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Yajun Yin · Jie Yin · Dong Ni



General Mathematical Frame for Open or Closed Biomembranes (Part I): Equilibrium Theory and Geometrically Constraint Equation Received: 18 December 2003 / Revised version: 22 February 2005 / c Springer-Verlag 2005 Published online: 6 June 2005 –  Abstract. This paper aims at constructing a general mathematical frame for the equilibrium theory of open or closed biomembranes. Based on the generalized potential functional, the equilibrium differential equation for open biomembrane (with free edge) or closed one (without boundary) is derived. The boundary conditions for open biomembranes are obtained. Besides, the geometrically constraint equation for the existence, formation and disintegration of open or closed biomembranes is revealed. The physical and biological meanings of the equilibrium differential equation and the geometrically constraint equation are discussed. Numerical simulation results for axisymmetric open biomembranes show the effectiveness and convenience of the present theory.



1. Introduction How to depict the topological structures [1] and predict the shape transitions [2–4] in biomembranes is of special importance in cell biology [5, 6]. A typical example is the shape changes in human red blood cells (RBC). A normal resting RBC is of biconcave discord shape (discocyte). Under certain conditions, the discocyte may be transformed into [7] cup-like shape (stomatocyte) or spiculated shape (echinocyte). These shape transformations in RBC are of special biological and medical importance: They are always accompanied by some serious human blood disorders [8]. In addition to closed biomembranes, open ones may also be an interesting topic in mathematical biology. Recently, open liposome membranes and open bilayer membranes with free edges are discovered in experiment, and various shape transitions between different topologies are confirmed [9]. This experimental phenomenon has attracted the attentions of researchers in theoretical physics and mathematical biology [10, 11]. To understand the physical mechanisms for the above shape transitions, a general mathematical frame for the equilibrium and stability of open or closed biomembranes is indispensable. The reasons are as follows: Y. Yin, J. Yin, D. Ni: Department of Engineering Mechanics, School of Aerospace, FML Tsinghua University. 100084, Beijing, China. e-mail: [email protected] Key words or phrases: Biomembranes – Equilibrium – Differential equation – Geometrically constraint equation
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First, the equilibrium theory and stability theory are closely related to such important topics as the existence and stability of biomembranes. In the past decades, the quantitative solutions for various biomembranes with detailed topology have been intensively explored. In contrast, the study on the qualitative topics seems to be insufficient. A general mathematical frame with universality will enrich our knowledge about these topics. Second, the topological structures of biomembranes diverse, which makes it unrealistic to develop the mathematical model for every special topology. Besides, biomembranes such as cell membranes are highly inhomogeneous. The distributions of various components such as lipid molecules, protons, enzymes and the complicated interactions between them may strongly affect the configurations and topologies of membranes. If a general mathematical frame is made, researchers may be able to deal with membranes with arbitrary topologies and component distributions in a unified theoretical framework. Third, a biomembrane may be regarded geometrically as a curved surface or two-dimensional Riemann space with micro bio-structures. Recent explorations on lipid bilayer vesicles have shown that such a surface or space may not be generated freely and constraint condition has to be observed [12]. Because of the similarity in geometrical structures between vesicles and biomembranes, it’s predictable that such kind of constraint condition may also exist in biomembranes. A general mathematical frame may enable us to confirm such condition. Fourth, the general mathematical frame for biomembranes is seldom involved in mathematical biology in the past. On the other hand the mathematical problems of equilibrium and stability require certain level of understanding of differential geometry that may not be available in mathematical biology. This situation strengthens the necessity for the general mathematical frame for biomembranes. Because both the equilibrium and the stability of biomembranes are very complicated, this paper will be just confined to the former with the latter left for the succeeding paper. As far as the equilibrium theory is concerned, the following contents will be included. First, a general formulation for the potential functional of open or closed biomembranes is suggested. Second, by minimizing this functional, the general differential equations and boundary conditions for the equilibrium configurations of biomembranes are derived. Third, the geometrically constraint equation for open or closed biomembranes is revealed. Fourth, the meaning of the equilibrium differential equation and the geometrically constraint equation is discussed. 2. The Equilibrium differential equation and geometrically constraint equation for open biomembranes 2.1. Equilibrium equation for open biomembranes An open biomembrane may be geometrically regarded as a curved surface A with a boundary curve C, as shown in Fig. 1. The general form for the total potential functional F of the open biomembrane is defined as    F = φ (H, K, ρ, kc , kG , c0 , · · · · · ·) dA + λdA + γ ds (1) A



A



C
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Fig. 1. A curved surface with boundary C. n is the unit normal of the surface. t is the unit tangent to the positive direction of the curve C . m = t × n is the unit vector on the tangent plane and normal to the curve C.



Here φ is the general form of free energy density. H and K are respectively the membrane’s mean and Gauss curvature. At  curvature   a point  marked by the Gaussian coordinate u1 , u2 on the membrane, ρ = ρ u1 , u2 is the material density     of the biomembrane. kc = kc u1 , u2 , kG = kG u1 , u2 and c0 = c0 (u1 , u2 ) are respectively the elastic modulus and the spontaneous curvature. λ = λ(u1 , u2 ) = λin + λout is the sum of the densities of the surface energy on the inner and outer surfaces. γ is the edge energy density on the boundary. Suppose arbitrary and small virtual displacement, ψ, takes place along the normal direction of the membrane’s surface, then the equilibrium differential equation and boundary conditions may be derived by the minimization of the total potential functional F , i.e. δ (1) F = 0: 1 2 2 ∇ φ,H + ∇ φ,K + f = 0 2 



or



∇ ·V +f =0



  1 φ,H + κn φ,K  = 0 2 C



(2)



(3)







   d τg φ,K  1 κn γ + m · ∇φ,H + m · ∇φ,K +  =0  2 ds



(4)



C



where 1 ∂ ∇2 = ∇ · ∇ = √ g ∂ui







√ ij ∂ gg ∂uj



 , ∇ = gi



∂ ∂ui ,



(i, j = 1, 2)



(5)
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1 ∂ 2 ∇ =∇ ·∇ = √ g ∂ui







√ ˆ ij ∂ gL ∂uj







, ∇ = gi Lˆ ij



∂ ∂uj ,



(i, j = 1, 2)



(6) 



 f = 2H 2 − K φ, H + 2H Kφ, K + 2Hρφ, ρ − 2H (λ + φ)



(7)



V = ∇φ,H 2 + ∇φ,K, φ,H = ∂φ ∂H , φ,K = ∂φ ∂K, φ,ρ = ∂φ ∂ρ



(8)



H =



1 L 1 (c1 + c2 ) = g ij Lij, K = c1 c2 = 2 2 g



(9)



In Eq. (2) ∼ Eq. (9), gi and gi are respectively the covariant and contravariant base the covariant vectors. gij and g ij are respectively     and the contravariant components of the metric tensor. g = gij  and L = Lij  are two determinants and Lij is the covariant component of the second fundamental tensor L . Lˆ ij is the contravariant component of a tensor formulated by Lˆ = K L¯ = KL−1 . c1 and c2 are the principle curvatures. In Eq. (5), ∇ and ∇ 2 are respectively the conventional gradient 2 operator and the Laplace-Beltrami operator. In Eq. (6), ∇ [13–15] and ∇ [13, 15, 16] are respectively the gradient operator and the scalar differential operator that dn didn’t exist in classical differential geometry. κn = − dn ds · t and τg = ds · m are respectively the normal curvature and geodesic torsion at a point on curve C, with n the unit normal of the surface, t the unit tangent to the positive direction of the curve C and m = t × n the unit vector on the tangent plane and normal to the curve C. 2.2. Geometrically constraint equation for open biomembranes The geometrically constraint equation (GCE) is a concept defined very recently. For closed vesicles with uniform rigidities the GCE has been given in Ref. [12]. The GCE for open membranes may be deduced in the same way as that in Ref. [12]. Taking surface integral of Eq. (2) one has  



1 2 2 ∇ φ,H + ∇ φ,K + f 2



 dA = 0



(10)



A



According to Appendix C, Eq. (10) will lead to   fdA = κn γ ds A



(11)



C



This is the GCE for open biomembranes. This equation is a geometrical (instead of physical, mechanical or biological) constraint to Eq. (2).
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3. The Equilibrium differential equation and geometrically constraint equation for closed biomembranes The general form for the total potential functional F of the closed biomembrane is suggested as    F =  φ (H, K, ρ, kc , kG , c0 , . . . . . .) dA +



pdV +  λdA (12) A



V



A



where p = p(u1 , u2 ) = pout − pin is the difference between the outer pressure and inner pressure acted on the biomembrane. In comparison with Eq. (1), Eq. (12) has two different points: (a) The potential of the external load p occurs, because pressure difference on the membrane exists. (b) The edge energy term γ vanishes, because boundary disappears for a closed biomembrane. Similar to the previous section, the equilibrium differential equation of closed biomembranes is proven to be 1 2 2 ∇ φ,H + ∇ φ,K + f = 0 2



or



∇ ·V +f =0



(13)



In appearance Eq. (13) is the same as Eq. (2), but the scalar function f in Eq. (13) should be written as 



 f = 2H 2 − K φ,H + 2H Kφ,K + 2Hρφ,ρ − 2H (λ + φ) + p (14) Different from Eq. (7), Eq. (14) includes the pressure difference p . Similar to open membrane, the closed one has the following GCE:   fdA = 0 (15) A



Eq. (15) may be a special case of Eq. (11). If the boundary curve C converges to a point outside it, then open membrane will be closed. Thus the right side of Eq. (11) will vanish and Eq. (11) will degenerate to Eq. (15). 4. A Few discussions on the mathematical frame 4.1. About the equilibrium differential equations Eq. (2) (or Eq. (13)) is the general form of the equilibrium differential equation along the normal direction of the open (or closed) biomembrane. It represents a class of nonlinear partial differential equations on curved surfaces and depicts the shapes and topologies of open (or closed) biomembranes. This equation is controlled either 2 by two scalar differential operators ∇ 2 and ∇ or by two vector differential operators ∇ and ∇. Besides, the scalar function f forms the intensity of the source for the divergence of the vector field V. Eq. (2) and Eq. (13) may be rewritten respectively as 



 2 (λ + φ) H − 2H 2 − K φ,H − 2H Kφ,K − 2Hρφ,ρ − ∇ · V = 0 (2)’
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p = 2 (λ + φ) H − 2H 2 − K φ,H − 2H Kφ,K − 2Hρφ,ρ − ∇ · V



(13)’



Eq. (2)’ means that for an open biomembrane the surface tension and the internal forces distributed within the membrane keep a self-equilibrium force system. Eq. (13)’ implies that for a closed biomembrane the pressure difference p, which may be regarded as an external force, is balanced by the surface tension and internal forces. Eq. (3) and Eq. (4) are two boundary conditions for an open biomembrane. The former means the moment equilibrium of points on the curve C along the tangent direction, and the latter implies the force equilibrium of points on curve C along the normal direction of the surface. For open biomembranes, the edge energy γ does not occur in Eq. (2), but just affects the boundary condition in Eq. (4). For closed biomembrane, there is no boundary conditions. The advantages of present mathematical frame are very obvious. Once the free energy density φ is known, the equilibrium differential equations and boundary conditions for biomembranes can be written at once without any difficulty. With the aid of this frame, lengthy and tedious derivation processes (e.g. in Ref. [13]) are completely avoided, and researchers may save a lot of time and refrain from any possible mistake when they study biomembranes. In the past, to get the similar mathematical frame for open membranes, complicated exterior differential forms in differential geometry have to be used [11]. Nevertheless, to establish present mathematical frame, simple differential forms and perfect integral theorems for differential operators defined on biomembranes [14, 15] are sufficient enough. Therefore, this paper provides a simplified frame of differential geometry for biomembranes. 4.2. About the geometrically constraint equation Mechanically, the GCE in Eq. (11) (or Eq. (15)) may be the necessary condition for a biomembrane to keep equilibrium. Mathematically, this equation is the precondition for the existence of Eq. (2) (or Eq. (13)) as well as its solutions. Physically, Eq. (11) (or Eq. (15)) defines a “parameter space” for biomembranes. Inside the space biomembranes exist and all the physical parameters such as the pressure difference p, the surface tension λ, the material coefficients kc and kG , the material density ρ and the edge energy γ are closely related to each other. Outside the space biomembranes will collapse because the GCE is violated. Biologically, Eq. (11) (or Eq. (15)) may lead to the geometrically permissible criteria for the formation, existence and disintegration of cell membranes with certain topologies. The physical parameters of cell membranes depend on the distributions of the heterogeneous components such as lipid bilayers, protons and enzymes, and may be influenced by environments. Once environments vary, the physical parameters may be changed. Cell membranes may exist if the physical parameters are “located” inside the parameter space and disintegrate if the physical parameters “move” outside the space. On the boundary of the space, cell membranes may “meet” the critical states at which the geometrically permissible criteria may be written.
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In short, the GCE may be of special importance. Surprisingly, the GCE for biomembranes has not been reported in the past. This situation should catch the attention of researchers in such disciplines as cell biology, biophysics and mathematical biology. It’s reasonable to believe that the GCE may replenish our knowledge about biomembranes. 5. Numerical results for axisymmetric open biomembranes Numerical results for axisymmetric membranes with free edges are shown in Fig. 2. The Helfrich free energy [2, 3] is chosen and the parameters are selected as c0 = −0.8µm−1, λ/λkc = 0.08µm−2 . In Fig. 2, the solid line corresponds to α = 0.8µm−1 (the initial curvature at the bottom point of the curve), γ /kc = 3.18µm−1 ¯ c = 1.1268. The point line corresponds to α = 0.85µm−1 , γ /kc = and k/k ¯ c = 7.2829 . The dash line corresponds to α = 0.75µm−1 , 51.602µm−1 and k/k ¯ c = 1.4046. γ /kc = −0.75378µm−1 and k/k To meet the geometrically constraint equation, the solution space for axisymmetric open membranes must be limited and the physical parameters must be carefully matched. 6. Conclusions The general differential equation provides a powerful tool and unified framework for researchers to study the equilibrium configurations of biomembranes. The geomet-



Fig. 2. The outline of axisymmetric vesicles with free edge. Parameters are chosen as c0 = −0.8µm−1 , λ/kc = 0.08µm−2 . The solid line corresponds to α = 0.8µm−1 , ¯ c = 1.1268. The point line corresponds to α = 0.85µm−1 , γ /kc = 3.18µm−1 and k/k −1 ¯ c = 7.2829. The dash line corresponds to α = γ /kc = 51.602µm and k/k ¯ c = 1.4046. 0.75µm−1 , γ /kc = −0.75378µm−1 and k/k
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rically constraint equation enriches our knowledge about the formation, existence and disintegration of biomembranes. In a word, this paper lays a solid theoretical basement for the explorations of biomembranes. References [1] Boal, D.: Mechanics of the Cell. London: Cambridge University Press, 2002 [2] Ou-Yang, Z.C., Liu, J.X., Xie, Y.Z.: Geometric Methods in the Elastic Theory of Membranes in Liquid Crystal Phases. Word Scientific, 1999 [3] Ou-Yang, Z.C., Helfrich, W.: Bending Energy of Vesicle Membranes: General Expressions for the First, Second and Third Variations of the Shape Energy and Applications to Spheres and Cylinders. Phys. Rev. A. 39, 5280–5288 (1989) [4] Leibler, S.: Curvature instability in membranes. J. Phy. (Paris) 47, 507–516 (1986) [5] Mukhopadhyay, R., Lim, H., Wortis, M.: Echinocyte shapes: bending, stretching, and shear determine spicule shape and spacing. Biophys. J., 82, 1756–1772 (2002) [6] Lim, H., Wortis, M., Mukhopadhyay, R.: Stomatocyte-discocyte- echinocyte sequence of the human red blood cell: Evidence for the bilayer-couple hypothesis from membrane mechanics. Proc. Natl. Acad. Sci. USA, 99 (26), 16766–16769 (2002) [7] Bessis, M., Weed, R.I., Leblond, P.F. (eds.): Red cell shape: Physiology, Pathology, Ultrastructure. Springer, Heidelberg, 1973 [8] Igliˇc, A.: A possible mechanism determining the stability of speculated red blood cells. J. Biomech., 30, 35–40 (1997) [9] Saitoh, A., Takiguchi, K., Tanaka, Y., Hotani, H.: Opening-up of liposomal membranes by talin. Proc. Natl. Acad. Sci. 95, 1026–1030 (1998) [10] Capovilla, R., Guven, J., Santiago, J.A.: Lipid membranes with an edge. Phys. Rew. E. 66, 021607-(1–6) (2002) [11] Tu, Z.C., Ou-Yang, Z.C.: Lipid membranes with free edges. Phys. Rev. E. 68, 061915(1–7) (2003) [12] Yin, Y., Yin, J.: Geometrical Constraint Equation and Geometrically Permissible condition for Vesicles. Chin. Phys. Lett., 21 (10), 2057–2058 (2004) [13] Yin, Y., Chen, Y., Ni, D., Shi, H., Fan, Q.: Shape equations and curvature bifurcations induced by inhomogeneous rigidities in cell biomembranes. J. Biomech., Digital Object Identifier (DOI), 2005 [14] Yin, Y.: Integral Theorems Based on A New Gradient Operator Derived from Biomembranes (Part I), Tsinghua Science and Technology. 10 (3), 369–372 (2005) [15] Yin, Y.: Integral Theorems Based on A New Gradient Operator Derived from Biomembranes (Part II): Deduced Transformations and Applications. Tsinghua Science and Technology, 10 (3), 373–377 (2005) [16] Naito, H., Okuda, M., Ou-yang, Z.C.: Preferred equilibrium structures of a smectic-A phase grown from an isotropic phase: Origin of focal conic domains. Phys. Rev. E. 52 (2), 2095–2098 (1995)



Appendix A Deviation of the Equilibrium Differential Equation and Boundary Conditions for Open Biomembranes Usually, physical parameters of the inhomogeneous membrane may vary when its shape changes. To keep simplicity, and as the first order approximation, suppose
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the physical parameter ρ is changed but other ones such as p, λ, kc , kG , c0 and γ are not perturbed during variational processes. Thus the variation terms in Eq. (1) can be expressed as  δ



(1)



F =



φδ



(1)



dA +



 



 φ,H δ (1) H + φ,K δ (1) K + φ,ρ δ (1) ρ dA



A



A







+



 λδ



(1)



γ δ (1) ds



dA+



A



(A.1)



C



The variation of dA, H can be cited from Refs.[2, 3] δ (1) dA = −2H ψdA 



 1 δ (1) H = ∇ 2 ψ + 2H 2 − K ψ 2



(A.2) (A.3)



The deviation of δ (1) K can be found in Appendix B: 2



δ (1) K = ∇ ψ + 2H Kψ



(A.4)



If the diffusion on biomembrane is neglected, the mass conservation law will assure δ (1) (ρdA) = 0



or δ (1) ρ = −ρ



δ (1) dA dA



(A.5)



On the boundary curve C, the first variation of the arc-length element is δ (1) ds = −κn ψds



(A.6)



Substitution of Eq. (A-2) ∼ Eq. (A-6) into Eq. (A-1) will lead to   δ (1) F =



  1 2 φ,H ∇ 2 ψ + φ,K ∇ ψ + f ψ dA − κn γ ψds 2



A



(A.7)



C



where f is formulated by Eq. (7). According to the conventional Green theorem 2 about ∇ 2 and the new integral theorem about ∇ [15], the formulations below can be deduced      φ,H ∇ 2 ψdA = ∇ 2 φ,H ψdA+ m · φ,H ∇ψ − ψ∇φ,H ds (A.8) 



A



2







φ,K ∇ ψdA = A



C



2







∇ φ,K ψdA+ A



C



  m · φ,K ∇ψ − ψ∇φ,K ds (A.9)
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Combination of Eq. (A-7) ∼ Eq. (A-9) will give    1 2 2 δ (1) F = ∇ φ,H + ∇ φ,K + f ψdA 2 A    1 φ,H m · ∇ψ + φ,K m · ∇ψ ds + 2 C    1 − κn γ + m · ∇φ,H + m · ∇φ,K ψds 2 C



In Eq. (A-10), the line integral term 



(A.10)



φ,K m · ∇ψds needs to be specially treated.



C



On the boundary curve C, it is easy to get the relations m · Lˆ = κn m + τg t and m · ∇ψ = m · Lˆ · ∇ψ = κn m · ∇ψ + τg t · ∇ψ. The line integral term may be rewritten as    φ,K m · ∇ψds = κn φ,K m · ∇ψds + τg φ,K t · ∇ψds (A.11) C



C











κn φ,K m · ∇ψds +



= C







C



τg φ,K dψ = C







κn φ,K m · ∇ψds − C



  ψd τg φ,K



C



At last Eq. (A-10) becomes       1 2 1 2 δ (1) F = ∇ φ,H + ∇ φ,K + f ψdA + φ,H + κn φ,K m · ∇ψds 2 2 A C     d τg φ,K 1 κn γ + m · ∇φ,H + m · ∇φ,K + − ψds (A.12) 2 ds C



For arbitrary ψ and ∇ψ, δ (1) F = 0 will lead to Eq. (2) ∼ Eq. (4). Appendix B The First Variation of the Gauss Curvature From Eq. (9), δ (1) K may be written as  1 (1) L 1  (1) δ L − 2 δ (1) g = δ L − Kδ (1) g g g g   (1) According to the definition L = Lij  , δ L can be expressed by δ (1) K =



δ (1) L = L11 δ (1) L22 + L22 δ (1) L11 − 2L12 δ (1) L12



(B.1)



(B.2)



δ (1) Lij can be taken from Refs.[2, 3]   δ (1) Lij = ∇i ψ,j − 2H Lij − Kgij ψ



(B.3)
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where ∇i ψ,j =



∂ 2ψ ∂ψ − ijk k = ψ,ij − ijk ψ,k i j ∂u ∂u ∂u



(B.4)



ijk is the Christoffel symbol. Combination of Eq. (B-3) and Eq. (B-4) will lead to δ (1) L = L11 ∇2 ψ,2 + L22 ∇1 ψ,1 − 2L12 ∇1 ψ,2 + [K (L11 g22 + L22 g11 − 2L12 g12 ) − 4H L] ψ L¯ ij



The components Lij, (the contravariant component of the tensor L¯ = gij, g ij can be related by



(B.5) L−1 )



L11 = LL¯ 22 , L22 = LL¯ 11 , L12 = −LL¯ 12 g11 = gg 22 , g22 = gg 11 , g12 = −gg 12 Substitution of Eq. (B-6) and Eq. (B-7) into Eq. (B-5) will give 



 δ (1) L = L L¯ ij ∇i ψ,j − 2H ψ



and



(B.6) (B.7)



(B.8)



In Eq. (B-1), δ (1) g can be cited from Ref.[3] δ (1) g = −4Hgψ From Eq. (B-1), Eq. (B-8) and Eq. (B-9),



δ (1) K



(B.9)



can be finally determined



δ (1) K = K L¯ ij ∇i ψ,j + 2H Kψ = Lˆ ij ∇i ψ,j + 2H Kψ It’s easy to prove 1 ∂ 2 ∇ ψ=√ g ∂ui







√ ˆ ij ∂ψ gL ∂uj







= Lˆ ij ∇i ψ,j



(B.10)



(B.11)



At last one obtains Eq. (A-4). Appendix C Deviation of the Geometrically Constraint Equation for Open Biomembranes Let ψ = Constant, Eq. (A-8) and Eq. (A-9) will give [15]   ∇ 2 φ,H dA = m · ∇φ,H ds A



C







2







∇ φ,K dA = A



m · ∇φ,K ds



(C.2)



C



By combining Eq. (C-1), Eq. (C-2) and Eq. (10), one gets     1 ∇φ,H + ∇φ,K ds = 0 f dA + m · 2 A



(C.1)



C



Substitution of Eq. 4 into Eq. (C-3) will derive Eq. (11).



(C.3)
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