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Contents of this talk 0. Deﬁnition of the integrable spin-s XXZ spin chain I. Two formulas for expressing local spin-s operators with global spin-s operators (T.D. and Chihiro Matusi) II. Correlation function of the integrable spin-s XXZ spin chain Emptiness Formation Probability (T.D. and Chihiro Matusi) Motivation: the result I is related to the following topics: Algebraic derivation of the eigenspaces of the superintegrable chiral Potts model (SCP model) (Akinori Nishino and T.D.) The sl2 loop algebra symmetry of the XXZ model at roots of unity Our dream: To generalize many properties of the Ising correlation functions to those of SCP model via the higher-spin c2 ) at roots of 1. R-matrix of the quantum group Uq (sl
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References of this talk Thanks to Chihiro Matsui and Akinori Nishino for collaboration !! [1] T. Deguchi and C. Matsui, Emptiness Formation Probability of the integarble higher-spin XXX and XXZ chains through the fusion method, arXiv:0907.0582v2 [2] T. Deguchi and C. Matsui, Form fators of integrable higher-spin XXZ chains and the aﬃne quantum-group symmetry, Nucl. Phys. B 814 [FS] (2009) pp. 405–438. [3] A. Nishino and T. Deguchi, An algebraic derivation of the eigenspaces associated with an Ising-like spectrum of the superintegrable chiral Potts model, J. Stat. Phys. 133 (2008) pp. 587–615. [4] T. Deguchi, Regular XXZ Bethe states at roots of unity as highest weight vectors of the sl2 loop algebra, J. Phys. A: Math. Theor. 40 (2007) pp. 7473–7508.
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Approaches to XXZ correlation functions



● The method of q-vertex operators (inﬁnite chain, no external ﬁeld) M. Jimbo, K. Miki, T. Miwa and A. Nakayashiki, Phys. Lett. A 168 (1992) 256–263. ● The method of the q-KZ equations M. Jimbo and T. Miwa, J. Phys. A: Math. Gen. 29 (1996) 2923-2958. ● The algebraic Bethe ansatz (ﬁnite chain, external ﬁelds) N. Kitanine, J.M. Maillet and V. Terras, Nucl. Phys. B 567 [FS] (2000) 554–582.



We employ the algebraic Bethe ansatz approach in this talk.
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Spin-1/2 and spin-s XXZ (XXX) chains The spin-1/2 XXZ chain the Hamiltonian under the P. B. C. ) 1 ∑( X X Y Z σj σj+1 + σjY σj+1 + ∆σjZ σj+1 . 2 L



HXXZ =



(1)



j=1



σja



(a = X, Y, Z) the Pauli matrix at site j Gapless regime of ∆: −1 < ∆ ≤ 1, where q, η and ζ are deﬁned by ∆ = (q + q −1 )/2 = cos ζ ,



q = exp η = exp iζ



For the spin-s XXZ chain, we consider a gapless region: 0 ≤ ζ < π/2s. The spin-1 XXX spin chain (2) HXXX



=J



Ns ( ∑



) ⃗j · S ⃗j+1 − (S ⃗j · S ⃗j+1 )2 . S



(2)



j=1



The Hamiltonian of the integrable higher-spin XXZ spin chain is given by the logarithmic derivative of the spin-s R-matrix.
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R-matix and the monodromy matrix We introduce the R-matrix: T0,12···L (λ; {wj }).  1 0 0  0 b(u) c(u) R12 (λ1 , λ2 ) =   0 c(u) b(u) 0 0 0



 0 0   0  1 [1,2]



where u = λ1 − λ2 , and deﬁne the monodromy matrix:



T0,12···L (λ; {wj }) = R0L (λ, wL )R0L−1 (λ, wL−1 ) · · · R02 (λ, w2 )R01 (λ, w1 ) . Here w1 , . . . , wL are called inhomogeneous parameters. The operator-valued matrix elements of the monodromy matrix play the central role in the algebraic Bethe ansatz: ( ) A12···L (u) B12···L (u) T0,12···L (u; {wj }) = . C12···L (u) D12···L (u) [0] The transfer matrix t(u) t(u; w1 , . . . , wL ) = tr0 (T0,12···L (u; {wj })) = A



(u; {w }) + D



(u; {w }) .



(3)
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HH 6 Y *  HvH 6  u HH  H Y  * = H H  H u + H u +H v 3 vH  1 HH   vH u



1



2



2



3



Figure: The Yang-Baxter equation: R2, 3 (v)R1, 3 (u + v)R1, 2 (u) = R1, 2 (u)R1, 3 (u + v)R2, 3 (v) Spectral parameter u is expressed by the angle between lines 1 and 2, where the interstion corresponds to R1, 2 (u).
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R-matrix in the homogeneous grading Deﬁning relations of the quantum group Uq (sl2 ) KX ± K −1 = q ∓2 X ± ,



[X + , X − ] =



K − K −1 q − q −1



By a similarity (gauge) transformation we can make the R-matrix compatible with Uq (sl2 ). (Cf. Y. Akutsu and M. Wadati (1987)) c2 ) R12 (u): the R-matrix in the principal grading of Uq (sl + c2 ) R12 (u): the R-matrix in the homogeneous grading of Uq (sl







1 0 0 − (u)  0 b(u) c + R12 (u) =   0 c+ (u) b(u) 0 0 0



 0 0   . 0  1 [1,2]



c+ (u) = eu sinh η/ sinh(u + η) c− (u) = e−u sinh η/ sinh(u + η) b(u) = sinh u/ sinh(u + η)
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Projection operators and fusion construction In terms of permutation operator Π12 Π12 v1 ⊗ v2 = v2 ⊗ v1



(4)



ˇ + (u) = Π12 R+ R 12 12



(5)



ˇ by we deﬁne R (2)



We deﬁne projetion operator P12 for two strings (2) ˇ + (η) P12 = R 12



(6)



We deﬁne higher-order projection operators inductively as follows. (ℓ) (ℓ−1) ˇ + (ℓ−1) P12···ℓ = P12···ℓ−1 R ℓ−1,ℓ ((ℓ − 1)η)P12···ℓ−1 ,



(7)



(2s)



We deﬁne P12···L on V (2s) (ξ1 ) ⊗ · · · ⊗ V (2s) (ξNs ) by (2s)



(2s)



(2s)



(2s)



P12···L = P1 2···2s P2s+1 2s+2 ···2s+2s · · · P(Ns −1)2s+1 ···2sNs



(8)
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HH 6 Y *  HvH 6  η HH  * H YH   H HH =   v +H ηH  v+η 3 1  HH  vH η



1



2



2



3



ˇ Figure: Projector P (2) is given by the special value of R-matrix R(η), and hence it commutes with other R-matrices. (Cf. Kulish, Sklyanin,and Reshetikhin (1981)).
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(1, 2s)



We now deﬁne monodromy( matrix T0 (λ0 ; ξ1 , . . . , ξN)s ) acting on the tensor product V (1) (λ0 ) ⊗ V (2s) (ξ1 ) ⊗ · · · ⊗ V (2s) (ξNs ) as follows. (1, 2s)



T0



(2s)



(2s)



+ (λ0 ; ξ1 , . . . , ξNs ) = P12...L · R0,12···L (λ0 ; w1



(2s)



(2s)



, . . . , wL ) · P12...L . (9)



Here inhomogeenous parameters wj are given by (2s)



w2s(p−1)+k = ξp − (k − 1)η



(p = 1, 2, . . . , Ns ; k = 1, . . . , 2s.)



We express the matrix elements of the monodromy matrix as follows. ( (2s) ) A (λ; {ξk }Ns ) B (2s) (λ; {ξk }Ns ) (1, 2s) T0, 12···Ns (λ; {ξk }Ns ) = . (10) C (2s) (λ; {ξk }Ns ) D(2s) (λ; {ξk }Ns ) We have (2s)



A(2s) (λ; {ξk }Ns ) = A(1) (λ; {wj



}L )
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a1 c1 = α



a2



c2 b1



··· ···



aNs cNs



c Ns + 1 = β b Ns



b2



(ℓ, 2s) a1 ,...,aNs )b1 ,...,bN . s



Figure: Matrix element of the monodromy matrix (Tα,β (2s)



Here quantum spaces Vj



(ξj ) are (2s + 1)-dimensional, (ℓ) V0 (λ0 ) is (ℓ + 1)-dimensional.



while the auxiliary space Variables aj and bj take values 0, 1, . . . , 2s; variables cj take values 0, 1, . . . , ℓ. L = 2sNs



Spin-1/2 chain has L-sites with inhomogeneous parameters w1 , . . . , wL , while the spin-s chain has Ns sites with ξ1 , . . . , ξNs .
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(ℓ, 2s)



We now deﬁne T0 (λ0 ; ξ1 , . . . , ξNs ) acting on the tensor product ( (2s) ) (ℓ) V0 (λ0 ) ⊗ V (ξ1 ) ⊗ · · · ⊗ V (2s) (ξNs ) as follows. (ℓ, 2s)



T0, 12···Ns



(ℓ)



(1, 2s)



(1, 2s)



= Pa1 a2 ···aℓ Ta1 , 12···Ns (λa1 )Ta2 , 12···Ns (λa1 − η) · · · (1, 2s)



(ℓ)



Taℓ , 12···Ns (λa1 − (ℓ − 1)η) Pa1 a2 ···aℓ .
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Let us introduce a set of 2s-strings with small deviations from the set of complete 2s-strings. (2s;ϵ)



(β)



w2s(b−1)+β = ξb − (β − 1)η + ϵrb ,



for b = 1, 2, · · · , Ns /2, and β = 1, 2, . . . , 2s. (11)



(β)



Here ϵ is very small and rb are generic parameters. We express the elements of the monodromy matrix T (1,1) with inhomogeneous parameters (2s; ϵ) given by wj for j = 1, 2, . . . , L as follows. ( (1, 1) (2s;ϵ) T0, 12···L (λ; {wj }L )



(2s)



=



(2s)



(2s; ϵ)



(2s; ϵ)



(2s)



(2s; ϵ)



A12···Ns (λ; {ξp }Ns ) = lim P12···L A12···L (λ; {wj ϵ→0



)



A12···L (λ) B12···L (λ) (2s; ϵ) (2s; ϵ) C12···L (λ) D12···L (λ)



.



(12)



}L )P12···L .



(13)



(2s)
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Expressing local operators in terms of global operators



Fundamental lemma (Kitanine, Maillet, Terras (2000)) For arbitrary inhomogeneous parameters w1 , w2 , . . . , wL we have xi =



i−1 ∏



L ∏



(A + D)(wα ) tr0 (x0 R0,1···L (wi ))



α=1



(A + D)(wα ) .



α=i+1



22 For σiz = e11 i − ei , we have



σiz =



i−1 ∏ α=1



(A + D)(wα ) · (A(wi ) − D(wi )) ·



L ∏



(A + D)(wα )



α=i+1
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Deﬁnition of elementary matrices We deﬁne elementary matrices E m, n (2s) for m, n = 0, 1, . . . , 2s, in the spin-s representation as follows. E m, n (2s) = ||2s, m⟩⟨2s, n||



(14)



In the tensor product space, (V (2s) )⊗Ns , we thus deﬁne Ei i = 1, 2, . . . , Ns by



m, n (2s)



m, n (2s)



Ei



= (I (2s) )⊗(i−1) ⊗ E m, n (2s) ⊗ (I (2s) )⊗(Ns −i) .



for



(15)
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Concise expression of the spin-s generators X ± of Uq (sl2 ) Hereafter we denote 2s by ℓ: 2s → ℓ. In the spin-ℓ/2 representation we have P1···ℓ σ1− P1···ℓ = (ℓ)



(ℓ)



(ℓ)



(ℓ)



P1···ℓ σℓ+ P1···ℓ =



1 X −(ℓ) , [ℓ]q 1 X +(ℓ) . [ℓ]q



(16)



Applying the fundamental lemma to it, we have (ℓ)



−(ℓ)



P(i−1)ℓ+1 Xi



(ℓ)



P(i−1)ℓ+1 ∏



(i−1)ℓ



=



(ℓ) [ℓ]q P(i−1)ℓ+1



(A+ + D+ )(wα ) · B + (w(i−1)ℓ+1 ) ·



α=1 ℓN ∏s



(ℓ)



(A+ + D+ )(wα ) P(i−1)ℓ+1 .



(17)



α=(i−1)ℓ+2
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A standard derivation may lead to the following longer expression: −(ℓ)



Xi =



ℓ ∑



= P(i−1)ℓ+1 ∆(i−1)ℓ+1 ···iℓ (X − ) (ℓ)



(ℓ−1)



∏



(i−1)ℓ+k−1 (ℓ) P(i−1)ℓ+1



(A + D)(wα ) · B(w(i−1)ℓ+k ) ·



α=1



k=1 ℓN ∏s



(A + D)(wα )



α=(i−1)ℓ+k+1



×



∏



ℓ ∏



(i−1)ℓ+j−1



j=k+1



α=1



ℓN ∏s



(A + D)(wα ) · (q −1 A + qD)(w(i−1)ℓ+j ) ·



(A + D)(wα )



(18)



α=(i−1)ℓ+j+1
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Formula 1: spin-ℓ/2 E (m, n) by a product of ℓ operators



(ℓ)



In the tensor product of spin-ℓ/2 representations V1 For m = n we have



(ℓ)



⊗ · · · ⊗ VN s .



n, n (ℓ)



Ei [ =



ℓ n ×



]



∏



(i−1)ℓ



q



n(ℓ−n)



q ℓ ∏ k=n+1



(ℓ) P1···L



(A+ + D+ )(wα )



α=1



A+ (w(i−1)ℓ+k )



n ∏



D+ (w(i−1)ℓ+k )



k=1 ℓN ∏s



(ℓ)



(A+ + D+ )(wα ) P1···L .



(19)



α=iℓ+1
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For m > n we have m, n (ℓ)



Ei



[



=



ℓ m



m ∏



]



∏



(i−1)ℓ (ℓ)



q n(ℓ−n) P1···L q



(A+ + D+ )(wα )



α=1 ℓ ∏



B + (w(i−1)ℓ+k )



k=n+1



A+ (w(i−1)ℓ+k )



k=m+1



n ∏



D+ (w(i−1)ℓ+k )



k=1 ℓN ∏s



(ℓ)



(A+ + D+ )(wα )P1···L .



α=iℓ+1



For m < n we have m, n (ℓ)



Ei



[



=



ℓ m



n ∏ k=m+1



]



∏



(i−1)ℓ



q



n(ℓ−n)



(ℓ) P1···L



q



C + (w(i−1)ℓ+k )



(A+ + D+ )(wα )



α=1 ℓ ∏ k=n+1



A+ (w(i−1)ℓ+k )



m ∏



k=1 ℓN ∏s



D+ (w(i−1)ℓ+k ) (ℓ)



(A+ + D+ )(wα )P1···L .



α=iℓ+1
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Formula 2: E m,n as products of |m − n| + 1 operators



m, m (ℓ)



Ei



[ ] q −(ℓ−1)(ℓ−2m)/2 ℓ = (−1) [ℓ − 1]!(q − q −1 )ℓ−1 m q [ ] ℓ−1 ∑ ℓ−1 (ℓ) (ℓ) 2,2 t t(ℓ−2m) × (−1) q P1···L e(i−1)ℓ+t+1 P1···L . t q ℓ−m



t=0



Here e2,2 (i−1)ℓ+t+1 is expressed as ∏



(i−1)ℓ+t



α=1



(A+ + D+ )(wα ) · D+ (wiℓ+t+1 ) ·



ℓN ∏s



(A+ + D+ )(wα ).



α=(i−1)ℓ+t+2



The expression of E m,n in the single sum of the product of |m − n| + 1 operators, which should be useful for calculating form factors of spin-ℓ/2 operators.



Tetsuo Deguchi (Ochanomizu University) Correlation functions of the integrable spin-s XXZ spin chain via 27 fusion July, 2009 method, and 21 /the 47 fo



m, n (ℓ)



For m > n we express Ei [



ℓ m



]



∏



(i−1)ℓ



q



n(ℓ−n)



(ℓ) P1···L



q



m ∏



B + (w(i−1)ℓ+k )



ℓ ∏



m, n (ℓ)



]



n ∏ k=m+1



q



(ℓ) P1···L



∏



q



C + (w(i−1)ℓ+k )



D+ (w(i−1)ℓ+k ) × (ℓ)



(A+ + D+ )(wα ) P1···L



α=iℓ+1



by



(i−1)ℓ n(ℓ−n)



n ∏



k=1 ℓN ∏s



A+ (w(i−1)ℓ+k )



k=m+1



For m < n we express Ei ℓ m



(A+ + D+ )(wα )



α=1



k=n+1



[



by



+



+



(A + D )(wα )



α=1 ℓ ∏ k=n+1



A+ (w(i−1)ℓ+k )



m ∏



D+ (w(i−1)ℓ+k ) ×



k=1 ℓN ∏s



(ℓ)



(A+ + D+ )(wα ) P1···L



α=iℓ+1
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An application of Formula 2. Assuming that the Bethe eigenvectors of {µα } and {λβ } are orthogonal, ∏ ∏M (ℓ) (ℓ) i.e. we have ⟨0| M α=1 C (µα ) β=1 B (λβ )|0⟩ = 0. Then, we calculate (ℓ)



the form factors for Ki ⟨0|



M ∏



as follows. (ℓ)



C (ℓ) (µj ; {ξk }) · Ki ·



j=1



M ∏



B (ℓ) (λβ ; {ξk })|0⟩



β=1 −1 q )



[ℓ]q (q − ∏ sinh(λ β − λα ) α


=∏



α=1



∏ Ns



γ=1



γ=1 bℓ (ξi



× ∏M



− ξγ − (ℓ − 1)η)



k=1 sinh(ξi − µk − (ℓ − 1)η)



× detH



(ℓ)



M ∏ M ∑



sinh(µβ − µk + η)



β=1 k=1



({λα }, {µ1 , . . . , µβ−1 , ξi − (ℓ − 1)η, µβ+1 , . . . , µM }; {ξk }) .
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(ℓ)



We deﬁne the matrix elements Hab ({λα }, {µj }; {ξk }) for a, b = 1, 2, . . . , n, by Hab ({λα }, {µj }; {ξk }) n ( ∏ sinh η a(µb ) = sinh(λk − µb + η) sinh(λa − µb ) d(ℓ) (µb ; {ξk }) k=1;k̸=a −



n ∏



) sinh(λk − µb − η) .



K=1;k̸=a



a (λ; {ξk }) = 1 , (ℓ)



d (λ; {ξk }) = (ℓ)



r ∏



bℓ (λ, ξk ) .



(20)



k=1



Here we have deﬁned bt (λ, µ) by bt (λ, µ) =



sinh(λ − µ) . sinh(λ − µ + tη)



(21)
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Expectation value evaluated by fusion method



Lemma (2s)



Projection operator P12···L commutes with the matrix elements of the (1,1) (2s;ϵ) monodromy matrix T0,12···L (λ; {wj }L ) such as A(2s;ϵ) (λ) in the limit of ϵ going to 0. (2s)



(1,1)



(2s; ϵ)



P12···L T0,12···L (λ; {wj



(2s)



(2s)



(1,1)



(2s; ϵ)



}L ) P12···L = P12···L T0,12···L (λ; {wj (2s)



For instance we have B (2s; ϵ) (λ)P12···L



}L )+O(ϵ) . (22) (2s) (2s; ϵ) = P12···L B (λ) + O(ϵ). .
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Proof. Taking derivatives with respect to inhomogeneous parameters wj , we can show (2s; ϵ) (1,1) (2s) (1,1) }L ) = T0,12···L (λ; {wj }L ) + O(ϵ) , (23) T0,12···L (λ; {wj (1,1)



(2s)



where T0,12···L (λ; {wj as follows. (2s)



(1,1)



(2s)



P12···L T0,12···L (λ; {wj



(2s)



}L ) commutes with the projection operator P12···L (2s)



(1,1)



(2s)



}L ) = P12···L T0,12···L (λ; {wj



(2s)



}L )P12···L . .



(24)
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Assuming that Bethe roots are continuous with respect to ϵ, we have (2s)



n n (2s)



(2s)



⟨{λα }M |E1 |{λα }M ⟩ ( ) (2s; ϵ) (2s) n n (2s) (2s) (2s; ϵ) = lim ⟨{λα (ϵ)}M | P12···L E1 P12···L |{λα (ϵ)}M ⟩ .(25) ϵ→0



We have (2s; ϵ)



⟨{λα (ϵ)}M = ⟨0|



M ∏



n n (2s)



(2s)



C (2s; ϵ) (λα (ϵ)) P12···L



α=1 n ∏ (2s; ϵ)



D



(2s; ϵ)



(wk



k=1



×



(2s)



| P12···L E1



)



2s ∏



(2s)



(2s; ϵ)



P12···L |{λα (ϵ)}M [ ] 2s q n(2s−n) n q (2s; ϵ)



A(2s; ϵ) (wk



⟩



)



k=n+1 2sN ∏s α=2s+1



(2s)



(A(2s; ϵ) + D(2s; ϵ) )(wα(2s; ϵ) ) P1···L



M ∏



B (2s; ϵ) (λα (ϵ))|0⟩ .



α=1
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ℓ-strings (2s-strings) as solutions to BAEs ˜ j = λj + sη. Then, the Bethe Let us shift rapidities λj by sη such as λ ansatz equations are given by Ns n ˜j − λ ˜ β + η) ∏ ∏ ˜ j − ξp + sη) sinh(λ sinh(λ = , ˜ j − ξp − sη) ˜j − λ ˜ β − η) sinh(λ sinh(λ p=1 β=1;β̸=α



for j = 1, 2, . . . , n . (26)



We deﬁne an ℓ-string by the following set of rapidities. ˜ (α) = µa + (ℓ + 1 − 2α) η + ϵ(α) λ a a 2



for α = 1, 2, . . . , ℓ.



(27)



(α)



We call µa the center of the ℓ-string and ϵa string deviations. We (α) assume that ϵa are very small for large Ns : lim ϵ(α) a = 0.



Ns →∞



(28)



If they are zero, then we call the set of rapidities of (27) a complete ℓ-string.
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Conjecture of the spin-s ground state



(2s)



Conjecture that the ground state of the spin-s case |ψg Ns /2 sets of 2s-strings for the region: 0 ≤ ζ < π/2s (α) λ(α) a = µa −(α−1/2)η+ϵa ,



⟩ is given by



for a = 1, 2, . . . , Ns /2 and α = 1, 2, . . . , 2s. (29)



(α)



In terms of λa s we have |ψg(2s) ⟩



=



Ns /2 2s ∏ ∏



B (2s) (λ(α) a ; {ξp })|0⟩.



(30)



a=1 α=1



Hereafter we set M = 2sNs /2 = sNs .
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(α)



For rapidities λa



= λ(a,α) we deﬁne integers A by A = 2s(a − 1) + α



for a = 1, 2, . . . , Ns /2 and for α = 1, 2, . . . , 2s. We thus denote λ(a,α) also by λA



for A = 1, 2, . . . , sNs ,



and put λ(a,α) in increasing order with respect to A = 2s(a − 1) + α. The density of string centers, ρtot (µ), is given by s 1 1 ∑ Ns 2ζ cosh(π(µ − ξp )/ζ)



N



ρtot (µ) =



(31)



p=1



For the homogeneous chain where ξp = 0 for p = 1, 2, . . . , Ns , we denote the density of string centers by ρ(λ). ρ(λ) =



1 . 2ζ cosh(πλ/ζ)



(32)
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Integral equations for the spin-s case Let us deﬁne Kn (λ) for η = iζ with 0 < ζ < π by 1 sinh(nη) . (33) 2πi sinh(λ − nη/2) sinh(λ + nη/2) Matrix elements of the spin-s Gaudin matrix for j, k = 1, 2, . . . , M , are given by   (2s) ∏ ′ a (λj ) sinh(λt − λj + η)  ∂ (2s) Φj,k ({λl }M ; {ξp }) = − log  (2s) ∂λk d (λj ) t̸=j sinh(λt − λj − η) Kn (λ) =



= δj,k



Ns (∑ p=1



−



M ∑ C=1



+



sinh(2sη) sinh(λj − ξp ) sinh(λj − ξp + 2sη)



) sinh 2η sinh(λj − λC + η) sinh(λj − λC − η)



sinh 2η . sinh(λj − λk + η) sinh(λj − λk − η)



(34)
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Proposition When 0 < ζ < π/2s, matrix elements (A, A) of the spin-s Gaudin matrix with A = 2s(a − 1) + α are evaluated by 1 (2s) ′ ΦA, A ({λj }M ) = ρtot (µa ) + O(1/Ns ) . 2πi Ns



(35)



Relations (35) are expressed in terms of integrals as follows. ρtot (µa ) =



Ns 1 ∑ K2s (µa − (α − 1/2)η − ξp + sη) Ns p=1



−



2s ∫ ∞ ∑ γ=1 (α)



K2 (µa − µc − (α − γ)η + ϵ(α,γ) )ρtot (µc )dµc , . −∞ (γ)



where ϵ(α,γ) = ϵa − ϵc . We recall that C corresponds to (c, γ) with C = 2s(c − 1) + γ.
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The Bethe state of M Bethe roots {λα (ϵ)}M with inhomogeneous (2s; ϵ) parameters wj (j = 1, 2, . . . , L) is given by |ψg(2s; ϵ) ⟩



=



M ∏



B (2s; ϵ) (λα (ϵ))|0⟩ .



(36)



α=1



Assume that Bethe roots {λα (ϵ)}M → {λα }M (ϵ → 0). (M = 2sNs /2.) The norm of the spin-s ground state is derived by sending ϵ to 0. ⟨ψg(2s) |ψg(2s) ⟩ = lim ⟨ψg(2s; ϵ) |ψg(2s; ϵ) ⟩ ϵ→0



= lim ⟨0| ϵ→0



M ∏



C



(2s; ϵ)



(λk )



M ∏



= lim sinhM η



= sinhM η



B (2s; ϵ) (λj )|0⟩



j=1



k=1



ϵ→0



M ∏



b−1 (λj (ϵ), λk (ϵ))detΦ(1)



′



(



(2s; ϵ)



{λk (ϵ)}M ; {wj



}L



)



j,k=1;j̸=k M ∏



′



b−1 (λj , λk ) · detΦ(2s) ({λk }M ; {ξp }Ns )



j,k=1;j̸=k
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Spin-s EFP We deﬁne the emptiness formation probaility for the spin-s case by (s)



2s,2s (2s)



τNs (m; {ξp }) = ⟨ψg(2s) |E1



2s,2s (2s) (2s) · · · Em |ψg ⟩/⟨ψg(2s) |ψg(2s) ⟩



We evaluate it as follows. 2s,2s (2s)



2s,2s (2s)



⟨ψg(2s; ϵ) |E1



2s,2s (2s) (2s; ϵ) · · · Em |ψg ⟩ = lim ⟨ψg(2s; ϵ) |E1 |ψg(2s; ϵ) ⟩ ϵ→0 ( 2s(i−1) m ) ∏ ∏ ( (2s) = lim ⟨ψg(2s; ϵ) |P12···L A(2s; ϵ) + D(2s; ϵ) (wα(2s; ϵ) ) × ϵ→0



2s ∏



D



(2s; ϵ)



k=1



(2s; ϵ) (w2s(i−1)+k )



α=1 i=1 2sN s ( ∏ (2s; ϵ)



·



A



)



) (wα(2s; ϵ) )



(2s)



P12···L |ψg(2s) ⟩



α=1 (2s; ϵ)



= lim ⟨ψg(2s; ϵ) | D(2s; ϵ) (w1 ϵ→0



+D



(2s; ϵ)



(2s; ϵ)



) · · · D(2s; ϵ) (w2sm ) |ψg(2s; ϵ) ⟩



m ∏ M ∏



b2s (λα ,



j=1 α=1
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We obtain the spin-s EFP (EFP1) as follows. 1 m 1≤j


(s) τ∞ (m; {ξp }) = ∏



l=1



k=1



−∞+(−k+ 12 )η



and matrix elements of 2sm × 2sm matrix S(λ1 , . . . , λ2sm ) are given by { ρ(λj − ξl + (k − 12 )η) if λj − µj = ( 21 − k)η Sj,2s(l−1)+k = 0 otherwise. Here µj denotes the center of the 2s-string in which λj is the kth rapidity. Explicitly, we have λj = µj − (k − 1/2)η. (η = iζ. )
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where H (2s) ((λl )2sm ) is given by H (2s) ((λl )2sm ) =∏ ×



1 1≤l


2sm m 2s−1 ∏∏ ∏



sinh(λl − ξk + (2s − p)η)



l=1 k=1 p=1



×



m ∏ 2s ∏



( l−1 ∏



l=1 rl =1



k=1



sinh(λ2s(l−1)+rl − ξk + 2sη)



m ∏



) sinh(λ2s(l−1)+rl − ξk )



k=l+1



In the denominator, we have set ϵk,l associated with λk and λl as follows. { iϵ for Im(λk − λl ) > 0 ϵk,l = −iϵ for Im(λk − λl ) < 0.
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Symmetric Expression of EFP Let us introduce cˆ1 , . . . , cˆ2sm by cˆ2s(j−1)+k = 2s(a(j,k) −1)+k ,



and k = 1, 2, . . . , 2s . (37) We deﬁne β(z) by β(z) = z − 2s[(z − 1)/2s]. We have M ∑



···



c1 =1



M ∑



for j = 1, 2, . . . , m



f (c1 , · · · , c2sm ) =



c2sm =1



a1 =1



∑



×



Ns /2 Ns /2 ∑ ∑ 1 · · · 2s (m!)



a2sm =1



f (ˆ cP 1 , · · · , cˆP (2sm) )



P ∈S2sm



∑ ∑



Ns /2 Ns /2



=



a1 =1 a2 =1



∑



Ns /2



···



∑



f (ˆ cπ1 , · · · , cˆπ(2sm) ) .



a2sm =1 π∈S2sm /(Sm )2s



Here an element π of S2sm /(Sm )2s gives a permutation of integers 1, 2, . . . , 2sm, where πj’s such that πj ≡ k (mod 2s) are put in increasing order in the sequence (π1, π2, . . . , π(2sm)) for k = 0, 1, . . . , 2s − 1
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(2s)



We obtain a symmetric expression of spin-s EFP τ∞ (m; {ξp }) (EFP2) ∏ 1 sinh2s (π(ξk − ξl )/ζ) ∏ ∏2s ∏2s m 1≤α


2sm ∏∫ ∞



2 i2sm



(2iζ)2sm 



×



2sm ∏



j=1



∏m ∏2s−1 b=1



∏m



∏m ∏2s × ×



∏



β=1



dµj



rl =1



(∏



∏



sinh(π(µ2s(a−1)+γ − µ2s(b−1)+γ )/ζ)



γ=1 1≤b


sinh(λj − ξb + βη)



b=1 cosh(π(µj



j=1 l=1



−∞



1≤k


2s ∏



− ξb )/ζ)



 



l−1 k=1 sinh(λπ(2s(l−1)+rl )



∑



(sgn π)



π∈S2sm /(Sm )2s



− ξk + 2sη)



− λπ(l) + η + ϵπ(k),π(l) ) ) sinh(λπ(2s(l−1)+rl ) − ξk ) .



1≤l


m ∏ k=l+1



Here (sgn π) denotes the sign of π ∈ S2sm /(Sm )2s , and λj = µj − (β(j) − 1/2)η for j = 1, 2, . . . , 2sm.
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Spin-s EFP for homogeneous chain We obtain the spin-s EFP for the homogeneous chain (EFP3) ( ) (2s) lim lim · · · lim τ∞ (m; {ξp }m ) ξ1 →0 ξ2 →0



=∏



ξm →0



(π/ζ)sm(m−1) m2 ((β 1≤α


− α)η)



2s ∏ ∏ i dµ sinh(π(µ2s(a−1)+β − µ2s(b−1)+β )/ζ) × j (2iζ)2sm j=1 −∞ β=1 1≤b


Here we recall λj = µj − (β(j) − 1/2)η.
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Let us discuss that expression EFP3 (38) gives the spin-s EFP for the homogeneous chain. (2s) First, we remark that τNs (m; {ξp }m ) does not depend on ξp with p > m. Hence we may consider that inhomogeneous parameters ξp with p > m are (2s) all set to be zero, after computing the EFP: τNs (m; {ξp }m ).
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Calculation of spin-1 one-point function



Let us calculate τ (2s) (m) for s = 1 and m = 1 by EFP1. τ (2) (1)



(∫ ) ∫ ∞−3η/2 ∞−η/2 1 = dλ1 + dλ1 sinh η −∞−η/2 −∞−3η/2 (∫ ) ∫ ∞−3η/2 ∞−η/2 × dλ2 + dλ2 −∞−η/2



−∞−3η/2



×H (2) (λ1 , λ2 ) detS(λ1 , λ2 )



(39)



Here we note that detS(λ1 , λ2 ) = 0 for λ1 = µ1 − η/2 and λ2 = µ2 − 3η/2, or for λ1 = µ1 − 3η/2 and λ2 = µ2 − η/2.
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1 1 = − i sin ζ 4ζ 2



−



∫



∫



∞ −∞



dµ1



∞



−∞



dµ2



sinh(µ1 − ξ1 + η/2) sinh(µ2 − ξ1 − η/2) sinh(µ1 − µ2 + iϵ) cosh (π(µ1 − ξ1 )/ζ) cosh (π(µ2 − ξ1 )/ζ) ∫ ∫ ∞ 1 (−1) ∞ dµ1 dµ2 i sin ζ 4ζ 2 −∞ −∞ sinh(µ1 − ξ1 − η/2) sinh(µ2 − ξ1 + η/2) . sinh(µ1 − µ2 − 2η) cosh (π(µ1 − ξ1 )/ζ) cosh (π(µ2 − ξ1 )/ζ) (40)
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Showing the following relations of integrals ∫ ∞ 1 sinh(µ − η/2) dµ cosh (πµ/ζ) sinh(λ − µ + iϵ) −∞ ∫ ∞ 1 sinh(µ + η/2) sinh(λ − η/2) = − dµ − 2πi , cosh (πµ/ζ) sinh(λ − µ − η) cosh(πλ/ζ) −∞ ∫



∞



1 sinh(λ + η/2) cosh (πλ/ζ) sinh(λ − µ − η) −∞ ∫ ∞ sinh(λ − η/2) 1 = − dλ , cosh (πλ/ζ) sinh(λ − µ − 2η) −∞ dλ



we have τ



(2)



π 1 (1) = 4 ζ sin ζ



(∫



∞



cosh 2ζx − cosh η dx cosh2 πx −∞



) .
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Evaluating the integral we obtain the spin-1 EFP with m = 1 as follows. τ (2) (1) =



ζ − sin ζ cos ζ . 2ζ sin2 ζ



(41)



Let us denote by ⟨E1a, b ⟩ the ground-state expectation value of operator E1a, b . For the spin-1 case, we have E10, 0 + E11, 1 + E12, 2 = I1 , and hence we have ⟨E10, 0 ⟩ + ⟨E11, 1 ⟩ + ⟨E12, 2 ⟩ = 1 . (42) Due to the uniaxial symmetry we have ⟨E10, 0 ⟩ = ⟨E12, 2 ⟩. Thus, we obtain ⟨E11, 1 ⟩ =



cos ζ (sin ζ − ζ cos ζ) . ζ sin2 ζ



(43)



In the XXX limit, we have lim



ζ→0



ζ − sin ζ cos ζ 1 = . 2 3 2ζ sin ζ



(44)



The limiting value 1/3 coincides with the spin-1 XXX result [Kitanine (2001)]. As pointed out in Kitanine (2001), ⟨E122 ⟩ = ⟨E111 ⟩ = ⟨E100 ⟩ = 1/3 for the XXX case since it has the rotational symmetry.
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In the symmetric expression of the spin-1 EFP with m = 1, putting λ1 = µ1 − η/2 and λ2 = µ2 − 3η/2 in EFP3 (38), we directly obtain the following: ∫ ∞ ∫ ∞ 1 1 sinh(µ1 + η/2) sinh(µ2 − η/2) (2s) τ (1) = dµ1 dµ2 2 i sin ζ 4ζ −∞ cosh (πµ1 /ζ) cosh (πµ2 /ζ) −∞ ) ( 1 1 − . × (45) sinh(µ2 − µ1 − iϵ) sinh(µ1 − µ2 + 2η) In the second line of (45) the ﬁrst term corresponds to the ﬁrst term of (40) of EFP1, while the second term to the second term of (40) of EFP1 with µ1 and µ2 being exchanged.
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Conclusions and future problems Conclusion (1): Two formulas for expressing local spin-s operators in terms of global spin-1/2 operators. (i) Formula 1 (useful for corrlation functions) Spin-s local operator E m,n expressed in the products of 2s operators of A, B, C, D operators (ii) Formula 2 (useful for form factors) E m,n expressed in terms of single sum over product of |m − n| + 1 operators (of A, B, C, D) Conclusion (2): Explicit Formulas of multiple-integral representations of spin-s EFP. We have solved the integral equations for the spin-s Gaudin matrix elements and the matrix S explicitly in the region: 0 ≤ ζ < π/2s. Future problems ● There are many problems to be calculated for the spn-s case. ● Explicit evaluation of integrals, formulas for general CFs. ● Possible application to correlation functions of the SCP model.
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