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Computing the 2-D Discrete Fourier Transform or Sweet-talking MATLAB into Making Cool Pictures Marshall. C. Overcast, MOIL MSU, and Paul. W. Nugent, ORSL MSU



Abstract—This paper covers the methods used to produce accurate and decipherable two dimensional Fourier Transforms using the MATLAB software package. This software implements a two dimensional Fast Fourier Transform (FFT) in its fft2() script. This paper covers the pertinent assumptions that are made by this algorithm. Once the 2-D Fourier Transform of an image is computed, the methods of computing the Point Spread Function and Optical Transfer Function are also discussed. The guidelines presented in this paper assume that the reader is familiar with the integral form of both the one dimensional and two dimensional Fourier transforms, and familiarity with viewing the frequency space outputs of the transforms.



I. INTRODUCTION



T



He Fourier transform was initially based on the concepts of Jean Baptiste Joseph Fourier who in 1822 published the paper “Théorie analytique de la chaleur “. Within this paper he develops the idea that all discontinuous functions could be expressed as a series of sinusoidal waves. His formulation was flawed; however, this idea was a breakthrough and lead to the development of the Fourier series. The Fourier transform of today is capable of expressing a signal as a composition of sinusoidal function. With the development of the computer during the mid 20th century there came a need for a quick method of determining the discrete Fourier transform of a signal. Initially these methods were very processor and memory intense. With the computer technology of the mid 20th century, this meant very large computer and lots of time (24 hrs for a 128 x 128 image!). To decrease the time it took to process these discrete transforms many versions of the Fast Fourier Transform (FFT) were created. The mostly widely used algorithm was developed in 1965 by J.W. Cooley and John Tukey name the Cooley-Tukey algorithm. This algorithm reduced the FFT computation time to O(nlog(n)) from a O(n2). The version of the FFT implemented in MATLAB is largely based on the M. C. Overcast is with Micro Optics and Imaging Lab at MSU, Bozeman, MT 59715 USA (e-mail: [email protected]). P. W. Nugent is with the Optical Remote Sensing Lab at MSU, Bozeman, MT 59715 USA (e-mail: [email protected]).



Cooley-Tukey algorithm with other optimizations. “The execution time for fft depends on the length of the transform. It is fastest for powers of two. It is almost as fast for lengths that have only small prime factors. It is typically several times slower for lengths that are prime or which have large prime factors.”[1]



II. IMPLEMENTATION OF THE FFT2 IN MATLAB The MATLAB software environment provides a powerful set of tools for performing signal analysis and other applications. This tool set comes with a learning curve that can lead to some non-intuitive results when one first attempts an operation. This is very much the case for the implementation of the fft2 MATLAB function. This following section provides a guideline of the basic operation of the function and shows how we sweet-talk the function into producing the outputs we desire. The first of these problems arises with the special layout of the input and the output of these functions. Many of us have become familiar with the frequency space results of the one dimensional Fourier transform. We expect that from most signals there will be a relatively large ‘DC’ component located at the origin and the transform will be mirrored about the origin. This holds true for the two dimensional case where we find the ‘DC’ component located at the origin of the two dimensional plane and the frequency space function is mirrored about this point. This however is not the result of directly using the fft2 function without any pre or post processing. First, we need to create a simple function to be transformed. For this example, a simple 2-D rect function will be used. In order to place our rect in exactly in the center of our matrix we need to define both the rect and the matrix with odd dimensions. We can define our rect using the following MATLAB commands.
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rect = zeros(51); rect(25:35,25:35)=ones(11); surf(rect)



input and the output of the fft2 function. The following section shows how this can be done for the previously defined rect function. First the rect will be shifted in image space. rectshifted=fftshift(rect); surf(rect)



Figure 1: The mesh of a two dimensional rect function 11x11 units wide. This function uses an odd number for its side and its image to ensure that it is exactly centered. Now the fft2 command can applied to this rect. rect_fft = fft2(rect); These complex functions are commonly viewed as magnitude plots. To view the frequency space function the following command should be used. surf(abs(rect_fft))



Figure 3: The rect function after it has been shifted using the fftshift command. If this image was replicated in both the x and y axis, it would still remain continuous at the boundaries. Now that we have shifted the image, we apply the two dimensional Fourier Transform to it. rectfft=fftshift(rectshifted); surf(rectfft)



Figure 2: The direct fft2 of the rect function in Figure 1. The DC components of the frequency space plot have been placed in the corners of the matrix. This result is not what has come to be expected from experience with Fourier Transforms. We expect that the low frequency components should be located near the center of the output matrix and not the edges. MATLAB supplies functions that both pre and post process the image both in image space and frequency space so that the expected results are obtained. The MATLAB function fftshift can be used to shift both the



Figure 4: The rect function after being Fourier Transformed. Note that the DC components are still in the four corners of the image.
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Now after a post processing shift, again using the fftshift command, the expected 2-D sinc pattern can be seen. shiftedrectfft=fftshift(rectfft); surf(shiftedrectfft)



It may be desired, by Tibetan monks post Doctorial Mathematicians, to view the phase of the transformed image. If so desired this may be viewed using the following commands. phase=angle(atan(imag(shiftedrectfft)/real(shiftedrectfft))); surf(phase)



Figure 5: After applying the fftshift command to the Fourier Transform, the image looks a bit more familiar.



Figure 7: This is the phase of the rect function. Note this information goes through many 2π phase shifts. These shifts give the phase a stair step pattern where the phase for a rect should be nearly linear [3].



Now it may be desired at times to see not only the magnitude of the Fourier Transform, but also the finer detail that arises from the power spectrum of the image. To do this, the power spectrum of the frequencies can be displayed using the following commands.



So now that the pre and post processing of an image and the information delivered by the fft2 function is understood, several common 2-D functions and their Fourier Transforms can be explored. The first function is a cosinusoidal wave defined by the following MATLAB commands.



power=10*log(abs(shiftedrectfft).^2+1); surf(power)



2dcos = cos(2πfxx + 2πfyy);



(Note the +1 is to remove errors due to a log(0) possibly occuring)



Figure 6: This is the power spectrum of the rect function plotted in DB instead of linearly. From this the finer structure of the transform is visible.



Figure 8: A cosinusoidal wave propagating at 45 degrees. For this propagation angle the values fx and fy in the function are equal.
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The Fourier Transform of 2dcos defined above is shown below.



After crunching numbers for a few seconds, MATLAB returns the following Fourier Transform.



Figure 9: The Fourier Transform of the cosinusodial wave. Note that there are 2 delta functions representing the frequency of the cosinusodial function. Also note that these two delta functions are turned 45 degrees from axes.



Figure 11: The Fourier Transform of the circ function shown above. Notice the non-airiness of the transform at the edges.



Another common function is the circular aperture that is commonly found in optics labs. By exploring its Fourier Transform some insight into its diffraction pattern can be gained. The circ used below is defined by using the fspecial(‘disk’,radius) command. This command softens the edges of the function, alleviating the discrete nature the circular would otherwise demonstrate. Discretely defined circles tend to have edges that are jagged. These jagged edges introduce frequency components that would not be present in a real circular aperture. These frequencies act as noise in the pattern and corrupt the frequency space diagram. To avoid this problem the ‘soft’ edged circ should be used.



Now, this does not look very much like an Airy pattern. Portions in the center appear to exhibit Airy like qualities, but the tops and edges have some other junk going on. This is due to the assumptions made by the Cooley-Tukey algorithm to decrease the processing time. The algorithm assumes that the image is repeating in both the X and Y directions. To bring about a more interpretable result this assumption must be avoided. The easiest solution is to simply pad the image with zeros increasing the period of the repeating pattern. The circ shown below is the same size as the previous one, but has had zeros padded around it increasing the image size by a factor of four.



Figure 10: A simple circ function which is representative of a circular aperature. This function is designed with "soft" edges using the fspecial('disk',radius) command.



Figure 12: This circ is the same size as the circ in Figure 10. The image has been padded with 0's to increase the period of the repeating pattern assumed in the MATLAB fft2 algorithms.
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Now the Fourier Transform of the padded circ can be taken as before.



Figure 13: The Fourier Transform of the circ with 0 padding viewed over the same region in frequency space. Note that compared with the other fourier transoform that this has much more of an Airy pattern to it. The frequency space image now resembles an airy pattern. The quality of this Airy pattern has not been determined, nor the real extent of the zero padding necessary to accomplish an Airy pattern of given error. These tests would be interesting though none the less and were not within the scope of this project due to time constraints. With the zero padding technique other circularly symmetric images and their Fourier Transform can now be explored. The image below is a circularly symmetric cosinusoidal wave. We have defined this wave by 2



2 0.5



r = cos((2πf (x + y ) )



Now taking the Fourier Transform of this wave is shown below.



Figure 15: The Fourier Transform of the cosinusoidal wave is shown above. Note that this resembles a delta function repeated at a given radius distributed through all angles. III. THE POINT SPREAD FUNCTION AND THE OPTICAL TRANSFER FUNCTION Now that the 2-D Fourier Transform of a given image can be computed with reasonable accuracy this transform can be used to compute other properties of the optical system. The point spread function (PSF) is one such property. The PSF defines the propagation of electromagnetic radiation from a point source. It is defined in spherical coordinates for a Lambert-type radiator[2]. To compute the PSF of a square aperture, we use the following MATLAB commands. sqft=(fftshift(fft2(fftshift(sq1)))); psf = sqft.*conj(sqft); surf(psf);



Figure 14: A cosinusoidal wave with zero padding is defined above. This could represent a circularly symmetric grating material or something else. Figure 16: The PSF of the rect function shown in Figure 1. Another useful optical property of a system that is related to the PSF is the Optical Transfer Function (OTF). The Optical transfer function represents image contrast to object contrast
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ratio of an optical system when viewed in frequency space, taking into account the phase shift between positions occupied by the actual and ideal image [2]. The OTF can be calculated by taking the inverse Fourier Transform of the PSF. To calculate the OTF of the previously defined rectangular aperture the following MATLAB commands can be used.



VI. REFERENCES [1] [2] [3] [4]



otf = fftshift(ifft2(fftshift(psf))); surf(otf);



[5]



[6]



[7] [8]



Figure 17: The OTF of the rect function defined in Figure 1. This closely resembles the convolution of the rect function with itself. IV. CONCLUSIONS We have demonstrated in this paper that an accurate 2-D Fourier Transform of a given image can be determined using MATLAB’s fft2 command. Pre and Post processing of the image matrix through the use of fftshift makes the interpretation of the fft2 results easier. In the case of circularly symmetric functions, zero padding may be required bring about the desired results. This is due to the fft2’s assumption that the image is infinitely periodic in both x and y. From these Fourier Transforms it is trivial to calculate the Point Spread Function (PSF) & Optical Transfer Function (OTF) of an image as well. The interpretation of the PSF and the OTF is left for a later more in-depth discussion. For now it is know that these functions are useful tools in analyzing an optical system.
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