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Consistency of trace norm minimization



Francis Bach INRIA - Willow project D´epartement d’Informatique, Ecole Normale Sup´erieure 45, rue d’Ulm 75230 Paris, France



Abstract Regularization by the sum of singular values, also referred to as the trace norm, is a popular technique for estimating low rank rectangular matrices. In this paper, we extend some of the consistency results of the Lasso to provide necessary and sufficient conditions for rank consistency of trace norm minimization with the square loss. We also provide an adaptive version that is rank consistent even when the necessary condition for the non adaptive version is not fulfilled.



1. Introduction
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tor [Yuan and Lin, 2007, Zhao and Yu, 2006, Zou, 2006]. When learning on rectangular matrices, the rank is a natural extension of the cardinality, and the sum of singular values, also known as the trace norm or the nuclear norm, is the natural extension of the ℓ1 -norm; indeed, as the ℓ1 -norm is the convex envelope of the ℓ0 -norm on the unit ball (i.e., the largest lower bounding convex function) [Boyd and Vandenberghe, 2003], the trace norm is the convex envelope of the rank over the unit ball of the spectral norm [Fazel et al., 2001]. In practice, it leads to low rank solutions [Fazel et al., 2001, Srebro et al., 2005] and has seen recent increased interest in the context of collaborative filtering [Srebro et al., 2005], multi-task learning [Abernethy et al., 2006, Argyriou et al., 2007] or classification with multiple classes [Amit et al., 2007].



In recent years, regularization by various non Euclidean norms has seen considerable interest. In particular, in the context of linear supervised learning, norms such as the ℓ1 -norm may induce sparse loading vectors, i.e., loading vectors with low cardinality or ℓ0 -norm. Such regularization schemes, also known as the Lasso [Tibshirani, 1994] for least-square regression, come with efficient path following algorithms [Efron et al., 2004]. Moreover, recent work has studied conditions under which such procedures consistently estimate the sparsity pattern of the loading vec-



In this paper, we consider the rank consistency of trace norm regularization with the square loss, i.e., if the data were actually generated by a lowrank matrix, will the matrix and its rank be consistently estimated? We provide necessary and sufficient conditions for the rank consistency that are extensions of corresponding results for the Lasso [Yuan and Lin, 2007, Zhao and Yu, 2006, Zou, 2006] and the group Lasso [Bach, 2007a]. We do so under two sets of sampling assumptions detailed in the full paper: a full i.i.d assumption and a non i.i.d assumption which is natural in the context of collaborative filtering.



Preliminary work. Under review by the International Conference on Machine Learning (ICML). Do not distribute.



As for the Lasso and the group Lasso, the necessary condition implies that such procedures do
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not always estimate the rank correctly; following the adaptive version of the Lasso and group Lasso [Zou, 2006], we design an adaptive version to achieve n−1/2 -consistency and rank consistency, with no consistency conditions. Finally, we present a smoothing approach to convex optimization with the trace norm, and we show simulations on toy examples to illustrate the consistency results. The full paper (submitted to JMLR) [Bach, 2007b] may be downloaded from http://hal. archives-ouvertes.fr/hal-00179522
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