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Minimal Inequalities for Constrained Infinite Relaxations of MIPs Sercan Yıldız Carnegie Mellon University, Pittsburgh, PA Introduction



Results



We study the following constrained infinite relaxation of a mixed-integer program: X X x =f + rsr + ryr ,



• Results on Minimal Valid Functions We say that a function π : Rn → R satisfies the generalized symmetry condition if the equality   1  π(r ) = sup  (1 − π(x − f − kr )) : x ∈ S, k ∈ Z++ k holds for all r ∈ Rn. n Theorem: Let π : R → R. π is a minimal valid function for Gf ,S if and only if π(0) = 0, π is subadditive and satisfies the generalized symmetry condition. n n Remark: When S = Z , a subadditive function π : R → R such that π(0) = 0 and 0 ≤ π ≤ 1 satisfies the generalized symmetry condition if n and only if it is periodic with respect to Z and satisfies the symmetry condition. n Theorem: Let ψ, π : R → R be two functions such that (ψ, π) is a valid function pair for Mf ,S . (ψ, π) is minimal for Mf ,S if and only if π is a minimal valid function for Gf ,S and ψ is defined as in (*).



r ∈Rn



(IR)



r ∈Rn n



x ∈ S := P ∩ Z , n sr ∈ R+ for all r ∈ R , n yr ∈ Z+ for all r ∈ R , s, y have finite support. Assumptions: The system (IR) is equivalent to Gomory and Johnson’s mixed-integer infinite group relaxation P is a rational polyhedron. n when S = Z . f ∈ conv(S) \ S. (This is needed only in results on integer lifting.) Let Mf ,S denote the set of solutions (s, y ) that satisfy (IR) for some x ∈ S. n Valid functions. Given two functions ψ, π : R → R, (ψ, π) is said to be valid for Mf ,S if the P P inequality r ∈Rn ψ(r )sr + r ∈Rn π(r )yr ≥ 1 holds for all (s, y ) ∈ Mf ,S . Minimal valid functions. A valid function pair (ψ, π) for Mf ,S is minimal if there is no valid function 0 0 0 0 pair (ψ , π ) distinct from (ψ, π) such that ψ ≤ ψ and π ≤ π. Furthermore, let Gf ,S := {y : (0, y ) ∈ Mf ,S } and Rf ,S := {s : (s, 0) ∈ Mf ,S } represent the set of solutions to the pure-integer and continuous infinite relaxations, respectively.



•



Results on Integer Lifting



Let Lψ be the lineality space of Rψ . Preliminaries • Preliminaries on Minimal Valid Functions A function π : Rn → R is subadditive if π(r1) + π(r2) ≥ π(r1 + r2) for all r1, r2 ∈ Rn. Given a lattice Λ ⊂ Rn, a function π is periodic with respect to Λ if π(r ) = π(r + w) for all r ∈ Rn and w ∈ Λ. For a n given f ∈ R , a function π is said to satisfy the symmetry condition if π(r ) = 1 − π(−f − r ) for any n r ∈R . n Theorem [GJ72]: Let π : R → R be a nonnegative function. π is a minimal valid function for Gf ,Zn n if and only if π(0) = 0, π is subadditive, periodic with respect to Z and satisfies the symmetry condition. n Theorem [Joh74]: Let ψ, π : R → R be two functions such that (ψ, π) is a valid function pair for Mf ,Zn and π ≥ 0. (ψ, π) is minimal if and only if π is a minimal valid function for Gf ,Zn and ψ is defined as π(r ) n ψ(r ) := lim+ , ∀r ∈ R . (*) →0  • Preliminaries on Integer Lifting n n Given a valid function ψ : R → R for Rf ,S , a function π : R → R is a lifting of ψ if (ψ, π) is valid for Mf ,S . Let ψ be a minimal valid function for Rf ,S . n + Theorem [CCZ11, BCC 12]: There exists a region Rψ ⊂ R , containing the origin in its interior, where any minimal lifting π coincides with ψ. Furthermore, this region is the union of finitely many polyhedra which have the same linear subspace as their recession cone.



lin(conv(S)) = R × {0}. Condition (1) is satisfied in both figures. Condition (2) is satisfied in the right one only.



Theorem: If there exists a unique minimal lifting of ψ, then n Lψ + lin(conv(S)) = R . Corollary: If there exists a unique minimal lifting of ψ, then lin(conv(S)) 6= {0}. Corollary: Suppose Lψ = {0}. If there exists a unique minimal lifting of ψ, n n n then S = Z and Rψ + Z = R . References ˆ M. Conforti, G. Cornuejols, ´ A. Basu, M. Campelo, and G. Zambelli. On lifting integer variables in minimal inequalities. In Proceedings of IPCO 2010, volume 6080 of Lecture Notes in Computer Science, pages 85–95, Lausanne, Switzerland, June 2010. ˆ M. Conforti, G. Cornuejols, ´ A. Basu, M. Campelo, and G. Zambelli. Unique lifting of integer variables. Mathematical Programming Ser. A, 2012. DOI: 10.1007/s10107-012-0560-9. ´ M. Conforti, G. Cornuejols, and G. Zambelli. A geometric perspective on lifting. Operations Research, 59:569–577, 2011.



Theorem [CCZ11]: If Rψ + (lin(conv(S)) ∩ Zn) = Rn, then there exists a unique minimal lifting of ψ.



R.E. Gomory and E.L. Johnson. Some continuous functions related to corner polyhedra. Mathematical Programming, 3:23–85, 1972.



+



Conjecture [BCC 10]: The converse is also true. 2



Rψ (left) and Rψ + Z (right).



´ ´ Images courtesy of Gerard Cornuejols.



Lemma: Rψ + (lin(conv(S)) ∩ Zn) = Rn if and only if n 1 Lψ + lin(conv(S)) = R , and 2 [lin(conv(S)) ∩ Rψ ] + n [lin(conv(S)) ∩ Z ] = lin(conv(S)).



E.L. Johnson. On the group problem for mixed integer programming. Mathematical Programming Study, 2:137–179, 1974. Email: [email protected]
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