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Abstract Dorman’s Construction maps a circumscribable quadrilateral to a new quadrilateral whose edges are tangent to the circumscribing circle at the vertices of the given quadrilateral. The construction can be applied again when the new quadrilateral is bicentric. For a positive integer k , we investigate necessary and sufficient conditions on the original quadrilateral under which the construction can be iterated at least k times. These functions are also discussed: μ out , which is different from the Dorman’s Construction in that edges are tangent to the circumscribing circle at midpoints on the circular arc between adjacent vertices of the given quadrilateral; μ in , which maps an inscribable quadrilateral to a new quadrilateral whose vertices are midpoints on the circular arc between adjacent points of tangency of the given quadrilateral and the inscribing circle; and other generalized functions. Keywords: Bicentric, Construction, Circumscribable Quadrilateral, Inscribable Quadrilateral
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A layman’s explanation of my research project:



In this project, I started by two basic geometry shapes: a circle and a quadrilateral inside it. At each vertex of quadrilateral, to the circle I drew the tangent line, which forms a new quadrilateral. If this new quadrilateral is circumscribable (able to circumscribed by a circle), I would treat this new one as the original quadrilateral. I continued this process whenever possible. I did research on what types of the original quadrilateral on which the process can be repeated indefinitely. The result was that only squares occupy this property. Later, I generalized the construction from drawing tangent lines at vertices of quadrilateral to the circle at other points than the vertices of the quadrilateral and studied the paralleled questions.



Figure: The new quadrilateral obtained by applying the process on the given quadrilateral
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1 Introduction We call a quadrilateral bicentric if it is both inscribable and circumscribable. The properties of bicentric quadrilateral have been studied extensively by many mathematicians such as Nicolaus Fuss (1755–1826) and Jean-Victor Poncelet (1788–1867). Notation For a function f and a positive integer k, let Qk [f ] denote the domain of f k , i.e., the set of the quadrilaterals on which f can be applied at least k times. Construction 1 For a real number r in [0,1] , let λ r be a function mapping a circumscribable quadrilateral to a new quadrilateral by the following construction: (i) Let X,Y ,Z , and W denote vertices of the given quadrilateral. (ii) Let O be the circumcenter. The edges of new quadrilaterals are tangent to A, B,C , and D which are points on circumference of the circumscribing circle such that WOD WOX



XOA XOY







YOB YOZ







ZOC ZOW







Construction 2 For a real number r in [0,1] , let the function  r map an inscribable quadrilateral to a new quadrilateral by the following construction: (i) Let X , Y , Z , and W denote points of tangency between the given quadrilateral and the inscribing circle. (ii) Let O be the incenter. The vertices of new quadrilaterals are A, B,C , and D which are points on circumference of the inscribing circle such that XOA XOY







ZOC ZOW







WOD WOX



r .



in   1/2 .



2 On Sequences Quadrilaterals



of



Bicentric



Lemma 1 Q2[ τout ]  { circumscribable and orthogonal quadrilaterals }. Proof Consider a circumscribable quadrilateral T0 denoted by  A0B0C 0D0 with its diagonal intersection O . Let  A1B1C1D1 denote τ out (T0 ) . By angle-chasing, we know that τ



out



(T ) 0



is circumscribable



 A1  C 1  π  OD0C 0  OC 0D0 



π , 1 2



which means that the diagonals of the original quadrilateral are perpendicular.  Lemma 2 zoids }.



Figure 1 The new quadrilateral obtained by applying  out on the given quadrilateral



YOZ







In this paper, let  in  0 and



r .



From our notation, we can see that λ 0 represents Dorman’s Construction. For convenient, let  out  λ 0 and  out  λ1/2 . Let Tn 1 denote  out (Tn ) for an integer n.



YOB



Q3[ τ out ]



 { orthogonal isosceles trape-



Proof Consider a circumscribable and orthogonal quadrilateral T0 denoted by  A0B0C 0D0 . By Lemma 1, T0 is an element of the domain of τ2out . Let  A1B1C1D1 denote τ out (T0 ) T1 and  A2B2C 2D2 denote τ out (T1) T2 . We can apply τ out on T2 once more if and only if T2 is also
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circumscribable. Let O be the intersection of the diagonals of T1 . Set O  0,0, then rotate B1D1 to the x-axis and A1C1 to the y-axis. Without loss of generality, set A1  0,a , B1  b,0, C1  0,c , and D1  d,0, for some positive real numbers a,b,c, and d . Because T1 is circumscribable, then ac bd . Since T1 is also inscribable,



a 2 b 2 



 a 2  d 2  b 2  c 2 . Substitute c 



a b a b  , 2 2 a d a d 2



bd , a



c 2 d 2



we obtain Figure 2 A sequence of squares



2



2 



Corollary 4 For every positive integer k greater than or equal to 4 , Qk [τ in ]  { squares }.



which is equivalent to (a c)b d   0 . If either a c or b d , the quadrilateral T1 is a kite. Assume that a c , we know that T1 is symmetric with respect to B1D1 . Hence, A0B0  C 0D0 and A0D0  B0C 0 . Therefore,



Proof Since τ in is the inverse function of τ out , this result is straight-forward from Theorem 3. 



Q3[ τ out ]  { orthogonal



isosceles trapezoids }. 3



We can also see that for any orthogonal isosceles trapezoids T ' , the quadrilateral  out T ' is a kite. From Lemma 1,  out T ' can be sent by τ out at least 2 times, i.e. T ' can be iteratively sent by τ out at least 3 times. Thus, { orthogonal isosceles trapezoids }  Q3[ τ out ]. 4



From  3 and 4, the two sets are indeed identical.  Theorem 3 For every positive integer k greater than or equal to 4 , Qk [τout ]  { squares }. Proof Let T0 be a kite in Q4[τout ] . By Lemma 2, τ out T1  must be a kite. We can prove that a kite that is mapped by τout and remains a kite must be a square. Consequently, Qk [τout ]  Q4[τout ]  { squares }  Qk [ τ out ], for every positive integer k greater than or equal to 4 . Therefore, Qk [τout ]  { squares }. 



Conjecture 5 Consider a circumscribable quadrilateral T0 , we apply τ out on the given quadrilateral to obtain T1. We can prove that the diagonal intersections of T0 and T1 are the same point, denoted by A. Let B and C be the circumcenters of T0 and T1, respectively. We claim that lim



T0  A square



AB 1 BC
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Theorem 6 For every positive integer k greater than or equal to 1 , Qk [out ]  { circumscribable quadrilaterals }. Proof Let M 0 denoted by  A0B0C 0D0 be a circumscribable quadrilateral and out (M 0 )  M1, denote  A1B1C1D1. We can prove that A0B0 ||A1B1, , B0C 0 ||B1C1, C 0D0 ||C1D1, and D0A0 ||D1A1. Then, A1B1C1  A1D1C1  A0B0C 0  A0D0C 0, which means that out (M 0) is also circumscribable. Then we can apply μ out indefinitely from a circumscribable quadrilateral. 
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3 An  , 4 2



and



An 1 



1,



we obtain



3 C n  , 4 2



for



every positive integer n greater than or equal to 1 . Therefore,



Figure 3 The outward construction from a circumscribable quadrilateral which produces an infinite sequence of bicentric quadrilateral Theorem 7 For every positive integer k greater than or equal to 2 , Qk [ in ] { kites }.



An  2 



which is equivalent to



which is equivalent to
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 1  An  2    An  . 2 2 4



We can prove by utilizing mathematical induction that An  2k  2  1k  An  2 , for every positive 4



integer



k



greater than or equal to 1 . Thus,



  lim  An    lim  A1 2n   n   2 2    A     1  2  lim  n  4n  0. 9



Proof Let M 0 denoted by  A0B0C 0D0 be an inscribable quadrilateral with the diagonal intersection O. Let A0OB0 , B0OC 0  , C 0OD0   , and D0OA0   . We can prove that  in (M 0 ) is also inscribable if and only if     sin   sin   sin   sin , 6 2 2 2 2



3 An  , 8 4



n 



So







lim An  . 



n 



Analogously,



lim C n 



n 















       . cos    cos  4   4 



Since 0  , ,  ,   2 , then      . Thus M 0 is a kite. Moreover, every kite can be applied  in and remains kite.  Remark 8 Let M 0   A0B0C 0D0 be a kite. The sequence {Mn }n0 is defined by Mn 1  in (Mn ), for every positive integer n greater than or equal to 0. As n  , Mn



approaches a square.



7 



Proof Without loss of generality, assume that A0  C 0. Let M   An BnC n Dn , n n  BnOn An , and  n  BnOnCn . We can prove that An  n 1 and Cn n 1. Since  Bn  Dn  , for every positive integer n 2



Figure 4 Quadrilaterals approaching a square



3 On Generalization of Sequences of Bicentric Quadrilaterals Theorem 9 For a circumscribable quadrilateral T0 , the new quadrilateral T1 constructed by applying r on the given quadrilateral is bicentric if and only if (i) r is any real number in [0,1], if T0 is orthogonal, (ii)



r



is equal to 1 , otherwise. 2
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Proof Let  A1B1C1D1 denote T1 . We can prove that f : r  A1B1C1  A1D1C1 is a linear function on [0,1]. The new quadrilateral is circumscribable if and only if f (r )   . Combining with Lemma 1 and Theorem 7, we obtain the result.  Theorem 10 For an inscribable quadrilateral, there exists a real number r in [0,1] such that the new quadrilateral constructed by applying  r on the given quadrilateral is bicentric. Proof Let us begin with Intermediate Value Theorem (IVT): If f is continuous on [a,b ] and f (a)0  f (b), then there is some x in [a,b ] such that f (x ) 0. (Geometrically, this means that the graph of a continuous function which starts below the horizontal axis and ends above it must cross this axis at some point.) Let



be an inscribable quadrilateral denoted by  A0B0C 0D0 . We apply  r on the original quadrilateral and obtain  A1r B1rC1r D1r . Let g :[0,1]R be a function defined by g(r )  A1r B1r  C 1r D1r  M0



for every real number r in [0,1]. Now notice that A11 B10, B11 C10, C11  D10, and D11  A10 . Deduce that r



r



r



r



A1 C 1  B1 D1 ,



g(1)  A11B11  C 11D11  B11C 11  D11A11  B10C 10  D10A10  C 10D10  A10B10  g(0)
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Since g is continuous on [0,1], we employ IVT to conclude that there exists a real number r in [0,1] such that g(r )  0 , or that A1r B1r  C 1r D1r  B1rC 1r  D1r A1r ,
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which is equivalent to the condition of inscribableness. Because the new quadrilateral is also circumscribable, it is indeed bicentric. 



Future Work • We would like to investigate cases when starting figures are general n -gons such as pentagons and hexagons. • We can generalize the construction process by using mixed-type of construction process. • We can look at ellipse-circumscribable quadrilaterals. • We can look at figures in 3-dimensional space.
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