˆ ∈ Ker(Φ), where Φ is the operator on S � (X), define by Φ := M−a∗ −Θq (a)Ta∗ . Notice that Θq� is also in the kernel of the same operator. Next define the distribution G ∈ S � (X) by G := fˆ/Θq� . It follows that G is a translation invariant distribution. We leave it to the reader to show that this forces G to be a constant ν(q). An easy computation 1 shows that |ν(q)| = ρ− 2 . Thus, there exists a scalar of modulus one γ(q), such that 1 F (Θq ) = γ(q)ρ− 2 Θ�q , as required. � Suppose B is a symmetric n × n matrix over F . It is clear that qB (x) = xt Bx defines a quadratic form on F n . Identify F n with its dual F n in the standard way. Corollary 3.20. There exists a scalar γ(B) of modulus 1, such that 1



F(ΘB ) = γ(B)|det(B)|− 2 Θ−B −1 3.3.1. Properties of the Weil index. We now list some properties of Weil’s γ index. For proofs of these statements and more see [16], [1], or [11]. We sometimes write γ for γ�1�. The usage should be clear from the context. Proposition 3.21. (1) γ is a unitary character of the Witt group of quadratic forms over F . (2) γ(q) = 1, for all quadratic forms q over C.
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(3) Suppose F = Fq is a finite field with a fixed character ψ(x) = e � � 1 if q ≡ 1 (mod 4) x2 γ= ψ( ) = 2 i if q ≡ 3 (mod 4) x∈F



2πix q



. Then,



q



πi



(4) Let F = R with the fixed character ψ(x) = eπix . Then, γ = e 4 . (5) Let F be a non-Archimedean local field, and (X, q) a quadratic space over � F . Then, γ(q) = L ψ( q(x) 2 ) dx for any suﬃciently large lattice L ⊂ X.



Theorem 3.22. Let F be a local field, and A a quaternion algebra over F with reduced norm η. Then, � 1 If A is a matrix algebra γ(η) = −1 If A is a division algebra



Corollary 3.23. Let (a, b) denote the Hilbert symbol. (See [12] for definition and properties) Then, (a, b) = γ(ab)γ(1) γ(a)γ(b) . (One can consider this as an analytic definition of the Hilbert symbol.) Remark 3.24. Putting a = b = −1 in Corollary 3.23 we see that γ 4 = (−1, −1). Thus, γ is an eighth root of unity. As γ(q) is a character of Witt ring, it follows that γ(q) is an eighth root of unity for any quadratic form q. Remark 3.25. Suppose F is a local or finite field. Then, it can be shown that γ(ab)γ(1) (a, b) = = 1 ∀ a, b ∈ F ⇐⇒ F = C or F = Fq γ(a)γ(b) References [1] D. Bump. Automorphic Forms and Representations, volume 55 of Cambridge Stud. in Adv. Math. Cambridge University Press, 1998. [2] I. Carter, R.W. MacDonald and G. Segal. Lectures on Lie Groups and Lie Algebras, volume 32. Cambridge University Press, 1995. [3] M. Kashiwara and P. Schapira. Sheaves on Manifolds. Springer-Verlag, 1990. [4] A. Kirillov. Elements of the Theory of Representations. Springer-Verlag, Berlin; New York, 1976. [5] T. Lam. Introduction to Quadratic Forms over Fields, volume 67 of Graduate Stud. in Math. American Mathematical Society, 2004. [6] J. Milnor. Algebraic K-theory and quadratic forms. Inventiones Math., 9:318–344, 1970. [7] C. Moore. Group extensions of p-adic and adelic linear groups. Publ. Math. I.H.E.S., 35:5–74, 1969. [8] F. Morel. Voevodsky’s proof of Milnor’s conjecture. Bull. Amer. Math. Soc., 35:123–143, 1998. [9] D. Mumford. Tata Lectures on Theta III, volume 97 of Progress in Mathematics. Birkhauser, Boston, 1991. [10] R. Parimala, R. Preeti and R. Shridharan. Maslov index and a central extension of the symplectic group. K-Theory, 19:29–45, 2000. [11] R. Rao. On some explicit formulas in the theory of Weil representation. Pacific J. Math., 157:335–371, 1993. [12] J. Serre. A Course in Arithmetic. Springer-Verlag, New York, 1973. [13] R. Steinberg. G´ en´ eneraturs, Relations et Revˆ etements de Groups Alg´ ebriques. GauthierVillars, Paris, 1962. [14] A. Suslin. Torsion in K2 of fields. K-Theory, 1:5–29, 1987. [15] J. Thomas. A definition of the Maslov index. In progress. [16] A. Weil. Sur certains groupes d’op´ erateurs unitaires. Acta Math., 11:143–211, 1964.
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