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Abstract: The topological approach to the study of infinite graphs of Diestel and K ¨ hn has enabled several results on Hamilton cycles in finite graphs to be extended to locally finite graphs. We consider the result that the line graph of a finite 4-edge-connected graph is hamiltonian. We prove a weaker version of this result for infinite graphs: The line graph of locally finite, 6-edge-connected graph with a finite number of ends, each of which is thin, is hamiltonian. 䉷 2011 Wiley Periodicals, Inc. J Graph Theory 71: 182--191, 2012 Keywords: locally ﬁnite; Hamilton circle; line graph
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INTRODUCTION



The question of how one should extend the concept of a Hamilton cycle to inﬁnite graphs has received much attention in the literature. Studies of the cycle space of inﬁnite graphs include those of Bonnington and Richter [1], Casteels and Richter [8], Diestel and K¨uhn [13–15], and Vella and Richter [25]. We follow the approach of Diestel and K¨uhn, which has yielded extensions of several well-known results on cycles in ﬁnite graphs to locally ﬁnite graphs (for instance, see [2–6, 20, 19]). In this context, a Hamilton circle in a graph G is a homeomorph of the unit circle in the Freudenthal compactiﬁcation |G| of G containing all vertices and ends of G. Bruhn and Yu [7] have partially extended Tutte’s result that all ﬁnite 4-connected planar graphs have a Hamilton cycle [24] by showing that all 6-connected planar locally ﬁnite graphs with only ﬁnitely many ends contain a Hamilton circle. Bruhn has conjectured (see [10]) that this holds for locally ﬁnite 4-connected planar graphs. Cui et al. have veriﬁed the conjecture, for graphs admitting a drawing in the plane which has no vertex accumulation point [9]. A classic theorem of Fleischner, that the square of a 2-connected ﬁnite graph has a Hamilton cycle [16], has been extended by Georgakopoulos to locally ﬁnite graphs [18]. This result had previously been extended to locally ﬁnite graphs with just one end by Thomassen [22]. Thomassen has conjectured that every ﬁnite 4-connected line graph is hamiltonian. As mentioned above, it is known that the line graph of a 4-edge-connected graph is hamiltonian [23]. Georgakopoulos has conjectured this result holds for locally ﬁnite graphs [17]. In this article, we present a partial result toward this conjecture. Theorem 1. Let G be a 6-edge-connected, locally ﬁnite graph. Further suppose G has a ﬁnite number of ends, each of which is thin. Then the line graph L(G) is hamiltonian.



2.



DEFINITIONS AND PREVIOUS RESULTS



A.



Topological Concepts



Let G = (V, E) be a locally ﬁnite graph with vertex set V and edge set E. A ray is a one-way inﬁnite path. The subrays of a ray are its tails. An end of G is an equivalence class of rays, where two rays R1 and R2 are equivalent if for any ﬁnite S ⊂ V(G), R1 and R2 contain a tail in the same component of G−S. We often make use of the fact that two rays are equivalent if, and only if, there is an inﬁnite collection of pairwise disjoint paths linking the rays. The vertex-degree of an end is the maximum number of disjoint rays in the end. An end is thin if it has ﬁnite vertex-degree. The set of ends of G is denoted  = (G). The associated topological space, obtained by taking the Freudenthal compactiﬁcation of G viewed as a 1-complex, is denoted |G|. For an edge e = uv ∈ E(G), with u, v ∈ V(G), the set of inner points of e ⊂ |G| is the set of points e˚ := e\{u, v}. A circle in |G| is a homeomorphic image of the unit circle S1 ⊂ R2 . The set of edges contained in a circle is called its circuit. A family {Ai }i∈Iof subsets of E is called thin if no edge lies in Ai for inﬁnitely many i. The sum i∈I Ai of a thin family is the set of all edges which are in an odd number of subsets Ai , i.e. edges are added modulo 2. The (topological) cycle space of Journal of Graph Theory DOI 10.1002/jgt
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a locally ﬁnite graph G is the subspace of the edge space of G consisting of all sums of thin families of circuits, denoted C (G). Lemma 2 (Diestel [11], Corollary 8.5.9). nite (thin) sums.



The cycle space C (G) is closed under inﬁ-



For details on |G| and its cycle space C (G), see Chapter 8.5 of [11]. Surveys are provided by Diestel [10] and [12]. Our proof of Theorem 1 is based on a proof for the ﬁnite case employing disjoint spanning trees. We review some key deﬁnitions and results for spanning trees in inﬁnite graphs. A topological spanning tree of G is an arc-connected standard subspace of |G| which contains all of V(G)∪(G), but contains no circle. Lemma 3 (Diestel [11], Corollary of Theorem 8.5.10). Every 2k-edge-connected locally ﬁnite multigraph G has k edge-disjoint topological spanning trees. Analogous to ﬁnite graphs, with respect to addition or deletion of edges, a topological spanning tree T is minimally arc-connected and maximally contains no circle. For every e ∈ E not in T, T ∪e contains a unique circle whose edges form the fundamental circuit (T, e) of e with respect to T. For every edge e ⊆ T, the subspace T \ e˚ has exactly two arc-components. The set of edges between them is the fundamental cut (T, e) of G with respect to T and e. Lemma 4 (Diestel and K¨uhn [15], Lemma 6.2). The fundamental circuits of a locally ﬁnite graph with respect to any topological spanning tree form a thin family. A proof that the line graph of a ﬁnite 4-edge-connected graph G is hamiltonian can be outlined as follows: In G there are two edge-disjoint spanning trees T1 and T2 . The  sum e∈T1 (T2 , e) is a spanning eulerian subgraph of G, from which a Hamilton cycle in L(G) can be constructed. We proceed along the similar lines, and thus require some knowledge of eulerian subgraphs in the inﬁnite setting. For a graph G, a closed trail in the space |G| is a continuous map : S1 → |G| which is injective on E˚ ⊂ |G| (the set of inner points of edges of G). A closed dominating trail in |G| is a closed trail which contains at least one endvertex of every edge of G. A topological Euler tour of |G| is a closed trail in |G| which traverses every edge of G. Theorem 5 (Georgakopoulos [19], Theorem 1.3). Let H ⊆ G be locally ﬁnite multigraphs such that the closure H of H in |G| is topologically connected. Then E(H) ∈ C (G) if and only if H admits a topological Euler tour in |G|. A key step in our proof is to ensure that the spanning eulerian subgraph visits each end of |G| only once. The existence of such a tour follows from a theorem of Georgakopoulos. Theorem 6 (Georgakopoulos [18], Theorem 4). If a locally ﬁnite multigraph G has a topological Euler tour, then it also has one that is injective on the set of ends (G) ⊂ |G| of G. The caveat in using the above theorem is that we wish to apply the theorem to a spanning eulerian subgraph H ⊆ G. The tour returned by the theorem is injective on the Journal of Graph Theory DOI 10.1002/jgt
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ends of the H which may not have the same end topology as the host supergraph G. Hence, we require the following concept. Deﬁnition (Section 7 of [15]). A subgraph H ⊆ G is end-faithful if the the cannonical projection  : (H) → (G) taking every end of H to the end of G which contains it (as a subset of rays) is a bijection. The crux of our proof is to modify a spanning eulerian subgraph H in G so that H is end-faithful. Lemma 7 (Georgakopoulos [18], Lemma 6). Suppose H is a spanning end-faithful subgraph of G. Then the cannonical projection  : (H) → (G) is a homeomorphism. Hence if H ⊆ G is a spanning end-faithful subgraph, we may identify the ends  ∈ (H) and () ∈ (G), say H and G have the same set of ends, and write (H) = (G). The following lemma is crucial throughout our work. A comb is the union of a ray R with inﬁnitely many disjoint ﬁnite paths all with their initial vertex on R; R is the spine; the last vertices of those paths are called teeth. Lemma 8 (Star-Comb Lemma [11], Lemma 8.2.2). Let U be any inﬁnite set of vertices in a connected graph G. Then G either contains a comb with all teeth in U or a subdivision of an inﬁnite star with all leaves in U. When G is locally ﬁnite, applying the Star-Comb Lemma to any inﬁnite set of vertices always guarantees the existence of a comb. While we write G for the graph and |G| for its associated topological space, we write T for both T ⊆ |G| a topological spanning tree, an arc-connected standard subspace of ˚ |G|, and for the subgraph of G induced by T ∩{V(G)∪ E(G)} (or T \(G)). A topological spanning tree T is arc-connected, but as a subgraph, T may not be graph theoretically connected. Given these two notions of connectedness, for the sake of clarity, we always specify ‘topological component’ or ‘graph theoretic component’ in these discussions.



B.



A Theorem of Harary & Nash-Williams, for Locally Finite |G|



The following is a classic theorem of Harary and Nash-Williams. Theorem 9 (Harary and Nash-Williams [21]). Let G be a ﬁnite graph with at least four vertices. Then the line graph L(G) is hamiltonian if, and only if, G has a closed trail which includes at least one endvertex of each edge of G or G is isomorphic to K1,s for some integer s ≥ 3. We ﬁrst extend the above theorem to the space |G| for locally ﬁnite graphs. This extension is a strengthening of Corollary 12 in [18] in which a topological Euler tour in |G| is used to established L(G) is hamiltonian. Lemma 10. Let G be a locally ﬁnite graph. If |G| contains a closed dominating trail which is injective on (G), then its line graph L(G) is hamiltonian. Proof. The proof follows that of Corollary 12 in [18]. Let  : S1 → |G| be a closed dominating trail in |G| which is injective on (G). Denote F = (S1 ). Journal of Graph Theory DOI 10.1002/jgt
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Deﬁne an embedding  : S1 → |L(G)| as follows. Let u0 , u1 , u2 , . . . be an enumeration of V(F). • Suppose e ∈ E(F). Since  is continuous and injective on e, −1 (˚e) is an open interval in S1 . Let me be its midpoint. Set  (me ) = e ∈ V(L(G)). • For each interval I of S1 mapped by  to a trail xeye z deﬁne  to map the open interval with endpoints me , me continuously and bijectively to the edge ee ∈ E(L(G)). Now  is deﬁned on −1 (V(F)∪E(F)). Since  is dominating, all edges not in F are incident with a vertex of F. We now modify  to include these edges in its image. • For each ui , i = 0, 1, 2, . . ., there are edges e and e incident with ui in G such that  maps the interval (me , me ) to the edge ee in L(G). Modify  to map the interval to the ﬁnite path e1 e2 · · ·ek in L(G) where this path is maximum subject to the following constraints: ◦ ◦ ◦ ◦



e1 = e, ek = e , each of e1 , e2 , . . . , ek are edges in G incident with ui , e2 , . . . , ek−1 ∈/ E(F), and for  = 2, . . . , k −1, if e = ui v, then v = uj for j


Finally, given a ray R in  ∈ (L(G)), the vertices of R correspond to a sequence of adjacent edges in G in which one can ﬁnd a ray R belonging to an end, say  ∈ (G). Let the vertices of R be v0 , v1 , v2 , . . . Since F is a dominating trail, for each edge of R, say vi vi+1 , either vi or vi+1 must belong to F. The sequence of vertices v0 , v1 , v2 , . . . converges to . The subsequence of these vertices that belong to F must also converge to , as (S1 ) = F is compact. In particular,  ∈ (S1 ); moreover, by injectivity, there is only one point of S1 mapped to  by . Deﬁne  (−1 ()) =  . As noted in [18], (G) and (L(G)) have the same topology. (In a locally ﬁnite graph, each ﬁnite set of vertices is incident with a ﬁnite number of edges, and each ﬁnite set of edges covers a ﬁnite number of vertices.) Thus  is a continuous and injective map from a compact space to Hausdorff space. Hence,  is a homeomorphism to its image which contains all of V(L(G)) and (L(G)). 



3.



CONSTRUCTION OF A DOMINATING TRAIL



A.



Constructing a Spanning Eulerian Subgraph F ⊆ G



Let G = (V, E) be a locally ﬁnite 6-edge-connected graph with a ﬁnite number of ends, each of which is thin. We begin by constructing a spanning eulerian subgraph of G which may or may not be end-faithful. By Lemma 3, |G| contains three edge-disjoint topological spanning trees, T1 , T2 , T3 . By Lemma 4, the fundamental circuits of T2 with respect to T1 form a thin family. Hence, the following sum is well deﬁned. Deﬁne F to be the topological closure of the spanning subgraph of G with edge set; E(F) =



 e∈T1
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Lemma 11.



The graph F is a spanning eulerian subgraph of G.



Proof. Since E(T1 ) ⊆ F implies T1 = E(T1 ) ⊆ F, F is spanning. To see that F is topologically connected, pick any two points x, y ∈ F. If x is an inner point of an edge in E(F), then there is an arc in F linking x to a vertex. Hence without loss of generality, we may assume x, y ∈ V ∪. There is an arc in T1 ⊆ F linking x and y. By Lemmas 2 and 4, F is an element of the cycle space of G. By Theorem 5, F is eulerian. 



B.



Constructing an End-Faithful Subgraph F ∗ ⊇ F



In this section, we construct F ∗ ⊇ F such that F ∗ is an end-faithful eulerian subgraph of G. If F is already end-faithful, then deﬁne F ∗ = F. Otherwise, proceed as below. We ﬁrst examine under what conditions F is not end-faithful. We begin by looking at the graph theoretic versus topological connectivity of the spanning trees. Lemma 12.



If T1 is connected as a subgraph, then F is end-faithful.



Proof. Let  : (F) → (G) be the projection map taking each end of F to the end of G which contains it. (Surjectivity) Let  ∈ (G). By the Star-Comb Lemma, there is a ray R contained in T1 in . Since T1 ⊆ F, R ⊆ F. Let  ∈ (F) be the end of F containing R. Then ( ) = . (Injectivity) Given distinct ends  1 ,  2 ∈ (F), the Star-Comb Lemma ensures that T1 contains disjoint rays R1 ∈  1 and R2 ∈  2 . Since T1 is connected as a subgraph, there is path in T1 from R1 to R2 . Consequently, R1 and R2 must belong to different ends of G, as T1 is circle free. In particular, ( 1 ) = ( 2 ).  Since F is not end-faithful, by Lemma 12 T1 has multiple graph theoretic components. The strategy is to add edges between graph theoretic components of T1 with rays belonging to a common end in G. The result is an end-faithful spanning eulerian subgraph. Speciﬁcally, from F we construct F ∗ as follows. For each n ∈ N, we construct an eulerian spanning subgraph Fn , with E(T1 ) ⊆ E(Fn ). A nested sequence of subsets of vertices S0 ⊂ S1 ⊂ S2 ⊂ · · · is constructed so that edges added at step n are in G−Sn , and belong to G[Sn+1 ]. In the limit lim infFn =



∞  ∞ 



Fi = F ∗



n=1 i=n



has the same end topology as G. Set F0 = F. Lemma 13. If G is a locally ﬁnite graph with ﬁnitely many ends, each of which is thin, then every topological spanning tree of G has only ﬁnitely many graph theoretic components. Proof. Let T be a topological spanning tree of G. Since T is arc-connected, every graph theoretic component of T is inﬁnite (for instance, see Lemma 8.5.5 of [11]). By the Star-Comb Lemma, each graph theoretic component of T contains a ray in some end of G. By assumption, G has a ﬁnite number of ends, each of which is thin. Hence, T has a ﬁnite number of graph theoretic components.  Journal of Graph Theory DOI 10.1002/jgt
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It is easy to see that for a locally ﬁnite graph deleting ﬁnitely many vertices never changes the number of components from ﬁnite to inﬁnite. Hence, Lemma 13 implies that for any ﬁnite S ⊆ V(G), Ti −S (for i = 1, 2, 3) has a ﬁnite number of graph theoretic components. Let v0 , v1 , . . . be an enumeration of V(G). Let S0 = {v0 , v1 , . . . , vk } be large enough so that each graph theoretic component of T1 −S0 has a ray in at most one end of G. Since (G) is ﬁnite, such a set S0 exists. In the following, let X1 , X2 , . . . , X be the graph theoretic components of T1 −S0 with a ray in a common end, say . An edge with one end in Xi and the other in Xj for some i = j is called a crossing edge. Lemma 14. Let S ⊆ V(G) be a ﬁnite set. Suppose there are an inﬁnite number of crossing edges between Xi and Xj . Then there is a crossing edge e from Xi to Xj such that the fundamental circuit of e with respect to Ti (i = 2 or 3) is wholly contained in G−S. Proof. The crossing edges between Xi and Xj can be partitioned into three sets: those edges in T2 , say A; those edges in T3 , say B; and those edges in neither, say C. Either A∪C or B∪C is inﬁnite. Without loss of generality, assume the former. Since there are only a ﬁnite number of edges in G[S], the subgraph of G induced by S, and the set of fundamental circuits of G with respect to T3 is thin, there must be an edge e ∈ A∪C with (T3 , e) ⊆ G−S.  To construct Fn+1 from Fn proceed as follows. Consider, as above, an end  and the components X1 , X2 , . . . , X with a ray in T1 −S0 belonging to . Construct an auxilarly graph H = H(). Let V(H) = {x1, x2 , . . . , x }. For each pair of vertices, add the edge xi xj if, and only if, there are an inﬁnite number of crossing edges between Xi and Xj . For each edge xi xj in H, consider the crossing edges between Xi and Xj belonging to G−Sn . If some crossing edge e = vr vs already belongs to Fn , simply enlarge Sn to include both endvertices of e, i.e. set Sn = {v0, v1 , . . . , vmax{r,s} }. Otherwise, by Lemma 14 there is a crossing edge e in G−Sn , and a fundamental circuit C = (Tt , e), where t = 2 or 3, such that C is wholly contained in G−Sn . Add C (edges are added modulo 2) to Fn . Again, enlarge Sn to include both endvertices of e. Repeat this for each edge in H. Similarly, repeat these crossing edge additions for each end  in G with the appropriate auxilarly graph H( ). Call the resulting eulerian subgraph Fn+1 . The vertex set Sn has been enlarged to include all of the added crossing edges’ endvertices. Call the resulting set Sn+1 . Lemma 15.



The graph H is connected.



Proof. Suppose to the contrary there is a subset of vertices U of H such that there are no edges in the cut E(U, V(H)−U). Then for each vertex in xi ∈ U and for each vertex xj ∈ V(H)−U there is a ﬁnite number of crossing edges between Xi and Xj . Hence for sufﬁciently large S, there are no crossing edges between Xi −S and Xj −S. Since both U and V(H)−U are ﬁnite, we can in fact choose S large enough such there are no edges from any component Xr , xr ∈ U to any component Xs , xs ∈ V(H)−U. Consequently, a ray in Xi and a ray in Xj can be separated by a ﬁnite set S, contrary to the fact they both belong to .  Journal of Graph Theory DOI 10.1002/jgt
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Lemma 16. There are an inﬁnite number of vertex disjoint ﬁnite paths between Xi and Xj in F ∗ . Proof. By Lemma 15, there is a path xi = u0 u1 u2 . . . uk = xj in H. Let U0 , U1 , . . . , Uk be the corresponding components in T1 −S0 . For any S ⊆ V(G), the subgraphs U0 −S, U1 −S, . . . , Uk −S each have exactly one inﬁnite component. Call these inﬁnite components respectively U0 , U1 , . . . , Uk . Because a crossing edge, once added to Fn , is never removed by the choices of subsequent crossing edges and fundamental cycles, the crossing edge belongs to F ∗ . Hence in F ∗ there is a crossing edge from U0 to U1 , say w0 w1 , belonging to F ∗ −S. Similarly, there is a crossing edge from U1 to U2 , say w2 w3 belonging to F ∗ −S. Observe that no edge of a fundamental cycle added to Fn to construct Fn+1 is contained in T1 . Thus, no edge of T1 is ever removed from any Fn . Since T1 ⊆ F, it follows T1 ⊆ F ∗ . Since U1 is a graph theoretic component, there is also a path from w1 to w2 in U1 ⊆ T1 −S ⊆ F ∗ −S. Hence, there is a path from w0 to w3 in F ∗ −S. Continuing in this manner, we construct a path from Xi to Xj in the subgraph F ∗ −S.  Lemma 17.



The graph F ∗ is end-faithful.



Proof. Let  : (F ∗ ) → (G) be the projection map taking each end of F ∗ to the end of G which contains it. Since T1 ⊆ F ∗ , clearly  is surjective (as in the proof of Lemma 12). Now suppose (1 ) = (2 ) = , for some 1 , 2 ∈ (F ∗ ),  ∈ (G). Let R1 ∈ 1 and R2 ∈ 2 be rays in F ∗ . Since both R1 , R2 ∈ ∈ (G), R1 , respectively R2 , must have an inﬁnite number of vertices in some Xi , respectively Xj . Hence by Lemma 16, there is a inﬁnite collection of disjoint paths linking R1 and R2 in F ∗ , and so R1 and R2 cannot be ﬁnitely separated in F ∗ . Hence, R1 and R2 are contained in the same end of F ∗ ; i.e., 1 = 2 . 



4.



PROOF OF THEOREM 1



Proof. Construct an end-faithful, spanning eulerian subgraph F ∗ of G as in Section 3. By Theorem 6, from such a subgraph one obtains a topological Euler tour  : S1 → |F ∗ | ⊆ |G| which is injective on (F ∗ ) = (G). Since  is a closed dominating trail of G injective on (G), by Lemma 10, L(G) is hamiltonian.  The proof above clearly depends on having a ﬁnite number of ends, and requires each of them to be thin. It is relatively straightforward to construct an example of a locally ﬁnite graph with a single thick end, where the method above fails. Neither is it difﬁcult to construct a locally ﬁnite graph with inﬁnitely many thin ends, in which the above method similarly fails. One might hope to reﬁne the technique for these cases, either in the initial selection of F or in the addition of crossing edges. We have recently received news that F. Lehner has extended Theorem 1 to include locally ﬁnite graphs with ﬁnitely many ends, some of which may be thick [26]. The problem remains open for graphs with inﬁnitely many ends. This remains an interesting problem for further study. It would also be interesting to know if the requirement of 6-edge-connected can be relaxed to 4-edge-connected, as in the ﬁnite case. Journal of Graph Theory DOI 10.1002/jgt
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