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$FKLHYDEOH 5DWHV RI 0XOWLGLPHQVLRQDO 0XOWLVSKHUH 'LVWULEXWLRQV -RKQQ\ .DURXW  5HQ�H-HDQ (VVLDPEUH  (ULN $JUHOO  DQG $QWRQLD 7XOLQR   



1RNLD  %HOO /DEV  +ROPGHO 5RDG +ROPGHO 1-  86$ &KDOPHUV 8QLYHUVLW\ RI 7HFKQRORJ\ 6(  *RWKHQEXUJ 6ZHGHQ  (ULFVVRQ 5HVHDUFK (ULFVVRQ $%   6WRFNKROP 6ZHGHQ MRKQQ\NDURXW#HULFVVRQFRP UHQHHVVLDPEUH#QRNLDFRP



$EVWUDFW 7KH PXWXDO LQIRUPDWLRQ 0, RI PXOWLGLPHQVLRQDO PXOWLVSKHUH GLVWULEXWLRQV LQ DUELWUDU\ GLPHQVLRQV LQ WKH SUHVHQFH RI DGGLWLYH ZKLWH *DXVVLDQ QRLVH LV GHULYHG :H VKRZ IRU LQVWDQFH WKDW ' GLVWULEXWLRQV KDYH KLJKHU 0, WKDQ ' RQHV LQ D UDQJH RI VLJQDOWRQRLVH UDWLRV 2&,6 FRGHV   



 ,QWURGXFWLRQ 7KH FKRLFH RI PRGXODWLRQ IRUPDWV SOD\V D NH\ UROH LQ PHHWLQJ WKH GHPDQGV RI IXWXUH FRPPXQLFDWLRQ V\VWHPV DV LW LPSDFWV VSHFWUDO HI¿FLHQF\ SRZHU HI¿FLHQF\ DQG FRPSOH[LW\ &RQVWHOODWLRQV LQ 1 GLPHQVLRQV 1' DUH RI LQWHUHVW DV WKH\ FDQ SURYLGH LQFUHDVHG VSHFWUDO DQG SRZHU HI¿FLHQFLHV 7KH GLPHQVLRQV WKDW FDQ EH H[SORLWHG LQ PXOWLGLPHQVLRQDO FRQVWHOODWLRQV DUH WLPH IUHTXHQF\ ZDYHOHQJWK  VSDFH ¿EHU FRUHV RU ¿³SKDVH´ PD\ EH LQWHUSUHWHG LQ D PXOWLGLPHQVLRQDO VHQVH  6XFK GLVWULEXWLRQV DUH FDOOHG PXOWLVSKHUH GLVWULEXWLRQV LQ 1' RU PXOWLULQJ GLVWULEXWLRQV LQ ' DQG DUH RI JUHDW LQWHUHVW IRU GHYHORSLQJ SUDFWLFDO FRQVWHOODWLRQV 6HYHUDO SDSHUV KDYH FRQVLGHUHG WKH SURSHUWLHV RI PXOWLULQJ GLVWULEXWLRQV IRU D ZLGH UDQJH RI FKDQQHOV XQGHU DYHUDJH DQGRU SHDN SRZHU FRQVWUDLQWV IRU $:*1 >±@ DV ZHOO DV IRU WKH QRQOLQHDU ¿EHU FKDQQHO >±σ  = 1 / SHU UHDO GLPHQVLRQ 7KH PXWXDO LQIRUPDWLRQ EHWZHHQ LQSXW DQG RXWSXW LV JLYHQ E\ ,(; @ ZKHUH WKH GLIIHUHQWLDO HQWURSLHV DUH  1 K(@ ,(; 


 ∞ 



I5× (×U ) ORJ



I5× (×U)  1 G×U + ORJ − ORJ H , U×1− Γ(1/) 
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GLPHQVLRQV  GLPHQVLRQV  *DXVVLDQ'



)LJ  $ YLVXDO UHSUHVHQWDWLRQ RI D ' PXO WLVSKHUH GLVWULEXWLRQ FRPSRVHG RI IRXU K\SHU VSKHUHV ZKHUH



 V  N I5× (×U ) = ∑ SN χ U×, , σ N= .



)LJ  $FKLHYDEOH UDWHV LQ ELWV SHU V\PERO LQ ' XVLQJ 1' PXO WLVSKHUH GLVWULEXWLRQV IRU 1 =  DQG  DQG IRU D GLIIHUHQW QXPEHU RI K\SHUVSKHUHV . = {, , } SORWWHG DV IXQFWLRQV RI ' 615    U× + V× ,1/− (×U V) χ (×U, V) × = 1/− H[S − × ,  V× U×1/



 



DQG ,ν (X) LV WKH ν WK RUGHU PRGL¿HG %HVVHO IXQFWLRQ RI WKH ¿UVW NLQG 1RWH WKDW WKH 1GLPHQVLRQDO LQWHJUDO RI K(@   0XWXDO ,QIRUPDWLRQ RI 0XOWLVSKHUH 'LVWULEXWLRQV :H HYDOXDWH WKH PXWXDO LQIRUPDWLRQ E\ VXEVWLWXWLQJ (TV  DQG  LQWR  DQG E\ QXPHULFDOO\ HYDOXDWLQJ WKH UHVXOWLQJ H[SUHVVLRQ IRU D XQLIRUP GLVWULEXWLRQ RI . 1' K\SHUVSKHUHV 1RWH WKDW WUDQVPLVVLRQ RI D VHTXHQFH RI V\PEROV LQ WLPH LQ VLQJOHPRGH ¿EHUV XVHV '  UHDO GLPHQVLRQV IRU HDFK V\PERO )LJXUH  VKRZV WKH PXWXDO LQIRUPDWLRQ DV D IXQFWLRQ RI WKH ' 615 WKH UDWLR EHWZHHQ HQHUJ\ SHU IRXU GLPHQVLRQV DQG 1  IRU D ' VLJQDO FRPSRVHG RI WZR LQGHSHQGHQW ' 1 =  VLJQDOV HJ RQH LQ HDFK SRODUL]DWLRQ VWDWH DQG D VLQJOH ' 1 =  VLJQDO HJ D V\PERO XVLQJ ERWK SRODUL]DWLRQV IRU D GLIIHUHQW QXPEHU RI K\SHUVSKHUHV . = {, , } $Q LQFUHDVHG QXPEHU RI K\SHUVSKHUHV DOORZV DSSURDFKLQJ WKH $:*1 FDSDFLW\ PRUH FORVHO\ VLQFH WKH\ ¿OO XS WKH VSDFH PRUH XQLIRUPO\ ,W LV LQWHUHVWLQJ WR QRWH WKDW IRU . =  WKH PXWXDO LQIRUPDWLRQ RI WZR ' FRQVWHOODWLRQV H[FHHGV WKH FDVH RI D VLQJOH ' FRQVWHOODWLRQ IRU DQ ' 615 XS WR ∼ G% VHH LQVHW RI )LJ   7KLV LV D UDQJH RI UHOHYDQFH WR ¿∼ G% ZLWK D UHODWLYHO\ ORZ GLPHQVLRQDOLW\ 7KH FDVH RI D ' GLVWULEXWLRQ WZR SRODUL]DWLRQV IRU GLIIHUHQW QXPEHUV RI K\SHUVSKHUHV LV VKRZQ LQ )LJ  ,W LV LQWHUHVWLQJ WR QRWH WKDW LQFUHDVLQJ WKH QXPEHU RI K\SHUVSKHUHV DOORZV JHWWLQJ FORVHU WR WKH $:*1 FDSDFLW\ XS WR ∼G% ' 615 EXW DW D UHODWLYHO\ VORZ UDWH VHH LQVHW RI )LJ   7KLV VXJJHVWV
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)LJ  0XWXDO LQIRUPDWLRQ YHUVXV ' 615 RI D K\SHU VSKHUH . =  ZLWK GLPHQVLRQV 1 = {, , , , , }



        



)LJ  0XWXDO LQIRUPDWLRQ YHUVXV ' 615 IRU YDUL RXV QXPEHUV RI ' 1 =  K\SHUVSKHUHV ZLWK . = {, , , , }



WKDW LQFUHDVLQJ WKH QXPEHU RI GLPHQVLRQV RI D GLVWULEXWLRQ PD\ EH D PRUH DWWUDFWLYH ZD\ WR DSSURDFK FDSDFLW\ WKDQ WKH QXPEHU RI K\SHUVSKHUHV  &RQFOXVLRQV $ VLPSOL¿HG H[SUHVVLRQ DOORZLQJ IRU WKH IDVW FRPSXWDWLRQ RI WKH PXWXDO LQIRUPDWLRQ RI DQ 1' PXOWLVSKHUH GLVWULEXWLRQ LV GHULYHG LQ WKH SUHVHQFH RI DGGLWLYH ZKLWH *DXVVLDQ QRLVH E\ H[SORLWLQJ WKH URWDWLRQDOO\ LQYDULDQW SURSHUWLHV RI WKH QRLVH DQG WKH GLVWULEXWLRQ LWVHOI 5HVXOWV RI FRQVWUDLQHG FDSDFLWLHV IRU GLIIHUHQW PXOWLVSKHUH GLVWULEXWLRQV DUH SUHVHQWHG JLYLQJ LQVLJKWV IRU WKH GHVLJQ RI KLJKO\ HI¿FLHQW PRGXODWLRQ IRUPDWV LQ SDUWLFXODU RI ' YHUVXV ' FRQVWHOODWLRQV  $FNQRZOHGJPHQWV 7KLV ZRUN ZDV VXSSRUWHG E\ WKH 6ZHGLVK )RXQGDWLRQ IRU 6WUDWHJLF 5HVHDUFK XQGHU *UDQW 5( WKH (ULFVVRQ 5HVHDUFK )RXQGDWLRQ WKH )ULHQGV RI &KDOPHUV )RXQGDWLRQ DQG WKH 5R\DO 6RFLHW\ RI $UWV DQG 6FLHQFHV LQ *RWKHQEXUJ 7KH DXWKRUV ZRXOG OLNH WR WKDQN * - )RVFKLQL DQG 5 : 7NDFK IRU WKHLU VXSSRUW 5HIHUHQFHV  & ( 6KDQQRQ ³$ PDWKHPDWLFDO WKHRU\ RI FRPPXQLFDWLRQ´ %HOO 6\VW 7HFK - YRO  SS ± DQG ±    6 6KDPDL DQG , %DU'DYLG ³7KH FDSDFLW\ RI DYHUDJH DQG SHDNSRZHUOLPLWHG TXDGUDWXUH *DXVVLDQ FKDQQHOV´ ,((( 7UDQV ,QI 7KHRU\ YRO  QR  SS ± -XO\   7 + &KDQ 6 +UDQLORYLF DQG ) 5 .VFKLVFKDQJ ³&DSDFLW\DFKLHYLQJ SUREDELOLW\ PHDVXUH IRU FRQGLWLRQDOO\ *DXVVLDQ FKDQQHOV ZLWK ERXQGHG LQSXWV´ ,((( 7UDQV ,QI 7KHRU\ YRO  QR  SS ± -XQH   0 & *XUVR\ + 9 3RRU DQG 6 9HUG�X ³7KH QRQFRKHUHQW 5LFLDQ IDGLQJ FKDQQHO²3DUW , 6WUXFWXUH RI WKH FDSDFLW\DFKLHYLQJ LQSXW´ ,((( 7UDQV :LUHOHVV &RPPXQ YRO  QR  SS ± 6HSW   7 )UHFNPDQQ 5- (VVLDPEUH 3 - :LQ]HU * - )RVFKLQL DQG * .UDPHU ³)LEHU FDSDFLW\ OLPLWV ZLWK RSWL PL]HG ULQJ FRQVWHOODWLRQV´ ,((( 3KRWRQ 7HFKQRO /HWW YRO  QR  SS ± 2FW   5- (VVLDPEUH * .UDPHU 3 - :LQ]HU * - )RVFKLQL DQG % *RHEHO ³&DSDFLW\ OLPLWV RI RSWLFDO ¿EHU QHW ZRUNV´ - /LJKWZ 7HFKQRO YRO  QR  SS ± )HE   + *KR]ODQ DQG * .UDPHU ³,QWHUIHUHQFH IRFXVLQJ IRU VLPSOL¿HG RSWLFDO ¿EHU PRGHOV ZLWK GLVSHUVLRQ´ LQ 3URF ,((( ,QW 6\PS ,QI 7KHRU\ 6DLQW 3HWHUVEXUJ 5XVVLD -XO\±$XJ  SS ±  ( $JUHOO ³1RQOLQHDU ¿EHU FDSDFLW\´ LQ 3URF (XU &RQI 2SW &RPPXQ (&2&  /RQGRQ 8. 6HSW   - .DURXW 5- (VVLDPEUH ( $JUHOO DQG $ 7XOLQR ³$FKLHYDEOH UDWHV RI PXOWLGLPHQVLRQDO URWDWLRQDOO\ LQYDULDQW GLVWULEXWLRQV´ DU;LY SUHSULQW DU;LY   $ ' :\QHU ³%RXQGV RQ FRPPXQLFDWLRQ ZLWK SRO\SKDVH FRGLQJ´ %HOO 6\VW 7HFK - SS ± $SU   5- (VVLDPEUH * - )RVFKLQL * .UDPHU DQG 3 - :LQ]HU ³&DSDFLW\ OLPLWV RI LQIRUPDWLRQ WUDQVSRUW LQ ¿EHU RSWLF QHWZRUNV´ 3K\V 5HY /HWW YRO   SDSHU 
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