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Summary. We consider a discrete-time two-sector Cobb-Douglas economy with positive sector specific external effects. We show that indeterminacy of steady states and cycles can easily arise with constant or decreasing social returns to scale, and very small market imperfections. This is in sharp contrast with most of the contributions in the literature in which increasing social returns are required to generate indeterminacy. Keywords and Phrases: Sector specific externalities, Constant and decreasing social returns, Indeterminacy, Cycles. JEL Classification Numbers: C62, E32, O41.



1 Introduction Recently there has been a growing literature on the existence of indeterminate equilibria in dynamic general equilibrium economies1 . Indeterminacy means that there exist a continuum of equilibria starting from the same initial condition, all of which converging to a steady state. One of the main explanations for the  We would like to thank T. Mitra for very useful comments and suggestions. The paper also benefited from comments received during a presentation at the “Conference on Dynamic Equilibria, Expectations and Indeterminacies”, Paris, June 14-16, 1999. 1 An incomplete list of papers includes Benhabib and Nishimura [4], Benhabib and Farmer [2], Benhabib and Perli [5], Boldrin and Rustichini [6], Drugeon [9, 10], Drugeon and Venditti [11], Spear [16], Venditti [17].
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occurrence of indeterminate equilibria relies on market imperfections associated with fixed costs, entry costs or external effects. Beside the obvious effect of rendering the associated competitive equilibrium inefficient, it is well-known that such market imperfections also permit the existence of sunspot equilibria, i.e. equilibrium allocations influenced by purely extrinsic belief shocks (Cass and Shell [7], Woodfoord [18]). Most of the contributions in this area deal with increasing returns to scale ecomomies in which increasing returns is a crucial property to obtain indeterminacy.2 Recently Benhabib and Nishimura [4] proved that indeterminacy may be obtained in economies with constant social returns in the continuous time framework. Drugeon [9, 10] provides similar results in a more general framework with constant private and social returns. In the present paper we study a discrete time two sector model with concave production functions and provide conditions for periodic and quasi periodic cycles as well as indeterminacy of steady state. We consider a discrete-time two-sector Cobb-Douglas economy with positive sector specific external effects. The model consists in a discrete-time extension of Benhabib and Nishimura [4]. The analysis is based on an equivalence between the case with nonlinear single period utility function, technologies with constant private returns to scale3 , and the case with linear preferences and decreasing, constant or increasing social returns to scale. We focus our analysis first on the existence of local sunspots through the indeterminacy properties of a steady state, and second on the existence of endogenous fluctuations based on Flip and Hopf bifurcations. The main results of this paper are as follows. Based on the equivalence above mentioned, the analysis is conducted with a linear single period utility function. We first consider the case with constant social returns to scale. In contrast with the continuous-time framework studied by Benhabib and Nishimura [4], we prove that indeterminacy does not necessarily need any destruction of the duality between the Stolper-Samuelson and Rybczynski effects. In particular, Proposition 2 shows that the steady state may be indeterminate even if the consumption good is capital intensive from the private and social perspectives. We also provide some sufficient conditions for the existence of a Flip bifurcation. Second, when constant private returns to scale are considered, we prove that indeterminate quasi-periodic paths may appear through a Hopf bifurcation. Finally, we consider the configuration with decreasing social returns to scale in the consumption good sector. We provide conditions under which the existence of indeterminate steady states and cycles may be obtained with a strictly concave objective function in the consumer’s optimization program. Exception of Benhabib and Nishimura [4] who consider constant social returns, this is in sharp contrast with most of the contributions in which increasing social returns are required to generate indeterminacy. 2 If we allow increasing returns multiple equilibrium paths may follow without introducing externalities. See Deckert and Nishimura [8], Majumdar and Nermuth [14], Mitra and Ray [15] for the characterization of optimal growth paths with increasing returns. 3 The presence of externalities thus implies increasing social returns.
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Section 2 contains a presentation of the model, a discussion on the existence of a steady state, and gives the characteristic polynomial. Sections 3, 4 and 5 respectively deal with the constant, increasing and decreasing social returns to scale configurations. Section 6 finally contains some proofs. 2 The model 2.1 The basic structure We consider a discrete-time two-sector economy having an infinitely-lived representative agent with single period linear utility function given by u(c) = c There are two goods: the pure consumption good, c, and the pure capital good, k . Each good is assumed to be produced with a Cobb-Douglas technology which contains some positive sector specific externalities. We denote by c and y the outputs of sectors c and k : β1 β2 2 c = AKcα1 Lα c , y = BKy Ly



with A = Kca1 Lac 2 , B = Kyb1 Lby 2 and a1 , a2 , b1 , b2 ≥ 0. Labor is normalized to one, Lc +Ly = 1, and the total stock of capital is given by Kc +Ky = k . We assume total depreciation of capital in one period so that the capital accumulation equation is kt+1 = yt . The consumer’s optimization program will be given by ∞ 



max



Kc,t ,Lc,t ,Ky,t ,Ly,t ,kt ,yt



s.t.



α1 α2 ρt At Kc,t Lc,t



(1)



t=0 β1 β2 yt = Bt Ky,t Ly,t



1 = Lc,t + Ly,t kt = Kc,t + Ky,t kt+1 = yt k0 gi ven Depending on the value of the technology parameters, the social returns to scale for the technologies in program (1) may be decreasing, constant or increasing.4 β1 β2 2 Definition 1. We call c = AKcα1 Lα c , y = BKy Ly the production functions from 2 +a2 , y = Kyβ1 +b1 Lβy 2 +b2 the production the private perspective, and c = Kcα1 +a1 Lα c functions from the social perspective. 4



Our model is compatible with non linear utility and privately constant returns production func¯2 a¯ a¯ ¯ cα¯ 1 Lα ¯ β¯ 1 β¯ 2 ¯ 1 + α¯ 2 = β¯1 + β¯2 = 1, A¯ = Kc 1 Lc 2 , tions . Let u(c) = c σ , c = AK c , y = B Ky Ly , with α ¯1 b¯2 b −1 and denote αi = σ α¯ i , ai = σ a¯ i , βi = β¯i , bi = b¯ i , and B¯ = Ky Ly . Let σ = (α¯ 1 + α¯ 2 + a¯ 1 + a¯ 2 ) i = 1, 2, A = A¯ σ and B = B¯ . The two economies are equivalent in the sense that maximizing the sum of discounted utility subject to the technology constraints will give identical solutions.
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Factor intensities may be determined by the coefficients of the Cobb-Douglas functions. If β1 /β2 > ( (


(3) (4)



From the first order conditions w.r.t. (kt , yt ) we obtain − pt + ρωt+1 = 0 Mixing equations (3-5) with yt = kt+1 gives the Euler equation:     T2 kt , kt+1 , At , Bt + ρT1 kt+1 , kt+2 , At+1 , Bt+1 = 0 where T1 = ∂T ∂k and T2 = transversality condition



∂T ∂y



(5)



(6)



. Any sequence needs also to satisfy the following



  lim ρt kt T1 kt , kt+1 , At , Bt = 0



t→+∞



{kt }+∞ t=0



Let denote the solution of this problem. This path depends on the choice ∞ of the sequences {At }∞ t=0 and {Bt }t=0 which reflect the agents’ expectations. If ∞ expectations are realized, i.e. if the sequences {At }∞ t=0 and {Bt }t=0 satisfy the following relationships:  a1  a2 ˆ ˆ At = Lc (kt , kt+1 , At , Bt ) Kc (kt , kt+1 , At , Bt ) (7) Bt



 b1  b2 ˆ ˆ Ly (kt , kt+1 , At , Bt ) = Ky (kt , kt+1 , At , Bt )



(8)
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for t = 0, 1, 2, ..., then the sequence {kt }+∞ t=0 is called an equilibrium path. We assume that solving the system of simultaneous equations (7), (8), gives At and Bt ˆ t , kt+1 ) and Bt = Bˆ (kt , kt+1 ). Substituting as functions of (kt , kt+1 ), namely At = A(k these expressions into equations (3), (4) and identifying (k , y) and (kt , kt+1 ) gives p and ω as functions of (kt , kt+1 ). Then the Euler equation along an equilibrium path may be expressed as follows: − p(kt , kt+1 ) + ρω(kt+1 , kt+2 ) = 0



(9)



2.2 Steady state A steady state is defined by kt = kt+1 = yt = k ∗ and is given by the solving of −p(k ∗ , k ∗ ) + ρω(k ∗ , k ∗ ) = 0. By a simple adaptation of the proof of Lemma 1 in Baierl, Nishimura and Yano [1] we obtain: Lemma 1. In our model with Cobb-Douglas production functions defined in 2.1, there exists a unique stationary capital stock k ∗ such that: β2 +b2 1−β  β1 +β2 +b1 +b2 1 −b1 α1 β2 ∗ (ρβ1 ) 1−β1 −b1 k = α2 β1 + (α1 β2 − α2 β1 )ρβ1 The local behavior of equilibrium paths around a steady state k ∗ may be studied by the following characteristic equation obtained by linearizing the Euler equation at the steady state:



∂ω ∂ω ∂p ∗ ∗  ∂p ∗ ∗ ρ (k ∗ , k ∗ )x 2 + x ρ (k ∗ , k ∗ ) − (k , k ) − (k , k ) = 0 (10) ∂y ∂k ∂y ∂k Lemma 2. The characteristic equation (10) is equivalent to the following  P (x ) = x 2 ρ (α2 + a2 )α1 β2 + (α1 + a1 − 1)α2 β1 − ρβ1 (1 − α1 − a1 )(α1 β2 − α2 β1 )  + x α2 (β1 + b1 + β2 + b2 )(1 − α1 − a1 )(1 − ρβ1 ) +



ρα1 β2 (β1 + b1 )(1 − α1 − a1 − α2 − a2 )



+



α2 (1 − ρβ1 )2 (1 − β1 − b1 − β2 − b2 )  ρ(1 − ρβ1 ) α2 β1 (1 − α1 − a1 − β2 − b2 )  α1 β2 (1 − α2 − a2 − β1 − b1 ) + ρ2 α1 β1 β2 (1 − α1 − a1 − α2 − a2 )   α2 (1 − ρβ1 ) (α1 + a1 )(β1 + b1 + β2 + b2 ) − (β1 + b1 )



+ + +



− ρα1 β2 (β1 + b1 )(1 − α1 − a1 − α2 − a2 ) = 0



(11)
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Proof. See Appendix 6.1. The roots of this characteristic equation determine the local dynamics of equilibrium paths around the steady state. Definition 2. A steady state k ∗ is called locally indeterminate if there exists > 0 such that from any k0 belonging to (k ∗ − , k ∗ + ) there are infinitely many equilibrium paths converging to the steady state. If both roots of the characteristic equation have modulus less than one then the steady state is locally indeterminate. If a steady state is not locally indeterminate, then we call it locally determinate. Throughout this paper we are concerned with local indeterminacy, in relation to returns to scale and the size of externalities. The following proposition shows that if the consumption good sector is concave from the social perspective and the investment good sector has decreasing marginal product of capital at the social level, then local indeterminacy is never possible if the investment good sector is capital intensive from the private perspective. Proposition 1. Let 1 − α1 − a1 − α2 − a2 ≥ 0 and 1 − β1 − b1 > 0. If the investment good is capital intensive from the private perspective, then the steady state is locally determinate. Proof. The proof proceeds in two steps. First note that when x = 1, some simple computations allow to simplify the characteristic polynomial as follows   P (1) = (1 − ρβ1 )(1 − β1 − b1 ) α2 (1 − ρβ1 ) + ρα1 β2 Then P (1) > 0 if and only if 1−β1 −b1 > 0. Second, consider the coefficient associated with the term x 2 in the characteristic equation. We obtain easily =



(α2 + a2 )α1 β2 + (α1 + a1 − 1)α2 β1 − ρβ1 (1 − α1 − a1 )(α1 β2 − α2 β1 ) (1 − ρβ1 )(1 − α1 − a1 )(α1 β2 − α2 β1 ) − α1 β2 (1 − α1 − a1 − α2 − a2 )



It follows that if 1 − α1 − a1 − α2 − a2 ≥ 0 and the investment good is capital intensive at the private level, then limx →∞ P (x ) = −∞. The rest of the proof is obvious.   This proposition implies that if the production functions of both sectors are concave from the social perspective, then the consumption good sector must be capital intensive from the private perspective for the steady state to be locally indeterminate. 3 Constant social returns to scale 3.1 Local indeterminacy We first consider the case in which the social returns to scale are constant in both sectors.
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Assumption 1. The production functions from the social perspective are linearly homogeneous, that is α1 + a1 + α2 + a2 = β1 + b1 + β2 + b2 = 1



(12)



Lemma 3. Under Assumption 1, the characteristic roots of (11) are x1 =



α2 , ρ(α2 β1 − α1 β2 )



x2 = 1 −



β2 + b2 α2 + a2



Proof. Substituting equation (12) into the characteristic equation (11) gives    x ρ(α1 β2 − α2 β1 ) + α2 x (α2 + a2 ) + (α1 + a1 − β1 − b1 ) = 0 The result of the lemma follows.



 



Note that the sign of x1 is determined by factor intensity differences at the private level, while the sign of x2 is determined by factor intensity differences at the social level. By Proposition 1 for the steady state to be locally indeterminate it is necessary that the consumption good is capital intensive from the private perspective. Hence we assume α1 /α2 − β1 /β2 > 0, and therefore x1 is negative. Local indeterminacy of steady states may be obtained under slightly stronger conditions. Proposition 2. Under Assumption 1, let the consumption good sector be capital intensive at the private level with α1 /α2 − β1 /β2 > 1/ρβ2 . Then the steady state is locally indeterminate if and only if β1 + b1 > (α1 + a1 ) − (α2 + a2 )



(13)



Proof. The negative root x1 is greater than -1 if and only if α2 (1 + ρβ1 ) < ρα1 β2 . Consider first the case x2 > 0, i.e. β1 + b1 > (α1 + a1 ). It follows easily that under assumption 1, x2 < 1. Consider now the case x2 < 0, i.e. β1 + b1 < (α1 + a1 ). Then x2 is greater than -1 if and only if β1 + b1 > α1 + a1 − α2 − a2 .   Condition (13) is always satisfied if the consumption good is labor intensive from the social perspective. It can be also satisfied in the case in which the consumption is capital intensive from the social perspective. Therefore the proposition may be restated as in the following corollary. Corollary 1. Under Assumption 1, let the consumption good sector be capital intensive at the private level with α1 /α2 − β1 /β2 > 1/ρβ2 . Then the steady state is locally indeterminate if and only if one of the following sets of conditions is satisfied i) the consumption good is labor intensive from the social perspective; ii) the consumption good is capital intensive from the social perspective and β1 + b1 > (α1 + a1 ) − (α2 + a2 ).
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Proof. The result follows from the fact that under assumption 1, β1 +b1 > (α1 +a1 ) is equivalent to (β1 + b1 )/(β2 + b2 ) − (α1 + a1 )/(α2 + a2 ).   Benhabib and Nishimura [4] have conducted a similar analysis with a twosector Cobb-Douglas economy in continuous time. They also assume that the social returns to scale in both sectors are constant. They prove that if the consumption good is capital intensive from the private perspective, but labor intensive from the social perspective, then the steady state is indeterminate. This corresponds to condition i ) of Corollary 1 above. However our results require additional restriction on the factor intensity difference at the private level. Moreover in the discrete time model, even in the case the consumption good is capital intensive from both private and social perspectives indeterminacy can take place as in ii ) in Corollary 1. To understand the intuition for these results we need to refer to Rybczynski and Stolper-Samuelson effects which are respectively given in symbols by the derivatives (dy/dk ) and (d ω/dp). The Rybczynski theorem operates through “private” factor intensities, while the Stolper-Samuelson theorem operates through “social” factor intensities. We easily derive the following result in our discrete time framework:5 α2 α2 + a2 dω dy = = and dk ρ(α2 β1 − α1 β2 ) dp ρ(β1 + b1 − α1 − a1 ) Note that the characteristic roots satisfy x1 = dy/dk and x2 = (d ω/dp)−1 . Starting from an equilibrium path, let the agents believe that given kt there is another equilibrium in which the shadow price of investment pt is higher than its current value. From pt = −T2 (kt , yt , At , Bt ), this results in an increase6 of yt and therefore an increase of kt+1 since yt = kt+1 . The question is to know whether or not this new sequence can be an equilibrium. Let us first deal with the result given by Proposition 1. We approximate our dynamical system by the linearized system evaluated at the steady state, and give intuitions on local indeterminacy. When the investment good is capital intensive from the private perspective, the Rybczynski theorem implies a more than proportional increase in its output, and (dy/dk ) > 1. In this case the steady state is always locally determinate. When the investment good is labor intensive from the private perspective, the Rybczynski theorem implies a decline in its output yt+1 . In this case |dy/dk | < 1 becomes possible and may offset the initial rise of yt . From pt+1 = −T2 (kt+1 , yt+1 , At+1 , Bt+1 ), the decrease of yt+1 implies a decline of pt+1 . If the investment good is capital intensive at the social level (case i ) of Corollary 1), then given kt , from the Stolper-Samuelson theorem, the decrease of pt+1 implies a more than proportional decline in the rental rate ωt+1 , i.e. d ω/dp > 1. The roots x1 and x2 may therefore be inside the unit circle. This implies local indeterminacy. 5



See Appendix 6.2. We assume throughout this intuitive argument that dT2 (kt , yt , A(kt , yt ), B (kt , yt ))/dyt has the same sign as T22 . 6
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Consider now the case in which the investment good is also labor intensive at the social level (case ii ) of Corollary 1). From the Euler equation pt = ρωt+1 , the initial rise of pt leads to a more than proportional increase of the rental rate of capital ωt+1 since ρ ≤ 1. The Stolper-Samuelson theorem implies therefore a decrease in the price of the investment good pt+1 , which is less intensive in the use of capital inputs. This decrease may be more than proportional, i.e. |(d ω/dp)−1 | < 1, and it may offset the initial rise. In this case the equilibrium may be locally indeterminate.



3.2 Period-two cycles Assume that all the hypothesis of Proposition 2 are satisfied. If ρ decreases and violates the condition α1 /α2 − β1 /β2 > 1/ρβ2 , then period two cycles appear. This is due to the loss of local indeterminacy of the steady state. Proposition 3. Under Assumption 1, let α1 /α2 > β1 /β2 + 1/β2 . If β1 + b1 > (α1 + a1 ) − (α2 + a2 ) then when the discount factor ρ crosses from above the bifurcation value ρ∗ =



α2 


the steady state becomes saddle-point stable, and there exist equilibrium periodtwo cycles either in a right or in a left neighbourhood of ρ∗ . Proof. Condition α1 /α2 > β1 /β2 + 1/β2 ensures that when ρ = 1, the eigenvalue x1 is negative and greater than −1. Condition β1 + b1 > (α1 + a1 ) − (α2 + a2 ) ensures for any configuration of the capital intensity difference at the social level that the eigenvalue x2 is less than 1 in absolute value. The steady state is thus locally indeterminate for any ρ in a neighbourhood of 1. We may thus define a bifurcation value ρ∗ < 1 such that x1 when evaluated at ρ = ρ∗ is equal to −1. The result therefore follows from a simple application of the Flip bifurcation theorem (see Guckenheimer and Holmes [13]).   The stability properties of the period-two cycles will depend on the type of the Flip bifurcation. If the cycles exist in a left neighbourhood of ρ∗ , there exists a neighbourhood W of the periodic-points such that from any initial condition in W there are multiple equilibrium paths converging to the period-two cycle. In this case, the period-two cycles may be called to be locally indeterminate7 . If the cycles exist in a right neighbourhood of ρ∗ , they are unstable while the steady-state is locally indeterminate. 7 This local indeterminacy of period-two cycles is similar to the one that occurs in the Woodford model (see figure 4.b in Grandmont, Pintus and de Vilder [12]).
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3.3 Examples Let us consider the following values for the parameters: α1 = 7/12, α2 = 17/48, a1 = 1/48, a2 = 1/24, β1 = 11/48, β2 = 37/48, b1 = b2 = 0. For ρ ∈]ρ∗ , 1] with ρ∗ ≈ 0.961, we have −1 < x1 < 0 and −1 < x2 < 0. Moreover, ρ∗ is a Flip bifurcation value. Note that there is no external effect in the investment good sector, while the real production function of the consumption good is very close to a technology with constant returns to scale, i.e. α1 + α2 = 45/48.



4 Constant private returns to scale 4.1 Local indeterminacy We consider now the case of constant private returns to scale in both sectors. Assumption 2. The production functions from the private perspective are linearly homogeneous, that is α1 + α2 = β1 + β2 = 1 First note that all the indeterminacy results of the previous section may be extended by continuity to cases with increasing social returns to scale. Let us consider the simple configuration in which there are only external effects coming from labor in the consumption good sector. Assumption 3. a1 = b1 = b2 = 0. The characteristic polynomial (11) becomes:  P (x )



= x ρ α2 (α1 − β1 ) + 2



a2 α1 β2 1−ρβ1



 2  + x α22 + ρ α1 − β1 − + α2 (α1 − β1 ) +



ρa2 α1 β1 β2 1−ρβ1







ρa2 α1 β2 (1+β1 ) 1−ρβ1







=0



Let us denote by D (ρ) the product of the characteristic roots: α2 (α1 − β1 )(1 − ρβ1 ) + ρa2 α1 β1 β2  D (ρ) = 



ρ α2 (α1 − β1 )(1 − ρβ1 ) + a2 α1 β2 We first show that this product is less than one for ρ sufficiently close to one. Lemma 4. Under Assumptions 2 and 3, let the consumption good be capital intensive from the private perspective. Then there exists a unique ρ∗ ∈]0, 1[ such that D (ρ∗ ) = 1. Moreover, 0 < D (ρ) < 1 for all ρ ∈]ρ∗ , 1].
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Proof. Under assumption 2, if the consumption good is capital intensive from the private perspective then α1 −β1 > 0. The inequality D (ρ) ≤ 1 is thus equivalent to 



 G (ρ) = ρ2 α2 β1 (α1 −β1 )−ρ α2 (α1 −β1 )(1+β1 )+a2 α1 β2 (1−β1 ) +α2 (α1 −β1 ) ≤ 0 The result follows from the fact that G (0) = α2 (α1 − β1 ), G (1) = −a2 α1 β2 (1 − β1 ) and limρ→∞ G (ρ) = +∞.   We may thus state the following result on indeterminacy: Proposition 4. Under Assumptions 2 and 3, let the consumption good be capital intensive from the private perspective, and ρ ∈]ρ∗ , 1]. The steady state is locally indeterminate if α1 − β1 > α2 ≥ ρ(α1 − β1 ). Proof. The characteristic polynomial is such that = α2 (α1 − β1 )(1 − ρβ1 ) + ρa2 α1 β1 β2  



 P (1) = α1 − β1 + α2 α2 + ρ(α1 − β1 ) 



 



P (−1) = α1 − β1 − α2 α2 − ρ(α1 − β1 ) + P (0)



2ρa2 α1 β2 (1+β1 ) 1−ρβ1



If α1 − β1 > α2 ≥ ρ(α1 − β1 ), all the above expressions are positive and the steady state is locally indeterminate since D (ρ) < 1.   We may also consider the case introduced by Benhabib and Farmer [2] in the continuous time model in which the production technologies for both sectors are identical. But here we do not assume an elastic labor supply. Corollary 2. . Under Assumptions 2 and 3, let the production functions of both sectors be identical from the private perspective (i.e. α1 = β1 ) and ρ ∈]ρ∗ , 1]. The steady state is locally indeterminate if 2ρa2 α1 (1 + α1 ) > α2 (1 − ρα1 ). Proof. The result follows from D (ρ) = α1 , P (0) = ρa2 α12 α2 , P (1) = α22 , and P (−1) = −α22 + 2ρa2 α1 α2 (1 + α1 )(1 − ρα1 )−1 .   4.2 Quasi periodic paths We now focus on the configuration with complex eigenvalues which cannot appear with constant social returns. The discriminant of the characteristic polynomial is  2 ρa α β (1 + β ) 2  2 1 2 1 2 ∆(ρ, a2 ) = α2 + ρ α1 − β1 − 1 − ρβ1   a2 α1 β2 ρa2 α1 β1 β2 α2 (α1 − β1 ) + (14) − 4ρ α2 (α1 − β1 ) + 1 − ρβ1 1 − ρβ1
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If there is no externality we know that the characteristic equation has always real roots. Therefore the discriminant is positive, i.e. ∆(ρ, 0) ≥ 0 holds. However it can be shown that for any ρ ∈]0, 1], ∂∆ ∂a2 (ρ, a2 )|a2 =0 < 0. If β1 is close enough √ √ to ( ρα1 − α2 )/ ρ, then ∆(ρ, 0) can be close to 0. Therefore the introduction of small labor externalities in the consumption good sector can give a negative discriminant and some complex eigenvalues. Furthermore it is possible that by changing the discount factor both complex roots may cross the unit circle from inside and periodic or quasi-periodic paths may appear as solutions. Proposition 5. Under Assumptions 2, 3, let the consumption good be capital intensive from the private perspective, ρ∗ be the critical value defined in Lemma 4, a2 > [α2 − (α1 − β1 )]2 /α1 (1 + 3β1 ) and the discriminant of the characteristic polynomial satisfies ∆(ρ∗ , a2 ) < 0. Then when the discount factor ρ crosses the bifurcation value ρ∗ from above, the steady state becomes totally unstable, and either in a right or in a left neighbourhood of ρ∗ there generically exists a circle which is invariant under the Euler equation (9).8 Proof. See Appendix 6.3. Paths starting on the circle may be periodic or quasi-periodic. Given k0 , there may be two equilibrium paths on the circle. This is indeterminacy of equilibrium path. Note that this cannot occur without external effects. As in the constant private returns configuration with period-two cycles, the stability properties of the circle will depend on the type of the Hopf bifurcation. If the bifurcation is supercritical then the invariant circle exists in a left neighbourhood of ρ∗ and attracts all the paths in the neighbourhood. Those paths converging to the circle are all equilibrium paths. Therefore given k0 there are infinitely many equilibrium paths which are indeterminate. In the subcritical case where the circle exists in a right neighbourhood of ρ∗ , it is unstable. Thus, for a given value of ρ, the circle defines a basin of attraction for the steady-state.



4.3 Examples Let us consider the following values for the parameters: α1 = 5/8, α2 = 3/8, a2 = 1/48, β1 = 1/6, β2 = 5/6. For any ρ ∈]ρ∗ , 1] with ρ∗ ≈ 0.941, the discriminant is strictly negative, and the complex eigenvalues are such that |x | < 1. Note that indeterminacy only requires here increasing returns of about 0.02. Moreover, it is easy to check that ∆(ρ, a2 ) < 0 for any ρ ∈]0.34, 1], and that ρ∗ ≈ 0.94 is a Hopf bifurcation value. 8 From the Euler equation (9) we can define a function h and a mapping (k , x ) → (k t t t+1 , xt+1 ) ≡ (xt , h(kt , xt )), and the circle is invariant under this mapping.
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5 Decreasing social returns to scale 5.1 Local indeterminacy As in Section 4, we assume that there are only external effects coming from labor in the consumption good sector. Moreover we will consider the case of constant returns for the technology of the investment good, while the consumption good is characterized by decreasing social returns. All these restrictions are summarized by Assumption 4. The investment good technology has constant returns to scale while the production function of the consumption good has decreasing returns from the social perspective, that is β1 + β2 = 1,



α1 + α2 + a2 < 1



and



a1 = 0



The characteristic equation (11) becomes:   P (x ) = x 2 ρ a2 α1 β2 + α2 (α1 − β1 ) + ρβ1 (1 − α1 )(α2 β1 − α1 β2 )  +



x α2 (1 − α1 )(1 − ρβ1 ) + ρ(1 + ρ)α1 β1 β2 (1 − α1 − α2 ) 







+



ρ(1 − ρβ1 ) α2 β1 (β1 − α1 ) + α1 β2 (β2 − α2 ) − ρa2 α1 β2 (1 + β1 )



+



α2 (α1 − β1 )(1 − ρβ1 ) − ρα1 β1 β2 (1 − α1 − α2 − a2 ) = 0







The product of the characteristic roots D (ρ) is in this case: D (ρ) =



α2 (α1 − β1 )(1 − ρβ1 ) − ρα1 β1 β2 (1 − α1 − α2 − a2 ) ρ[a2 α1 β2 + α2 (α1 − β1 ) + ρβ1 (1 − α1 )(α2 β1 − α1 β2 )]



We now prove that D (ρ) may be less than 1 for ρ sufficiently close to one. Lemma 5. Under Assumptions 4 and 5, if α1 > β1 then there exists a unique ρ∗ ∈]0, 1[ such that D (ρ∗ ) = 1. Moreover, D (ρ) < 1 for all ρ ∈]ρ∗ , 1]. Proof. Under the assumptions of the lemma, the inequality D (ρ) ≤ 1 is equivalent to G (ρ)



ρ2 β1 (1 − α1 )(α1 β2 − α2 β1 )  − ρ α1 β1 β2 (1 − α1 − α2 ) + α2 (α1 − β1 )(1 + β1 ) + a2 α1 β2 (1 − β1 ) =



+



α2 (α1 − β1 ) ≤ 0



Moreover α1 > β1 implies α1 β2 > α2 β1 . It follows easily that G (0) = α2 (α1 − β1 ) > 0, G (1) = −a2 α1 β2 (1 − β1 ) < 0 and limρ→∞ G (ρ) = +∞.   Assumption 5. The parameters αi , βi , i = 1, 2, and a2 satisfy: a2 α1 β2 + α2 (α1 − β1 ) > ρβ1 (1 − α1 )(α1 β2 − α2 β1 )
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If α1 ≥ β1 and the factor intensity difference at the private level is not too large, then this condition is satisfied. We introduce the additional assumption: Assumption 6. For ρ = 1, the parameters αi , βi , i = 1, 2, and a2 satisfy: 



 2a2 α1 (1 + β1 ) + 4α1 α2 + (α1 + α2 )β1 > (α1 + α2 )(1 + β1 )2 We thus easily derive in the no-discounting case: Proposition 6. Let ρ = 1 and a2 α1 β2 + α2 (α1 − β1 ) > β1 (1 − α1 )(α1 β2 − α2 β1 ). Under Assumptions 4, 5 and 6, the steady state is locally indeterminate if one of the following set of conditions is satisfied: i) α1 > β1 ; ii) the consumption good is labor intensive from the social perspective but capital intensive from the private perspective. Note that α1 > β1 implies that the consumption good is capital intensive from the private and social perspectives. Proof. In the proof of Proposition 1 it is shown that under Assumption 4, P (1) > 0. Some tedious but straightforward computations show that Assumption 6 implies P (−1) > 0. The condition a2 α1 β2 + α2 (α1 − β1 ) > β1 (1 − α1 )(α1 β2 − α2 β1 ) ensures that limx →±∞ P (x ) = +∞. In case i ), α1 > β1 implies α1 β2 > α2 β1 . Moreover Lemma 5 ensures that D (ρ) < 1 for all ρ ∈]ρ∗ , 1]. The steady state is thus locally indeterminate when ρ = 0. Note that if P (0) < 0 the eigenvalues are real with opposite sign while if P (0) > 0 the eigenvalues are real or complex. In case ii ), we have on the contrary α1 < β1 , and P (0) = α2 β2 (α1 − β1 ) − α1 β1 β2 (1 − α1 − α2 − a2 ) is strictly negative. Therefore D (ρ) is negative and the result follows from the fact that the join holding of P (1) > 0 and P (−1) > 0 ensures the existence of two real eigenvalues with opposite sign and modulus less than 1.   5.2 Examples We first illustrate case i) of Proposition 6. Let ρ = 1 and consider the following values for the parameters: α1 = 0.5, α2 = 0.4597, a2 = 0.04, β1 = 1/48, β2 = 47/48. The characteristic roots are negative and greater than −1. The steady state is locally indeterminate with small external effects and slightly decreasing returns measured by 1 − 0.9997 = 0.0003. Moreover, if ρ crosses the bifurcation value ρ¯ ≈ 0.987 from above, period two cycles appear. We may also consider the following set of parameters’ values for which the eigenvalues have opposite sign: α1 = 0.43, α2 = 0.13, a2 = 0.38, β1 = 0.2, β2 = 0.8. The steady state is locally indeterminate with quite strong external effects but highly decreasing returns 1 − 0.94 = 0.06. Moreover, if ρ crosses the bifurcation value ρ¯ ≈ 0.9373 period two cycles appear.
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Let us now illustrate case ii ) of Proposition 6. We choose the following coefficients: α1 = 0.39, α2 = 0.1, a2 = 0.44, β1 = 0.31, β2 = 0.69. The characterisitc roots are real with opposite sign. The steady state is locally indeterminate with quite strong external effects but highly decreasing returns 1 − 0.93 = 0.07. Moreover, if ρ crosses the bifurcation value ρ¯ ≈ 0.9346 period two cycles appear.



6 Appendix 6.1 Proof of Lemma 2 The first order conditions w.r.t. (Kc,t , Lc,t , Ky,t , Ly,t ) derived from the Lagrangian (2) are:9 c − ω0 Lc



=



0



(15)



c −ω Kc



=



0



(16)



y − ω0 Ly



=



0



(17)



y −ω Ky



=



0



(18)



BKyβ1 Lβy 2 − y



=



0



(19)



1 − Lc − Ly



=



0



(20)



k − Kc − Ky



=



0



(21)



α2



α1 pβ2



pβ1



At the steady state, the Euler equation (9) becomes p = ρω



(22)



Substituting this expression in equation (18) gives Ky = ρβ1 k . It follows that Kc = k − Ky = (1 − ρβ1 )k , and thus from equation (16) c=



ω(1 − ρβ1 )k α1



(23)



2 +a2 Let us consider the first order conditions (15-21) with c = Kcα1 +a1 Lα c α1 +a1 α2 +a2 and y = Ky Ly . The differenciation of this system with respect to (Lc , Kc , Ly , Ky , p, µ1 , ω) gives the following matrix



9



Time index is omitted to simplify notation.
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 (α +a −1)ω2 2



         ˜ H =            =



2



α2 c



0



(α2 +a2 )ω0 ω α2 c



(α1 +a1 )ω0 ω α1 c



0



0



0



(α1 +a1 −1)ω 2 α1 c



0



0



0



(β2 +b2 −1)ω02 ρβ2 yω



(β1 +b1 )ω0 ρβ1 y



ω0 p



0



0



0



0



(β2 +b2 )ω0 ρβ2 y



(β1 +b1 −1)ω ρβ1 y



ρ−1



0



0



(β2 +b2 )ω0 pβ2



(β1 +b1 ) ρβ1



0



−1



0



−1



0



0



0  H Q ¯ 0 Q



−1



0



−1



0



−1



0



0



0







  0 −1    −1 0     0 −1   0 0    0 0 



¯ the 3 × 4 matrix, with H the 4 × 4 block diagonal matrix, Q the 4 × 3 matrix, Q ˜ is a non singular bordered Hessian, and 0 the 3 × 3 null matrix. The matrix H and the implicit function theorem gives     ˜ −1 0 0 0 0 dy 0 − dk dLc dKc dLy dKy dp d ω0 d ω = H ˜ may be written as If H is non singular the determinant of H ¯ −1 Q| ˜ = |H|| − QH |H|



(24)



H is a block diagonal matrix, and it clearly appears from its expression that the two blocks on the diagonal are non singular if the technologies have non constant social returns and thus |H| = / 0. We may now compute H−1 . Some straightforward algebra give:   (α +a −1)ω2 |H | 1 1 22 − (α1 +a1α)ω1 0cω|H22 | 0 0 α1 c       − (α2 +a2 )ω0 ω|H22 | (α2 +a2 −1)ω02 |H22 | 0 0   c α α c 2 2 −1   H = (β1 +b1 −1)ω|H11 | (β1 +b1 )ω0 |H11 |    0 0 − ρβ1 y ρβ1 y     2 (β2 +b2 )ω0 |H11 | (β2 +b2 −1)ω0 |H11 | 0 0 − ρβ2 y ρβ2 yω0 Applying the Cramer’s rule to solve the above linear system, and using again the determinant property (24), we obtain:      0 −1           0  −1  0   ˜ −1 dy |H| − −1 0 −1 0 d ω = |H| H ω0      −1 0 −1 0 −1  p   −1 ρ 0     0 −1       (β2 +b2 )ω0 (β1 +b1 )    0   0 0 0 −1 pβ ρβ    ω0 − 2 1 H − dk  |H|    −1   −1 0 −1 0 p   −1 ρ 0
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dp



=



     −1 ˜ −1 dy |H| − |H| 0 



−1 0



0 −1
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0 −1











−



    0  dk |H| − −1



0 0



(β2 +b2 )ω0 pβ2



(β1 +b1 ) ρβ1



−1



0



 H−1 







−1 0 −1 0







0 −1 0 −1



−1  0 H−1   −1 0



       0     −1    0     −1



Some tedious but straightforward algebra yield after simplifications based on equations (22-23):  dω ω02 −1 ˜ = −|H| ρ2 β1 β2 y 2 α2 (1−ρβ1 )2 (α2 + a2 )α1 β2 + (α1 + a1 − 1)α2 β1 dy + ρβ1 (α1 + a1 − 1)(α1 β2 − α2 β1 ) dω ω02 ˜ −1 2 = |H| 2 α (1−ρβ )2 ρ β β y 1 2 2 1 dk







α2 ρ (β1



+ b1 + β2 + b2 )(1 − ρβ1 )(α1 + a1 − 1) 



− α1 β2 (1 − α1 − a1 − α2 − a2 )(β1 + b1 )  dp ω02 2 ˜ −1 2 = |H| 2 2 ρ β1 β2 y α2 (1−ρβ1 ) α2 (1 − ρβ1 ) (1 − β1 − b1 − β2 − b2 ) dy  + ρ(1 − ρβ1 ) α2 β1 (1 − α1 − a1 − β2 − b2 )







+α1 β2 (1 − α2 − a2 − β1 − b1 )  + ρ α1 β1 β2 (1 − α1 − a1 − α2 − a2 ) 2



  dp ω02 −1 ˜ = |H| ρ2 β1 β2 y 2 α2 (1−ρβ1 )2 α2 (1 − ρβ1 ) (β1 + b1 + β2 + b2 )(α1 + a1 ) dk  − (β1 + b1 ) − ρα1 β2 (β1 + b1 )(1 − α1 − a1 − α2 − a2 )



Substituting all these expressions in equation (10) gives, after simplifications, the characteristic polynomial (11). In the linear homogeneous case, the matrix H is singular, and the characteristic polynomial needs to be computed by inverting ˜ Note however that the same result may be obtained by imposing α1 + a1 + H. α2 + a2 = β1 + b1 + β2 + b2 = 1 in the above partial derivatives.  
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6.2 Rybczynski and Stolper-Samuelson effects Consider first the Rybczynski effects. From the first order conditions (15-18), we obtain at the equilibrium:      c 1 a00 a01 = (25) a10 a11 y k with



a10 = Kc /c = α1 /ω, a00 = Lc /c = α2 /ω0 , a01 = Ly /y = pβ2 /ω0 , a11 = Ky /y = pβ1 /ω. Solving system (25) w.r.t. c gives py(α2 β1 − α1 β2 ) + α1 ω0 = α2 ωk . Total differenciation at constant prices yields: dy α2 = dk ρ(α2 β1 − α1 β2 )



Consider now the Stolper-Samuelson effects. Substituting the first order conditions (15-18) into the production functions of the consumption and investment goods with social constant returns give: ω α1 +a1 ω0α2 +a2 ω



β1 +b1



ω0β2 +b2



= α1α1 +a1 α2α2 +a2 =



pβ1β1 +b1 β2β2 +b2



(26) (27)



From equation (27) we derive the wage rate ω0 = (β1 )(β1 +b1 )/(β2 +b2 ) β2 ω −(β1 +b1 )/(β2 +b2 ) p 1/(β2 +b2 )



(28)



and we subsitute it into equation (26). Taking then the logarithmic derivative and considering the Euler equation gives α2 + a2 dω = dp ρ(β1 + b1 − α1 − a1 ) 6.3 Proof of Proposition 5 We first provide the following technical results: Lemma 6. Under Assumptions 2, 3, let the consumption good be capital intensive from the private perspective, a 2 = [α2 − (α1 − β1 )]2 /α1 (1 + 3β1 ) and ρ = 1. If a2 > a 2 , the discriminant of the characteteristic polynomial satisfies ∆(1, a2 ) < 0. Proof. Under Assumptions 2, 3, since a2 α1 > a2 α1 β1 , the discriminant (14) satisfies #2 " #2 " ∆(1, a2 ) < α22 + (α1 − β1 )2 − a2 α1 (1 + β1 ) − 4 α2 (α1 − β1 ) + a2 α1 β1 It follows that ∆(1, a2 ) < 0 if α22 + (α1 − β1 )2 − a2 α1 (1 + β1 ) < 2α2 (α1 − β1 ) + 2a2 α1 β1 This inequality holds as soon as a2 > [α2 − (α1 − β1 )]2 /α1 (1 + 3β1 ).
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Lemma 7. Under Assumptions 2, 3, let the consumption good be capital intensive from the private perspective and a2 > a 2 . Then there exists ρ¯ ∈]0, 1[ such that ∆(ρ, a2 ) < 0 for all ρ ∈]ρ, ¯ 1]. Proof. If a2 > a 2 , ∆(1, a2 ) < 0 and it follows from the expression of the discriminant that ∆(0, a2 ) > 0.   Proof of Proposition 5. Let the consumption good be capital intensive from the private perspective and a2 > a 2 . Lemmas 6 and 7 ensures that the discriminant is strictly negative for all ρ ∈]ρ, ¯ 1]. If the bifurcation value ρ∗ < 1 given in Lemma 4 satisfies ∆(ρ∗ , a2 ) < 0, the eigenvalues when evaluated at ρ = ρ∗ are complex conjugate with modulus equal to 1. The result therefore follows from a simple application of the Hopf bifurcation theorem (see Guckenheimer and Holmes [13]).   References 1. Baierl, G., Nishimura, K., Yano, M.: The role of capital depreciation in multi-sectoral models. Journal of Econ. Behav. and Organization 33, 467–479 (1998) 2. Benhabib, J., Farmer, R.: Indeterminacy and sector specific externalities. Journal of Monetary Economics 37, 397–419 (1996) 3. Benhabib, J., Nishimura, K.: Competitive equilibrium cycles. Journal of Economic Theory 35, 284–306 (1985) 4. Benhabib, J., Nishimura, K.: Indeterminacy and sunspots with constant returns. Journal of Economic Theory 81, 58–96 (1998) 5. Benhabib, J., Perli, R.: Uniqueness and indeterminacy: on the dynamics of endogenous growth. Journal of Economic Theory 63, 113–142 (1994) 6. Boldrin, M., Rustichini, A.: Growth and indeterminacy in dynamic models with externalities. Econometrica 62, 323–342 (1994) 7. Cass, D., Sell, K.: Do sunspots matter? Journal of Pol. Econ. 91, 193–227 (1983) 8. Deckert, D. W., Nishimura, K.: A complete characterization of optimal growth paths in an aggregated model with nonconcave production function. Journal of Economic Theory 31, 332– 354 (1983) 9. Drugeon, J. P.: On the production possibility frontier in multi-sectoral economies. Working Paper EUREQua, 1999.105 (1999) 10. Drugeon, J. P.: On the equilibrium production possibility frontier, factors substitutability and the irrelevance of returns to scale for the emergence of local indeterminacies in multi-sectoral economies. Working Paper EUREQua, 2000.125 (2000) 11. Drugeon, J. P., Venditti, A.: Intersectoral external effects, multiplicities and indeterminacies. Journal of Econ. Dynam. Control 25, 765–787 (2001) 12. Grandmont, J. M., Pintus, P., de Vilder, R.: Capital-labor substitution and competitive nonlinear endogenous business cycles. Journal of Economic Theory 80, 14–59 (1998) 13. Guckenheimer, J., Hommes, P.: Nonlinear oscillations, dynamical systems, and bifurcations of vector fields. Berlin Heidelberg New York: Springer 1983 14. Majumdar, M., Nermuth: Dynamic optimization in non-convex models with irreversible investment: monotonicity and turnpike results. Zeitschrift f¨ur Nationalokonomie 42, 339–362 (1982) 15. Mitra, T., Ray, D.: Dynamic optimization on a non-convex feasible set: some general results for non-smooth technologies. Zeitschrift f¨ur Nationalokonomie 44, 151–175 (1983) 16. Spear, S.: Growth, externalities and sunspots. Journal of Economic Theory 54, 215–223 (1991) 17. Venditti, A.: Indeterminacy and endogenous fluctuations in two-sector growth models with externalities. Journal of Econ. Behav. Org. 33, 521–542 (1998) 18. Woodford, M.: Stationary sunspot equilibria: the case of small fluctuations around a deterministic steady state. Mimeo, University of Chicago (1986)
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