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Directed Search and Consumer Rationing Blake A. Allison∗† September 2, 2014



Abstract We study a model of directed search in which consumers decide where to shop when firms are capacity constrained. If a consumer is unsatiated by a particular firm, he may attempt to shop at another firm in a later round. We characterize the consumer equilibria and derive the equilibrium demand rationing rules. We show that there exists an equilibrium in which the quantity sold by each firm coincides with that specified by the proportional rationing rule, and that this equilibrium is surplus maximizing. When goods are homogenous, consumers with the highest valuations purchase from the firm with the highest price so as to avoid the risk of not receiving a good. In this case, concavity of demand is shown to be sufficient for all equilibrium quantities to coincide with the quantities specified by the proportional rationing rule.
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Introduction



In this paper, we study a model in which heterogenous consumers engage in directed search to obtain a good. Distinct from other models of directed search, when consumers are rationed, they may search another firm in a later round. Using this model, we derive equilibrium consumer rationing rules and the demand facing each firm in the market, providing a better understand of the role that consumers play in firm competition. Demand rationing, the process by which firms’ goods are allocated to consumers, is a fundamental aspect of price competition that can have vast influence on firms’ equilibrium behavior. Rationing has traditionally been considered as exogenous in the literature on Bertrand-Edgeworth price competition, which studies the pricing strategies of capacity constrained firms. In these models, consumers shop according to the surplus they would obtain from purchase. The rationing rules employed are equivalent to all consumers shopping at the firm from which they derive the greatest surplus, then moving to the next firm only after their preferred firm exhausts its capacity. Such a convention is satisfactory with Bertrand competition, where a single firm is able to satiate the entire market, though it may fail to reflect strategic consumer behavior when firms are capacity constrained. As a simple example, consider two firms selling homogenous goods, with one firm setting a price higher than the other by an arbitrarily small amount. If both firms have sufficiently low capacity, then there will be consumers that are unable to purchase a good. If all consumers shop first at the firm with the lower price, it stands to reason that a consumer that would receive a large surplus from either firm would be better off shopping at the higher priced firm initially. This would guarantee that consumer a purchase, while the potential surplus loss is arbitrarily small. Given that traditional rationing rules may not reflect strategic behavior on the part of consumers, how might strategic shopping influence the behavior of firms? We show that given any capacities and prices set by the firms, there always exists an equilibrium in which the quantity sold by each firm coincides with that specified by the proportional rationing rule, one of the two most prominently employed traditional rationing rules. Moreover, if there exists an equilibrium in which a firm sells a different quantity, the “proportional equilibrium” maximizes the expected payoffs of all consumers whose strategies differ across equilibria, suggesting a coordination on this equilibrium. This result suggests that the use of traditional rationing rules accurately represents market demand from the firms’ perspective, thereby justifying its application in the literature. The model we use is as follows. There are two firms selling substitute goods with exogenously fixed capacities and prices. There are a continuum of consumers each demanding a single unit of either good, for which they possess possibly asymmetric valuations. Consumers take part in a two stage game in which they choose where to shop in each period. In a given stage, all consumers that shop at a particular firm arrive in a uniformly random order at that firm. The equilibrium of this game is characterized by a critical ratio of surplus at firm 1 versus



3 firm 2 such that all consumers whose surplus ratio is larger will shop at firm 2 in the first round, while the remaining consumers shop at firm 1. This rule is most easily interpreted when products are homogenous. In this case, individuals with the highest valuation of the good shop first at the firm with the higher price, which exhibits the same logic that we used to argue that traditional rationing rules do not portray strategic behavior. In addition to the clearer interpretation of equilibrium strategies, when goods are homogenous, we are able to show that concavity of demand is a sufficient condition for all equilibrium quantities to coincide with the proportional rule. The literature on directed search is rooted in the study of the labor market, though has been applied to markets for consumer goods as well.1 The standard assumption in this literature is that rationed consumers are unable to search again. That is, if consumers do not receive a good at the firm they initially select, then they go unsatiated. While this may the case for some markets, it is not true in general. A prominent result of these models is to explain market frictions, inefficiencies due to failures of the market to match willing buyers and sellers. Such an outcome occurs because consumers are unable to coordinate their decisions and thus some firms face excess demand while others hold excess capacity. As we consider markets in which additional search is possible, such frictions are not present. Instead, we focus on the quantity that each firm is able to sell, as this corresponds most closely with the Bertrand-Edgeworth literature.2 Outside of the literature on consumer search, the literature on Bertrand-Edgeworth price competition has modeled the consumer side of the market via demand rationing rules. There are two prominent rationing rules that are employed in the this literature: the efficient rule and the proportional rule. In characterizing the equilibria of these games, these two rules have been used exclusively.3 The efficient rule, so named because it maximizes consumer surplus, is the first of the rules described in our example above, specifying that the highest value consumers receive the lowest price goods.4 This rule was first introduced by Levitan and Shubik (1972), which motivates the rule with the fact that it is generated by the demand of a representative consumer. A single consumer would be best off purchasing as much as possible (or desired) from the low price firm before shopping at the high price firm. Alternatively, Dixon (1987) notes that the efficient rule can be realized when each consumer receives an equal share of the low price good.5 The alternative proportional rule was formally introduced by Shubik (1959). The proportional rationing rule formalizes the following statement by 1



See for example, Montgomery (1991), Moen (1997), Burdett, Shi, and Wright (2001), Lester (2010), and Geromichalos (2012). 2 Another literature which studies the strategic actions of consumers is that of undirected search. These models focus on the role of asymmetric information regarding prices. See for example Diamond (1971) and Stahl (1989). 3 Maskin (1986), Bagh (2010), and Allison and Lepore (2014) prove existence of equilibria with more general rationing rules. 4 The efficient rule is difficult to describe when products are differentiated, and depends critically on how the consumer side of the market is specified. 5 Such behavior may arise from policies such as “limit x units per customer,” however, this requires the



4 Shubik, “if a percentage of consumers is satisfied by the low price firm, then the same percentage of consumers at any price level will have been satisfied.” This story is equivalent to a uniformly random arrival of consumers at the low price firm. Both of these rules are widely used in the literature, though the former is much more prominent. While Shubik is the first to formalize the proportional rule, its origin can be traced back to the first use of a rationing rule by Edgeworth (1925). The pricing story he describes is dynamic in nature and informal, with firms each monopolizing a distinct half of the market, then sequentially lowering prices to steal customers until reaching some threshold, at which point they raise their prices to the aforementioned monopoly price.6 The terminology he uses is that firms serve individual customers, with an indication that those served first are the first to arrive. Informally, Edgeworth was describing the proportional rationing rule. Since each customer is satiated before the next makes a purchase, even after the low price firm sells its capacity, the high price firm faces the full demand of the remaining customers. Given the symmetry of consumers, this means that the residual demand is proportional to the total demand, with the proportion being the fraction of consumers not served by the low price firm. Dixon (1987) derives a different rationing rule using a traditional Marshallian demand approach which he calls the true contingent demand. In his specification there is a representative household and one of the two relevant firms is not capacity constrained. The rule he derives is similar to the efficient rule (since there is a representative consumer) except that there are endogenous income effects due to purchasing goods at different prices. Due to the computational complexity of the income effects, this rule has not been used in the studying price competition. Little attention has been paid to rationing rules when products are differentiated, owing largely to the continuous demand structure that is commonly employed to avoid capacity constraints and enable the existence of a pure strategy equilibrium for the pricing game. It is a common misconception that rationing is irrelevent without demand discontinuities, but this is due to a confusion between the sharing rule and the rationing rule.7 The equilibrium of capacity constrained pricing games has only been characterized in a number of special cases, as such models exhibit a high degree of technical complexity. Existing studies have examined trade with an import restriction [Krishna (1989)], existence of pure strategy equilibrium [Benassy (1989), Canoy (1996), Wauthy (1996)], sequential pricing [Furth and Kovenock (1993)], and pricing in a Hotelling duopoly with fixed locations [Boccard and individuals have downward sloping demand. If individuals each demand one unit of a good, then a limiting policy would not induce efficient rationing. 6 This story is formalized as an equilibrium of the dynamic pricing game by Maskin and Tirole (1988). 7 A sharing rule in a discontinuous game specifies players’ utility at points of discontinuity. In a pricing game, a sharing rule would determine the fraction of consumers that purchase from each firm when prices are equal. Thus, a rationing rule includes a sharing rule, but not vice versa, as the rationing rule specifies which consumers purchase from each firm at all prices.



5 Wauthy (2005,2011)].8 In this paper, we introduce a more general definition of proportional rationing that applies to both homogenous and differentiated products and is independent of the structure of the differentiation. A segment of the literature that has most notably put focus on the choice of rationing rule is that which examines the equivalence between the Cournot equilibrium and the equilibrium of the two stage Bertrand-Edgeworth in which firms first choose capacities and then choose prices. Kreps and Scheinkman (1983) showed that the equilibrium outcomes of these two models coincide when the efficient rationing rule is used. This result has since been extended to different settings including less restrictive demand [Osborne and Pitchik (1986)], nonbinding capacity constraints [Boccard and Wauthy (2000)], differentiated products [Maggi (1996)], asymmetric information regarding costs [Lepore 2008], proportional rationing [Lepore (2009)], and demand uncertainty [Lepore (2012)]. One such finding is that the Cournot outcome is not necessarily an equilibrium under all specifications, and in particular, with all rationing rules. Davidson and Deneckere (1986) find a counterexample using the proportional rationing rule, while Lepore (2009) demonstrates that the Cournot outcome is an equilibrium if and only if the costs of capacity are sufficiently high. All of this research gives rise to the question of whether this equivalence would hold for any rationing rule. Our results suggest that answering this question is not a priority, as there is always an equilibrium in which the proportional rationing rule specifies the quantity sold, and there is reason for consumers to coordinate on such an equilibrium. The discussion of rationing rules is not limited to the justification of the Cournot equilibrium. Indeed any study of Bertrand Edgeworth competition requires the use of a rationing rule.9 This necessitates both the selection of a rule and the justification of that selection. Our results may be used to fill both of these roles, which have previously been filled by informal arguments. The remainder of the paper is organized as follows. In the following section, we describe the formal model. In Section 3 we characterize the consumer behavior, with the homogenous goods case characterized in Section 4. Finally, we conclude in Section 5. A technical lemma and the proof of existence of equilibrium are located in the appendix. 8



These papers either employ efficient rationing or prohibit rationing so that unsatiated consumers at a given firm are unable to purchase from other firms. 9 Some examples include studies of collusion [Brock and Scheinkman (1985), Benoit and Krishna (1987), and Davidson and Deneckere (1990)], large markets and the competitive equilibrium [Allen and Hellwig (1986a,1986b)], sequential pricing [Deneckere and Kovenock (1992)], triopoly [Hirata (2009) and De Francesco and Salvadori (2010)], competition with input and output prices [Loertscher (2008)], and price discriminating monopoly [Dana (2001)].
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2



The Model



Consider a duopoly in which firms sell substitute goods. We use the subscript i to refer to a typical firm and j to refer to the firm other than i. The price pi ≥ 0 and capacity xi > 0 of each firm i are exogenously fixed and common knowledge.10 There are a continuum of consumers in the market with possibly heterogenous valuations for each good. Each consumer demands exactly one unit of a good and may be satiated by either firm.11 The distribution of consumer valuations v = (v1 , v2 ) is described by the function D : R2+ → R+ , where D (p) is the mass of consumers with value v > p.12 We refer to D (p) as the market demand. Let ∆ represent the measure induced by D. Often more relevant than prices or values is the surplus that a consumer receives from purchase. Since we frequently refer to this, we use si (pi ) to denote the surplus that a consumer with value vi receives when purchasing a good from firm i, that is, si (pi ) = vi − pi . For notational convenience, we will suppress the argument of si (pi ) in proofs and refer to the surplus as simply si . Assumption 1 D (p) is nonincreasing for all p. For all p 6= (0, 0), D (p) < ∞. We need only assume that the law of demand holds and that demand is finite whenever prices are not simultaneously zero. We place no restriction on the shape of the demand curve for now, nor do we make any assumptions about continuity. Our model thus accommodates any structure of product differentiation, demand functions which are convex, concave, or neither, as well as those for which limp→0 D (p) = ∞ or limq→0 D−1 (q) = ∞. Later, we will make additional assumptions in order to obtain more precise results for the case in which the two firms’ goods are homogenous. Consumers decide where to shop in a two round game. In the first round, each consumer chooses a firm at which to shop. Shopping is voluntary, so that individuals that would receive a negative surplus from purchase will not shop in our model. Consumers arrive in a uniformly random order at their selected firm, so all consumers who shop at a given firm receive a good with equal probability. In the second round, any consumers that did not receive a good (due to insufficient firm capacity) may shop at the other firm, provided that it has remaining capacity.13 Given that market demand is not assumed to be continuous, it is possible that a mass of consumers is indifferent between purchasing and not purchasing. As such, it is necessary to 10



If one firm’s capacity is zero, then the market is a monopoly with trivial outcome. The assumption that each consumer demands a single good is not necessary. We will discuss how the model extends to the case in which consumers have individual demand curves in the conclusion. 12 The notation v > p denotes vi > pi for both i. To avoid confusion, we will always include subcripts when referring to an element of a vector and omit subscripts when referring to a vector. Thus, we use pi and vi to refer to the price and value of good i, whereas p and v refer to vectors of prices and values. 13 We explicitly prohibit the possibility of a secondary market for the good. This is natural in cases where the good must be consumed immediately, for example, when the good is service at a restaurant. 11



7 specify the actions of such consumers. As a convention, we assume that any individual with si (pi ) = 0 for some i will attempt to shop at firm i rather than not shop. This particular specification is purely for convenience; any specification for the fraction of indifferent consumers that decide to shop may be used. Different specifications will alter the shopping decisions of consumers, as having more indifferent consumers shopping will result in a decreased likelihood of any particular consumer receiving a good. If there are more of these indifferent consumers for one firm than the other, then some of the consumers who would otherwise have shopped at that firm will switch to the other firm to increase their likelihood of receiving a good. While consumer behavior may be nominally changed, the qualitative aspects of the equilibrium and the results regarding the quantity sold by the firms in equilibrium will remain unchanged if a different decision rule were used by the indifferent consumers. Without capacity constraints, the minimal quantity demanded from a given firm i is the mass of consumers that both receive a positive surplus from shopping at firm i and receive a greater surplus at firm i than firm. Formally, the minimal demand for firm i in the absence of capacity constraints is given by the function Di (p) = ∆ ({v : si (pi ) > sj (pj ) and si (pi ) ≥ 0}) . Note that the realized demand facing firm i may be larger than Di (p) if there is a mass I (p) of consumers that is indifferent between purchasing from either firm, given by I (p) = ∆ ({v : s1 (p1 ) = s2 (p2 ) ≥ 0}) . We do not specify the decision rule of these consumers, as their decisions are determined in equilibrium. Lastly, in order to completely specify the demand facing each firm, we will refer to the consumers that receive a nonnegative surplus at both firms, as these are the consumers that would be willing to shop in the second round conditional on not receiving a good in the first round. In particular, we define di (p) to be the mass consumers that strictly prefer firm j to firm i at prices p, but prefers i to not shopping. Formally, di (p) = ∆ ({v : sj (pj ) > si (pi ) ≥ 0}) .



3



Equilibrium Rationing



The classic assumption is that consumers shop from the firm with the lowest price, but this may not reflect equilibrium behavior. To see why, suppose that both firms sell out their capacity. Then there is a positive probability that a given individual does not obtain a good if they shop at the low price firm first, whereas this shopping rule would guaranteed them a good if they were to shop at the high price firm first. If the firms’ prices are close enough,



8 then some of the consumers are better off guaranteeing themselves a reduced surplus rather than taking the risk of receiving no surplus at all. In the general setting, the classic assumption corresponds to consumers shopping at the firm from which they receive the greatest surplus. Such behavior has most commonly been considered with two consumer rationing schemes: efficient and proportional. Under efficient rationing, the consumers with the highest surplus receive the goods first. As this requires that firms discriminate between perfectly between individuals, the efficient rationing rule cannot be reasonably implemented. Note that in our model, efficient rationing cannot occur since this would require a nonrandom order of arrival by consumers. More plausible is the proportional rule, which is realized within our model when consumers all shop first at the firm from which they receive the greatest surplus.14 This rule is formalized below. Definition 1 Under proportional rationing, the residual demand facing firm i is     xj P Di (p) = Di (p) + λi (p) I (p) + max 0, 1 − (di (p) + I (p)) , Dj (p) + λj (p) I (p) where λi (p) ∈ [0, 1] and λ1 (p) + λ2 (p) = 1.15 The λi ’s simply represent the fraction of indifferent consumers that shop at firm i first. We now characterize the consumers’ equilibrium shopping rules. Proposition 1 Any equilibrium is characterized by a critical ratio r∗ ∈ [0, ∞] and fraction λ∗ ∈ [0, 1] such that consumers shop according to the following rule: (i) any consumer with si (pi ) ≥ 0 > sj (pj ) shops at firm i first and does not shop in the second round, (ii) any consumer with min {s1 (p1 ) , s2 (p2 )} ≥ 0 and s2 (p2 ) /s1 (p1 ) > r∗ shops at firm 2 in the first round, (iii) any consumer with min {s1 (p1 ) , s2 (p2 )} ≥ 0 and s2 (p2 ) /s1 (p1 ) < r∗ shops at firm 1 in the first round, and (iv) λ∗ of the consumers with min {s1 (p1 ) , s2 (p2 )} ≥ 0 and s2 (p2 ) /s1 (p1 ) = r∗ shop at firm 1 first while the remaining 1 − λ∗ of these consumers shop at firm 2 first. 14



The proportional rationing rule does not rely on the specification provided here in which each consumer demands a single good. This rule may instead be derived from a continuum of identical consumers each with downward sloping demand. 15 For application to a pricing game, one would require that each λi be measurable. As the prices are fixed in our model, this assumption is not required.



9 Proof of Proposition 1. Clearly, any consumer with si ≥ 0 > sj will shop at firm i in the first round and not shop in the second round. Taking this behavior and any shopping rule by the consumers with min {s1 , s2 } ≥ 0, let αij denote the probability that a consumer with min {s1 , s2 } ≥ 0 receives a good from firm j when shopping at firm i first. Given these probabilities, a consumer with values v ≥ p will strictly prefer to shop at firm 1 in the first round if and only if (1)



α11 s1 + α12 s2 > α21 s1 + α22 s2 .



Similarly, such a consumer strictly prefers to shop at firm 2 first if and only if the inequality in (1) is reversed. Note that we may rearrange (1) as α11 − α21 s2 < . s1 α22 − α12 Thus, defining ∗



r =







α11 −α21 α22 −α12



∞



if α12 < α22 , o.w.



we can say that consumers with values v ≥ p strictly prefer to shop at firm 1 first if and only if s2 /s1 < r∗ . To complete the proofs of parts (ii) and (iii), it suffices to show that r∗ is well defined. This is the case if either α11 − α21 > 0 or α22 − α21 > 0. Given the shopping decisions of the consumers, let Nij denote the mass of consumers that shops at firm j in round i. Note that   xi αii = min , 1 and N11     xj − N1j ,0 ,1 . αij = (1 − αii ) min max N2j Thus, if αii < 1, then αji = 0 and αii − αji > 0, while if αii = 1, then αij = 0 and αjj − αij > 0. It follows that r∗ is well defined. Lastly, note that any consumer with valus v ≥ p and s2 /s1 = r∗ is indifferent between shopping at either firm first, and so any shopping order by these consumers is optimal. If the mass of these consumers is zero, then their shopping decisions will not influence the probabilities αij , and so any decisions by these consumers represents equilibrium behavior. Alternatively, if the mass of these consumers is positive, then the probabilities αij and critical surplus ratio r∗ will depend on the fraction of these consumers who shop at firm 1 first. Let r∗ (λ) represent the critical surplus ratio as a function of this fraction. We have shown that in equilibrium, there is a critical surplus ratio r∗ such that (ii) and (iii) in the statement of the proposition hold. It follows that in any equilibrium, the fraction λ∗ of consumers with s2 /s1 = r∗ that shop at firm 1 first must be chosen such that r∗ (λ∗ ) = r∗ . The equilibrium shopping rule is depicted in Figure 1. Consumers with values in regions



10



Figure 1: Equilibrium shopping rule. The red line corresponds to the critical surplus ratio, the indifference line (s1 = s2 ) is grey. A and E shop only at firm 2 and firm 1, respectively. Those with values in region B shop at firm 2 first, then at firm 1 if unsatiated. Similarly, those with values in region C shop at firm 1 first and then at firm 2 if unsatiated. Lastly, individuals whose valuations are below the prices (region D), do not shop. Note that the consumers with values in the region C that lie between the red and gray vectors shop at firm 1 first even though they would receive the greatest surplus from firm 2. These individuals choose to shop at their least preferred firm in order to increase their probability of consumption. Note that the equilibrium is necessarily nonunique when there is a mass of consumers with surplus ratio s2 /s1 = r∗ and 0 < λ∗ < 1. In this case, any allocation of λ∗ of the indifferent consumers shopping at firm 1 first and 1 − λ∗ at firm 2 first would constitute an equilibrium. If there is not a mass of indifferent consumers, then any λ ∈ [0, 1] constitutes an equilibrium, as it would not influence the probability of any consumer receiving a good. The decisions of indifferent consumers is not the only source of multiplicity of equilibrium. As we will demonstrate shortly with Example 1, there may be multiple equilibria in which the quantity sold differs across equilibria, and thus the critical surplus ratio must also differ across equilibria. We may now express the demand facing a firm i in an equilibrium. To do so, we must first define some notation. Given an equilibrium characterized by (r∗ , λ∗ ), let Di (p, r∗ ) denote the mass of individuals who strictly prefer to shop at firm i in the first round, di (p, r∗ ) the mass of individuals who strictly prefer to shop at firm j in the first round but would shop in the second round, and I (p, r∗ ) the mass of individuals who are indifferent between shopping



11 at either firm in the first round. Formally, D1 (p, r∗ ) = ∆ ({v : s2 (p2 ) /s1 (p1 ) < r∗ or s1 (p1 ) ≥ 0 > s2 (p2 )}) , d1 (p, r∗ ) = ∆ ({v : s2 (p2 ) /s1 (p1 ) > r∗ and s1 (p1 ) ≥ 0}) , I (p, r∗ ) = ∆ ({v : s2 (p2 ) /s1 (p1 ) = r∗ and si (pi ) ≥ 0, i = 1, 2}) , with D2 (p, r∗ ) and d2 (p, r∗ ) defined analogously. Given this notation, we may express the demand facing firm 1 as D1∗ (p, r∗ , λ∗ ) = D1 (p, r∗ ) + λ∗ I (p, r∗ )     x2 ∗ ∗ ∗ (d1 (p, r ) + (1 − λ ) I (p, r )) , + max 0, 1 − D2 (p, r∗ ) + (1 − λ∗ ) I (p, r∗ ) with D2∗ (p, r∗ , λ∗ ) defined analogously. Note that the basic form of the demand is identical to the proportional rationing rule. In particular, if r∗ = 1, then the equilibrium rationing rule satisfies the definition of proportional rationing. The following proposition guarantees that a pure strategy equilibrium exists. The proof is technical and thus relegated to the appendix. The method of proof is to realize the critical surplus ratio as a rotation of an arbitrary line through p, and so we parameterize these lines by their angle θ ∈ Θ = [0, π/2], which is compact. We then use the best response correspondence for all consumers as an upper hemicontinuous correspondence and apply Kakutani’s fixed point theorem to guarantee the existence of a fixed point. Proposition 2 A pure strategy equilibrium exists. A natural concern is whether the equilibrium rationing rule is unique. The following example shows that this is not the case, even in the simple case where goods are homogenous, demand is continuous, and the revenue function (pi D (pi )) is concave. Example 1 Suppose that products are homogenous (v1 = v2 for all consumers) and that √ market demand is given by D (pi ) = 2 − pi . Since demand is continuous, then the fraction λ of indifferent consumers that shop at firm 1 first has no influence on the equilibrium, so we omit the λ. Then exists a neighborhood N of (0, .3, 1, .75) such that for all (p1 , p2 , x1 , x2 ) ∈ N , there is an equilibrium with critical surplus ratio r1∗ = 1 along with another equilibrium with critical surplus ratio r2∗ in a neighborhood of 0.82. Moreover, the quantity sold by firm 2 under r1∗ is strictly less than under r2∗ . To see this, note that for r∗ = 1, firm 2 does not sell its full capacity. It follows that α12 = 1−α11 , so shopping at firm 1 is strictly better than shopping at firm 2 for all consumers. To find the other equilibrium, note that r∗ corresponds to some ω > p2 such that consumers’s



12 value of consumption v > ω if and only if s2 /s1 > r∗ .16 Thus, this equilibrium is defined by √ x2 − (2 − ω) x1 √ (ω − p2 ) = (ω − p2 ) , √ (ω − p1 ) + √ √ ω − p1 ω − p2 which holds when the individual with value ω is indifferent provided that all consumers with value v > ω shop at firm 2 first and the remainder shop at firm 1 first. This equation reduces to √ √ √  √ √  x1 ω + p1 = (2 − p2 − x2 ) ω + p2 which can be solved numerically. Example 1 demonstrates that not only is the equilibrium rationing rule not unique, but the quantity sold by firms is not unique either. In general, this may result in the existence of an equilibrium rationing rule that varies discontinuously in the price and at some prices may actually be increasing in price. While this is problematic, the following proposition shows that there is an equilibrium selection that coincides with the proportional rationing rule, making it a natural selection for application. Let qi (r∗ , λ∗ ) denote the quantity sold by firm i when the equilibrium shopping rule is characterized by (r∗ , λ∗ ). Proposition 3 For any prices and capacities, there exists an equilibrium in which the quantity sold by each firm coincides with that specified by the proportional rationing rule. If (r1∗ , λ∗1 ) and (r2∗ , λ∗2 ) are two equilibria such that qi (r1∗ , λ∗1 ) < qi (r2∗ , λ∗2 ) for some firm i, then r1∗ = 1 and qi (r1∗ , λ∗1 ) = DiP (p) for each firm i. Proof of Proposition 3. For any equilibrium in which r∗ 6= 1, both firms must exhaust their capacity. Otherwise, if one of the firms has excess capacity, then all consumers are guaranteed a good from one of the firms regardless of where they shop first, and so all consumers must shop at their most preferred firm first. This behavior corresponds to r∗ = 1, which we have already mentioned corresponds to proportional rationing. It follows that the quantity sold by a firm in equilibrium may only differ from the proportional quantity only if some firm has excess capacity under the proportional rule, that is, DiP (p) < xi for some firm i. Suppose that some firm i has excess capacity with proportional rationing. Without loss of generality, suppose that i = 2. Given the rule r∗ = 1, α12 = 1 − α11 , α22 = 1, and α21 = 0. Clearly, individuals with s2 > s1 should shop at firm 2 first. For any individual with s1 > s2 , the following are equivalent α11 s1 + α12 s2 > α22 s2 + α21 s1 α11 s1 + (1 − α11 ) s2 > s2 α11 (s1 − s2 ) > 0. 16



This transformation from r to ω is formalized in the following section.



13 so these individuals should shop at firm 1 first. Therefore, r∗ = 1 is an equilibrium. While Proposition 3 demonstrates that the proportional quantity corresponds to an equilibrium quantity, thereby providing an ideal candidate for a selection of rationing rule, the existence of other equilibrium quantities remains problematic. The following propostion shows that the “proportional equilibrium” is the surplus maximizing equilibrium for the consumers whose equilibrium strategies differ across equilibria, providing a justification for the selection of the proportional rationing rule over other equilibria. Proposition 4 Suppose that (r1∗ , λ∗1 ) and (r2∗ , λ∗2 ) are equilibria with the property that qi (r1∗ , λ∗1 ) = DiP (p) < qi (r2∗ , λ∗2 ) for some firm i. Then all consumers with s2 /s1 ∈ (r1∗ , r2∗ ) receive a greater expected utility in the equilibrium characterized by (r1∗ , λ∗1 ) than they would in the equilibrium characterized by (r2∗ , λ∗2 ). Proof of Proposition 4. Note that all consumers with s2 /s1 ∈ (r1∗ , r2∗ ) receive a good with certainty in the equilibrium characterized by (r1∗ , λ∗1 ), while this is not necessarily the case in the equilibrium characterized by (r2∗ , λ∗2 ). Further, in the former equilibrium, all such consumers have a higher probability of receiving a good from their most preferred firm than in the latter equilibrium. This proposition suggests that a subset of the consumers would have incentive to coordinate their strategies and select the equilibrium in which the proportional quantity is sold. Thus, both intuition and collective action justify the selection of the “proportional equilibrium,” while other equilibria require the expectation that consumers fail to coordinate optimally. The next section focuses on homogenous goods and strengthening the result of Proposition 2.



4



Homogenous Goods



In this section, we focus on the case of homogenous goods. This is most relevant to the literature, as the vast majority of studies of Bertrand-Edgeworth competition is conducted with homogenous goods. In this setting, we are able to find stronger support for the proportional rationing rule, as well as gain some additional insight into the equilibrium rationing rule. For this section, we let D (pi ) be the measure of consumers with values strictly higher than pi . We maintain the subscript on the pi so as to clarify that the price is a scalar and not a vector. Henceforth, we use v to refer to a consumer’s value of consumption. There should be no more ambiguity whether v is a vector since v1 = v2 for all consumers. Define A = limpi →0 D (pi ), allowing the possibility that A is infinite.



14 Assumption 2 Market demand D (·) is continuous. The following lemma characterizes the equilibrium rationing rule in a more salient manner than Proposition 1. Lemma 1 Suppose that goods are homogenous and that Assumption 2 holds. If p1 < p2 , then any equilibrium is characterized by a critical value ω ∗ > p2 such that (i) all consumers with value v ∈ [p1 , ω ∗ ] shop at firm 1 in the first round, and (ii) all consumers with value v > ω ∗ shop at firm 2 in the first round. If p1 = p2 , then either (iii) x1 + x2 ≤ D (pi ), in which case xi / (x1 + x2 ) of the consumers with value v ≥ pi shop at firm i, or (iv) x1 + x2 > D (pi ), in which case any division of consumers with value v ≥ pi is an equilibrium. Proof of Lemma 1. Note that (i) and (ii) follows immediately from the fact that the ratio s2 /s1 is strictly increasing in v for p1 < p2 . The statement in (iii) must hold since in equilibrium, consumers must receive a good with the same probability when shopping at either firm first. Lastly, note that when x1 + x2 > D (pi ) for p1 = p2 , all consumers are guaranteed a good regardless of shopping decisions and their initial shopping decision has no effect on their expected utility, so (iv) must be true. Thus, we find that consumers with the highest valuation for the good will pay a premium to guarantee themselves consumption. We may express the the equilibrium demand facing each firm as  D (pi ) − D (ω ∗ ) if pi < pj   max Di∗ (p, ω ∗ ) = o if pi = pj . n {λi (p) D (pi ) , D (pi ) − xj }  x j ∗ ∗  D (ω ) + max 0, 1 − (D (pi ) − D (ω )) if pi > pj D(pj )−D(ω ∗ ) where λi = xi / (x1 + x2 ) if x1 + x2 ≤ D (pi ) and λi ∈ [0, 1] otherwise. Note that it must be the case that if pi < pj and ω ∗ < A, then xi ≤ D (pi ) − D (ω), else some consumers would shop at the high price firm in the first round while the low price firm does not exhaust its capacity in that round. It is worth highlighting that the residual demand facing the firm with the higher price is a function of the capacity of that firm through ω ∗ . While this is fairly intuitive, the traditional efficient and proportional rules lack this property.



15 For clarity, it is worthwhile to examine the proportional rule when goods are homogenous and I (p) = 0. In this case, proportional rule is given by  D (pi ) if pi < pj   P max {λni (p) D (pi ) , D(pi ) − xoj } if pi = pj , Di (p) =   max 0, 1 − xj D (pi ) if pi > pj D(pj ) where λ1 (p) + λ2 (p) = 1. Recall that in equilibrium, the low price firm must sell its capacity in the first round if ω ∗ < A. Thus, it is immediately apparent that the quantity sold by each firm in equi∗ ∗ librium  is Pat least as large as the proportional quantity. Formally, min {xi , Di (p, ω )} ≥ min xi , Di (p) for each firm i. Example 1 shows that this inequality may be strict, even if the revenue function is concave. Naturally, we would like reasonable conditions under which no such “ill-behaved” equilibria exist. Assumption 3 Market demand D (pi ) is continuously differentiable and concave. The following proposition shows that Assumption 3 is a sufficient condition for all equilibria to be quantity equivalent, and thus profit equivalent for the firms. Proposition 5 Suppose that goods are homogenous and Assumption 3 is satisfied. Then the quantity sold by each firm in any equilibrium coincides with the quantity specified by the proportional rationing rule. If DiP < xi for some firm i, then the unique equilibrium is ω ∗ = A (r∗ = 1). Proof of Proposition 5. The latter statement follows as a corollary from Proposition 3. Since both firms exhaust their capacity in any equilibrium that is not proportional, it suffices to consider prices and capacities such that DiP (p) < xi for some firm i. Without loss of generality, suppose that p1 < p2 , so that D2P (p) < x2 . Suppose that x1 + x2 ≤ D (p2 ). Then it must be that D (p2 ) x1 + x2 < D (p2 ) , D (p1 )  x2 < D (p2 ) 1 −



x1 D (p1 )







= D2P .



This is a contradiction, since we assumed that D2P < x2 . Therefore, x1 + x2 > D (p2 ). Let ui (v, ω) denote the expected utility of a consumer with value v when shopping at firm i first and all other consumers shop at firm 1 first if and only if their value v 0 < ω.



16 Note that in any equilibrium, the individual with value ω must be be indifferent between shopping at either firm first, so that u1 (ω, ω) = u2 (ω, ω). Thus, ω must be defined by one of the two following equations: (2) (3)



x1 x2 (ω − p1 ) = (ω − p2 ) or D (p1 ) − D (ω) D (ω) x1 x2 − D (ω) (ω − p1 ) + = (ω − p2 ) . D (p1 ) − D (ω) D (p2 ) − D (ω)



We begin by showing that (3) may not define an equilibrium when x1 + x2 > D (p2 ). We rewrite (3) as x1 D (p2 ) − x2 (ω − p1 ) = (ω − p2 ) . D (p1 ) − D (ω) D (p2 ) − D (ω) Note that x1 > D (p2 ) − x2 , so the left hand side is such that D (p2 ) − x2 x1 (ω − p1 ) > (ω − p1 ) . D (p1 ) − D (ω) D (p1 ) − D (ω) The following are equivalent. D (p2 ) − x2 (ω − p1 ) D (p1 ) − D (ω) D (p2 ) − D (ω) ω − p2 D (p2 ) − D (ω) − p2 − ω D (p1 ) − D (ω) p1 − ω



D (p2 ) − x2 (ω − p2 ) D (p2 ) − D (ω) D (p1 ) − D (ω) ≥ ω − p1 D (p1 ) − D (ω) ≥ − p1 − ω D (p2 ) − D (ω) ≥ . p2 − ω ≥



The final statement is true since D is concave and p1 < p2 . Therefore, we conclude that x1 D (p2 ) − x2 (ω − p1 ) > (ω − p2 ) , D (p1 ) − D (ω) D (p2 ) − D (ω) and so (5) cannot hold. We next use (4) to show that if ω ∗ = A is an equilibrium, then there is no largest equilibrium ω < A. Let Ω be the set of equilibria and consider ω = sup Ω\ {A}. Since Ω is closed, then ω ∈ Ω. Note that x1 x1 (v − p1 ) = (A − p1 ) , v→A D (p1 ) − D (v) D (p1 ) lim



while



x2 (v − p2 ) = ∞. v→A D (v) lim



17 Thus, it must be that ω < A. We subtract the right hand side from both sides of (4) and differentiate with respect to ω to get   ∂ x1 x2 (ω − p1 ) − (ω − p2 ) ∂ω D (p1 ) − D (ω) D (ω) x1 x1 = + D0 (ω) (ω − p1 ) D (p1 ) − D (ω) (D (p1 ) − D (ω))2 x2 x2 (4) − + D0 (ω) (ω − p2 ) . D (ω) (D (ω))2 Evaluating at ω = ω, we substitute the relation (4) into (6) to get x1 x1 D0 (ω) (ω − p1 ) + D (p1 ) − D (ω) (D (p1 ) − D (ω))2 x1 ω − p1 x2 − D0 (ω) (ω − p2 ) + D (p1 ) − D (ω) ω − p2 (D (ω))2   x1 ω − p1 = 1− D (p1 ) − D (ω) ω − p2 x2 x1 0 0 + 2 D (ω) (ω − p1 ) + 2 D (ω) (ω − p2 ) . (D (p1 ) − D (ω)) (D (ω)) Since ω −p1 > ω −p2 , then the first term is negative, while the last two terms are nonpositive since D0 ≤ 0. Thus, we conclude that there is some ε > 0 such that u1 (ω + ε, ω + ε) < u2 (ω + ε, ω + ε) . Since D2P < x2 , there is some M > 0 such that for all ω > M ,   x1 D (ω) + 1 − (D (p2 ) − D (ω)) < x2 . D (p1 ) − D (ω) This further implies that u1 (ω, ω) > u2 (ω, ω) . Therefore, ω+ε < M . By continuity of u1 and u2 , the intermediate value theorem guarantees the existence of an ω ∗ ∈ (ω + ε, M ) such that u1 (ω ∗ , ω ∗ ) = u2 (ω ∗ , ω ∗ ). But this implies that ω ∗ ∈ (ω, A) is an equilibrium, contradicting the definition of ω. The result follows. This result is particularly relevant for the literature on the coincidence of the Cournot outcome and Bertrand Edgeworth equilibrium. Concavity of demand is a common assumption in this literature, as well as in many studies of BE competition, and thus the previous proposition suggests that the proportional rationing rule is the only rule that should be considered in such studies. We use the following example to demonstrate how to derive the equilibrium rationing



18 rule, which we will then compare with traditional rationing rules. Example 2 Suppose that market demand is given by D (pi ) = A − bpi and that p1 < p2 . Clearly, if x1 ≥ D (p1 ), then firm 1 can satiate the entire market and so the only equilibrium is characterized by ω = A. We will thus proceed on the assumption that x1 < D (p1 ). We begin by finding the equilibrium candidates. Note that ω = A is always a candidate, and since the equilibrium quantity is unique, ω = A will correspond to an equilibrium when no other candidate is an equilibrium. Any candidate equilibrium characterized by ω < A must satisfy the condition that a consumer with value ω is indifferent between shopping at either firm in the first round. Since the low price firm must exhaust its capacity in the first round, then any such ω must be defined by either (5) (6)



x2 x1 s1 = s2 or D (p1 ) − D (ω) D (ω) x1 x2 − D (ω) s1 + s2 = s2 . D (p1 ) − D (ω) D (p2 ) − D (ω)



The equation in (5) corresponds to the case in which x2 ≤ D (ω), so that firm 2 exhausts its capacity in the first round as well. The equation in (6) corresponds to the case in which x2 > D (ω), so that firm 2 does not exhaust its capacity in the first round. With linear demand, (5) reduces to x2 x1 = (ω − p2 ) , b A − bω which may easily be solved to obtain (7)



ω=



x1 (A − bp2 ) + p2 . b (x1 + x2 )



The equation in (6) reduces to x1 + x2 = A − bp2 , and so any ω > p2 a candidate for an equilibrium if x1 + x2 = D (p2 ). Next, we refine the candidates (other than ω = A) by ruling out those which do not correspond to an equilibrium. To do so, we must check that candidate ω > p2 , that firm 1 exhausts its capacity in the first round (x1 ≤ D (p1 ) − D (ω)), and that firm 2 exhausts its capacity in the correct round (round 1 for the candidate from (5) and round 2 for the candidates from (6)). We begin with the candidate derived from (5), which is defined in (7). Clearly, ω > p2 as defined in (7). Next, firm 1 exhausts its capacity in the first round if (8)



x1 ≤



x1 (A − bp2 ) + bp2 − bp1 . x1 + x2



19 Lastly, the following are equivalent the statement that firm 2 exhausts its capacity in the first round. x1 (A − bp2 ) x1 + x2 ≤ Ax2 − x2 bp2



x2 ≤ A − bp2 − x1 x2 + x22 (9)



x1 + x2 ≤ A − bp2 .



We will now show that the inequality in (9) implies the inequality in (8). Suppose that x1 + x2 ≤ A − bp2 . Then x1 (A − bp2 ) x1 (x1 + x2 ) + bp2 − bp1 ≥ + bp2 − bp1 x1 + x2 x1 + x2 > x1 . Thus, ω as defined in (6) corresponds to an equilibrium if x1 + x2 ≤ A − bp2 . Next we consider the candidates defined by (5), which are any value of ω. We may immediately restrict to ω > p2 . Moreover, since firm 1 must have excess demand in the first round, if we let ω denote be such that x1 = D (p1 ) − D (ω), then we may further restrict ω > ω. Lastly, since firm 2 must have excess demand in the second round, if we define ω such that   x1 x2 = D (ω) + 1 − (D (p2 ) − D (ω)) , D (p1 ) − D (ω) then we may conclude that the equilibrium values of ω when x1 + x2 = A − bp2 are such that ω ∈ (max {ω, p2 } , ω). In summary, the set of equilibrium critical o  n x1 (A−bp2 )   b(x1 +x2 ) + p2 Ω= (ω, ω)   {A}



values Ω is given by if x1 + x2 < A − bp2 if x1 + x2 = A − bp2 . if x1 + x2 > A − bp2



This simple example allows us to easily compare the equilibrium rationing rule to the traditional proportional and efficient rules by examining the residual demand associated with each rule. Under efficient rationing, the residual demand is a parallel shift of the market demand curve.17 Under proportional rationing, the residual demand is a pivot of the demand curve from the price at which demand is zero. Unlike these traditional rules, equilibrium residual demand is not a rigid transformation of the market demand. Despite market demand being linear, the equilibrium residual demand is nonlinear and is discontinuous. The nonlinearity results from the fact that ω is a function of prices, while the discontinuity in this example is due to the fact that there are a continuum of equilibria when x1 + x2 = D (p2 ). 17



The alternative name for the efficient rule, the parallel rule, is taken from this property.
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(a) Efficient



(b) Proportional



(c) Equilibrium



Figure 2: Demand rationing rules. Market demand is in black, residual demand is in red. Note that when the high price is very high, the equilibrium residual demand coincides with the proportional residual demand. This is because very few consumers have a willingness to pay at such a high price, so the high price firm will either not exhaust its capacity or will only just exhaust its capacity, resulting in very few consumers that fail to receive a good. As such, no consumers are willing to pay the high premium to guarantee consumption when the risk is so low. Once the high price is low enough (x1 + x2 ≤ D (p2 )), then there is sufficient competition to obtain a good that the consumers with the highest valuations would be willing to pay the premium to avoid the moderate risk of not obtaining a good. As the price is further reduced, more and more consumers switch to shopping at the high price firm first, and so the slope of the equilibrium residual demand is less steep than its proportional counterpart.
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Conclusion



In this paper, we have provided a general model of directed search in which consumers endogenously determine the demand faced by firms. We have shown that the quantity specified by the proportional rationing rule is always an equilibrium quantity. This is not necessarily the only equilibrium quantity, though it is obtained in a surplus maximizing equilibrium when other equilibrium quantities exist. Moreover, when goods are homogenous, concavity of demand is a sufficient condition for the proportional rationing quantity to be realized in every equilibrium. This provides strong justification for the application of the proportional rationing rule in studying Bertrand-Edgeworth oligopoly, with or without product differentiation. It should be cautioned that our results do not imply that the equilibrium rationing of this game coincides with proportional rationing. It is only the quantity sold by the firms in equilibrium that agrees with the proportional rule, not the consumer decisions. In this sense, equilibrium rationing and proportional rationing are identical from the firms’ perspective, though not the consumers. In particular, when goods are homogenous, we have shown that



21 in equilibrium, consumers with the highest valuations of the good shop at the high price firm initially. This results in an allocative inefficiency that is not present with the proportional rationing rule. In general this will lead to a disparity between the consumer surplus realized in equilibrium and that computed using the proportional rule. There are three directions in which the results of this paper could be generalized. First, one could allow for oligopoly rather than duopoly. The model would need to be appended to add enough rounds of shopping so that each consumer would have an opportunity to shop at each firm, and the equilibrium rules would be cumbersome to formally define, however, they ought to share the same basic properties as our analysis. Equilibria would be characterized by surplus ratio thresholds which would determine the order of shopping as in Proposition 1, and proportional rationing quantity will always be an equilibrium. Second, one could allow for individual consumers’ demand to depend on the prices. This would be accommodated simply by modifying the measure that represents the distribution of consumers so that it reflects the quantity demanded by consumers at a given price rather than the mass or density of consumers with a given valuation. Lastly, the results of Section 4 may be trivially extended to a case of vertical differentiation in which the surplus ratio is nondecreasing in the consumers’ underlying value.
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Appendix



The following lemma will be useful in proving the existence of a pure strategy equilibrium. Recall that Nij is the mass of consumers that shop at firm j in round i and let N = (Nij )i,j=1,2 . Define r (N ) to be the set of critical surplus ratios that may be realized in characterizing an equilibrium as in Proposition 1. Lemma 2 The correspondence r (N ) is upper semicontinuous. That is, if Nijn → Nij∗ for i, j = 1, 2 and rn ∈ r (N n ) for each n with rn → r∗ , then r∗ ∈ r (N ∗ ). Proof of Lemma 2. Suppose that r∗ < ∞. Then rn < ∞ for sufficiently large n, and so rn = It follows that



α11 (N n ) − α21 (N n ) . α22 (N n ) − α12 (N n )



α11 (N n ) − α21 (N n ) α11 (N ∗ ) − α21 (N ∗ ) → , α22 (N n ) − α12 (N n ) α22 (N ∗ ) − α12 (N ∗ )



so r∗ =



α11 (N ∗ ) − α21 (N ∗ ) = r (N ∗ ) . α22 (N ∗ ) − α12 (N ∗ )



22 Note that we are free to redefine the critical ratio as q = s1 /s2 via a relabelling of firms. If r = ∞, then q ∗ = 0, and the previous analysis applies. ∗



Proof of Proposition 2. Note that for any r ∈ [0, ∞], there is a unique angle θ ∈ [0, π/2] such that the all values with s2 /s1 = r lie on the line with angle θ that passes through p. Let ρ (θ) denote the ratio r corresponding to the angle θ. Then the angle θ is defined by the law of cosines, and so ρ (θ) is such that θn → θ if and only if ρ (θn ) → ρ (θ) and rn → r if and only if θ (rn ) → θ (r) . Let ι (θ) = {v : r = ρ (θ) and s1 > 0}. Define the correspondence Φ : [0, π/2] × [0, 1] → [0, π/2] × [0, 1] as follows. For any (θ, β) ∈ [0, π/2] × [0, 1], let ψ (θ, β) denote the set of all critical ratios (angles) ρ−1 (r∗ ) when consumers shop according to the rule (r∗ , λ) for some λ ∈ [βµ ({p}) / (βµ ({p}) + µ (ι (θ))) , 1] . Then define Φ (θ, β) = (ψ (θ, β) , [0, 1]). By continuity of each Nij in λ and the continuity of r (N ) , the sets Φ (θ, β) must be closed, convex, and nonempty. In order to apply Kakutani’s fixed point theorem, we need only show that Φ has a closed graph. Let (θn , β n ) → (θ∗ , β ∗ ) with (φn , γ n ) ∈ Φ (θn , β n ) and (φn , γ n ) → (φ∗ , γ ∗ ). Note that for all n, there exists a λn ∈ [β n µ ({p}) / (β n µ ({p}) + µ (ι (θn ))) , 1] such that φn is the angle of a critical ratio when consumers shop according to (ρ (θn ) , λn ). This corresponds to a ϕn ∈ [0, 1] such that ϕn of the ι (θn ) consumers shop at firm 1 first. Define the following sets. Ai = {v : si ≥ 0 > sj } B (θ) = ∆ ({v : s2 /s1 < ρ (θ) , min {s1 , s2 } > 0}) , and C (θ) = ∆ ({v : s2 /s1 > ρ (θ) , min {s1 , s2 } > 0}) . We will use these sets to show that Nijn → Nij∗ . The previous lemma will thus imply that (φ∗ , γ ∗ ) ∈ Φ (θ∗ , β ∗ ). Consider three cases: (i) θn < θn+1 < θ for all n, (ii) θn = θ for all n, (iii) θn > θn+1 > θ for all n. Note that an arbitrary sequence (θn , β n ) may not satisfy (i), (ii), or (iii), but there must exist a subsequence that satisfies on of these cases. Since all subsequences converge to (θ∗ , β ∗ ), we are free to pick a subsequence which falls into one of the three cases, and without loss of generality, we may take that subsequence to be θn itself. (i) Note that B (θn ) ∪ ι (θn ) ⊂ B θn+1







  C (θn ) ⊃ C θn+1 ∪ ι θn+1 .



23 Then note that lim B (θn ) ∪ ι (θn ) = B (θ∗ ) and n



lim C (θn ) = C (θ∗ ) ∪ ι (θ∗ ) . n



The statement then follows from Theorems 9D and 9E of Halmos (1974), which states that if a sequence of sets is monotonic (by the order of containment) and at least one of the sets has finite measure, then the measure of the limit of the sets is equal to the limit of the measure of the sets. Thus n (ϕn ) = µ (A1 ) + lim µ (B (θn )) + ϕn µ (ι (θn )) + β n µ ({p}) lim N11 n



n



= µ (A1 ) + µ (B (θ∗ )) + β ∗ µ ({p}) ∗ = N11 (ϕ = 0) , n lim N12 (ϕn ) = µ (A2 ) + lim µ (C (θn )) + (1 − ϕn ) µ (ι (θn )) + (1 − β n ) µ ({p}) n



n



= µ (A2 ) + µ (C (θ∗ )) + µ (ι (θ∗ )) + (1 − β ∗ ) µ ({p}) ∗ = N12 (ϕ = 0) , n n n lim N21 (ϕn ) = lim (1 − α11 ) (N12 − µ (A2 )) n



n



∗ ∗ = (1 − α11 ) (N22 (ϕ = 0) − µ (A2 )) ∗ = N21 (ϕ = 0) n n n lim N22 (ϕn ) = lim (1 − α22 ) (N11 − µ (A1 )) n



n



∗ ∗ = (1 − α22 ) (N11 (ϕ = 0) − µ (A1 )) ∗ = N22 (ϕ = 0) .



(ii) Note that B (θn ) = B (θ∗ ) , C (θn ) = C (θ), and ι (θn ) = ι (θ) for all n. Thus, the limits in the previous case all hold, except with N n → N ∗ (ϕ = lim ϕn ). (iii) This case is identical to case (i) except that the containments of the B’s and C’s are reversed. Thus, N n → N ∗ (ϕ = 1).continuous in θ0 , and so Φ is an upper hemicontinuous correspondence. We conclude by Lemma 1 that (φ∗ , γ ∗ ) ∈ Φ (θ∗ , β ∗ ). Thus, we may apply Kakutani’s fixed point theorem to obtain a fixed point (θ∗ , β ∗ ). Note that there must be a corresponding λ∗ ∈ [β ∗ µ ({p}) / (β ∗ µ ({p}) + µ (ι (θ∗ ))) , 1] for which the shopping rule (ρ (θ∗ ) , λ∗ ) is an equilibrium for consumers.
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