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Introduction. Main results Large time behaviour of solutions of the Cauchy problem for the Navier–Stokes equation in Rn , n ≥ 2, and for its one-dimensional relative, called the Burgers equation, is one of the most interesting themes of fluid mechanics, initiated by J. Leray [L1, L2] (n = 2, 3) and by E. Hopf [Ho] (n = 1). The (generalized) Burgers equations ∂f ∂2f ∂f (1a) + ϕ(f ) = ε 2 , ε ≥ 0, x ∈ R, ∂t ∂x ∂x have been introduced to study different models of fluids ([B], [Bu], [BL], [F], [Co], [LL], . . . ). The difference-differential analogs of these equations df f (x, t) − f (x − ε, t) + ϕ(f ) = 0, x = kε, k ∈ Z, (1b) dt ε have been proposed for some models of economic development ([HP1], [HP2]). The following problem was formulated explicitly by I. M. Gelfand [G, p. 119]: find the asymptotics (as t → ∞) of the solution f of equation (1a) with initial condition ( α± if ±x > ±x± , f (x, 0) = (2) f 0 (x) if x ∈ [x− , x+ ], where α− ≤ α+ , x− ≤ x+ , and f 0 is any L∞ function on [x− , x+ ].
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Gelfand [G] found a solution to this problem for the inviscid case ε = +0 with initial conditions f (x, 0) = α± if ±x > 0, and noted that it would be interesting to prove that the main term of the asymptotics as t → ∞ of f (x, t) satisfying (1a), (2) coincides with the solution of (1a), (2) for ε = +0. Similar problems and related conjectures were formulated later [HP3], [HP4] for equation (1b). The purpose of this paper is to present a solution of these problems under rather general assumptions. Assumption 1. Let α− < α+ and let ϕ be a positive twice continuously differentiable function on the interval [α− , α+ ] such that ϕ′ has only isolated zeros. From [G], [O], [IO], [HP2], [S1] one can deduce the following general properties of solutions of the Cauchy problems (1), (2). Theorem 0. Under Assumption 1: (a) there exists a unique (weak) solution f (x, t), x ∈ R, t > 0, of problem (1a), (2); this solution is necessarily smooth for t > 0, and satisfies the conservation laws f (x, t) → α± , x → ±∞, Z 0  Z α+ Z ∞ d − + (α − f (x, t)) dx + (α − f (x, t)) dx = ϕ(y) dy, t > 0; dt −∞ 0 α− (b) there exists a unique (weak) solution f (x, t), x ∈ R, t > 0, of problem (1b), (2); this solution is uniformly bounded and satisfies the conservation laws f (x, t) → α± , x → ±∞,  X  Z α− 0 ∞ Z α+ X dy dy d = α+ − α− , ∀θ ∈ [0, 1), t > 0. + dt ϕ(y) ϕ(y) f (kε+θε,t) f (kε+θε,t) k=−∞



k=1



Set



Z u ϕ(y) dy, ψ(u) = − − Z uα dy ψ(u) = , ϕ(y) α−



u ∈ [α− , α+ ], for (1.a),



(3a)



u ∈ [α− , α+ ], for (1.b).



(3b)



Following Gelfand’s approach [G] for (1a), (2), adapted for (1b), (2) in [HP4], let ˆ us introduce for (3a) and for (3b) the concave function ψ(u) as the upper bound of the convex hull of the set {(u, v) : v ≤ ψ(u), u ∈ [α− , α+ ]}.



Assumption 2. For (3a) and respectively for (3b) the set S = {u ∈ [α− , α+ ] : ˆ ψ(u) < ψ(u)} has the form − + S = (α0− , α0+ ) ∪ (α1− , α1+ ) ∪ · · · ∪ (αL , αL ), where



− + − + α− = α0− ≤ α0+ < α1− < α1+ < · · · < αL−1 < αL−1 < αL ≤ αL = α+ .



(4a, b)
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We use here the labels (4a), (4b) in order to underline the dependence of αl± , l = 0, . . . , L, on the choice (3a), (3b) of ψ. Let Z α+ l 1 cl = + ϕ(y) dy for (1a), l = 0, . . . , L, (5a) − − αl − αl αl −1 Z α+ l dy for (1b), l = 0, . . . , L. (5b) cl = (αl+ − αl− ) ϕ(y) α− l Assumptions 1 and 2 imply (see [G], [O], [W], [HP4]) the following important inequalities (for (1a) and respectively for (1b)): ϕ(αl+ ) ≤ cl ≤ ϕ(αl− ),



cl = cl =



ϕ(αl− ), ϕ(αl+ ),



l = 0, . . . , L,



l = 1, . . . , L,



(6)



l = 0, . . . , L − 1.



Let us remark that the inequalities above are, in fact, equalities except for the cases l = 0 and l = L. Assumption 3. For (1a) and respectively for (1b) the following inequalities are valid: ϕ′ (αl− ) 6= 0, l = 1, . . . , L, ϕ′ (αl+ ) 6= 0,



ϕ (αl− ) ϕ(α0− ) + ) ϕ(αL ′



6= ϕ



′



6= c0



l = 0, . . . , L − 1,



(αl+ ), if



α0− − αL



l = 1, . . . , L − 1, < α0+ ,



+ < αL . 6 cL if = The results of [G] and [O] for equation (1a) and of [HP2], [Be] for equation (1b) imply the following proposition.



Proposition 0. Under Assumptions 1 and 2, for any l ∈ {0, . . . , L} there exist travelling wave solutions of (1a) and respectively of (1b) of the form f = f˜l (x−cl t) such that f˜l (x) → αl± as x → ±∞, l = 0, . . . , L.



For these travelling wave solutions the precise asymptotics when x → ±∞ has been found (see (3.9), (3.14) and [Be], [HP2, Theorem 2′ ], [HP4, Theorems 6.1, 6.2]). The proof of Proposition 0 for (1a) ([G], [O]) is based on the properties of the ordinary differential equation −cf˜′ + ϕ(f˜)f˜′ = εf˜′′ .



The proof for (1b) ([HP2], [Be]) is based on the properties of the differencedifferential equation f˜(x) − f˜(x − ε) −cf˜′ + ϕ(f˜) =0 ε and uses, in particular, the Schauder fixed point theorem.
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The following two theorems are the main results of this work. Theorem 1a. Under Assumptions 1–3 and definitions (3a), (4a), (5a), for each A > 0 the solution of the Cauchy problem (1a), (2) has the following asymptotic structure:  √  f˜l (x − cl t − εγl ln t − ol (ln t)) if |x − cl t| < A t, l = 0, . . . , L,   √ √   ϕ(−1) (x/t) if cl t + A t ≤ x ≤ cl+1 t − A t,  f (x, t) ⇒ l = 0, . . . , L − 1, t→∞  √  −  α if x ≤ c0 t − A t,   √  α + if x ≥ cL t + A t, where the inverse function ϕ(−1) (x/t) to ϕ is well defined on the intervals [cl , cl+1 ], l = 0, . . . , L; {f˜l (x − cl t)} are the travelling wave solutions of (1a) with overfalls [αl− , αl+ ]; and {γl } are the constants, depending on {αl± , ϕ(αl± ), ϕ′ (αl± )} by explicit formulas:  0   if L = 0, γ0 = (7) 1 2  + if L > 0 and α0− < α0+ , − − ′ + α0 − α0 ϕ (α0 )   2 2 1 − , l = 1, . . . , L − 1, (8) γl = + αl − αl− ϕ′ (αl− ) ϕ′ (αl+ )    1 2 − +  if L > 0 and αL < αL , − + − − αL ) ϕ′ (αL γL = αL (9)  0 if L = 0.



Theorem 1b. Under Assumptions 1–3 and definitions (3b), (4b), (5b), for each A > 0 the solution of the Cauchy problem (1b), (2) has the following asymptotic structure:  √ ˜l (x − cl t − 1 εcl γl ln t − ol (ln t)) if |x − cl t| < A t, l = 0, . . . , L,  f  2  √ √  (−1)   (x/t) if cl t + A t ≤ x ≤ cl+1 t − A t, ϕ f (x, t) ⇒ l = 0, . . . , L − 1, t→∞  √  α − if x ≤ c0 t − A t,   √  α + if x ≥ cL t + A t,



where {f˜l (x−cl t)} are the travelling wave solutions of (1b) with overfalls [αl− , αl+ ], and {γl } are the constants depending on {αl± , ϕ(αl± ), ϕ′ (αl± )} by formulas (7)–(9). Theorem 1b is motivated by applications to some models of economic development, based on J. Schumpeter’s ideas (see [S] and [HP1]–[HP4]). Theorem 1a is motivated by Gelfand’s question in the theory of quasilinear equations and also by its deep relation to Theorem 1b (see [G] and [H], [HS], [HST]).
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Remark 1. Theorems 1a, 1b generalize several earlier results: • [Ho] and [Co] for (1a) and [HP1] for (1b) if ϕ(f ) is a linear function; • [IO] for (1a) and [HP2] for (1b) if L = 0; √ √ • [W] for (1a) and [HP4] for (1b) if x ∈ [cl t+A t, cl+1 t−A t], l = 0, . . . , L−1; • [HS] if L = 1 and the shift functions for the travelling waves have the form O(ln t) instead of the more precise form εγl ln t + ol (ln t), l = 0, 1. Remark 2. Theorem 1b proves (under Assumptions 1–3) a conjecture in [HP4, p. 718] and also more detailed conjectures [HS, p. 1463] and [H, p. 453]. Remark 3. Theorem 1a answers the question of [LMN, p. 296]: “In the Cauchy problem (for (1a)) there is a question of determining the location of viscous shockwaves”. Remark 4. Theorems 1a, 1b are still valid in the important case when α− = α+ = α and ϕ′ (α) 6= 0 instead of the inequality α− < α+ in Assumption 1. Moreover, in such a case the solutions of (1), (2) have the following asymptotic behaviour: √ sup |f (x, t) − α| = O(1/ t), t → ∞. x∈R



For equation (1a) it follows from [Ho], [La], [W]. + Remark 5. In the case when we have the equality ϕ(α0− ) = c0 or ϕ(αL ) = cL , instead of the corresponding inequalities in Assumption 3, Theorems 1a, 1b (and their proofs) are also valid, but with corrected constants γ0 and γL :   1 2 1 − , γ0 = + α0 − α0− ϕ′ (α0− ) ϕ′ (α0+ )



γL =



1 + − αL − αL







if L > 0, ϕ(α0− ) = c0 and ϕ′ (α0+ ) 6= 2ϕ′ (α0− ),  2 1 − , − + ϕ′ (αL ) ϕ′ (αL )



+ + − if L > 0, ϕ(αL ) = cL and 2ϕ′ (αL ) 6= ϕ′ (αL ),  − − + ′  if L = 0, ϕ(α0 ) = c0 , ϕ(α0 ) 6= c0 , 1/ϕ (α0 ) 1 + ′ γ0 = + −1/ϕ (α0 ) if L = 0, ϕ(α0− ) 6= c0 , ϕ(α0+ ) = c0 , α0 − α0−   − + 1/ϕ′ (α0 ) − 1/ϕ′ (α0 ) if L = 0, ϕ(α0− ) = ϕ(α0+ ) = c0 .



Under the condition L = 0 (shock profile condition) this statement was obtained earlier in [HST]. Remark√6. Theorems √ 1a, 1b imply new interesting phenomena: if L > 0 and x ∈ [cl t − A t, cl t + A t], l ∈ {0, . . . , L}, then solutions of (1a), (2a) and respectively of (1b), (2b) converge to shifted travelling waves f˜l (x − cl t − εγl ln t + ol (ln t)) and respectively f˜l (x − cl t − 21 εcl γl ln t + ol (ln t)), which generally do not satisfy equations (1a) or (1b) and the positions of which on the x-line, more precisely the coordinate xl of the point x where f˜l (x − cl t − 21 εcl γl ln t + ol (ln t)) = (αl+ + αl− )/2, depend essentially on the (viscosity) parameter ε > 0. These phenomena lead to
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the appropriate correction of Gelfand’s suggestion [G] that the main term of the asymptotics (t → ∞) of f (x, t), satisfying (1a), coincides with the solution of (1a) for ε = +0 with the same initial conditions. A similar phenomenon was observed earlier in [LY] in the special boundary value problem for the classical Burgers equation: if u(x, t) satisfies the conditions ut + u · ux = uxx ,



u(0, t) = 1,



u(∞, t) = −1,



u(x, 0) = − th(x/2),



then |u(x, t)| + |th[(1/2)(x − ln(1 + t))]| → 0,



x ≥ 0, t → ∞.



Remark 7. One can see that the asymptotic behaviour of solutions of (1b), (2) is not the same as the asymptotic behaviour of solutions of (1a), (2) when ε → +0, in spite of the fact that in the limiting case ε = +0 the equations (1a) and (1b) are identical. This can be explained by the fact that equation (1b) is a semi-discrete approximation of the nonphysical equation ∂f ∂f ε ∂2f + ϕ(f ) = ϕ(f ) 2 . ∂t ∂x 2 ∂x In order to relate (1b) to a physically relevant equation one can use the substitution Rf F = 0 dy/ϕ(y), which transforms (1b) into



∂F (x, t) ψ(F (x, t)) − ψ(F (x − ε, t)) + = 0, ∂t ε where ψ ′ (F ) = ϕ(f ). This equation is the so called monotone one-sided semidiscrete approximation of the viscous equation   ∂F ∂F ε ∂ ∂F ϕ(f ) , + ϕ(f ) = ∂t ∂x 2 ∂x ∂x R α± where F (x, 0) → 0 dy/ϕ(y) as x → ±∞. The results on finite-difference approximations for nonlinear conservation laws (see [EO], [HHL], [S2]) explain both the similarity of behaviour of solutions F (x, t) of the last two equations and also some difference in the behaviour of solutions of (1a) and (1b). Conjecture 1. Theorems 1a, 1b are also valid in the case when for some l ∈ {1, . . . , L − 1} we have the equality ϕ′ (αl− ) = ϕ′ (αl+ ) instead of the corresponding inequality in Assumption 3. Conjecture 2. Under the assumptions of Theorem 1a (respectively Theorem 1b), let ε = +0. Then the solution of the Cauchy problem (1a), (2) (respectively (1b), (2)) has the following asymptotic structure:  α − if x < c0 t + d0 , 1 L (R)  f (x, t) ⇒ ϕ(−1) (x/t) if cl t + dl ≤ x < cl+1 t + dl+1 , l = 0, . . . , L − 1, t→∞   + α if x ≥ cL t + dL ,
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where the parameters cl are determined by (5a) (respectively by (5b)) and the parameters dl are determined by the respective equation (1a) or (1b) and initial data (2a) or (2b). Several important results in the direction of this conjecture were obtained in [Li], [C], [KP]. The proofs of Theorems 1a, 1b combine improved versions of earlier techniques (maximum and comparison principles, Lyapunov type functions, Poisson– Green kernels for parabolic type equations) together with several new ingredients. One of them (§3) is the discovery of “localized conservations laws”, which for the problem (1a), (2) under assumption ε = 1 have the form Z cl t+A√t ˜ (10a) √ [f (x, t) − f (x − cl t − dl (t, A))] dx = 0, cl t−A t



where dl (t, A) = γl ln t+oA,l (ln t), t > 0, A > 0, l = 0, . . . , L, while for the problem (1b), (2) under the assumption ε = 1 and x = k ∈ Z they have the form √ [cl t+A t]−1



X



(Φ(f (k, t)) − Φ(f˜(k − cl t − dl (t, A))))



√ k=[cl t−A t]+1



√ √ ± (cl t ± A t − [cl t ± A t]) √ √ (10b) × (Φ(f ([cl t ± A t], t)) − Φ(f˜([cl t ± A t] − cl t − dl (t, A)))) = 0, R α+ where Φ(f ) = f dy/ϕ(y), dl (t, A) = 12 cl γl ln t + oA,l , t > 0, A > 0, l = 0, . . . , L. Other new ingredients (§§1, 2) are precise a priori estimates of solutions f (x, t) and their derivatives fx′ (x, t) for (1a),√(2) and (1b), (2) in the transitional domains of parameters x, t, where x = cl t±A t and the travelling wave behaviour of solutions changes into the √ A > 0 and for √ rarefaction behaviour. Namely, for all all δ ∈ (0, 1) for x = cl t + A t, l = 0, . . . , L − 1 and for x = cl t − A t, l = 1, . . . , L, we have the estimates:     1 (−1) x √ f (x, t) = ϕ +O for (1a) and (1b), (11) t A t     1 ∂ (−1) x ∂f +O for (1a), (12) (x, t) = ϕ 1−δ ∂x ∂x t A t     ∂ (−1) x 1 ∆f (x, t) := f (x, t) − f (x − 1, t) = +O for (1b). (13) ϕ 1−δ ∂x t A t The main part of the proof of Theorem 1b (§§4–6) consists in proving the following estimate (see §6, inequalities (6.13), (6.14)): for all δ > 0 and l ∈ {0, . . . , L}, n X p lim sup √ (Φ(f (k, t)) − Φ(f˜l (k − cl t − dl (t, δcl )))) 



t→∞



{n : |n−cl t|≤ δcl t}



√ k=[cl t− δcl t]



√ ≤ O( δ).



(14)
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The proof of (14) uses nonlinear parabolic type equations (see §4, (4.5)) for the functions n X p p (Φ(f (k, t)) − Φ(f˜l (n − cl t − dl (τ, δcl )))) ∆l (n, t, dl (τ, δcl )) = √ k=[cl τ − δcl τ ]



√ √ √ of variables n, t in the domain n ∈ [cl τ − δcl τ , cl t + δcl t] ∩ Z, t ∈ (τ, τ + δτ ). Localized conservation laws are used to get a priori boundary estimates p p √ |∆l ([cl t + δcl t], t, dl (τ, δcl ))| = O(1/ τ ). The estimate (14) implies uniform convergence f (n, t) ⇒ f˜l (n − cl t − dl (t, o(1))) √ in the intervals |n − cl t| ≤ o( t), l = 0, . . . , L. More precisely, define the following family of functions:  f˜l (n − cl t − dl (t)) if |n − cl t| < t1/4 , l = 0, . . . , L,    ϕ(−1) (n/t) if cl t + t1/4 ≤ n ≤ cl+1 t − t1/4 , F (n, t, d1 , . . . , dL ) = −  if n ≤ c0 t − t1/4 ,  α  α+ if n ≥ cL t + t1/4 . Propositions from §§1, 3, 6 imply the following result.



Theorem 2. Let f (n, t) be the solution of the Cauchy problem (1b), (2), where ε = 1, L ≥ 0, n ∈ Z, t > 0. Then under the assumptions and notations of Theorem 1b there exist shift functions dl (t) = 21 cl γl /ln t + o(ln t), l = 0, . . . , L, such that f (n, t) approaches F (n, t, d1 , . . . , dL ) with the estimate sup |f (n, t) − F (n, t, d1 , . . . , dL )| = O(t−1/4 ). z∈Z



Theorem 2 implies Theorem 1b. In this paper we give a complete proof of Theorem 2 and, as a consequence, of Theorem 1b. A complete proof of Theorem 1a will be given in another paper. But several important steps of the latter proof, which are similar to the corresponding steps of the proof of Theorem 1b, will be indicated in this paper. Some further questions The problem of finding the asymptotics (t → ∞) of solutions of (viscous) conservation laws has been posed originally by Gelfand not only for generalized Burgers equations but also for systems of conservation laws in one spatial variable (see [G]). In this direction many important results on existence and asymptotic stability of viscous shock profiles (continuous and discrete) have been obtained and applied (see [BHR], [S1] and references there). Results of the type of Theorems 1a, 1b above for systems of conservation laws have not been obtained yet. It is very interesting also to study the asymptotic behaviour of scalar (viscous) conservation laws in several spatial variables (continuous or discrete), relying on the asymptotic properties of Burgers type equations. In this direction there are several important results and problems (see [BP], [HP2], [HZ], [S1], [W]) and references there).
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√ 1. Estimates of f (x, t) for x = cl t ± A t



For the proof of Theorem 1b we need, first, the following comparison proposition, which is an essential improvement of Theorem 7.5 from [HP4]. Proposition 1. Under the assumptions of Theorem 1b, the solution f (x, t) of (1b), (2) satisfies the following estimate: for every γ > 0 and bl > cl /γ, l = 0, . . . , L − 1, there exists t0 > 0 such that √  √    (−1) x + γ t (−1) x − γ t ≤ f (x, t) ≤ ϕ (1.1) ϕ t t √ √ for x ∈ [cl t + bl t, cl+1 t − bl+1 t] and t ≥ t0 , where the constants cl are defined by (3b), (5b), and t0 = O(bγ). Complement. Proposition 1 (and its proof) is also valid for the solution f (x, t) of (1a), (2) (under the assumptions of Theorem 1a) if in its formulation we replace bl > cl /γ by bl > 2/γ, l = 0, . . . , L − 1. Corollary. Under the assumptions of Theorem 1a and 1b, for any A > cl /γ, γ > 0, the solution√f (x, t) of (1a), (2), respectively of (1b), (2) √ satisfies estimate (1.1) for x = cl t + A t, l = 0, . . . , L − 1, and for x = cl t − A t, l = 1, . . . , L,.



The proof of Proposition 1 is based on two important lemmas: the first (Lemma 0) is a comparison principle permitting us to estimate solutions of (1b), (2) through sub(super)solutions of (1b), (2), the second (Lemma 1) gives an explicit construction of necessary sub(super)solutions for (1b), (2). The comparison statement below (Lemma 0) is obtained in [HP4, Lemma 7.3]. It can be considered an analogue for problem (1b), (2) of the well-known comparison principle for problem (1a), (2) (see [W, Lemma 2.1]). Lemma 0. Let ϕ be a Lipschitz continuous function on R, and x+ (t) be a continuous function of t ≥ 0, with x+ (t) ≥ 1. Suppose that functions g(n, t), gˆ(n, t) with values in [α− , α+ ] satisfy the inequalities dg(n, t) ≥ ϕ(g(n, t))(g(n − 1, t) − g(n, t)), dt dˆ g (n, t) ≤ ϕ(ˆ g (n, t))(ˆ g(n − 1, t) − gˆ(n, t)), dt



n ≥ 0, t ≥ t0 .



If g(n, t0 ) > gˆ(n, t0 ) g(0, t) ≥ gˆ(0, t),



for n ∈ [0, x(0)],



g(−1, t) ≥ gˆ(−1, t)



g([x+ (t)], t) > gˆ([x+ (t)], t)



for t ≥ t0 ,



for t ≥ t0 ,



then g(n, t) > gˆ(n, t) for all n ∈ [0, x+ (t)] and t ≥ t0 .



The following statement essentially generalizes and specifies Proposition 1 from [HS].
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Lemma 1. Under the assumptions of Proposition 1, let ε = 1, L = 1; α0− < α0+ < α1− < α1+ ; and let c0 , c1 be the parameters defined by (3b), (4b), (5b). Put ∆x f (x, t) = f (x, t)−f (x−1, t). Consider the following functions f ± (x, t), depending also on the parameters {αl± }, {cl }, small positive parameters γ and δ and positive bounded − + + functions b− 0 (t), b1 (t), b0 (t), b1 (t):  − √ t; f1 (x, t) = f˜0 (x − c0 t), −∞ < x < c0 t + b−  0  √      c x − γ t 0  − (−1)  − ′ + ,  f2 (x, t) = ϕ t ϕ (α0 )(x − c0 t) − √ √ (1.2) f (x, t) =  t ≤ x ≤ c1 t + b− t; c0 t + b−  1 0  √  √   f3− (x, t) = f˜1 (x − c1 t − (2 c1 + γ + 2δ) t),   √  t < x < +∞. c1 t + b− 1  + √ √ f (x, t) = f˜0 (x − c0 t + (2 c0 + γ + 2δ) t),   √  1  +  t; −∞ < x < c t − b  0 0  √     x + γ t c 1 + (−1) , + ′ − f + (x, t) = f2 (x, t) = ϕ (1.3) t ϕ (α1 )(c1 t − x)    √ √    c0 t − b+ t ≤ x ≤ c1 t − b+ t;  0 1  √  + + ˜ f3 (x, t) = f1 (x − c1 t), c1 t − b1 t < x < +∞. Then: (i) For all γ, δ > 0 there exist functions



b− 0 (t) = γ + o(1), q √ √ c1 + δ + δ 2 + 2δ c1 + o(1), b− 1 (t) = γ + q √ √ b+ (t) = γ + c + δ + δ 2 + 2δ c0 + o(1), 0 0 b+ 1 (t) = γ + o(1),



satisfying for all t ≥ t0 and θ ∈ [0, 1] the relations: √ √ t, t) = f2− (c0 t + b− t, t), f1− (c0 t + b− 0 0 √ √ t + θ, t) ≤ ∆x f2− (c0 t + b− t + θ, t); ∆x f1− (c0 t + b− 0 0 √ √ f2− (c1 t + b− t, t) = f3− (c1 t + b− t, t), 1 1 √ √ − − − t + θ, t); ∆x f2 (c1 t + b1 t + θ, t) ≤ ∆x f3 (c1 t + b− 1 √ √ t, t) = f2+ (c0 t − b+ t, t), f1+ (c0 t − b+ 0 0 √ √ + + + ∆x f1 (c0 t − b0 t + θ, t) ≥ ∆x f2 (c0 t − b+ t + θ, t); 0 √ √ t, t) = f3+ (c1 t − b+ t, t), f2+ (c1 t − b+ 1 1 √ √ + + + ∆x f2 (c1 t − b1 t + θ, t) ≥ ∆x f3 (c1 t − b+ t + θ, t). 1



(1.4)



(1.5)



(1.6)



(1.7)
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− + + (ii) For all γ, δ > 0 and with b− 0 , b1 , b0 , b1 from (i) there exists t0 ≥ 0 such ∓ that the functions f (x, t), x ∈ R, t ≥ t0 , are sub(super)solutions for (1b), i.e.   ± df ± ± ± + ϕ(f )(f (x, t) − f (x − 1, t)) ≥ 0. (1.8) ± dt



Complement. This lemma (and its proof) is also valid for equation (1a) (under the assumptions of Theorem 1a) if in the definitions of f2∓ (x, t) the numerators c0 , c1 are replaced by 2, the differences ∆x fj∓ by the derivatives ∂f ∓ /∂x, and inequality (1.8) by  ±  ± ∂f ∂2f ± ± ∂f ± ≥ 0. + ϕ(f ) − ∂t ∂x ∂x2 Proof. (i) Let us check first the existence of b− 0 = γ+o(1) satisfying (1.4). Relations (1.4) mean that √   − √ c0 (−1) c0 t + (b0 − γ) t t) = ϕ − ′ + −√ , f˜0 (b− 0 t ϕ (α0 )b0 t √   (−1) x − γ t ˜ √ ∆x f0 (x − c0 t)|x=c0 t+b− t+θ ≤ ∆x ϕ √ 0 t x=c0 t+b− t+θ 0 √ c0 (1 − O(1/ t)) + ′ + −√ 2 . ϕ (α0 )(b0 t) From these relations and the asymptotic formula for f˜0 (x) from [HP4] (see (3.9) below) we obtain the equivalent inequalities √ 1 (b− c0 0 − γ) √ √ − + o(1/ t), + + − ϕ′ (α0 ) t ϕ′ (α0 )b0 t 1 1 c0 c0 √ ≤ ′ + + ′ + − √ 2 + o(1/t). 2 t ϕ (α ) ϕ′ (α0+ )(b− t) ϕ (α )(b t) 0 0 0 0



α0+ −



c0 √ ϕ′ (α0+ )b− t 0



= α0+ +



√ − + ′ These inequalities are both satisfied if b = γ + o(1), where o(1) = −ϕ (α ) t× 0 0 √ o(1/ t) and t ≥ t0 . p √ √ Let us check further the existence of b− δ 2 + 2δ c1 + o(1) 1 = γ + c1 + δ + satisfying (1.5). Relations (1.5) mean that √   − c0 (−1) c1 t + (b1 − γ) t √ − ′ + ϕ t ϕ (α0 )(c1 t − c0 t + b− t) 1 √ √ √ − = f˜1 (b1 t − (2 c1 + 2δ + γ) t), √  √  c0 (1 + o(1/ t)) (−1) x − γ t √ ∆x ϕ + ′ + √ t ϕ (α0 )(c1 t − c0 t + b− t)2 x=c1 t+b− t+θ 1 1 √ √ ≤ ∆x f˜1 (x − c1 t − (2 c1 + 2δ + γ) t)|x=c1 t+b− √t+θ . 1
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From these relations and the asymptotic formula for f˜1 (x) from [HP4] (see (3.9)) we obtain the equivalent inequalities α1− +



c0 1 b− 1 −γ √ √ − ′ + − ϕ′ (α1 ) t ϕ (α0 )(c1 t − c0 t + b− t) 1 √ c 1 √ √ + o(1/ t), = rα1− + ′ − √ − ϕ (α1 )(−b1 t + (2 c1 + 2δ + γ) t) 1 c1 1 √ √ ≤ ′ − + o(1/t). √ − − ′ t ϕ (α1 ) ϕ (α1 )(−b1 t + (2 c1 + 2δ + γ) t)2



These inequalities are satisfied for t ≥ t0 if we have the equality c1 = b− √ 1 − γ + o(1) (2 c1 + 2δ + γ − b− ) 1 and the inequality 1< The equality above means that b− 1 =γ+



c1 . √ 2 (2 c1 + 2δ + γ − b− 1)



√ c1 + δ +



q √ δ 2 + 2δ c1 + o(1).



With such b− 1 the inequality above is satisfied for t ≥ t0 . Let us now check the existence of q √ √ b+ c0 + δ + δ 2 + 2δ c0 + o(1) 0 =γ+



satisfying (1.6). Relations (1.6) mean that √ √ f˜0 ((2 c0 + 2δ + γ − b+ 0 ) t) √   + c1 (−1) c0 t − (b0 − γ) t √ , =ϕ + ′ − t ϕ (α1 )((c1 − c0 )t + b+ t) 0 √ √ ˜ √ ∆x f0 (x − c0 t + (2 c0 + 2δ + γ) t)|x=c0 t−b+ t+θ 0 √  √  x+γ t c1 (1 + O(1/ t)) √ . ≥ ∆x ϕ(−1) + √ t ϕ′ (α1− )((c1 − c0 )t + b+ t)2 x=c0 t−b+ t+θ 0 0



From these relations and the asymptotic formula for f˜0 (x) we obtain the equivalent inequalities: c0 √ α0+ − ′ + √ ϕ (α0 )(2 c0 + 2δ + γ − b+ 0) t √ c1 1 b+ − γ √ + o(1/ t), + ′ − = α0+ − ′ + 0√ + ϕ (α0 ) t ϕ (α1 )((c1 − c0 )t + b0 t) c0 1 1 + o(1/t). √ + + 2 ≥ ′ ′ ϕ (α0 )(2 c0 + 2δ + γ − b0 ) t ϕ (α0+ ) t
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These relations are satisfied if we have the equality c0 = b+ √ 0 − γ + o(1) (2 c0 + 2δ + γ − b+ 0) and the inequality



c0 > 1. √ 2 (2 c0 + 2δ − (b+ 0 − γ)) The equality above implies that q √ √ c0 + δ + δ 2 + 2δ c0 + o(1). b+ 0 =γ+



With such b+ 0 the inequality above is satisfied for t ≥ t0 . Let us check, finally, the existence of b+ 1 = γ + o(1) satisfying (1.7). Relations (1.7) mean that √  √  √ t+γ t c1 t − b+ c1 1 t), ϕ(−1) + ′ − + √ = f˜1 (−b+ 1 t ϕ (α1 )b1 t √     c1 (−1) x + γ t + ′ − ∆x ϕ √ t ϕ (α1 )(c1 t − x) x=c1 t−b+ t+θ 1 ≥ ∆x f˜1 (x − c1 t) x=c1 t−b+ √t+θ . 1



From these relations and the asymptotic formula for f˜1 (x) we obtain the equivalent inequalities √ c1 c1 (γ − b+ ) 1 √ = α1− + √ + o(1/ t), √ 1 + α1− + ′ − − + − + ϕ (α1 ) t ϕ′ (α1 )b1 t ϕ′ (α1 )b1 t c1 1 1 c1 + ′ − + 2 ≥ ′ − + 2 + o(1/t). ϕ′ (α1− ) t ϕ (α1 )(b1 ) t ϕ (α1 )(b1 ) t These relations are satisfied for b+ 1 = γ + o(1) and t ≥ t0 . (ii) Let us check inequality (1.8) for the function f − (x, t), defined by (1.2). From (i) it follows that it is now sufficient under the conditions of (i) to prove the inequalities dfj− + ϕ(fj− )(fj− (x, t) − fj− (x − 1, t)) ≤ 0, dt on the respective intervals: √ x < c0 t + b− t for j 0 √ √ − − c0 t + b0 t ≤ x ≤ c1 t + b1 t for j √ x > c1 t + b− t for j 1



j = 1, 2, 3,



(1.9)



= 1, = 2,



= 3. Inequality (1.9) for j = 1 is valid because the function f˜0 (x − c0 t) satisfies (1b). To check (1.9) for j = 3 we remark that by definition (1.8),   √ √ √ 1 ∂ ˜ ∂ − f1 (x − c1 t − (2 c1 + γ + 2δ) t). f3 (x, t) = −c1 − (2 c1 + γ + 2δ) √ ∂t 2 t ∂x



14



G. M. Henkin



JFPTA



Applying [HP2, Theorem 2′ ], we obtain −c1



∂ − f + ϕ(f3− (x, t)) · (f3− (x, t) − f3− (x − 1, t)) = 0, ∂x 3



∂ − f ≥ 0. ∂x 3



Hence, √ 1 ∂f3− ∂ − f3 + ϕ(f3− ) · (f3− (x, t) − f3− (x − 1, t)) = −(2 c1 + γ + 2δ) √ ≤ 0. ∂t 2 t ∂x √ √ Let us check (1.9) for j = 2, when c0 t + b− t ≤ x ≤ c1 t + b− t. Let ϕ′ and 0 1 ϕ˙ both mean the derivative of ϕ. We have ∂ϕ(−1) ( x−γt ∂f2− (x, t) = ∂t ∂t



√ t



)



−



c20 , ϕ′ (α0+ )(x − c0 t)2



(1.10)



√     c0 x−γ t − ′ + ϕ(f2− (x, t))(f2− (x, t) − f2− (x − 1, t)) = ϕ ϕ(−1) t ϕ (α0 )(x − c0 t) √  √      c0 c0 (−1) x−1−γ t (−1) x−γ t + −ϕ − ′ + × ϕ t t ϕ (α0 )(x−c0 t) ϕ′ (α0+ )(x−1−c0 t) √ √        c0 x−γ t x−γ t − ϕ˙ ϕ(−1) · = ϕ ϕ(−1) + t t ϕ(α ˙ 0 )(x − c0 t)  2 c0 1 ¨ + ϕ(·) 2 (ϕ(α ˙ 0+ ))2 (x − c0 t)2 √  √      c0 (−1) x − 1 − γ t (−1) x − γ t −ϕ + × ϕ . t t ϕ(α ˙ 0+ )(x + θ − c0 t)2



Hence,



ϕ(f2− (x, t))(f2− (x, t) − f2− (x − 1, t)) √  √  √      (−1) x − γ t (−1) x − 1 − γ t (−1) x − γ t ϕ −ϕ =ϕ ϕ t t t √      1 c0 x−γ t + ϕ(·) ¨ + −ϕ˙ ϕ(−1) + t 2 ϕ(α ˙ 0 )(x − c0 t) √  √     c0 (−1) x − γ t (−1) x − 1 − γ t ϕ −ϕ × t t ϕ(α ˙ 0+ )(x − c0 t) √    c0 x−γ t + ϕ ϕ(−1) + t ϕ(α ˙ 0 )(x + θ − c0 t)2 √      1 c0 x−γ t + ϕ(·) ¨ + −ϕ˙ ϕ(−1) t 2 ϕ(α ˙ 0+ )(x − c0 t) c0 c0 . (1.11) · × ϕ(α ˙ 0+ )(x − c0 t) ϕ(α ˙ 0+ )(x + θ − c0 t)2
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From [HP4, Lemma 5.4], we have √



∂ϕ(−1) ( x−γt t ) ∂t √  √  √      (−1) x − γ t (−1) x − 1 − γ t (−1) x − γ t ϕ −ϕ ≤0 (1.12) +ϕ ϕ t t t √ √ if c0 t + b− t ≤ x ≤ c1 t + b− t, t ≥ t0 . 0 1 Relations (1.10)–(1.12) imply that to prove (1.9) for j = 2 it is now sufficient to check the following: √   c20 x−γ t c0 − − t ϕ(α ˙ 0+ )(x − c0 t)2 ϕ(α ˙ 0+ )(x + θ − c0 t)2 √      1 c0 (−1) x − γ t − ϕ(·) + ϕ˙ ϕ ¨ t 2 ϕ(α ˙ 0+ )(x − c0 t) 1 c0 1 × · ϕ(α ˙ 0+ )(x − c0 t) ϕ(α ˙ 0+ + o(1)) t √      1 c0 (−1) x − γ t − ϕ(·) ¨ + ϕ˙ ϕ t 2 ϕ(α ˙ 0+ )(x − c0 t)   c20 1 × ≤0 (1.13) + O (x − c0 t)3 (ϕ(α ˙ 0+ ))2 (x − c0 t)3 √ √ √ √ if c0 t + γ t + o(1) t ≤ x ≤ c1 t + (γ + c1 + O+ (δ)) t. In order to have (1.13) it is sufficient to have −



c20 1 + o(1) c0 + + + 2 t ϕ(α ˙ 0 )(x − c0 t) ϕ(α ˙ 0 )(x − c0 t) √     1 c0 x−γ t ≤ 0. +O − t (x − c0 t)3 ϕ(α ˙ 0+ )(x − c0 t)2



For this it is sufficient to prove



√ c0 (1 + o(1)) 1 + o(1) x−γ t − + − ≤0 (1.14) x − c0 t t t(x − c0 t) √ √ √ √ if c0 t + γ t + o(1) t ≤ x ≤ c1 t + (γ + c1 + O+ (δ)) t. √ √ Let x = ct + λ t, where c ∈ [c0 , c1 ], λ ∈ [γ + o(1), γ + c1 + O+ (δ)]. To prove (1.14) we use the fact that √  √  c + (λ − γ)(1/ t) ct + (λ − γ) t 1 + o(1) 1 √ = √ 1 + o(1) − − t t t(ct − c0 t + λ t) c − c0 + λ(1/ t) √   c + o(1/ t) 1 √ 1 + o(1) − ≤ t (c − c0 ) + λ(1/ t)
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√   c + o(1/ t) 1 √ 1 + o(1) − ≤ √ t c − c0 + (γ + c1 + O+ (δ))/ t √     1 1 + o(1) c1 + o(1/ t) c0 √ ≤ =− 1 + o(1) − . t t c1 − c0 c − c0 + o(1/ t)



√ c0 (1 + o(1)) 1 + o(1) x−γ t c0 (1 + o(1)) (1 + o(1))c0 − + − =− −  c0 = ϕ(α0+ ),



ϕ(α1− ) = c1 > ϕ(α1+ ).



The general case can be treated in a similar way. Let the function f 7→ ϕ(f ) be extended outside [α− , α+ ] keeping Assumption 1 and with the condition ϕ′ (f ) < 0 if f < α− or f > α+ . By Proposition 0 for any sufficiently small σ − > 0 there exists σ + = O(σ − ) > 0 and σ-modified travelling wave solutions of the form f˜± (x − c∓ t ∓ dl,σ ) l,σ



[αl−



l,σ



, αl+



± (−1)l σ + ], l = 0, 1. By (5b) we have l + Z α+ l ±(−1) σ 1 1 = + (1/ϕ(y)) dy. l − c∓ αl − αl− ± (−1)l (σ + + σ − ) α− l,σ l ∓(−1) σ



with overfalls



l −



∓ (−1) σ



For (1b) we have − c∓ l,σ = cl (1 ± O+ (σ )),



where 0 < O+ (σ − ) ≤ const · σ − .



Replacing in the definitions of f ∓ (x, t) in the statement of Lemma 1 the travelling waves f˜l (x − cl t), l = 0, 1, by the σ-modified travelling waves f˜− (x − c− t − dl,σ ) and f˜+ (x − c+ t + dl,σ ), l = 0, l,σ



l,σ



l,σ



l,σ



we obtain functions



∓ (x, t), j = 1, 2, 3} fσ∓ (x, t) = {fj,σ



+ of the form (1.2), (1.3), where the parameters αl− , αl+ , cl , b− l , bl , l = 0, 1, are replaced by the σ-modified parameters: −∓ αl,σ = αl− ∓ (−1)l σ − , ∓ − b∓ l,σ = bl ± O+ (σ ),



+∓ αl,σ = αl+ ± (−1)l σ + ,



− c∓ l,σ = cl (1 ± O+ (σ )).



Put further σ − = exp(−t1/3 ) and dl,σ = N ln(1/σ − ) = N t1/3 . For fixed t0 ≥ 0
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and for N large enough the formulas for fσ∓ (x, t) imply fσ− (x, t) < f (x, t) < fσ+ (x, t), fσ− (+∞, t)



< f (∞, t) 



x < 0, t ≥ t0 ,



fσ+ (+∞, t),



t ≥ t0 .



From these inequalities we deduce the existence of T > 0 such that for initial values f (x, t0 ) satisfying (2) we have fσ− (x, t0 + T ) < f (x, t0 ) < fσ+ (x, t0 − T ).



Hence, from the comparison principle for solutions of (1b) (Lemma 0) we deduce fσ− (x, t + T ) < f (x, t) < fσ+ (x, t − T ),



t ≥ t0 , x ∈ R.



(1.15)



From the σ-modified versions of (1.2), (1.3) for fσ∓ (x, t) we deduce √   c− 0,σ − (−1) x − γ t − ′ ++ f2,σ (x, t) ≥ ϕ t ϕ (α0 )(x − c− 0,σ t)



− if c− 0,σ t + γ + o(1) < x < c1,σ t. √ − − Hence, for x ∈ (c0,σ t + B0− t, c− 1,σ t), where B0 > γ and t ≥ t0 , we obtain   c− x − c− γ 1 0,σ 0,σ t − ++ − √ − −√ f2,σ (x, t) ≥ α0,σ + ′ ++ t ϕ (α0,σ ) t B0 t √   − x − c0,σ t − γ˜ t 1 ++ = α0,σ + ′ ++ , t ϕ (α0,σ )



− where γ˜ = γ + c− 0,σ /B0 . From this we deduce the inequality √   ˜ t − (−1) x − γ f2,σ (x, t) ≥ ϕ , (1.16) t √ − − − t < x < c− γ − γ), t ≥ t0 . In a similar way we where c− 1,σ t, B0 = c0,σ /(˜ 0,σ t + B0 obtain the inequality √   x + γ˜ t + f2,σ (x, t) ≤ ϕ(−1) , (1.17) t √ + + where c+ t, B1+ = c+ γ − γ), t ≥ t0 . From (1.15)–(1.17) it 0,σ t < x < c1,σ t − B1 1,σ /(˜ follows that for all γ˜ > γ > 0 there exist t0 , T, N > 0 such that √ √     x + γ˜ t − T x − γ˜ t + T ≤ f (x, t) ≤ ϕ(−1) ϕ(−1) t t if     c0 + O(σ − ) √ c1 − O(σ − ) √ − − (c0 + O(σ ))t + t < x < (c1 − O(σ ))t − t, γ˜ − γ γ˜ − γ



where t ≥ t0 , σ − = N exp (−t1/3 ). The last inequalities for x can be replaced by c1 √ c0 √ t + o(1) < x < c1 t − t + o(1). c0 t + γ˜ − γ γ˜ − γ The inequalities above imply the statement of Proposition 1.
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√ for x = cl t ± A t



We now formulate a proposition which for equation (1a) improves the results of the general theory of quasilinear parabolic equations (see [LSU]), and for equation (1b) the results of the recent work [HST] concerning a priori estimates of derivatives of solutions of these equations. Proposition 2. Under the assumptions of Theorem 1b and of Proposition 1 let ε = 1, L > 0, ϕ(αl+ ) = cl , l = 0, . . . , L − 1, ϕ(αl− ) = cl , l = 1, . . . , L. Let ˜bl > bl > cl /γ, l = 0, . . . , L, γ, δ > 0. Then the difference ∆f := f (x, t)−f (x−1, t) for the solution f of (1b), (2) satisfies the following estimates:  1−δ  1 γ ∆f = ′ + + O (2.1) ′ ϕ (αl )t ϕ (αl+ )t √ √ for x ∈ [cl t + bl t, cl t + ˜bl t], l = 0, . . . , L − 1, t ≥ t0 , and  1−δ  γ 1 (2.2) ∆f = ′ − + O ′ ϕ (αl )t ϕ (αl− )t √ √ for x ∈ [cl t − ˜bl t, cl t − bl t], l = 1, . . . , L, t ≥ t0 , where  ˜ bl γ 1 bl . + + t0 = O bl cl δ Complement. Proposition 2 is also valid for the solution f (x, t) of (1a), (2) (under the assumptions of Theorem 1a and of Proposition 1 if in its formulation we replace bl > cl /γ by bl > 2/γ and the difference ∆f by the derivative ∂f /∂x. The proof in this case uses some complex analysis technique and will be given in another paper. (−1) Lemma 2. Under the assumptions (x/t). Then √ of Proposition √ 2, put u = f − ϕ u is well defined for x ∈ [cl t + bl t, cl+1 t − bl+1 t], l = 0, . . . , L − 1, and satisfies for such x the inequality   γ √ , (2.3) |u(x, t)| = O ϕ(ϕ ˙ (−1) (x/t)) t



where γ = sup{1/bl , 1/bl+1 }. Moreover, equation (1b) implies du x u 1 + ∆u + + ϕ(ϕ ˙ (−1) (x/t))∆u2 = O(1/t2 ). dt t t 2



(2.4)



Proof. The definition of u and estimate (1.1) from Proposition 1 imply (2.3). From (2.3) and Theorem 2 of [HST] it follows that   γ˜ , (2.5) |∆u(x, t)| = O ϕ(ϕ ˙ (−1) (x/t))t √ √ where x ∈ [cl t + bl t, cl+1 t − bl+1 t], γ˜ = γ˜ (bl , bl+1 ).
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Equation (1b) of u, and inequalities (2.3) and (2.5) imply √ √ for f , the definition for x ∈ [cl t + bl t, cl+1 t − bl+1 t] the following: d (u + ϕ(−1) (x/t)) + ϕ(f )(∆u + ∆ϕ(−1) (x/t)) dt du x 1 + ϕ(f )∆u = − 2 (−1) dt t ϕ(ϕ ˙ (x/t))   1 2 + ϕ(f ) + O(1/t ) ϕ(ϕ ˙ (−1) (x/t))t   x du (−1) + ϕ(f )∆u + + ϕ(ϕ ˙ (x/t))u + O(1/t) = dt t   1 + O(1/t2 ) × (−1) ϕ(ϕ ˙ (x/t))t du x u = − + ϕ(f )∆u + + O(1/t2 ) (−1) 2 dt t ϕ(ϕ ˙ (x/t))t du x 1 u = + ∆u + ϕ(ϕ ˙ (−1) (x/t))∆u2 + + O(1/t2 ). dt t 2 t To obtain the last equality we have used in addition the relation 1 1 u · ∆u = ∆u2 − (∆u)2 . 2 2 In the proof of Proposition 2 we will use the Green–Poisson type formula, associated with the operator u′t + ∆u. Let χ0 : R → R be a smooth function such that 0 ≤ χ0 ≤ 1, χ0 |(−∞,b) ≡ 0, χ0 |((˜b+b)/2),∞) ≡ 1, |χ′0 | ≤ A0 /δ, |χ′′0 | ≤ A0 /δ 2 , √ ). δ = ˜b − b, b < ˜b. Put χ(x, t) = χ0 ( x−t 0=



t



Lemma 3. Let u(x, t) be a function defined in the domain   √ x−t ˜ √ t , Ω = (x, t) : t > 0, b − ε < x ¯ := 


σ > σ0 > 0,



and u ˜(x, t) = u(x, t) · χ(x, t). Then the function u ˜ = u · χ can be represented in Ω 0 , 1) by the following formula: for αt > t0 , α ∈ ( 1+σ 1+σ Z ∞ u ˜(x, t) = G(x − ξ, t − αt)˜ u(ξ, αt) dξ −∞



+ where G(x, t) = Gn (t) =



∞ X



n=−∞ tn −t



n!



e ,



Z



t



dτ αt



Z



∞



−∞



Gn (t) · δ(n − x), n ≥ 0;



u)(ξ, τ ) dξ, G(x − ξ, t − τ )(˜ u′τ + ∆˜



(2.6)



δ(·) the Dirac function,



Gn (t) = 0,



n


(the Poisson distribution).
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Proof. This statement is certainly classical. In the present form it has been formulated and proved in [HS, p. 1475] and [HST, p. 730]. Lemma 4. Under the assumptions of Lemmas 2, 3, suppose that for some l ∈ {0, . . . , L − 1} we have ˜bl = ˜b > bl = b ≥ cl /γ. Put ϕ(αl+ ) = cl = 1. Let a function u(ξ, τ ) satisfy (2.4) in variables ξ, τ . Then the function u ˜(ξ, τ ) = u(ξ, τ ) · χ(ξ, τ ) satisfies ξ−τ 1 u ∆u · χ − ϕ(ϕ ˙ (−1) (ξ/τ ))(∆u2 )χ − χ τ 2 τ + u(χ′τ + ∆χ) + O(1/τ 2 ), τ ≥ t0 .



u= − u ˜′τ + ∆˜



(2.7)



Proof. From u ˜ = u · χ and ∆˜ u = ∆u · χ + u · ∆χ − ∆u · ∆χ it follows that u = (u′τ + ∆u)χ + u(χ′τ + ∆χ) − ∆u · ∆χ. u ˜′τ + ∆˜



Putting in this relation formula (2.4) in variables (ξ, τ ) and using the estimate |∆u · ∆χ| = O(1/τ 2 ) (see [HST, Th. 2]) we obtain (2.7). Lemma 5. Under the assumptions of Lemmas 2–4, for every k = 1, 2, . . . we have k k−1 the following representation formula for u(x, t)) if (x, t) ∈ √ ∆ u(x, t) := ∆(∆ 1 ˜ Ω := {(x, t) : αt ≥ t0 , x ≥ t + 2 (b + b) t}: ∆k u = I0k u + I1k u + I2k u + I3k u + I4k u + I5k u,



(2.8)



where I0k u



=−



I1k u = − Z I2k u = I3k u



=



dτ



αt t



Z



dτ



αt



¯ ξ≥b Z t αt



Z



Z



Z



¯ ξ≥b



∆kx G(x − ξ, t − τ )



ξ−τ ∆ξ u(ξ, τ )χ(ξ, τ ) dξ, τ



1 ∆kx G(x − ξ, t − τ ) ϕ(ϕ ˙ (−1) (ξ/τ ))∆ξ u2 (ξ, τ )χ(ξ, τ ) dξ, 2 ¯ ξ≥b



Z



∆kx G(x − ξ, t − t∗ )u(ξ, t∗ ) dξ,



dτ



I4k u = − I5k u =



t



Z



t



Z



¯ ξ≥b



dτ



αt



t



dτ



αt



Z



Z



∆kx G(x − ξ, t − τ )(uχ′τ + u · ∆χ)(ξ, τ ) dξ,



¯ ξ≥b



¯ ξ≥b



∆kx G(x − ξ, t − τ )



u(ξ, τ ) χ dξ, τ



∆kx G(x − ξ, t − τ )O(1/τ 2 )χ(ξ, τ ) dξ.



Proof. Putting formula (2.4) in (2.6) and applying ∆kx to the left- and right-hand sides of (2.6) we obtain (2.8). Lemma 6. Z



ξ



|∆kξ G(k − ξ, t − τ )| dξ = min{2k , O(1/(t − τ )k/2 )}.
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Proof. For k = 1, 2 this has been proved in [HST, Lemma 6(iv)]. This proof admits a straightforward extension to the case k ≥ 3.



Lemma 7. Put δ = ˜b − b = 1/γ, b = 1/γ, γ ≤ 1. Under the assumptions and notations of Lemmas 2–5, for k ≥ 3 we have the following estimate of ∆k u:   ˜b γ  γ(1 − α) 1 γ (1 − α)−k/2 k 1+ 2 + + O √ + |∆ u| = δ δ δ α ϕt ˙ (k+1)/2 α3/2   2  1−α γ 1 √ 1−α + 3/2 + + α α δα b + ˜b x−t const(α) (2.9) where k ≥ 3, αt ≥ t0 , ≤ √ ≤ ˜b. ≤ (k+1)/2 , 2 ϕt ˙ t Remark. For k = 1, 2 the method below gives only the estimate |∆k u| =



ln t O(1), ϕt ˙ (k+1)/2



Proof. The definition of I5k u implies Z Z t dτ |I5k u| = O(1/(αt)2 ) αt



¯ ξ≥b



t ≥ t0 , k = 1, 2.



|∆kx G(x − ξ, t − τ )| dξ.



The definition of I4k u and (2.3) imply Z t  Z γ |∆kx G(x − ξ, t − τ )| dξ. dτ |I4k u| = O 3/2 ϕ(αt) ˙ ¯ ξ≥b αt



The definition of I3k u, (2.3) and the estimate |χ′τ + ∆χ| = O(1/δ 2 + ˜b/δ) τ1 from Lemma 4 of [HST] imply   Z ˜b  Z t 1 γ k |∆kx G(x − ξ, t − τ )| dξ. |I3 u| = O + dτ 3/2 δ 2 δ ϕ(αt) ˙ ¯ ξ≥b αt



The definition of I2k u and (2.3) imply  Z γ k √ |I2 u| = O |∆kx G(x − ξ, t − t∗ )| dξ. ¯ ϕ˙ αt ξ≥b The definition of I1k u and the relation ∆(v · u2 ) = v · ∆u2 + u2 (ξ − 1, τ )∆v imply Z Z t 1 I1k u = (−1)k ˙ (−1) (ξ/τ ))∆ξ u2 (ξ, τ )χ(ξ, τ ) dξ dτ ∆kξ G(x − ξ, t − τ ) ϕ(ϕ 2 ¯ αt ξ≥b   Z Z t 1 (−1) k k+1 ˙ (ξ/τ ))χ(ξ, τ ) u2 (ξ−1, τ ) dξ ∆ ∆ξ G(x−ξ, t−τ ) ϕ(ϕ dτ = (−1) 2 ¯ ξ≥b αt Z Z (−1)k+1 t = ˙ ϕχ)(ξ−1, ˙ τ )∆k+1 G(x−ξ, t−τ )] [∆kξ G(x−ξ, t−τ )·∆(ϕ·χ)+( dτ ξ 2 ¯ ξ≥b αt ×u2 (ξ−1, τ ) dξ.
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ϕ ¨ ˙ (−1) (ξ/τ )) = O( ϕτ This together with (2.3) and ∆χ = O( δ√1 τ ) and ∆ϕ(ϕ ˙ ) implies



Z t Z γ2 |∆k+1 G(x − ξ, t − τ )| dξ dτ ξ ϕαt ˙ ¯ ξ≥b αt  Z t Z γ 2 ϕ¨ γ2 +O dτ |∆kξ G(x − ξ, t − τ )| dξ. + 3/2 δ ϕ˙ 3 (αt)2 ϕ(αt) ˙ ¯ αt ξ≥b



|I1k u| = O







The definition of I0k u and the relation ∆v · u = v · ∆u + u(ξ − 1, τ )∆v imply Z t Z ξ−τ ∆ξ u(ξ, τ )χ(ξ, τ ) dξ I0k u = (−1)k dτ ∆kξ G(x − ξ, t − τ ) τ ¯ αt ξ≥b   Z t Z ξ−τ k+1 k = (−1) dτ ∆ ∆ξ G(x − ξ, t − τ ) χ u(ξ − 1, τ ) dξ τ ¯ αt ξ≥b   Z  Z t ξ−τ ∆kξ G(x − ξ, t − τ ) · ∆ dτ = (−1)k+1 χ τ ¯ ξ≥b αt  ξ−τ −1 χ(ξ − 1, τ )∆k+1 G(x − ξ, t − τ ) u(ξ − 1, τ ) dξ. + ξ τ ξ−1 1 τ ∆χ+χ(ξ−1, τ )· τ , γ | uτ | = O( ϕτ ) implies ˙ 3/2



This together with the relations ∆( ξ−τ τ χ) =



|∆χ| = O( δ√1 τ ),



1 | ξ−1 τ u(ξ − 1, τ )| = O( ϕτ ˙ ) and estimate    Z t   Z γ 1 √ +O dτ |∆kξ G(x − ξ, t − τ )| dξ |I0k u| = O 3/2 ϕ(αt) ˙ ¯ ϕαt ˙ · δ αt αt ξ≥b  Z t Z 1 +O dτ |∆k+1 G(x − ξ, t − τ )| dξ. ξ ϕαt ˙ ¯ αt ξ≥b



From Lemma 6 we have Z t Z dτ |∆kξ G(x − ξ, t − τ )| dξ = O((t − αt)−k/2+1 ) αt



¯ ξ≥b



if k 6= 2.



Putting the estimates above into the representation (2.8) for ∆k u(x, t) we obtain (2.9). Lemma 8. Under the conditions of Lemmas 2–5 and 7, for every δ ∈ (0, 1) the following estimate is valid:  1−δ  √ √ γ , x ∈ [t + b t, t + ˜b t], t ≥ t0 . |∆u| = O ϕt ˙ Proof. We give the proof for δ = 3/4, because this is sufficient for current applications. √ √ 2 ∗ Let us estimate ∆√ u for k√ ∈ (t+b t+3, t+ ˜b t−1)∩Z, relying on estimates of u and ∆2 u on (t + b t, t + ˜b t) ∩ Z. Put u ˜(k, t) = ψ0 (k, t)u(k, t), where ψ0 (k, t)
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is a function of (k, t), k ∈ Z with support in k in the interval (k∗ − 3, k∗ + 1) such P4 that ψ0 |[k∗ −2,k∗ ] = 1 and k=0 |∆k ψ0 | ≤ absolute constant. We have 2



∗



2



∗



∆ u(k , t) · ∆ u(k , t) ≤ =



∗ kX +1



k=k∗ −1



X k



=− =− =



[∆(∆˜ u∆2 u ˜) − ∆˜ u(k − 1, t) · ∆3 u ˜]



X k



X k



X k



∆2 u ˜(k, t) · ∆2 u ˜(k, t)



∆˜ u(k − 1, t)∆3 u ˜(k, t) [∆(˜ u(k − 1, t)∆3 u ˜(k, t)) − u ˜(k − 2, t)∆4 u ˜(k, t)]



u ˜(k − 2, t)∆4 u ˜(k, t).



1 Using the further estimates |u(k, t)| = O( ϕ˙ γ√t ) and |∆4 u| = O( ϕt ˙ 2,5 ) we obtain from the relations above the inequality   γ (∆2 u(k∗ , t))2 = O ϕ˙ 2 t3



and finally 2



∗



|∆ u(k , t)| = O



 √



γ



 . 3/2



ϕt ˙ √ √ Z we can obtain in a Relying on estimates of ∆2 u on (t + b t + 3, t +√˜b t − 1) ∩ √ similar way estimates of ∆u(k, t) for k∗ ∈ (t + b t + 4, t + ˜b t − 2). We have ∗



∗



∆u(k , t) · ∆u(k , t) ≤



∗ kX +1



k=k∗ −1



∆˜ u(k, t) · ∆˜ u(k, t) =



X k



−˜ u(k − 1, t) · ∆2 u ˜(k, t). √ γ



) we deduce from the Using the estimates |u(k, t)| = O( ϕ˙ γ√t ) and |∆2 u| = O( ϕt ˙ 3/2 1/4



relation above the inequality ∆u = O( γϕt ˙ ).



Proof of Proposition 2. Under the assumptions of Proposition 2, we have ϕ(αl+ ) = cl , ϕ(αl− ) f (x, t) = ϕ



(−1)



(x/t) + u(x, t),



= cl ,



l = 0, . . . , L − 1,



l = 1, . . . , L, √ √ x ∈ [cl t + bl t, cl+1 t − bl+1 t], l = 0, . . . , L − 1.



This equality and Lemma 8 give us ∆f =



 1−δ  1 1 γ + ∆u = + O + + ϕ(α ˙ l )t ϕ(α ˙ l )t ϕ(α ˙ l+ )t
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√ √ if x ∈ [cl t + bl t, cl t + ˜bl t], and



 1−δ  1 γ 1 + ∆u = +O ∆f = − − ϕ(α ˙ l )t ϕ(α ˙ l )t ϕ(α ˙ l− )t √ √ if x ∈ [cl+1 t − ˜bl+1 t, cl+1 t − bl+1 t]. Proposition 2 is proved (at least with δ = 3/4).



3. Localized conservation laws The main tools for Theorems 1a and 1b are the following two important generalizations of classical conservation laws for Burgers type equations. We will call these generalizations localized conservation laws. Their origin is in [HS]. Let Bl± be positive constants. Proposition 3a. Under the assumptions of Theorem 1a, let ε = 1 and dl (t) be the function defined by the equation Z cl t+Bl+ √t ˜ (3.1a) √ [f (x, t) − fl (x − cl t − dl (t)] dx = 0, cl t−Bl−



t



where f (x, t) is the solution of (1a), (2), and f˜l (x − cl t) is the travelling wave solution of (1a) with overfall [αl− , αl+ ]. Then the shift function dl (t) satisfies the estimate dl (t) = γl ln t + o(ln t), (3.2a) if l = 1, . . . , L − 1



and



Bl± > 0,



and



l=



and



Bl+ Bl+



l=



0, ϕ(α0− ) 6= c0 + L, ϕ(αL ) 6= cL



> =



or



0, Bl− = ∞, ∞, Bl− > 0,



or



where γl are the constants defined in the statement of Theorem 1a. Proposition 3b. Under the assumptions of Theorem 1b, let ε = 1 and dl (t) be the function defined by the equation [cl t+Bl+



0=



√ t]−1



X



(Φ(f (k, t)) − Φ(f˜(k − cl t − dl (t)))



√ k=[cl t−Bl− t]+1



√ √ ± (cl t ± Bl± t − [cl t ± Bl± t]) √ √ × (Φ(f [cl t ± Bl± t], t) − Φ(f˜[cl t ± Bl± t] − cl t − dl (t)))),



(3.1b)



where f (x, t) is the solution of (1b), (2), f˜l (x − cl t) is the travelling wave solution R α+ of (1b) with overfall [αl− , αl+ ], and Φ(f ) = f l dy/ϕ(y). Then the shift function dl (t) satisfies the estimate cl (3.2b) dl (t) = γl ln t + o(ln t) 2
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if l = 1, . . . , L − 1



and



Bl± > 0,



and



l=



and



B0+ Bl+



l=



0, ϕ(α0− ) 6= c0 + L, ϕ(αL ) 6= cL



> =



or



0, B0− = ∞, ∞, Bl− > 0,



or



where γl are the constants defined in the statement of Theorems 1a, 1b. We give here only the proof of Proposition 3b. The proof of Proposition 3a is analogous, but simpler. Let l ∈ {0, . . . , L} and dl (t) be the function satisfying (3.1b). In order to prove (3.2b) we first prove the following generalization of Proposition 3 from [HS]. Lemma 10. Under the assumptions of Theorem 1b, for every l ∈ {0, . . . , L} the function dl (t) defined by (3.1b) satisfies the relation √ αl− − αl+ ′ dl (t)(1 + O(1/ t)) cl = (1 − κ+ )(f1+ − f + + f˜+ − f˜1+ ) √ (Bl+ t)′ + ˜+ ϕ′ (αl+ ) ˜+ (f1 − f1 ) ((f1 − αl+ )2 − (f1+ − αl+ )2 ) + cl 2cl √ (Bl− t)′ − ˜− − − − − − ˜ ˜ − (1 − κ )(f1 − f + f − f1 ) + (f1 − f1 ) cl ϕ′ (αl− ) ˜− ((f1 − αl− )2 − (f1− − αl− )2 ), (3.3) − 2cl where



√ f ± = f ([cl t ± Bl± t] − 1, t), √ f1± = f ([cl t ± Bl± t], t), √ f˜± = f˜l ([cl t ± Bl± t] − 1 − cl t − dl (t)), √ f˜1± = f˜l ([cl t ± Bl± t] − cl t − dl (t)), √ √ √ κ± (t) = {cl t ± Bl± t} := cl t ± Bl± t − [cl t ± Bl± t],



Proof. Equation (1b) implies dΦ(f (k, t)) = f (k, t) − f (k − 1, t), dt dΦ(f˜(k − cl t − dl (t))) dt   1 d = 1+ (dl (t)) (f˜(k − cl t − dl (t)) − f˜(k − 1 − cl t − dl (t))). cl dt



(3.4)



Let us differentiate (3.1b), taking into account that the right-hand side of (3.1b) is Lipschitz continuous and using (3.4). We obtain
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  √ √ 1 d (dl (t)) f ([cl t + Bl+ t] − 1, t) − f˜([cl t + Bl+ t] − 1 − cl t − dl (t)) · 1 + cl dt   √ √ 1 d − f ([cl t − Bl− t], t) + f˜([cl t − Bl− t] − cl t − dl (t)) · 1 + (dl (t)) cl dt √ √ √ √ + + + + (cl t + Bl t − [cl t + Bl t])(f ([cl t + Bl t], t) − f ([cl t + Bl+ t] − 1, t))   √ √ 1 d − (cl t + Bl+ t − [cl t + Bl+ t]) · 1 + (dl (t)) cl dt √ √ + × (f˜([cl t + Bl t] − cl t − dl (t)) − f˜([cl t + Bl+ t] − 1 − cl t − dl (t))) √ √ √ √ − (cl t − Bl− t − [cl t − Bl− t])(f ([cl t − Bl− t], t) − f ([cl t − Bl− t] − 1, t))   √ √ 1 d − − (dl (t)) + (cl t − Bl t − [cl t − Bl t]) · 1 + cl dt √ √ × (f˜([cl t − Bl− t] − cl t − dl (t)) − f˜([cl t − Bl− t] − 1 − cl t − dl (t))) √ √ √ + (cl t + (Bl+ t)′ ) · (Φ(f ([cl t + Bl+ t, t)) − Φ(f˜([cl t + Bl+ t] − cl t − dl (t)))) √ √ √ − (cl t − (Bl− t)′ ) · (Φ(f ([cl t − Bl− t, t)) − Φ(f˜([cl t − Bl− t] − cl t − dl (t)))) = 0. From this we deduce d′ d′ (f + − f˜+ ) − f˜+ l − (f1− − f˜1− ) + f˜1− l cl cl 1 + κ+ (f1+ − f + ) − κ+ (f˜1+ − f˜+ ) − κ+ d′l (f˜1+ − f˜+ ) cl 1 ′ ˜− ˜− − − − − ˜− − − − κ (f1 − f ) + κ (f1 − f˜ ) + κ d (f − f ) cl l 1 √ √ + (cl + (Bl+ t)′ )(Φ(f + ) − Φ(f˜+ )) − (cl − (Bl− t)′ )(Φ(f1− ) − Φ(f˜1− )) = 0. Hence, d′l ˜− (f + κ− (f˜1− − f˜− ) − f˜+ − κ+ (f˜1+ − f˜+ )) cl 1 = − f + − κ+ (f1+ − f + ) + f˜+ + κ+ (f˜1+ − f˜+ ) + f1− + κ− (f1− − f − ) − f˜1− − κ− (f˜1− − f˜− ) √ √ − (cl + (Bl+ t)′ )(Φ(f + ) − Φ(f˜+ )) + (cl − (Bl− t)′ )(Φ(f1− ) − Φ(f˜1− )). From this we obtain d′l − (α ˜ −α ˜ l+ ) = (1 − κ+ )∆f + − (1 − κ− )∆f˜+ cl l √ + (f˜+ − f + ) − (cl + (Bl+ t)′ )(Φ(f + ) − Φ(f˜+ )) − (1 − κ− )∆f − + (1 − κ− )∆f˜− − f˜1− + f1 √ + (cl − (Bl− t)′ )(Φ(f1− ) − Φ(f˜1− )), where α ˜ l+ = f˜+ + κ+ (f˜1+ − f˜+ ) and α ˜ l− = f˜1− + κ− (f˜1− − f˜− ).



(3.5)
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In order to deduce (3.3) from (3.5) we use the following relations: Z f˜+ dz ξ + ∈ [f + , f˜+ ], Φ(f + ) − Φ(f˜+ ) = + , ′ + f + cl + ϕ (ξ )(z − αl ) Z f˜1− dz ξ − ∈ [f1− , f˜1− ]. Φ(f1− ) − Φ(f˜1− ) = − , ′ − f1− cl + ϕ (ξ )(z − αl )
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(3.6)



Moreover, using [HP2, Proposition 1], [HP4, Theorems 2, 2′ ], and [HS, Lemmas 2, 8] we have √ √ (3.7) f˜± = αl± ∓ O(1/ t) and f ± = αl± ± O(1/ t). From (3.6), (3.7) and the definition of α ˜ l± (see (3.5)) we obtain √ √ α ˜ l± = αl± + O(1/ t), ϕ′ (ξ± ) = ϕ′ (αl± ) + O(1/ t), cl + ϕ′ (αl+ )(f˜+ − αl+ ) 1 + O(1/t3/2 ), Φ(f + ) − Φ(f˜+ ) = ′ + ln ϕ (αl ) cl + ϕ′ (αl+ )(f + − αl+ ) cl + ϕ′ (αl− )(f˜1− − αl− ) 1 Φ(f1− ) − Φ(f˜1− ) = ′ − ln + O(1/t3/2 ). ϕ (αl ) cl + ϕ′ (αl− )(f1− − αl− ) Let us put these relations into the formula (3.5), replacing ln(1 + y) by y − y 2 /2 + O(y 3 ), where y=



ϕ′ (αl± ) ± ϕ′ (αl± ) ˜± (f − αl± ) or y = (f − αl± ). cl cl



We obtain



√ − αl+ )(1 + O(1/ t)) cl 3/2 = O(1/t ) + (1 − κ+ )(f1+ − f + + f˜+ − f˜1+ ) √ √ (Bl+ t)′ + (Bl+ t)′ ˜+ + + (f1 − αl ) − (f1 − αl+ ) cl cl



(α− d′l (t) l



ϕ′ (αl+ ) ˜+ ((f1 − αl+ )2 − (f1+ − αl+ )2 ) − (1 − κ− )(f1− − f − + f˜− − f˜1− ) 2cl √ √ (Bl− t)′ ˜− (Bl− t)′ − − (f1 − αl ) − (f1 − αl− ) + cl cl



+



−



ϕ′ (αl− ) ˜− ((f1 − αl− )2 − (f1− − αl− )2 ). 2cl



Lemma 10 is proved. Lemma 11. Under the assumptions of Theorems 1a and 1b and notations of Propositions 1–3, for all b > 0, B ± > b, δ > 0, θ ∈ [0, 1) and l ∈ {0, . . . , L}, the shift



28



G. M. Henkin



JFPTA



functions dl (t) = dl (t, B + , B − ), defined by (3.1a) and respectively (3.1b), satisfy the estimates   γl 1 ′ dl (t) = (3.8a) + O 1−δ t b t for dl (t) defined by (3.1a), and   Z t+1−θ cl γl 1 + O 1−δ d′l (τ )dτ = 2 t b t t−θ



(3.8b)



for dl (t) defined by (3.1b), where γl are the constants defined in the statement of Theorem 1, and   + 1 B + B− . + t ≥ t0 = O b δ



We give only the proof of Lemma 11 in the part concerning equation (1b). By Theorem 6.2 from [HP4] and its slight improvements, we have the estimates αl± − f˜l (x) =



ϕ(αl± ) + O(ln x/x2 ), xϕ′ (αl± )



1 ϕ(α± ) d ˜ fl (x) = 2 ′ l± + o(1/x2 ). dx x ϕ (αl )



(3.9)



From Lemma 10 and estimate (3.9) we deduce √ (αl− − αl+ )(1 + O(1/ t)) ′ dl (t) cl = O(dl (t)/t3/2 ) + (1 − κ+ )(f1+ − f + ) √ (Bl+ t)′ + cl + + − (1 − κ ) ′ + (f1 − αl+ ) cl ϕ (αl )(Bl+ )2 t √ (B + t)′ 1 cl √ + l cl Bl+ t ϕ′ (αl+ ) ϕ′ (αl+ ) ϕ′ (αl+ ) + c2l (f1 − αl+ )2 − 2cl (ϕ′ (αl+ ))2 (Bl+ )2 t 2cl cl − (1 − κ− )(f1− − f − ) + (1 − κ− ) ′ − ϕ (αl )(Bl− )2 t √ √ (Bl− t)′ 1 (Bl− t)′ − c − √ ′ l− (f1 − αl ) − + − cl cl Bl t ϕ (αl ) +



−



ϕ′ (αl− ) − ϕ′ (αl− ) c2l + (f1 − αl− )2 . − − 2cl (ϕ′ (αl ))2 (Bl )2 t 2cl



(3.10)



Let us consider first the case when l ∈ {1, . . . , L − 1}. Using the estimates for ∆f ± := f1± − f ± from Proposition 2 and for f ± − α± from Proposition 1 we obtain from (3.10),
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√ − αl+ )(1 + O(1/ t)) c  l 1 1 = O δ−1 + O(dl (t)/t3/2 ) + (1 − κ+ ) ′ + b t ϕ (αl )t − (1 − κ+ )



Bl+ Bl+ cl √ √ + · ϕ′ (αl+ )(Bl+ )2 t 2 tcl ϕ′ (αl+ ) t



B+ (Bl+ )2 1 cl cl + √l · + √ · ′ + + ′ + + 2 − 2 tcl Bl t ϕ (αl ) 2ϕ (αl )(Bl ) t 2cl ϕ′ (αl+ )t − (1 − κ− )



Bl− Bl− 1 cl − √ √ · + (1 − κ ) − ϕ′ (αl− )t ϕ′ (αl− )(Bl− )2 t 2 tcl ϕ′ (αl− ) t



B− (Bl− )2 1 cl cl − √l · − √ · ′ − − ′ − − 2 + 2 tcl Bl t ϕ (αl ) 2ϕ (αl )(Bl ) t 2cl ϕ′ (αl− )t     1 1 1 1 + − + (1 − κ ) − ′ − + (1 − κ ) = ′ + ϕ (αl )t 2 ϕ (αl )t 2     1 1 cl cl + − + ′ + − (1 − κ ) − − (1 − κ ) ϕ (αl )(Bl+ )2 t 2 ϕ′ (αl− )(Bl− )2 t 2   1 + O(dl (t)/t3/2 ) + O 1−δ . b t



From the last equality and the elementary equality Z t+1−θ 1 (1 − κ± (τ )) dτ = + O(1/t3/2 ) τ 2t t−θ



(3.11)



we deduce



αl− − αl+ cl



Z



t+1−θ



t−θ



d′l (τ )dτ =







   1 1 1 1 − . + O b1−δ t ϕ′ (αl+ ) ϕ′ (αl− ) t



(3.12)



This implies (3.8) for l ∈ {1, . . . , L − 1}. Let us now consider the cases when l = 0, ϕ(α0− ) 6= c0 , B0− = ∞ and l = L, + + ϕ(αL ) 6= cL , BL = ∞. By Lemma 3 from [HP2] and Theorem 6.1 from [HP4] in these cases we have the estimates n X |f (k, t) − α0− | ≤ δ if n ≤ ct − x− (δ), k=−∞ ∞ X



k=n



(3.13)



+ |αL



− f (k, t)| ≤ δ



1 ln(f˜0 (x) − α0− ) = λ1 , x→−∞ x 1 + lim − ln(f˜L (x) − αL ) = λ2 , x→+∞ x lim



+



if n ≥ ct + x (δ),



λ1 =



ϕ(α0− ) (1 − e−λ1 ), c0



ϕ(α0− ) > c0 ,



λ2 =



ϕ(α+ λ2 L) cL (e



+ ϕ(αL )



− 1),



(3.14) < cL .
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Inequalities (3.13), (3.14) imply the correctness of definition (3.1b) for d0 (t) and + dL (t) when B0− = ∞ and BL = ∞. If l = 0, then from (3.1b), Lemma 10 and estimate (3.9) (for l = 0, x → +∞) we obtain √ α0− − α0+ ′ d0 (t) · (1 + O(1/ t)) c0



= O(d0 (t)/t3/2 ) + (1 − κ+ )(f1+ − f + ) − (1 − κ+ )



c0 ϕ′ (α0+ )(B0+ )2 t



ϕ′ (α0+ ) c2 B+ B+ 1 c0 · ′ + 0 + 2 + √0 (f1+ − α0+ ) + √0 · + √ · ′ + + 2c0 ϕ (α0 )(B0 ) t 2 tc0 2 tc0 B0 t ϕ (α0 ) −



ϕ′ (α0+ ) + (f1 − α0+ )2 . 2c0



(3.15)



If l = L, then from (3.1b), Lemma 10 and estimate (3.9) (for l = L, x → −∞) we obtain + − √ − αL αL d′L (t) · (1 + O(1/ t)) cL cL = O(dL (t)/t3/2 ) − (1 − κ− )(f1− − f − ) + (1 − κ− ) ′ − − 2 ϕ (αL )(BL ) t − ϕ′ (αL ) B− B− c2 1 cL − · ′ −L − 2 + √ L (f1− − αL ) − √L · −√ · ′ − − 2cL ϕ (αL )(BL ) t 2 tcL 2 tcL BL t ϕ (αL )



+



− ϕ′ (αL ) − − 2 (f1 − αL ) . 2cL



(3.16)



From (3.11), (3.15), (3.16) we deduce estimate (3.12) for l = 0, L exactly in the same way as from (3.10) we deduced it for l = 1, . . . , L − 1. This implies + estimate (3.8)′ for l = 0, ϕ(α0− ) 6= c0 and l = L, ϕ(αL ) 6= cL . Lemma 11 is proved. The definitions (3.1a) and (3.1b) of the shift functions dl (t) depend on the parameters Bl± , l = 0, . . . , L. For the proof of Propositions 3a, 3b the following statements about the dependence of dl (t, Bl± ) on Bl± turn out to be important. Lemma 12. Let f be the solution of (1a), (2) or respectively of (1b), (2). Let L > 0 S − + ˜ and S = L l=0 (αl , αl ) be the set defined by (3a), (4) or by (3b), (4). Let fl (x−cl t) be the travelling wave solution of (1a), (2) or of (1b), (2) with overfall (αl− , αl+ ). Let dl (t) = dl (t, B ± ) be defined by (3.1a) or by (3.1b) with Bl+ = B + , l < L,



+ = ∞, BL



Bl− = B − , l > 0,



B0− = ∞.



Then under Assumptions 1–3 the following estimates hold:   d 1 + + − = O B + d (t, B , B ) , l < L, dB + l B+   d 1 + − − , l > 0. d (t, B , B ) = O B + dB − l B−



(3.17)



Cauchy problem for Burgers type equations



31



Proof. We first consider the much simpler case of equation (1a). Let us consider the case when l = 0, ϕ(α0− ) 6= c0 , ϕ(α0+ ) = c0 , B − = ∞. From the definition (3.1a) of d0 (t, B + , B − ) we deduce Z c0 t+B + √t d (f (x, t) − f˜0 (x − c0 t − d0 (t, B + , B − )) dx 0= dB + c0 t−B − √t Z c0 t+B + √t d + − + − ˜′ = √ f0 (x − c0 t − d0 (t, B , B )) · dB + d0 (t, B , B ) dx c0 t−B − t √ √ √ + [f (c0 t + B + t, t) − f˜0 (B + t − d0 (t, B + , B − ))] · t. Hence √ √ √ d [f˜0 (B + t − d0 (t, B + , B − )) − f (c0 t + B + t, t)] t + − . d0 (t, B , B ) = √ √ dB + f˜0 (B + t − d0 (t, B + , B − )) − f˜0 (−B − t − d0 (t, B + , B − )) Using estimate (1.1) for f (x, t), analogues for (1a) of estimates (3.9), (3.14) for f˜0 (x), and estimate (3.8) for d0 (t, B ± ) we obtain d d0 (t, B ± ) = dB +



√ + t[α0 −



√ c0 (−1) c0 t+B + t ) + O( B +1√t )] − ϕ ( + t (B + t−d0 (t,B ± ))ϕ′ (α0 ) √ c0 α0+ − α0− − (B + √t−d (t,B + o(1/ t) ± ))ϕ′ (α+ ) 0 0 √



√ B + √t t[ ϕ′ (α+ )t + O( B +1√t ) −



(B +



√



c0 ] t−d0 (t,B ± ))ϕ′ (α+ 0 )



√ + o(1/ t)   1 B + + O(1/B + ) 1 + √ =O B + + . = ′ + + B ϕ (α0 ) α0 − α0− + O(1/ t) =



0



α0+ − α0− −



(B +



c0 √ t−d0 (t,B ± ))ϕ′ (α+ 0 )



The other cases (l ≥ 1) can be considered in the same way. Estimate (3.17) for equation (1a) is proved. We now consider the more difficult case of equation (1b). Let us consider again the crucial case when l = 0, ϕ(α0− ) 6= c0 , ϕ(α0+ ) = c0 . The other cases can be proved similarly. We have Φ(f ) =



Z



α+ 0 f



dy , ϕ(y)



d Φ(f (k, t)) = 0, dB +



f˜′ (k − c0 t − d0 (t, B ± )) d ˜0 (k − c0 t − d0 (t, B ± )) = d d′ (t, B ± ) · 0,x . Φ( f 0 dB + dB + ϕ(f˜0 (k − c0 t − d0 (t, B ± ))) From these relations and (3.1b) we deduce, taking into account the Lipschitz continuity of the right-hand side of (3.1b) in B + ,
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√ t]−1



d Φ(f˜0 (k − c0 t − d0 (t, B ± ))) + dB √ k=[c0 t−B − t]+1 √ √ + (c0 t + B + t − [c0 t + B + t])   √ √ d d + + ± ˜ × Φ(f ([c0 t + B Φ(f0 ([c0 t + B t], t)) − t] − c0 t − d0 (t, B ))) dB + dB + √ √ √ (3.18) + t(Φ(f ([c0 t + B + t], t)) − Φ(f˜0 ([c0 t + B + t] − c0 t − d0 (t, B ± ))). X



−



From (3.6), (3.7) we deduce √ √ Φ(f ([c0 t + B + t], t)) − Φ(f˜0 ([c0 t + B + t] − c0 t − d0 (t, B ± ))) 1 = ′ + ϕ (α0 ) √ c0 + ϕ(α ˙ 0+ )(f˜0 (B + t − d0 (t, B ± )) − α0+ ) √ + O(1/t3/2 ) × ln c0 + ϕ(α ˙ 0+ )(f (c0 t + B + t, t) − α0+ )  +  1 − O+ ( B +1√t ) 1 B + 1/B + 3/2 √ + O(1/t ) = −O+ √ = ′ + ln . ϕ (α0 ) 1 + O+ (B + / t) t



(3.19)



From (3.18) and (3.19) we obtain d d0 (t, B ± ) · 0= dB +



[c0 t+B +



√ t]−1



X



√ k=[c0 t−B − t]+1



Φ(f˜0 (k − c0 t − d0 (t, B ± ))) √



√ t∆x f ([c0 t + B + t, t]) √ t − [c0 t + B t]) · − (c0 t + B ϕ(f ([c0 t + B + t, t]))   √ √ √ d + + ± + (c0 t + B t − [c0 t + B t]) · t− d0 (t, B ) dB + √ ∆x f˜0 ([c0 t + B + t] − c0 t − d0 (t, B ± )) − O+ (B + + 1/B + ). × √ ϕ(f˜0 ([c0 t + B + t] − c0 t − d0 (t, B ± ))) +



√



+



√



Using the estimate for f from Proposition 1, the estimate for ∆x f from Proposition 2, the estimate (3.9) for f˜0 and ∆x f˜0 and the estimate for d′0 (t, B ± ) from Lemma 11, we obtain d d0 (t, B ± )× dB + √ √ [Φ(f˜0 ([c0 t + B + t] − 1 − c0 t − d0 (t, B ± ))) − Φ(f˜0 ([c0 t − B − t] − c0 t − d0 (t, B ± )))] √ √ − (c0 t + B + t − [c0 t + B + t]) √   √tO( 1+ ) ( t + O(1/t))O(1/t) ϕ′ (α0 )t √ − − O+ (B + + 1/B + ) = 0. × c0 − O( B +1√t ) c0 + O(B + / t)
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Hence, (α0+ − α0− )



√ d d0 (t, B ± )(1 + O(1/ t)) = O+ (B + + 1/B + ). dB +



Lemma 12 is proved. Proof of Proposition 3b. Let 0 < B + < B, 0 < B − < B. By Lemma 12 we have dl (t) := dl (t, B + , B − ) = dl (t, B, B) + O(B 2 ). By Lemma 11, for every δ ∈ (0, 1) we have



  cl ln t dl (t, B, B) = γl ln t + O . 2 B 1−δ



Hence,



dl (t) = This implies that dl (t) =



  cl ln t + O(B 2 ). γl ln t + O 2 B 1−δ



cl γl ln t + O((ln t)2/(3−δ) ), 2



t ≥ t0 .



Proposition 3b is proved.



4. Estimates of



Pn



k=−∞ (Φ(f (k, t))



− Φ(f˜l (k − cl t − dl (τ ))))



Let f be the solution of (1b), (2), where ε = 1, and dl (t) = dl (t, Bl+ , Bl− ) be the function defined by (3.1b). The convergence of f (n,√ t), t → ∞, √ to the travelling waves f˜l (n − cl t − dl (t)) on the intervals n ∈ [cl t − Bl− t, cl t + Bl+ t], l = 0, . . . , n, will be obtained further from estimates of the following functions: ∆0 (n, t, d0 (τ )) =



n X



(Φ(f (k, t)) − Φ(f˜0 (k − c0 t − d0 (τ )))),



(4.1)



k=−∞



√ where l = 0, t ∈ [τ, (1 + δ)τ ], n < c0 t + B0+ t; ∆l (n, t, dl (τ )) =



n X



√ [cl τ −Bl− τ ]



(Φ(f (k, t)) − Φ(f˜l (k − cl t − dl (τ )))),



(4.2)



√ √ where l = 1, . . . , L − 1, t ∈ [τ, (1 + δ)τ ], n ∈ [cl τ − Bl− τ , cl t + Bl+ t]; and ˜ L (n, t, dL (τ )) = ∆



∞ X n



(Φ(f (k, t)) − Φ(f˜L (k − cL t − dL (τ )))),



(4.3)



√ − t. where l = L, t ∈ [τ, (1 + δ)τ ], n > cL t − BL The following simple, but important statement having its origin in [HP2] shows that the functions ∆l (n, t, dl (τ )) for fixed l and τ satisfy appropriate parabolic type equations with respect to n, t.
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Lemma 13. Put Θl (n, t, dl (τ )) :=



f (n, t) − f˜l (n − cl t − dl (τ )) , Φ(f˜l (n − cl t − dl (τ ))) − Φ(f (n, t))



(4.4)



where dl (τ ) = dl (τ, Bl+ , Bl− ). Then under Assumptions 1–3 we have d∆l (n, t, dl (τ )) = Θl (n, t, dl (τ ))(∆l (n − 1, t, dl (τ )) − ∆l (n, t, dl (τ ))), dt √ where n < c0 t + B0+ t, if l = 0 and √ √ cl τ − Bl− τ < n < cl t + Bl+ t, if l = 1, . . . , L − 1, ˜ L (n, t, dl (τ )) d∆ ˜ L (n − 1, t, dL (τ )) − ∆ ˜ L (n, t, dL (τ ))), = ΘL (n − 1, t, dL (τ ))(∆ dt √ − t, l = L. where n ≥ cL t − BL (4.5) √ √ √ Moreover, for n < c0 t + B0+ t if l =√0, for n ∈ [cl τ − Bl− τ , cl t + Bl+ t] if − l = 1, . . . , L − 1, and for n ≥ cL t − BL t if l = L, where t ≥ τ > t0 , we have the equality √ √ Θl (n, t, dl (τ )) = ϕ(ξ) for some ξ ∈ [αl− − O(1/ t), αl+ + O(1/ t)],



depending on the values of ∆l (n − 1, t, dl (τ )), ∆l (n, t, dl (τ )) and f˜l (n − cl t − dl (τ )), which implies √ √ 1 1 (4.6) − O(1/ t) ≤ Θl (n, t, dl (τ )) ≤ + O(1/ t), b1 b0 where 1/b1 = minξ ϕ(ξ) and 1/b0 = maxξ ϕ(ξ). Proof. In the case l = 0 Lemma 13 is a small variation of Lemma 10 of [HS]. The case l ≤ L − 1 can be treated in a similar way. Let us prove the slightly new case l = L. From (4.3) and (3.4) we deduce that ˜ L (n, t, dL (τ )) d∆ = f˜L (n − 1 − cL t − dL (τ )) − fL (n − 1, t). dt This gives (4.6) because ˜ L (n − 1, t, dL (τ )) − ∆ ˜ L (n, t, dL (τ )) = Φ(f (n − 1, t)) − Φ(f˜L (n − 1 − cL t − dL (τ ))) ∆ f (n − 1, t) − f˜L (n − 1 − cL t − dL (τ )) := − . ΘL (n − 1, t, dL (τ ))



We have further



f (n − 1, t) − f˜L (n − 1 − cL t − dL (τ )) ˜ L (n − 1, t, dL (τ )) − ∆ ˜ L (n, t, dL (τ )) = Φ(−1) (∆



+ Φ(f˜L (n − 1 − cL t − dL (τ )))) − f˜L (n − 1 − cL t − dL (τ )) ˜ L (n − 1, t, dL (τ )) − ∆ ˜ L (n, t, dL (τ ))), = − ΘL (n − 1, t, τ )(∆



Cauchy problem for Burgers type equations



35



where ΘL (n − 1, t, dL (τ )) = −



dΦ(−1) ˜ − 1 − cL t − dL (τ )))), (κΦ(f (n − 1, t)) + (1 − κ)Φ(f(n dΦ (−1)



where κ = κ(n, t, τ ) is some function with values in [0, 1]. Because − dΦdΦ (h) = ϕ(Φ(−1) (h)), we obtain ΘL (n − 1, t, dL (τ )) = λf (n − 1, t) + (1 − λ)f˜(n − 1 − cL t − dL (τ )), where λ = λ(n, t, τ ) takes values in [0, 1]. By (1.15) we have √ √ α− − O(1/ t) ≤ f ≤ α+ + O(1/ t).



Hence,



√ √ 1 1 − O(1/ t) ≤ ΘL ≤ + O(1/ t), b1 b0 and the lemma is proved. The following statement giving important estimates of Θl (k, l, dl (τ )) generalizes and improves Proposition 4 from [HS].



Lemma 14. Let dl (τ ) = dl (τ, B ± ), ∆l (n, t, dl (τ )), Θl (n, t, dl (τ )) be the functions √ − + determined by (3.1b), (4.1)–(4.4), where B0+ = A c0 , B0− = ∞; BL = = ∞, BL √ √ ± A cL ; Bl = A cl , l = 1, . . . , L − 1. Then under the assumptions of Theorem 1b, for all A, ε > 0 there are Γ0 , t0 > 0 with the following properties: √ (k − cl t + ε t)(1 + ε) cl (1 − ε) Θl (k, t, dl (τ )) ≤ cl + − (4.7) 2t 2(k − cl t − dl (τ )) √ if k ∈ (cl t + Γ, cl t + A cl t), Γ ≥ Γ0 , t ≥ τ ≥ t0 , l = 0, . . . , L − 1, and √ cl (1 + ε) (k − cl t − ε t)(1 − ε) − (4.8) Θl (k, t, dl (τ )) ≥ cl + 2t 2(k − cl t − dl (τ )) √ if k ∈ (cl t − A cl t, cl t − Γ), Γ ≥ Γ0 , t ≥ τ ≥ t0 , l = 1, . . . , L. In particular, √ (A cl + ε)(1 + ε) cl (1 − ε) √ (4.9) Θl (k, t, dl (τ )) ≤ cl + − √ 2A cl 2 t √ if k ∈ (cl t + Γ, cl t + A cl t), l = 0, . . . , L − 1, and √ (−A cl − ε)(1 − ε) cl (1 + ε) √ (4.10) Θl (k, t, dl (τ )) ≥ cl + + √ 2A cl 2 t √ if k ∈ (cl t − A cl t, cl t − Γ), l = 1, . . . , L.



Comments. Statements (4.7), (4.9) for L = 1 have been obtained in [HS] with a proof which requires a correction in the choice of the supersolution F + (n, t) on page 1490 of [HS]. The correct choice is F + (n, t) = f2+ (n, t), where f2+ (n, t) is defined by formula (1.3) of our Lemma 1. Statements (4.8), (4.10) for L = 1 can be obtained in a similar way, using the subsolution f2− (n, t) given by formula (1.2) of Lemma 1. Statements (4.7)–(4.10) for arbitrary L ≥ 1 can be obtained in the same way, using a natural generalization of Lemma 1 to the case of arbitrary L ≥ 1.
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The following simple lemma is a variation (with the same proof) of Lemma 11 from [HS]. Lemma 15. Let ∆l (n, t, dl (τ )) be of the form (4.2). Then |∆l (n, t, dl (t)) − ∆l (n, t, dl (τ ))| ≤



|αl+ − αl− | |dl (t) − dl (τ )|, cl



where n ∈ Z, t, τ ∈ R+ and (αl− , αl+ ) is the overfall of the travelling wave f˜l (n − cl t), l = 0, . . . , L. The following proposition is essentially a corrected version of Proposition 5 from [HS]. It gives decreasing positive supersolutions of Lyapunov type for equations (4.5), (4.6) for the cases l = 0 and l = L, L ≥ 1. Proposition 4. Under the assumptions of Theorem 1b, let L ≥ 1. Let dl (τ ) and Θl (n, t) = Θl (n, t, dl (τ )) be as in Lemmas 13, 14 for l = 0, L. Let β(B0 ) and ˜ 1 ) be the positive roots of the equations β(B B0 (1 − e−β ) − β = 0



and



˜ B1 (eβ − 1) − β˜ = 0.



Let a and α be such that ea /(c0 b0 ) > 1 and α > β(ea /(c0 b0 )) if l = 0, and ˜ −a /(c1 b1 )), if l = L, where b0 < b1 are defined in e−a /(c1 b1 ) < 1 and α > β(e (4.6). Put σ :=



c0 α − ea b0 · (1 − e−α )



and



σ ˜ := e−a/b1 · (eα − 1) − cL α.



√ Then for all b, Γ > 0 and A with A2 + Ab/ c0 < 1 there exists t0 > 0 and positive functions ω(n, τ, t) and ω ˜ (n, τ, t) with the following properties for t ≥ τ > t0 : ∂ω(n, τ, t) ≥ Θ0 (n, t)(ω(n − 1, τ, t) − ω(n, τ, t)) ∂t √ if c0 t + d0 (t) − Γ ≤ n ≤ c0 t + A c0 t, ∂ω ˜ (n, τ, t) ≥ ΘL (n − 1, t)(˜ ω(n − 1, τ, t) − ω ˜ (n, τ, t)) ∂t



(4.11)



(4.12)



√ if cL t − A cL t ≤ cL t + dL (t) + Γ, and



√ max{ω(n, τ, t) : d0 (t) − Γ ≤ n − c0 t ≤ A c0 t} √ min{ω(n, t, t) : d0 (t) − Γ ≤ n − c0 t ≤ A c0 t} √   b te−2αΓ σ ln(t/τ ) ≤ (1 + o(1)) exp 1 − , c0 α √ max{˜ ω (n, τ, t) : −A cL t ≤ n − cL t ≤ dL (t) + Γ} √ min{˜ ω (n, t, t) : −A cL t ≤ n − cL t ≤ dL (t) + Γ} √   b te−2αΓ σ ˜ ln(t/τ ) . ≤ (1 + o(1)) exp 1 − cL α



(4.13)



(4.14)
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Proof. We follow the proof of Proposition 5 in [HS] with several important corrections, in particular, restrictions on the parameter A. We give detailed proofs of (4.11) and (4.13). The proofs of (4.12) and (4.14) are quite similar. We put in this proof c = c0 , d(τ ) = d0 (τ ). The proof needs several steps. Step 1. Put ω0 (n, τ, t) = exp[−ˆ ε(τ )(eα(n−ct−d(τ )−Γ) + Ke−αΓ (1 − eα(d(t)−d(τ )) ))]. From the condition α > β(ea /(cb0 )) it follows that σ > 0. Let us show that under the assumptions εˆ(τ )(1 − e−α ) ≤ a



(4.15)



0 < −αKd′ (t) ≤ e−αΓ σ,



(4.16)



and the following inequality is valid: ∂ω0 (n, τ, t) − Θ(n, t)(ω0 (n − 1, τ, t) − ω0 (n, τ, t)) ≥ 0 ∂t



(4.17)



if n ∈ [ct + d(t) − Γ, ct + d(τ ) + Γ]. Indeed, using the inequality ex − 1 ≤ ea x, x ∈ (0, a), from (5.5) we obtain ∂ω0 (n, τ, t) − Θ(n, t)(ω0 (n − 1, τ, t) − ω0 (n, τ, t)) ∂t = ω0 (n, τ, t)[αcˆ εeα(n−ct−d(τ )−Γ) + εˆKαe−αΓ eα(d(t)−d(τ )) · d′ (t) − Θ(n, t)(exp((1 − e−α )ˆ εeα(n−ct−d(τ )−Γ) ) − 1)]



≥ ω0 (n, τ, t)[αcˆ εeα(n−ct−d(τ )−Γ) + εˆKαe−αΓ eα(d(t)−d(τ )) · d′ (t) − ea Θ(n, t)ˆ ε(1 − e−α )eα(n−ct−d(τ )−Γ) ].



Using the inequality Θ ≤ 1/b0 we obtain ∂ω0 (n, τ, t) − Θ(n, t)[ω0 (n − 1, τ, t) − ω0 (n, τ, t)] ∂t    ea = εˆ(τ )ω0 (n, τ, t) eα(n−ct−d(τ )−Γ) αc − (1 − e−α ) + Kαe−αΓ eα(d(t)−d(τ )) d′ (t) b0    ea ≥ εˆ(τ )ω0 (n, τ, t) eα(d(t)−d(τ )−2Γ) αc − (1 − e−α ) + Kαe−αΓ eα(d(t)−d(τ )) d′ (t) b0 = εˆ(τ )ω0 (n, τ, t)eα(d(t)−d(τ )−Γ) [e−αΓ · σ + Kαd′ (t)] ≥ 0.



For the last inequality we have used (4.16). Step 2. Let g(n, t) be the Poisson distribution, i.e. the solution of the equation ∂g + c(g(n − 1, t) − g(n, t)) = 0 ∂t



(4.18)
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with initial conditions ( 0 if n 6= 0, g(n, 0) = 1 if n = 0. √ Then it is known that for n = [ct + A ct] and t ≥ t0 we have the approximation    2 1 A + A3 √ g(n, t) = √ , (4.19) e−A /2 1 + O tc 2πct √ where A = (n − ct)/ ct (see, for example, [HST]). Put further √   Γ b t ω1 (n, τ, t) := ρ(τ )g n, t + − c c √   √ (n − ct − Γ + b t)2 1 exp − (1 + O(1/ t)), = ρ(τ ) √ 2ct 2πct √ √ where n ∈ (ct + Γ − b t, ct + A ct); the parameters ρ(τ ) and b will be chosen later. From the definition of ω1 (n, τ, t) we obtain   ∂ω1 b (4.20) (n, τ, t) = c 1 − √ (ω1 (n − 1, τ, t) − ω1 (n, τ, t)). ∂t 2c t √ By the assumption of Proposition 4 the parameter A satisfies A2 + Ab/ c0 < 1. This implies that for some ε > 0, √ (A c + ε)(1 + ε) c(1 − ε) b √ √ , t ≥ t0 , − (4.21) c− √ ≥c+ 2 t 2 t 2A ct where the right-hand side is taken from inequality (4.9). From (4.9), (4.20), (4.21) we deduce ∂ω1 (n, τ, t) ≥ Θ(n, t)(ω1 (n − 1, τ, t) − ω1 (n, τ, t)) (4.22) ∂t √ if n ∈ (ct + Γ, ct + A ct). Step 3. The necessary function ω(n, τ, t) can be constructed in the form ( ω0 (n, τ, t) if [ct + d(t) − Γ] ≤ n ≤ [ct + d(τ ) + Γ], √ ω(n, τ, t) = ω1 (n, τ, t) if [ct + d(t) + Γ] < n ≤ [ct + A ct]. In order that ω(n, τ, t) satisfies property (4.11) we now choose parameters εˆ(τ ) and ρ(τ ) in the expressions for ω0 and ω1 in such a way that ω0 (n, τ, t) = ω1 (n, τ, t)



(4.23)



∆ω0 (n, τ, t) ≥ ∆ω1 (n, τ, t)



(4.24)



if n = [ct + d(τ ) + Γ], and
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if n = [ct + d(τ ) + Γ] or n = [ct + d(τ ) + Γ] + 1. Inserting in (4.23) the definitions of ω0 and ω1 we obtain exp[−ˆ ε(1 + Ke−αΓ (1 − eα(d(t)−d(τ )) ))] √   √ (d(τ ) + b t)2 ρ(τ ) exp − (1 + O(1/ t)) = √ 2ct 2πct   2   ρ(τ ) b ln t = √ . (4.25) exp − 1+O √ 2c t 2πct Here we have used the fact that by Proposition 3b, 1 cγ ln t + o(ln t). 2 Let us choose an expression for −K satisfying (4.16) in the form d(t) =



−K =



1 e−αΓ · σ, α · d′ (t)



where



σ = cα −



eε (1 − e−α ). b0



Putting the expressions above for d(t), K and σ in (4.25), we find that (4.23) is equivalent to exp[−ˆ ε(1 + t(1 + o(1)) ln(t/τ )e−2αΓ σ]   2   b ρ(τ ) ln t . exp − =√ 1+O √ 2c t 2πct



(4.26)



Inserting in (4.24) the expressions for ∆ω0 and ∆ω1 we obtain the existence of functions θ0 (t, τ ) and θ1 (t, τ ) with values in [0, 1] such that −(ˆ εα)e−αθ0 (t,τ ) · ω0 |n=[ct+d(τ )+Γ] √ √ d(τ ) + b t − θ1 (t, τ ) (1 + O(1/ t)) · ω1 |n=[ct+d(τ )+Γ],[ct+d(τ )+Γ]+1 . =− (4.27) ct Because of (4.23), inequality (4.27) can be transformed into the form compatible with (5.5): √ √ αθ0 (t,τ ) d(τ ) + b t (4.28) εˆ(τ )α ≤ e (1 + O(1/ t)), ct where τ ≤ t ≤ (1 + δ)τ . Let εˆ(τ ) and ρ(τ ) be such that (4.15), (4.26), (4.28) are valid. Then ω(n, τ, t) √ satisfies (4.11) for n ∈ (ct + d(t) − Γ, ct + A ct) and t ∈ (τ, (1 + δ)τ ), τ > t0 . Step 4. Now we will verify property (4.13). We have √ max{ω(n, τ, t) : d(t) − Γ ≤ n − ct ≤ A ct} = ω0 (n, τ, t)|n=[ct+d(t)−Γ] = exp[−ˆ ε(e−2αΓ+αγ ln(t/τ )(1+o(1)) + t ln(t/τ )(1 + o(1))e−2αΓ σ0 )] and



(4.29)
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√ min{ω(n, t, t) : d(t) − Γ ≤ n − ct ≤ A ct} = ω1 (n, t, t)|n=[ct+A√ct] √ √     (A ct + b t)2 ln t ρ(t) exp − . 1+O √ =√ 2ct t 2πct
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(4.30)



Putting in (4.26) τ = t we obtain the following expression for ρ(t):      b2 √ ln t ρ(t) = exp −ˆ ε(t) + 2πct 1 + O √ . 2c t Inequality (5.18) implies the following estimate for εˆ(τ ):    b ln t b α √ < εˆ(t) ≤ e √ 1+O √ , t ∈ (τ, (1 + δ)τ ). αc t αc t t From (4.29), (4.30), the expressions for ρ(t) and the estimate for εˆ(τ ) we deduce √ max{ω(n, τ, t) : d(t) − Γ ≤ n − ct ≤ A ct} √ min{ω(n, t, t) : d(t) − Γ ≤ n − ct ≤ A ct}     2  ln t A Ab √ −2αΓ b(1 + o(1)) √ √ ≤ 1+O exp σ − te + ln(t/τ ) 2 cα c t   √ −2αΓ σ ln(t/τ ) b te , t ≥ τ ≥ t0 ≤ (1 + o(1))e exp − cα (using the restriction on A from Proposition 4). Proposition 4 is proved. Corollary to Proposition 4. Under the assumptions of Proposition 4, for all A ∈ √ (0, 1), b < (1 − A2 ) c/A and δ ∈ (0, 1) there exists t0 > 0 such that the function ω(n, τ, t) constructed in Proposition 4 satisfies p max{ω(n, τ, (1 + δ)τ ) : d0 (τ (1 + δ)) − Γ ≤ n − c0 τ (1 + δ) < A c0 τ (1 + δ)} p min{ω(n, (1 + δ)τ, (1 + δ)τ ) : d0 (τ (1 + δ)) − Γ ≤ n − c0 τ (1 + δ) < A c0 τ (1 + δ)}   p b (1 + δ)τ e−2αΓ σδ , τ ≥ t0 . ≤ e exp − c0 α √ Proof. Fix A ∈ (0, 1) and take b > 0 so small that the condition A2 + Ab/ c < 1 from Proposition 4 be valid. Put t = (1 + δ)τ in inequality (4.13). Then the corollary is a consequence of (4.13). Proposition 4 will be used in the proof of Theorem 1b in combination with the following important statement, giving estimates for ˜ L ([x+ (t)], t, dL (τ )), ∆0 ([x− (t)], t, d0 (τ )) and ∆ where x− (t) = c0 t + d0 (t) − Γ0 (δ) and x+ (t) = cL t + dL (t) + ΓL (δ). Lemma 16. Under the assumptions of Proposition 3b, let d0 (t) = d0 (t, A, ∞), dL (t) = dL (t, ∞, A), A > 0, Γ0 (δ) = (1/λ0 ) ln(1/δ), ΓL (δ) = (1/λL ) ln(1/δ),
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where λ0 and λL are defined by (3.14): + )(eλL − 1), cL λL = ϕ(αL



c0 λ0 = ϕ(α0− )(1 − e−λ0 ).



Then for any τ > 0 and δ ∈ [0, 1] the following estimates are valid:



√ 2b1 |α0+ − α0− | ln(1 + δ) + O(1/ t) := O0 (δ), b0 c0 + − √ ˜ L ([cL t + dL (t) + ΓL (δ)], t, dL (τ ))| ≤ 2b1 |αL − αL | ln(1 + δ) + O(1/ t) := OL (δ), |∆ b0 cL |∆0 ([c0 t + d0 (t) − Γ0 (δ)], t, d0 (τ ))| ≤



where t ∈ [τ, (1 + δ)τ ], b0−1 = max ϕ(ξ), b−1 1 = min ϕ(ξ). Lemma 16 is a version of Lemma 12 from [HS, pp. 1485–1487], with improved values for Γ0 (δ) and ΓL (δ).



5. Decreasing supersolutions for (4.5) for l = 1, . . . , L − 1



The next proposition gives positive decreasing supersolutions for equation (4.5) for l = 1, . . . , L − 1 (L ≥ 2). Proposition 5. Under the assumptions of Theorem 1b, let L ≥ 2. Let dl (τ ) and Θl (n, t) = Θl (n, t, dl (τ )) be as in Lemmas 13, 14 with d′l (τ ) 6= 0, τ ≥ t0 , l = ˜ 1 ) be as in Proposition 4. Let a, α > 0 1, . . . , L − 1. Let β(B0 ) and β(B   a   −a  e e sup β , β˜ , (5.1) cl b0 cl b1 where b0 < b1 are defined by (4.6). Put σ = cl α − (ea /b0 )(1 − e−α ), σ ˜ = (e−a /b1 )(eα − 1) − cl α) and σ ˆ = min(σ, σ ˜ ). Then for all b > 0, Γ > 2 and A √ with A2 + Ab/ cl < 1 there exist t0 > 0 and a positive function ω(n, τ, t) with the following properties for t ≥ τ > t0 :



∂ω(n, τ, t) ≥ Θl (n, t)(ω(n − 1, τ, t) − ω(n, τ, t)) ∂t √ √ if cl τ − A cl τ ≤ n ≤ cl t + A cl t, and √ √ max{ω(n, τ, t) : −A cl t ≤ n − cl t ≤ A cl t} √ √ min{ω(n, t, t) : −A cl t ≤ n − cl t ≤ A cl t} √  2  A ˆ ln(t/τ ) Ab b te−αΓ σ ≤ (1 + o(1)) exp . +√ − 2 cl cl α



(5.2)



(5.3)



Proof. The proof is longer than but similar to the proof of Proposition 4. We will indicate the main steps. Put in this proof c = cl , d(τ ) = dl (τ ). Step 1. Put ω0+ (n, τ, t) = exp[−ˆ ε(τ )(eα(n−ct−d(τ )) + Ke−αΓ (1 − eα(d(t)−d(τ )) ))]
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if n ∈ [ct + d(τ ), ct + d(τ ) + Γ], and



ω0− (n, τ, t) = exp[−ˆ ε(τ )(e−α(n−ct−d(τ )) + Ke−αΓ (1 − eα(d(t)−d(τ )) ))]



if n ∈ [ct + d(τ ) − Γ, ct + d(τ )]. We have, in particular, the important relations ω0− ([ct + d(τ )], τ, t) = ω0+ ([ct + d(τ )], τ, t),



∆ω0− (n, τ, t) ≥ ∆ω0+ (n, τ, t) if n = [ct + d(τ )] or n = [ct + d(τ )] + 1.



(5.4)



From condition (5.1) on α in Proposition 5 it follows that σ ˆ = min(σ, σ ˜ ) > 0.



Exactly as in Step 1 of the proof of Proposition 4, we can show that if



then



εˆ(τ )(1 − e−α ) ≤ a, 0 < −αKd′ (t) ≤ σ ˆ,



εˆ(τ )(eα − 1) ≤ ae−αΓ ,



∂ω0+ (n, τ, t) − Θl (n, t)(ω0+ (n − 1, τ, t) − ω0+ (n, τ, t)) ≥ 0 ∂t for n ∈ [ct + d(τ ), ct + d(τ ) + Γ], and



∂ω0− (n, τ, t) − Θl (n, t)(ω0− (n − 1, τ, t) − ω0− (n, τ, t)) ≥ 0 ∂t for n ∈ [ct + d(τ ) − Γ, ct + d(τ )].



(5.5) (5.6) (5.7)



(5.8)



Step 2. Let g(n, t) be the solution of (4.18) with c = cl and with initial conditions g(n, 0) = 0 if n 6= 0, and g(n, 0) = 1 if n = 0. Put √   Γ b t + + ω1 (n, τ, t) = ρ (τ )g n, t + − c c √ for n ∈ (ct + d(τ ) + Γ, ct + A ct), √   Γ b t − − ω1 (n, τ, t) = ρ (τ )g n, t − + c c √ for n ∈ (ct − A ct, ct + d(τ ) − Γ). From the definition of ω1± (n, τ, t) we obtain   b ∂ω1± (n, τ, t) = c 1 ∓ √ (ω1± (n − 1, τ, t) − ω1± (n, τ, t)). (5.9) ∂t 2c t If A satisfies the assumption of Proposition 5, then for some ε > 0 we have √ (A c + ε)(1 + ε) c(1 − ε) b √ √ , − (5.10) c− √ ≥c+ 2 t 2 t 2A ct √ (A c + ε)(1 − ε) c(1 + ε) b √ √ , + (5.11) c+ √ ≤c− 2 t 2 t 2A ct for t ≥ t0 .
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Inequalities (5.9)–(5.11) and (4.9), (4.10) imply ∂ω1± (n, τ, t) ≥ Θl (n, t, d0 (τ ))(ω1± (n − 1, τ, t) − ω1± (n, τ, t)) ∂t √ √ respectively for n ∈ [ct + d(τ ) + Γ, ct + A ct] and for n ∈ [ct − A ct, ct + d(τ ) − Γ]. Step 3. The required function ω(n, τ, t) can be constructed in the form  − √ ω1 (n, τ, t) if n ∈ [ct − A ct, ct + d(τ ) − Γ],    ω − (n, τ, t) if n ∈ [ct + d(τ ) − Γ, ct + d(τ )], 0 ω(n, τ, t) = +  ω  0 (n, τ, t) if n ∈ [ct + d(τ ), ct + d(τ ) + Γ],  √  + ω1 (n, τ, t) if n ∈ [ct + d(τ ) + Γ, ct + A ct].



In order that ω(n, τ, t) satisfies property (5.2) we choose εˆ(τ ) and ρ± (τ ) in the expressions for ω0± (n, τ, t) and ω1± (n, τ, t) in such a way that ω0+ (n, τ, t) = ω1+ (n, τ, t)



if n = [ct + d(τ ) + Γ],



∆ω0+ (n, τ, t)



if n = [ct + d(τ ) + Γ], or n = [ct + d(τ ) + Γ + 1].



≥



∆ω1+ (n, τ, t)



ω0− (n, τ, t) = ω1− (n, τ, t)



if n = [ct + d(τ ) − Γ],



∆ω1− (n, τ, t) ≥ ∆ω0− (n, τ, t)



if n = [ct + d(τ ) − Γ], or n = [ct + d(τ ) − Γ + 1].



Putting (5.12), (5.14) in the definitions of



ω0± ,



ω1±



(5.12) (5.13) (5.14) (5.15)



we obtain



exp[−ˆ ε(eαΓ + Ke−αΓ (1 − eα(d(t)−d(τ )) ))]       ρ+ (τ ) −b2 /(2c) ρ− (τ ) −b2 /(2c) ln t ln t √ √ √ √ = . = 1+O 1+O e e t t 2πct 2πct



(5.16)



We choose −K satisfying (5.16) in the form −K =



1 σ ˆ. αd′ (t)



By Proposition 3b we have c γ ln t + o(ln t). 2 Putting these expressions in (5.16) we see that equalities (5.12), (5.14) are equivalent to d(t) =



exp[−ˆ ε(eαΓ + σ ˆ t ln(t/τ )(1 + o(1))]       + ln t ln t ρ− (τ ) −b2 /(2c) ρ (τ ) −b2 /(2c) e 1+O √ e 1+O √ =√ . =√ t t 2πct 2πct



(5.17)



Inserting in (5.13), (5.15) the expressions for ∆ω0± and ∆ω1± we conclude that there exists some function θ ± (t, τ ) with values in [0, 1] such that
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√  √ d(τ ) + b t (1 + O(1/ t)), εˆ(τ )α ≤ e ct √   √ αθ − (t,τ ) d(τ ) − b t −ˆ ε(τ )α ≥ e (1 + O(1/ t)), ct



(5.18)



αθ + (t,τ )







where τ ≤ t. Let εˆ(τ ) and ρ± (τ ) be such that (5.5), (5.16) and (5.18) hold. Then we have (5.2) and, in addition, ρ+ (τ ) = ρ− (τ ) and √ √ b beα √ (1 + O(1/ t)) ≤ εˆ(τ ) ≤ √ (1 + O(1/ t)). cα t cα t



(5.19)



Step 4. Now we can verify (5.3). We have √ √ max{ω(n, τ, t) : −A ct ≤ n − ct ≤ A ct}



= ω0± (n, τ, t)|n=ct+d(τ ) = exp[−ˆ ε(τ )(1 + Ke−αΓ (1 − eα(d(t)−d(τ )) ))]    σ ˆ −αΓ c = exp −ˆ ε(τ ) 1 + e αγ ln(t/τ ) αd′ (t) 2



= exp[−ˆ ε(τ )(1 + te−αΓ σ ˆ ln(t/τ ))]. √ √ min{ω(n, t, t) : −A ct ≤ n − ct ≤ A ct



(5.20)



= min ω1± (n, t, t)|n=[ct±A√ct] √     ln t ρ± (t) (n − ct ± b t)2 1+O √ =√ exp − √ 2ct t 2πct n=[ct±A ct] √ √     ln t (±A ct ± b t)2 ρ± (t) 1+O √ . (5.21) exp − =√ 2ct t 2πct



Putting τ = t in (5.17) we obtain the following expression for ρ± (t):  2 ρ± (t) b √ exp − = exp[−ˆ ε · eαΓ (1 + O(ln t/t))]. 2c 2πct



(5.22)



From (5.19)–(5.22) we deduce √ √ max{ω(n, τ, t) : −A ct ≤ n − ct ≤ A ct} √ √ min{ω(n, t, t) : −A ct ≤ n − ct ≤ A ct} √ √      (A ct + b t)2 ln t b2 −αΓ −αΓ + ≤ 1+O √ exp −ˆ ε(1 + te σ ˆ ln(t/τ ) − e )− 2c 2ct t √  2  A Ab b te−αΓ σ ˆ ln(t/τ ) ≤ (1 + o(1)) exp , +√ − 2 cα c √ where A2 + Ab/ c < 1, t ≥ τ ≥ t0 . Proposition 5 is proved.
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Corollary to Proposition 5. Under the assumptions put c = cl . √ of Proposition 5, √ Then for all b > 0, δ > 0, Γ > 2, λ > 0 and A = δ with A2 + Ab/ c < 1 there exist t0 > 0 and a positive function ω(n, τ, t) satisfying (5.2) for t ≥ τ ≥ t0 and q max{ω(n, τ, τ (1 + √δλτ )) : |n − cτ (1 + √δλτ )| ≤ A cτ (1 + √δλτ )} q min{ω(n, τ (1 + √δλτ ), τ (1 + √δλτ )) : |n − cτ (1 + √δλτ )| ≤ A cτ (1 + √δλτ )} √   ˆ b λδ be−αΓ σ δ δ (5.23) ≤ exp + √ − 2 cα c for τ ≥ t0 .



Proof. In (1b) with ε = 1, put t˜ = tλ, τ˜ = τ λ. Then the function f˜(n, t˜) := f (n, t˜/λ) is the solution of the equation df˜ + ϕ( ˜ f˜)(f˜(n, t˜) − f˜(n − 1, t˜)) = 0, (5.24) dt˜ ˜ where ϕ( ˜ f˜) = λ1 ϕ(f (n, λt )). Applying Proposition 5 to (5.24) we find that for all p √ c) − b/(2 τ )) with c˜ = c/λ there exist t˜0 > 0 and b, Γ > 0 and A ∈ (0, 1 + b2 /(4˜ a positive function ω ˜ (n, τ˜, t˜) which satisfies ∂ω ˜ (n, τ˜, t˜) ˜ ≥ Θ(n, t˜)(˜ ω (n − 1, τ˜, t˜) − ω ˜ (n, τ˜, t)), (5.25) ∂ t˜ √ √ ˜ where Θ(n, t˜) = Θl (n, t˜/λ), c˜τ˜ − A c˜τ˜ ≤ n ≤ c˜t˜ + A c˜t˜, t˜ ≥ τ˜ ≥ t˜0 , and also √ √ max{˜ ω (n, τ˜, t˜) : −A c˜t˜ ≤ n − c˜t˜ ≤ A c˜t˜} √ √ min{˜ ω (n, t˜, t˜) : −A c˜t˜ ≤ n − c˜t˜ ≤ A c˜t˜} √  2  ˜ˆ ln(t˜/˜ τ) A Ab b t˜e−αΓ σ ≤ (1 + o(1)) exp , (5.26) +√ − 2 c˜α c˜ where ˜ˆ = min(˜ σ cα − ea (1 − e−α )/˜b0 , ea (e−α − 1)/˜b1 − c˜α). ˜ From the definitions of t˜, τ˜, c˜, ˜b0 , ˜b1 , σ ˆ1 we √ obtain c˜t˜ = ct, c˜τ˜ = cτ , c˜˜b0 = cb0 , ˜ˆ /(˜ c˜˜b1 = cb1 , σ cα) = σ ˆ /(cα). Put t˜ = τ˜(1 + δ/ τ˜) in (5.25), (5.26) and denote by ω(n, τ, t) the function ω ˜ (n, τ λ, tλ). Then ω(n, τ, t) satisfies (5.2) because of (5.25). From (5.26) we deduce q max{ω(n, τ, τ (1 + √δλτ )) : |n − cτ (1 + √δλτ )| ≤ A cτ (1 + √δλτ )} q min{ω(n, τ (1 + √δλτ ), τ (1 + √δλτ )) : |n − cτ (1 + √δλτ )| ≤ A cτ (1 + √δλτ )} q √ √ √  2 −αΓ σ ˆ τ˜(1 + δ/ τ˜) ln(1 + δ/ τ˜)  Ab λ be A + √ − ≤ (1 + o(1)) exp 2 c cα √ √     2 Ab λ ˆ·δ δ b λδ be−αΓ σ A + √ −be−αΓ σ ˆ ·δ ≤ exp + √ − = (1+o(1)) exp 2 2 cα c c for τ ≥ t0 . Thus the Corollary to Proposition 5 is proved.
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Proposition 5 will be used in the proof of Theorem 1b in combination with the following statement which gives an important estimate of ∆l ([x− (t)], t, dl (τ )), √ where l = 1, . . . , L − 1 and x− (t) = cl t − A cl t. Lemma 17. Under the assumptions and notations of√Proposition 3b, let dl (t) = √ dl (t, A cl ), A > 0, l = 1, . . . , L − 1, x− (t) = cl t − A cl t. Then√for any λ, τ > 0 and δ ∈ (0, 1) there exists t0 > 0 such that for all t ∈ [τ, τ (1 + δ/ λτ )] and τ > t0 , √   p 2 cl λ (5.27) + A + δ cl /λ O(δ), |∆l ([x− (t)], t, dl (τ ))| ≤ ′ − ϕ (αl ) A where |O(δ)| ≤ (abs.constant) · δ.



Proof. Put c = cl , d(τ ) = dl (τ ), α− = αl− . As in the proof of Corollary to Proposition 5, we put in (1b) t˜ = tλ, τ˜ = τ λ, c˜ = c/λ. Then inequality (5.27) for solutions of (1b) will be transformed into the following inequality for solutions of (5.24): √   √ c˜ 2 |∆([˜ x− (t˜)], t˜, d˜l (˜ τ ))| ≤ ′ − (5.28) + A + δ c˜ O(δ), ϕ˜ (α ) A √ ˜ ) = d(˜ ˜− (t˜) = x− (t˜/λ), d(τ τ /λ), c˜ = c/λ, ϕ˜ = ϕ/λ. for t˜ ∈ [˜ τ , τ˜(1 + δ/ τ˜)], where x Hence, in order to prove (5.27) with λ > 0 it is sufficient to prove it√for λ = 1. √ So, set λ = 1. If t ∈ [τ, τ (1 + δ/ τ )], τ ≥ t , then for all k ∈ ([cτ − A cτ ], [ct − 0 √ √ √ A ct]) we have k = ct − Aδ ct, where Aδ = A + O(δ c). Using this together with estimates (1.1) and (3.9) we obtain the asymptotic relations   c √ f (k, t) = ϕ(−1) (k/t) + O ϕ′ (α− )A ct 1 p = α− − ′ − c/t(Aδ + O(1/A)), (5.29) ϕ (α )   c 1 f˜(k − ct − d(τ )) = α− − ′ − +o ϕ (α )(k − ct − d(τ )) k − ct − d(τ )   1 c √ √ + o . (5.30) = α− + Aδ ctϕ′ (α− ) Aδ ct By the definition (4.2) of ∆(n, t, d(τ )) we have √ [ct−A ct]



∆([x− (t)], t, d(τ )) =



X



√ k=[cτ −A cτ ]



Z



f˜(k−ct−d(τ )) f (k,t)



dy . ϕ(y)



(5.31)



Putting in (5.31) estimates (5.29), (5.30) we obtain |∆([x− (t)], t, d(τ ))| √ √ √ 1 |f (x, t) − f˜(k − ct − d(τ ))| sup = (1 + O(1/ τ )) O(δ c) ct √ √ c k∈([cτ −A cτ ],[ct−A ct])
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√   p √ √ ct c = O(δ c) ′ − √ √ + c/t(A + O(δ c)) + O(1/A) cϕ (α ) (A + O(δ c)) ct  √  √ δ c (2/A + A + δ c), t ≥ t0 . =O ′ − ϕ (α ) Lemma 17 is proved. √ δ, Corollary to Lemma 17. Under the assumptions of Lemma 17, let λ = ρδ, A = √ √ √ x− (t) = cl t − δcl t, l = 1, . . . , L − 1. Then for t ∈ [τ, τ (1 + δ/ ρτ )], ρ > 0, τ ≥ t0 ,   √ p (2 + δ) ρ cl √ + δ =: Ol (δ). (5.32) |∆l ([x− (t)], t, dl (τ, δcl ))| ≤ O(δ) ′ − c ϕ (αl )



√ Proof. From Lemmas 15, 17 and the formula for dl (t, A cl ) from Proposition 3b we obtain, for all A, λ > 0, t ∈ [τ, τ (1 + δ/(λt))] and τ ≥ t0 , √ |∆l ([x− (t)], t, dl (τ, A cl ))|   √ p cl |αl+ − αl− | δ(1 + o(1)) δ cl λ √ (2/A + A + δ c /λ) + ≤O γl l 2 cl ϕ′ (αl− ) τλ √ p cl λ = O(δ) ′ − (2/A + A + δ cl /λ). ϕ (αl ) √ Putting in the right-hand side A = δ and λ = ρδ we obtain (5.32).



6. Proof of the main result Under the assumptions of Theorem 1b, let f (n, t) be the solution of the Cauchy problem (1b), (2) with ε = 1. Let A > 0 be fixed. √ The uniform√convergence of f (n, t) to ϕ(−1) (n/t) in the intervals [cl t+A cl t] ≤ n ≤ [cl+1 t − A cl+1 t], l = 0, . . . , L − 1, with the estimate √ |f (n, t) − ϕ(−1) (n/t)| = O(1/(A t)) has been proved in [HP4, Theorem 7.5], under the condition that A is large enough. A similar result has been obtained earlier in [W] for solutions of the Cauchy problem (1a), (2). For any A > 0 these results follow from Proposition 1 of this article. So, to prove Theorem 1 we must for some A prove the uniform convergence of f (n, t) waves f˜l (n − cl t − dl (t, A)) in the intervals √ to the shifted travelling √ [cl t − A cl t] ≤ n ≤ [cl t + A cl t], l = 0, . . . , L. In the case L = 0 this statement has been obtained first by A. M. Il’in and O. A. Ole˘ınik [IO] for the Cauchy problem (1a), (2) and later in [HP2] for the Cauchy problem (1b), (2). In this case l = 0 = L and d0 (t, A) ≡ const+o(1), where the constant is determined explicitly from the initial data by classical conservation laws (see Proposition 0).
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Let now L > 0. We will restrict ourselves to the problem (1b), (2). We will use the following semidiscrete analogue of the classical maximum principle [PW] for differential parabolic equations. Lemma 18. Let E(t) = {k ∈ Z : [x− (t)] ≤ k ≤ [x+ (t)]}, where x− (t) and x+ (t) are continuous functions with values in [−∞, +∞) and (−∞, +∞] respectively such that 1 + x− (t) < x+ (t) for t ≥ t0 . Let the function Θ(n, t) satisfy the inequalities 0 < β1 ≤ Θ(n, t) ≤ β0 < ∞. Let finally V (n, t) be a bounded function satisfying (n,t) (i) dV dt ≤ Θ(n, t)(V (n − 1, t) − V (n, t)), n ∈ E(t), t ∈ [t0 , T ], (ii) V (n, t0 ) ≤ 0 for n ∈ E(t0 ), (iii) V ([x− (t)], t) ≤ 0 and V ([x+ (t)], t) ≤ 0 for t ∈ [t0 , T ]. Then maxn∈E(t) V (n, t) ≤ 0 for t ∈ [t0 , T ].



This lemma has been proved as part of [HP2, Lemma 2, p. 574]. √ Let c = cl , d(t) = dl (t, A cl ), ∆(n, t, d(τ )) = ∆l (n, t, dl (τ )). √ Put x− (t)√= ct + d(t) − (1/λ0 ) ln(1/δ) if l = 0, x− (t) = ct − A ct if l > 0, x+ (t) = ct + A ct if l < L, and x+ (t) = ct + d(t) + (1/λL ) ln(1/δ) if l = L, and let E(t) = {k ∈ Z : [x− (t)] ≤ k ≤ [x+ (t)]}. We give the proof of Theorem 1b for two principal cases: l = 0 and l ∈ {1, . . . , L − 1}. The case l = L can be considered similarly to the case l = 0. Let t0 , δ, A > 0 satisfy the conditions of the Corollary to Proposition 4 if l = 0, and of Proposition 5 if l ∈ {1, . . . , L − 1}. Let tν+1 = (1 + δν+1 )tν , ν = 0, 2, (6.1) where δν+1 =



(



δ √ √ δ/ ρtν



if l = 0, if l ∈ {1, . . . , L − 1}.



Let ω0 (n, τ, t) be the function ω(n, τ, t) considered in Proposition 4 with Γ = Γ(δ) = Γ0 (δ) = (1/λ0 ) ln (1/δ) as in Lemma 16. Let ωl (n, τ, t), l = 1, . . . , L − 1, be the function ω(n, τ, t) constructed in Proposition 5 with Γ > 2 independent of δ. Let ∆l (n, t, dl (τ )) be the function defined by (4.1) if l = 0, and by (4.2) if l ∈ {1, . . . , L − 1}. Put Vl± (n, t) = ±∆l (n, t, d(tν+1 )) − sωl (n, tν , t) − Ol (δ),



(6.2)



where O0 (δ) is defined (together with Γ0 (δ)) in Lemma 16, and Ol (δ), l = 1, . . . , L − 1, is defined in the Corollary to Lemma 17, t ∈ [tν , tν+1 ], n ∈ E(t). The parameter s > 0 will be chosen later. By Proposition 4 for l = 0 and by Proposition 5 for l = 1, . . . , L − 1 we have dVl± (n, t) ≤ Θl (n, t)(Vl± (n − 1, t) − Vl± (n, t)), (6.3) dt where Θl (n, t) = Θl (n, t, dl (τ )) is defined in Lemma 13, t ∈ [tν , tν+1 ], n ∈ E(t).
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From definitions (4.1), (4.2) of ∆l (n, t, dl (τ )), the definition (3.1b) of dl (t) and the Corollary to Lemma 17 we obtain √ (6.4) ∆0 ([x+ (t)], t, d0 (t)) = O(1/ t) if l = 0, t ≥ t0 ,



and



[x+ (t)]



∆l ([x+ (t)], t, dl (t)) =



X



k=[x− (τ )] [x+ (t)]



=



X



(Φ(f (k, t) − Φ(f˜l (k − cl t − dl (τ )))



√ (Φ(f (k, t) − Φ(f˜l (k − cl t − dl (τ ))) + O(1/ t)



[x− (t)]+1 [x− (t)]



=



X



[x− (τ )]



√ (Φ(f (k, t) − Φ(f˜l (k − cl t − dl (τ ))) + O(1/ t)



≤ Ol (δ)



(6.5)



if l = 1, . . . , L − 1, t ≥ t0 . From the definition (6.2) of estimates (6.4), (6.5) we obtain Vl± ([x± (t)], t) ≤ 0



ν = 0, 1, . . . , where t0 is large enough. Put



Vl± (n, t),



Lemma 15 and



if t ∈ [tν , tν+1 ],



(6.6)



max{|∆l (n, t0 , dl (t0 ))| : n ∈ E(t0 )} , min{|ωl (n, t0 , t0 )| : n ∈ E(t0 )}



l = 0, . . . , L − 1.



|∆l (n, t1 , dl (t1 ))| ≤ sl ωl (n, t0 , t1 ) + Ol (δ),



l = 0, . . . , L − 1.



sl =



Relations (6.3), (6.6) and the maximum principle (Lemma 18) imply that Vl± (n, t) ≤ 0 for n ∈ E(t1 ), i.e. (6.7)



From (6.7), from the Corollaries to Propositions 4, 5 and from Lemmas 16, 17 we deduce max{|∆l (n, t1 , dl (t1 ))| : n ∈ E(t1 )} ≤ e−κl max{|∆l (n, t0 , dl (t0 ))| : n ∈ E(t1 )} + Ol (δ),



where



√ √ be−2αΓ(δ) σδ t = g0 δ τ κ0 = c0 α



with g0 := and



with



(6.8)



bσ 2α/λ0 be−2αΓ(δ) σ = δ , c0 α c0 α



p be−αΓ σ ˆδ δ = gl δ κl = − − b ρ/cl δ + 2 cl α gl =



l = 0, . . . , L − 1,



p be−αΓ σ ˆ 1 − − b ρ/cl . cl α 2



(6.9)
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Let a and α in Proposition 4 be such that α ≤ λ0 /4, i.e. g0 ≥ ρ > 0 so small and b > 0 so large that gl > 0, l = 1, . . . , L − 1. Repeating the construction above ν times we obtain



JFPTA bσ c0 α



√ δ. Fix also



Ml (tν ) := max{|∆l (n, tν , dl (tν ))| : n ∈ E(tν )}



≤ e−νκl max{|∆l (n, t0 , dl (t0 ))| : n ∈ E(t0 )} + (1 + e−κl + · · · + e−κl (ν−1) )Ol (δ) ≤ e−νκl Ml (t0 ) + (1 − e−κl )−1 Ol (δ).



(6.10)



If l = 0 then from (6.1) we deduce ν = ln(tν /t0 )/ln(1 + δ). Using this equality together with (6.8), (6.10) we obtain   √ √ 1 M0 (t) := max |∆0 (n, t, d0 (t, A c0 ))| : d0 (t) − ln(1/δ) ≤ n − c0 t ≤ A c0 t λ0 √ √ g0 δ t t 2α/λ0   bσ   ln(1+δ) δ O0 (δ) O0 (δ) t0 c 0 α t0 √ √ ≤ + , (6.11) + ≤ −bσ t 2α/λ0 +1 t t 1 − e−g0 δ t 1 − e c0 α δ where δ ∈ (0, 1), A ∈ (0, 1), t ≥ t0 . p If l = 1, . . . , L − 1 then from (6.1) we deduce ν = 2 ρtν /δ + o(1). Using this estimate together with (6.9), (6.10) we obtain p p p Ml (t) := max{|∆l (n, t, dl (t, δcl ))| : − δcl t ≤ n − cl t ≤ δcl t} √ √ Ol (δ) (6.12) , where A = δ, δ ∈ (0, 1), t ≥ t0 . ≤ e−2 ρt/δgl δ M0 (t0 ) + −g δ 1−e l √ √ 2 If A = δ, then the restriction A√ + Ab/ cl < 1 and the definition of gl allow us to choose gl = O+ (b) = O+ (1/ δ) in (6.11), (6.12). Then (6.11), (6.12) imply the inequalities √ Ml (t) ≤ O(δ) for l = 0, L; A = δ, (6.13) √ √ Ml (t) ≤ O( δ) for l = 1, . . . , L − 1; A = δ, t ≥ t0 . (6.14) Putting δ = t−1/(2+4α/λ0 ) in (6.11) we obtain for every A ∈ (0, 1) the following estimate for l = 0 and t ≥ t0 :   cbσα t1/[2+4α/λ0 ] O(t−1/[2+4α/λ0 ] ) t0 0 M0 (t) ≤ + = O(t−1/[2+4α/λ0 ] ) = O(t−1/3 ). t 1 − e−bα/(c0 α) (6.15) √ √ Putting gl = O+ (1/ δ) in (6.12) with δ = t−1/2 we obtain for A = δ = t−1/4 , l = 1, . . . , L − 1 and t ≥ t0 the estimate Ml (t) = O(t−1/4 ).



(6.16)



From the definition of ∆l (n, t, dl (t)) we deduce 1 (6.17) |f (n, t) − f˜(n − cl t − dl (t))| ≤ |∆l (n, t, dl (t)) − ∆l (n − 1, t, dl (t))|, b0 l = 0, . . . , L − 1. From Lemma 16 and estimates (6.14)–(6.17) (or their immediate analogues for l = L) we obtain the following statement.
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Proposition 6. Let f (n, t) be the solution of the Cauchy problem (1b), (2) where ε = 1, L > 0, n ∈ Z, t > 0. Then under the assumptions and notations of Theorem 1b we have convergence of f (n, t) to the shifted travelling waves f˜l (n − cl t − dl (t)), l = 0, . . . , L, in the intervals ( √ if l = 0, L, A ∈ (0, 1), {n : |n − cl t| ≤ A cl t} √ {n : |n − cl t| ≤ cl t1/3 } if l = 1, . . . , L − 1, A = A(t) = t−1/4 , with the estimates: sup



sup



√



l=0,L {n:|n−cl t|≤A cl t}



√ |f (n, t) − f˜l (n − cl t − dl (t, A cl ))| = O(t−1/3 ),



sup



sup



l=1,...,L−1



1/2 {n:|n−cl t|≤cl t1/4 }



sup



sup



√ l=1,...,L−1 {n:|n−cl t|≤ cl δt}



√ |f (n, t) − f˜l (n − cl t − dl (t, t−1/4 cl ))| = O(t−1/4 ),



|f (n, t) − f˜l (n − cl t − dl (t,



p √ δcl ))| = O( δ),



t ≥ t0 ,



t ≥ t0 (δ).



The last two estimates of Proposition 6 and Proposition 3b imply that p √ cl dl (t, t−1/4 cl ) = dl (t, δcl )+O(1) = γl ln t+o(ln t) if t ≥ t0 , l = 1, . . . , L−1. 2 Hence, Propositions 1, 3, 6 for L > 0 and [HP2] for L = 0 imply Theorem 2. Acknowledgments I am grateful to Victor Polterovich, Alexandre Shananin and Alexander Tumanov for the fruitful collaboration on the Burgers type equations and their applications. Many constructions of this paper have their origin in our joint publications [HP1]–[HP4], [HS], [HST]. I am also grateful to V. Spivak and M. Rykova for the computational experiments [RS].
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