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Abstract We develop the ordinal theory of (semi)continuous multi-utility representation for incomplete preference relations. We investigate the cases in which the representing sets of utility functions are either arbitrary or ﬁnite, and those cases in which the maps contained in these sets are required to be (semi)continuous. With the exception of the case where the representing set is required to be ﬁnite, we ﬁnd that the requirements of such representations are surprisingly weak, pointing to the wide range of applicability of the representation theorems reported here. Some applications to decision theory under uncertainty and consumer theory are also considered. JEL Classiﬁcation: D11, D81. Keywords: Incomplete preferences, utility representation, ordinal, multi-objective optimization.
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Introduction



A preference relation on a nonempty set X of choice alternatives is modeled, traditionally, as a complete, reﬂexive, and transitive binary relation on X. However, in several disciplines, there has been signiﬁcant interest in decision-making models in which one’s preference relation is allowed to be incomplete, thereby letting the agent remain indecisive on occasion. Primary examples are recent studies on various behavioral phenomena such as status-quo bias (Masatlioglu and Ok, 2005; Apesteguia and Ballester, 2009), intransitive choice (Manzini and Mariotti, 2007), preference for ﬂexibility and choice deferral (Danan and Ziegelmeyer, 2006; Kochov, 2007; Kopylov, 2009); and multi-criteria decision making models, which have been extensively used in operations research and management science (Miettinen, 1999; Masin and Bukchin, 2008; Wallenius et al., 2008; Danan, 2010), ﬁnancial economics (Markowitz, 1952; Rigotti and Shannon, 2005), political economics (Roemer, 1999; Levy, 2004) and game theory (Krieger, 2003; Bade, 2005).1 There are two main notions of utility representation for an incomplete preference relation  on X. The ﬁrst, more traditional, one is to ﬁnd a map u : X → R such that, for any x, y ∈ X, x  y implies u(x) ≥ u(y) and x  y implies u(x) > u(y). This notion of representation was explored initially by Richter (1966) and Peleg (1970), and is thus often referred to as the Richter-Peleg utility representation.2 A lot is known about this notion, thanks to the recent work on analytic order theory (see Jaﬀray, 1975; Sondermann, 1980; Levin, 1983; Herden, 1989; Bridges and Mehta, 1996, among others). Unfortunately, the use of the Richter-Peleg representation of a preference relation is limited, for this representation does not characterize the original relation, but it rather extends it to a complete preorder that is representable in the usual sense. Put diﬀerently, as also emphasized by Majumdar and Sen (1976), one cannot recover a preference relation from its Richter-Peleg representation. Thus, such representations do not allow one understand among which sorts of alternatives the decision maker in question is indecisive, nor they let one determine the associated choice correspondence in its entirety. The second approach to represent  is to ﬁnd a collection U of real maps on X such that, for any x, y ∈ X, xy



if and only if



u(x) ≥ u(y) for all u ∈ U.



(1)



This approach, which is aptly called the multi-utility representation of , has the advantage of fully characterizing the preference relation . Consequently, as shown by Bewley (1986), Ghirardato et al. (2003), and Dubra, Maccheroni and Ok (2004), it is this notion of 1



Choice theoretic foundations for incomplete preferences are, in turn, provided by Danan (2003), and Eliaz and Ok (2006). 2 Aumann (1962) is the ﬁrst paper that has used this notion of utility representation, albeit, in the cardinal framework of preferences over objective lotteries.
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representation that arises naturally in the classical frameworks of Anscombe-Aumann, Savage, and von Neumann-Morgenstern, respectively, upon the relaxation of the completeness axiom. Moreover, as it reduces ﬁnding the maximal elements in a given subset of X with respect to  to a multi-objective optimization problem, this approach is likely to be more useful than the Richter-Peleg approach in applications. Nevertheless, presumably because it does not reduce to the ordinary notion of (ordinal) utility representation for complete preorders in general, the notion of multi-utility representation has not received much attention in the literature at large. It is thus the objective of this paper to develop, systematically, the ordinal theory of multi-utility representation.3 It is easy to show that, complete or not, every preference relation admits a multi-utility representation (Proposition 1). However, at least for optimization-theoretic applications, it is natural to demand that U in (1) contain only continuous functions. This renders the representation problem at hand highly nontrivial. In this paper, we ﬁrst identify some (topological) conditions on X and  that are necessary and suﬃcient for  to possess a continuous multi-utility representation (Theorem 0). These conditions parallel those that are found by Herden (1989) in the context of Richter-Peleg representation. Unfortunately, as they are somewhat diﬃcult to interpret in economic contexts, and they are not particularly easy to check, these conditions are seemingly of little practical use. However, by using these conditions, we identify several hypotheses in this paper (on X and ) that are suﬃcient (but not necessary) for  to have a continuous multi-utility representation (Theorems 1 and 2). We are also able to provide suﬃcient conditions for U in (1) not only to consist of upper semicontinuous maps but also to be ﬁnite (Theorem 3). A general point that arises from our results is that the notion of multi-utility representation is surprisingly well-behaved, allowing for satisfactory representation results. Not only is the notion of continuous multi-utility representation for a preference relation readily useful for economic analysis, but, apparently, such a representation holds in many cases of economic interest.4 We demonstrate this point by means of two concrete examples in Section 5. In passing, perhaps a brief remark about the “use” of the sorts of representation theorems provided below is worth making. First, just as the classic utility representation theorems of Samuel Eilenberg and Gerard Debreu identify the extent of the restrictiveness of modeling tastes by means of a continuous utility function, our theorems show what is actually involved in modeling one’s preferences by using multiple objective functions. Second, and perhaps 3



To our knowledge, the only papers that focus on the multi-utility representation in the ordinal framework that concerns us here are Ok (2002) and Mandler (2007). The latter paper uses this representation notion as a modeling strategy, and the representation theorem it provides is generalized, substantially, in Proposition 1 of this paper. The former paper is, on the other hand, concerned exclusively with multi-utility representations that involve only ﬁnitely many utility functions, and provides semicontinuous representation results of limited use. The results of that paper too are streamlined in the present paper. 4 As we shall see, in some of these cases a Richter-Peleg representation may not exist. It should also be noted that it is not readily evident how the notions of Richter-Peleg and multi-utility representations relate to each other formally. The logical links between them are identiﬁed in the body of the present paper. (See Remark 2, in particular.)
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more important, our results identify the structure of certain types of incomplete preference relations, and therefore, they are of use when an economic model “forces” one to deal with such relations. For instance, when studying reference-dependent decision-making, dynamic preferences and/or group choice, it is not uncommon that incompleteness of preferences arises naturally (sometimes even inevitably), and the multi-utility representation theorems act as analytical tools that facilitate the models at hand.5 We hope that our results may serve well for this purpose.
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Preliminaries



2.1



Basic Deﬁnitions



Let X be a nonempty set and  a preorder (i.e., a transitive and reﬂexive binary relation) on X. As a standard notational convention, we write x  y instead of (x, y) ∈  throughout the paper. One often thinks of X as the universal set of mutually exclusive choice alternatives, and  as a preference relation of an individual, or a group of individuals, over this set. Consequently, we shall use the terms “preorder” and “preference relation” interchangeably throughout the present exposition. The strict part of , denoted , is a binary relation on X deﬁned by x  y iﬀ x  y and not y  x. The incomplete part of , denoted  , is deﬁned by x   y iﬀ neither x  y nor y  x. We say that  is complete if   = ∅, and incomplete otherwise. (If the symmetric part of  equals {(x, x) : x ∈ X}, then  is said to be a partial order, while a complete partial order is called a linear order.) For any x ∈ X, the upper and lower -contour sets of x are deﬁned as U (x) := {ω ∈ X : ω  x}



and



L (x) := {ω ∈ X : x  ω},



respectively. As usual, we say that a real map f : X → R is -increasing if f (x) ≥ f (y) for every x, y ∈ X with x  y. In turn, f is strictly -increasing (or a Richter-Peleg utility function for ) if it is -increasing and f (x) > f (y) for every x, y ∈ X with x  y. Moreover, a subset L of X is said to be -decreasing if x ∈ L and x  y imply y ∈ L. The following deﬁnitions summarize the basic notions of continuity for preorders deﬁned on a topological space. Definition. Let X be a topological space, and  a preorder on X. We say that  is upper (resp., lower) semicontinuous if U (x) (resp., L (x)) is a closed subset of X for every x ∈ X. We say that  is semicontinuous if it is both upper and lower semicontinuous. Finally,  is said to be continuous if it is a closed subset of X × X. 5



Various reference-dependent choice models, for example, necessitate the use of such representations (cf. Masatlioglu and Ok, 2005; Sagi, 2006; Ok, Ortoleva and Riella, 2009).
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It is easily seen that every continuous preorder  on a topological space is semicontinuous, but not conversely. If  is complete, however, these two notions of continuity coincide. That is, a complete preorder on a topological space is continuous iﬀ it is semicontinuous.6



2.2



Multi-Utility Representation of a Preference Relation



We now formalize the notion of multi-utility representation. Definition. Let X be a nonempty set, and  a preorder on X. We say that a nonempty subset U of RX represents  provided that xy



if and only if



u(x) ≥ u(y) for all u ∈ U



(2)



for every x, y ∈ X. If such a set U exists, we say that there exists a multi-utility representation for . If U is ﬁnite (countable), we say that there exists a ﬁnite (countable) multi-utility representation for . If X is a topological space and U is a set of upper (lower) semicontinuous functions such that (2) holds for every x, y ∈ X, we say that there exists an upper (lower) semicontinuous multi-utility representation for . If U contains only continuous functions here, we say that there exists a continuous multi-utility representation for . It is worth stressing that if a nonempty U ⊆ RX represents a preorder  on X, then every member of U has to be -increasing, but no member of U needs to be strictly -increasing. This feature distinguishes the notion of (continuous) multi-utility representation from that of (continuous) Richter-Peleg representation. As we show below, these two notions of utility representation are, in most cases of interest, logically distinct. (One exception to this is the fact that the existence of a countable (continuous) multi-utility representation implies that of a (continuous) Richter-Peleg representation.) The following remark intends to clarify the ordinal nature of the present framework. Remark 1. (Uniqueness of Multi-Utility Representation) Given any nonempty subset U of RX , deﬁne the map ΓU : X → RU by ΓU (x)(u) := u(x). Then, two nonempty subsets U and V of RX represent the same preorder on X if, and only if, there exists an f : ΓU (X) → RV such that (i) ΓV = f ◦ ΓU ; and (ii) for every α, β ∈ ΓU (X), we have α > β iﬀ f (α) > f (β). We omit the simple proof of this fact.  6



In the literature on decision theory, what we call “semicontinuous” here is often called “continuous.” In the context of complete preorders, our terminology is in concert with this literature. In the context of incomplete preorders, however, we ﬁnd it useful to distinguish between these two notions of continuity. At any rate, from the viewpoint of applications, the distinction seems immaterial. In fact, some standard textbooks on microeconomics (such as Mas-Colell, Whinston and Green, 1995, p. 46) deﬁne the continuity of a preference relation exactly as we do here. In passing, we should also note that, as shown by Schmeidler (1971), assuming semicontinuity and the openness of strict -contour sets of each x ∈ X forces  to be complete, at least when X is connected.
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Next, we provide an elementary observation that points to the universal nature of the notion of multi-utility representation. (In what follows, for any subset S of X, by 1S we denote the indicator function of the set S; that is, 1S (x) = 1 if x ∈ S and 1S (x) = 0 otherwise.) Proposition 1. There exists a multi-utility representation for every preorder.7,8 Proof. Let X be a nonempty set and  a preorder on X. It is easily checked that U := {1U (ω) : ω ∈ X} represents .  Proposition 1 highlights the diﬀerence between the classical notion of utility representation (and hence the Richter-Peleg representation) and that of multi-utility representation. Indeed, it shows that even a complete preference relation that cannot be represented by a utility function (e.g., the lexicographic order on R2 ) admits a multi-utility representation. If a preorder admits an upper (lower) semicontinuous multi-utility representation, then, clearly, it must be upper (lower) semicontinuous. The proof of Proposition 1 adapts in a straightforward way to show that the converse of this observation is also true. Proposition 2. Let X be a topological space. There exists an upper (lower) semicontinuous multi-utility representation for every upper (lower) semicontinuous preorder on X. Proof. Let  be an upper semicontinuous preorder on X. Then, U := {1U (ω) : ω ∈ X} represents . Moreover, for each ω ∈ X, the set U (ω) is closed in X by upper semicontinuity of , and hence 1U (ω) is upper semicontinuous. For the lower semicontinuous part of the assertion, it is enough to replace U with {−1L (ω) : ω ∈ X} in this reasoning.  This result attests, again, to the fact that ﬁnding a suitable multi-utility representation for a preference relation is often less demanding than obtaining a similar Richter-Peleg representation for that relation. (See also Remark 2 below.) Before proceeding to our main representation results, we illustrate the advantage of this by means of a quick application to optimization theory. Application. Let X be a compact space and  an upper semicontinuous preorder on X. A folk theorem of optimization theory maintains that there exists a -maximal element of X, that is, there is an x ∈ X such that y  x holds for no y ∈ X.9 Proposition 2 allows 7



Ok (2002, Theorem 3) and Mandler (2006, Theorem 1) prove that a multi-utility representation for a preorder  exists, provided that  satisﬁes certain order-separability conditions. Proposition 1 shows that the hypotheses of those results are redundant. However, if one wishes to ensure that all utility functions in a multi-utility representation are strictly -increasing, then some form of order-separability condition is indeed needed. (In fact, the results of both Ok and Mandler are, implicitly, of this form.) 8 Kochov (2007) independently proves this result. (We have seen this manuscript only when completing an earlier draft of the present paper.) 9 While it is well-known, we do not know who to attribute this result. Close relatives of it are, however, considered by Bergstrom (1975) and Walker (1977).
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us to ﬁnd a set U := {ui : i ∈ I} of upper semicontinuous functions in RX that represents . This, in turn, makes the proof of that theorem a routine exercise based on lexicographic maximization of the functions in U. To see this, take any well-ordering  on I, let 1 be the -ﬁrst element of I, and, for any i ∈ I\{1}, let I (i) := {j ∈ I\{i} : i  j}. We set S1 := arg max{u1 (ω) : ω ∈ X}, and use transﬁnite induction to deﬁne    Si := arg max ui (ω) : ω ∈ Sj . j∈I (i)



As u1 is upper semicontinuous and X is compact, S1 is a nonempty closed subset of X. Now ﬁx any i ∈ I, and assume that Sj is a nonempty closed subset of X for all j ∈ I (i). Since k  l implies Sk ⊆ Sl , the class {Sj : j ∈ I (i)} has the ﬁnite intersection property. So, by  compactness of X, j∈I (i) Sj is nonempty and compact. Since ui is upper semicontinuous, then, Si is a nonempty closed subset of X. It follows by transﬁnite induction that every Si is a nonempty closed subset of X. Moreover, {Si : i ∈ I} has the ﬁnite intersection property,  so there is some x in i∈I Si . Then x is a -maximal element of X, for if y ∈ X satisﬁes  ui (y) ≥ ui (x) for all i ∈ I, then, y ∈ i∈I Si , and hence ui (y) = ui (x) for all i ∈ I, that is, y  x is false. 



3 3.1



Continuous Multi-Utility Representation Continuous Multi-Utility vs. Richter-Peleg Representation



Proposition 2 shows that every semicontinuous preorder on a topological space admits an upper semicontinuous multi-utility representation as well as a lower semicontinuous multiutility representation. This suggests that semicontinuity of such a preorder, or at least its continuity, is enough to ensure the existence of a continuous multi-utility representation. This contention is, unfortunately, not correct. It turns out that ﬁnding a continuous multiutility representation for a preorder is, in general, not a trivial task. Example 1. For any given inﬁnite-dimensional normed linear space X, it is possible to construct a continuous partial order on X without a continuous multi-utility representation. For brevity, we illustrate this in the case where X is the classic Banach space 1 of all absolutely summable real sequences. We denote by em the sequence (0, ..., 0, 1, 0, ...) where 1 occurs as the mth term, m = 1, 2, ..., and let 0 := (0, 0, ...). For any positive integers k and m, deﬁne 1 1 k )em and yk,m := 2m e . xk,m := (1 − 3k The key observation here is that xk,m and yl,n are distinct for any choice of their superscripts, xk,m → em as k → ∞, and   inf{xk,m − xl,n 1 : k, l, m, n ∈ N and m = n} > 0. 6



Now deﬁne the binary relation  on 1 as z  z for every z ∈ 1 and zw



iﬀ



either or



(z, w) = (yk,m, xk,m ) for some k, m ∈ N (z, w) = (em , −e1 ) for some m ∈ N.



It is easily veriﬁed that  is a partial order on 1 . It is also not diﬃcult to verify that  is continuous.10 We show next that  does not have a continuous multi-utility representation. To derive a contradiction, suppose U ⊆ C(X) represents . Then, since 0   −e1 and yk,m  xk,m for each k, m, there exists an (α, u) ∈ R × U such that u(0) < α < u(−e1 )



and



u(xk,m) ≤ u(yk,m), k, m = 1, 2, ...



But limm→∞ yk,m = 0 uniformly, so, given that u is continuous, there exists an M ∈ N such that u(xk,M ) < α for every positive integer k. Then, xk,M → eM implies u(eM ) ≤ α < u(−e1 ). Since eM  −e1 by deﬁnition of , it follows that u ∈ U is not -increasing, which means that U does not represent , a contradiction.  Remark 2. We may now establish formally that the notions of continuous Richter-Peleg representation and continuous multi-utility representation are logically distinct. Indeed, if X denotes the metric space obtained by metrizing R2 with the discrete metric, then the lexicographic order on X has a continuous multi-utility representation (Proposition 1), but, of course, it does not have a Richter-Peleg representation. To see that the converse implication also fails in general, consider the partial order  on 1 we introduced in Example 1. As we have just seen,  does not admit a continuous multi-utility representation. However, this partial order has a continuous Richter-Peleg representation. To prove this, let Am be the closed 13 -ball around em , m = 1, 2, ..., set B to be the closed 12 -ball around 0, and ﬁnally, deﬁne C := {−e1 }. It is easily checked that D := A1 ∪ A2 ∪ · · · ∪ B ∪ C is a closed subset of 1 . Now deﬁne v : D → R by setting v|Am := 1 for each m, v|B := 2, and v(−e1 ) := 0. Obviously, v is a continuous function on D. Thus, by the Tietze Extension Theorem, there exists a continuous u : 1 → R such that u|D = v. As em and xk,m belong to Am , and yk,m to B, for every positive k and m, we have u(z) > u(w) whenever z  w (by deﬁnition of ). Put diﬀerently, u is a continuous Richter-Peleg representation for . 



3.2



A Characterization Theorem



There is a useful topological characterization, due to Herden (1989), of those preorders that admit a continuous Richter-Peleg representation. In this section, we show that Herden’s 10



For brevity, we do not give the details of this veriﬁcation here. Suﬃces it to say that the continuity of  is an easy consequence of the following facts: Let (kn ) and (mn ) be any sequences of positive integers, and ﬁx an arbitrary positive integer m. Then, the sequences (emn ) and (ykn ,m ) converge iﬀ they are both eventually constant. Moreover, if the sequence (xkn ,mn ) converges, then (mn ) must be eventually constant.
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approach can be adapted to provide an analogous characterization of those preorders that admit a continuous multi-utility representation. A preordered topological space is an ordered pair (X, ) where X is a topological space and  a preorder on X. Following Herden (1989), we say that a collection L of open and -decreasing subsets of X is a separable system for (X, ) if (i) there exist sets L0 and L1 in L with clL0 ⊆ L1 ; and (ii) for every L, L ∈ L with clL ⊆ L , there exists an L ∈ L such that clL ⊆ L ⊆ clL ⊆ L . In turn, we say that (X, ) is semi-normally preordered if for every x, y ∈ X such that x  y is false, there is a separable system L for (X, ) such that x ∈ L and y ∈ X\L for every L ∈ L. Now, suppose (X, ) is a preordered topological space such that there is a nonempty collection U in C(X) that represents . If x and y are two elements of X such that x  y is false, then u(y) > u(x) for some u ∈ U, and hence, L := {u−1 ((−∞, γ)) : u(x) < γ < u(y)} is a separable system for (X, ) such that x ∈ L and y ∈ X\L for every L ∈ L. Thus: (X, ) is a semi-normally preordered topological space. In fact, as we prove in the Appendix, the converse of this observation holds as well: Theorem 0. Let X be a topological space and  a preorder on X. Then,  has a continuous multi-utility representation if, and only if, (X, ) is a semi-normally preordered topological space. The advantage of this theorem is its uncovering of the fact that ﬁnding a continuous multi-utility representation for a given preorder on a topological space X is, in fact, equivalent to solving a particular (Urysohn) type separation problem in X. Unfortunately, this insight is not of immediate practical use in applications, for, in general, verifying that a given preordered topological space is semi-normally preordered is far from being a routine task. In the following section, therefore, we shall target at deducing certain results which would provide easier-to-check and easier-to-interpret conditions that are suﬃcient (but not necessary) for obtaining a continuous multi-utility representation for a preorder.



3.3



Suﬃciency Theorems



We begin by noting that a continuous preference relation on a “suﬃciently” compact topological space admits a continuous multi-utility representation. Put precisely: Theorem 1. Let X be a locally compact Hausdorﬀ space that is also σ-compact.11 Then, every continuous preorder on X has a continuous multi-utility representation. 11



A topological space X is locally compact if every point in X has an open neighborhood with compact closure. X is said to be σ-compact if it can be written as a union of countably many of its compact subsets.
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While we were unable to ﬁnd its statement in the literature at large, and indeed Theorem 1 does not seem to be known in economics, it should be noted at the outset that this result is not really new. Indeed, a proof of Theorem 1 is essentially contained in the analysis of Levin (1983), where it is proved that any continuous preorder on a locally compact Hausdorﬀ space with a countable basis has a Richter-Peleg representation. It is indeed a routine exercise to adapt Levin’s argument to the context of Theorem 1.12 The main reason we state Theorem 1 here is, rather, to demonstrate the richness of circumstances in which one may represent a preorder by means of a set of continuous utility functions, and to sketch a systematic analysis of the notion of continuous multi-utility representation. Just to stress how far reaching Theorem 1 really is, we make note of a few of its special cases that are likely to be adequate for many economic applications. Corollary 1. Let X be a locally compact separable metric space. Then, for every continuous preorder  on X, there exists a set U ⊆ C(X) such that (i) U represents  and (ii) every u ∈ U is strictly -increasing. Proof. By Theorem 1, there exists a V ⊆ C(X) that represents . Moreover, it is wellknown that there exists a continuous Ricter-Peleg utility representation for , that is, there exists a continuous and strictly -increasing map f on X, under the conditions of Corollary 1 (cf. Levin, 1983). Deﬁning U := {v + αf : (v, α) ∈ V × R++ } yields the result.  Corollary 2. There exists a continuous multi-utility representation for every continuous preorder on a compact Hausdorﬀ space.13 Since every Euclidean space is locally compact and separable, the next result follows readily from Corollary 1. It shows that, in the context of consumer theory, the problem of identifying the maximal elements in a budget set with respect to an arbitrary continuous preference relation is none other than a continuous multi-utility maximization problem. Corollary 3. There exists a continuous multi-utility representation for every continuous preorder on a nonempty closed subset of a Euclidean space.14 Remark 3. On a technical note, we emphasize that combining Theorems 0 and 1 show that (X, ) is a semi-normally preordered topological space if X is a Hausdorﬀ topological space that is both locally compact and σ-compact, and  is a continuous preorder on X.  As in most continuous utility representation theorems, Theorem 1 makes topological assumptions on both the alternative space X and the preference relation  on X. In particular, it requires X to satisfy certain compactness properties and  to be continuous. 12



Levin’s results, some of which replicate Nachbin’s (1965) celebrated work on topological order theory, is well-known in analytic order theory. See, for instance, Herden (1989), and Bridges and Mehta (1996). 13 Kochov (2007) independently proves this particular case of Theorem 1. 14 More generally, this statement is true for any subset of a Euclidean space that can be written as the intersection of one open and one closed subset of that space.
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Unfortunately, its compactness assumptions limit the applicability of this result. Indeed, in most economic applications, there is a natural topology on the involved alternative space X (which is designated independently of the agents’ preferences), and one simply assumes that the preference relations under consideration are continuous relative to this topology. If, in such an application, X happens to be an inﬁnite-dimensional topological linear space, then Theorem 1 ceases to apply, as every locally compact topological linear space is, per force, ﬁnite-dimensional. For instance, if as in many dynamic optimization problems with inﬁnite horizon, X is the Banach space of bounded sequences, ∞ , one cannot beneﬁt from Theorem 1. (In particular, the coordinatewise ordering of ∞ , which obviously admits a continuous multi-utility representation, is not covered by Theorem 1.) To deal with such instances, therefore, it would be useful to alter the balance of the topological requirements made from X and  by Theorem 1, demanding less from X and more from . In what follows, we shall pursue this avenue by making use of the following two properties of preorders. Definition. Let  be a preorder on a topological space X. We say that  satisﬁes strong local non-satiation if, for every x ∈ X and open neighborhood O of x, there is a nonempty open subset U of O such that U  x. (For any nonempty subset S of X and ω ∈ X, by S  ω, we mean s  ω for each s ∈ S. The expression ω  S is understood analogously.) Definition. Let  be a preorder on a topological space X. We say that  is nice if, for every x, y ∈ X and open neighborhood O of y with O  x, there is an open neighborhood U of x such that y  U. Strong local non-satiation is a straightforward generalization of the standard local nonsatiation property familiar from consumer theory, and it is very much likely to be satisﬁed in applications where preferences of an economic agent are taken to be suitably monotonic on a non-compact space of alternatives. The “niceness” property we introduce here appears novel, but it is, again, a fairly undemanding property, as simple examples couched in R2 would illustrate.15 In Section 5, we shall see that many preference relations encountered routinely in dynamic consumer theory and decision making under uncertainty satisfy these two properties. Our main result here states that if the properties of strong local non-satiation and niceness are added to the statement of Theorem 1, then we can drop the compactness requirements from the resulting statement. In fact, it turns out that even the semicontinuity of a preference relation is enough for this purpose. Theorem 2. Let X be a topological space. Every nice semicontinuous preorder on X that satisﬁes strong local non-satiation has a continuous multi-utility representation. 15



Campbell and Walker (1990) refer to a preorder  on X as weakly lower continuous if, for every x, y ∈ X such that y  x, there is an open neighborhood U of x with y  U. Obviously, for partial orders, niceness is weaker than this property.
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Remark 4. In Corollary 1 and, provided that X has a countable basis, in Theorem 2, the representing set of utility functions can be chosen as countable. (Therefore, in the context of these results, the existence of Richter-Peleg representation is assured.) For brevity, we omit the proof of this fact, which is available to the reader upon request.  Needless to say, Theorems 1 and 2 are complementary in nature. An economic application that cannot be handled by one may be handled by the other. In particular, when the space X is compact, only Theorem 1 can be utilized, for strong local non-satiation cannot hold in this case (see the application that follows Proposition 2). Next, we provide an example where only Theorem 2 is applicable. (Some other economic examples in this direction are considered in Section 5.) Example 2. Let X be a topological linear space, and C a convex cone in X with nonempty interior. Let  be a preorder on X which is strictly increasing with respect to the vector ordering on X induced by C. Assume also that  is quasi-linear in a strictly positive direction, that is, for some z in int(C), we have y  x iﬀ y + γz  x + γz for every x, y ∈ X and γ > 0. Then,  is nice and satisﬁes the strong local non-satiation property.16 By Theorem 2, therefore,  has a continuous multi-utility representation, provided that this preorder is semicontinuous. Obviously, this fact cannot be deduced from Theorem 1.  Finally, for purposes of completeness, we oﬀer an example of a continuously multi-utility representable partial order that is not covered by either Theorem 1 or Theorem 2. Example 3. Let X be a metric space and k(X) the collection of all nonempty compact subsets of X, which we metrize by the Hausdorﬀ metric induced by the distance function of X. Notice that, at this level of generality, neither Theorem 1 (because k(X) need not be locally compact) nor Theorem 2 (due to lack of strong local non-satiation) tells us if the set-inclusion ordering ⊇ on k(X) admits a continuous multi-utility representation. We next prove that this is the case by means of a direct argument. For any continuous f : X → [0, 1], deﬁne the real map uf on k(X) by uf (S) := sup{f (x) : x ∈ S}, and let U := {uf : f ∈ C(X, [0, 1])}. By means of a routine argument, one can check that every element of U is a continuous real map on k(X). Now take any A and B in k(X). Clearly, if B ⊇ A, then u(B) ≥ u(A) for each u ∈ U. Conversely, suppose B ⊇ A is false. Then, pick any x in A\B, and use the Urysohn Lemma to ﬁnd a continuous map f : X → [0, 1] such that f (x) = 1 and f |B = 0. Obviously, uf (A) > uf (B). Conclusion: B ⊇ A iﬀ u(B) ≥ u(A) for each u ∈ U.  16



Proof. Take any x, y ∈ X and let O be an open neighborhood of y such that O  x. Then, y − γz  x for some γ > 0, and hence, by quasi-linearity of , we have y  x + γz. It then follows from the monotonicity of  that y  (x + γz)− intC =: U. Conclusion:  is nice. Next, take any x ∈ X and any open neighborhood O of x. Deﬁne U := (x+ intC) ∩ O. Clearly, U is a nonempty open subset of O, while, by the monotonicity of , we have U  x. Conclusion:  satisﬁes strong local non-satiation.
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4



Finite (Semi)Continuous Representation



A multi-utility representation for a preorder becomes increasingly useful as one chooses the representing set of utility functions “eﬃciently” so as to use as few utility functions as possible in the representation. Put diﬀerently, the structure of preference relations that is represented by U is more amenable to analysis (say, from the perspective of optimization) if U is a “small” set. In particular, it is of great interest to determine when one can choose U to be ﬁnite. Intuitively speaking, this requires the preference relation under consideration not to be “too incomplete.” Unfortunately, formalization of the intuitive term “not too incomplete” is an elusive matter. The only method of doing this that we know is based on the notion of near-completeness introduced by Ok (2002). Definition. Let X be a nonempty set and  a preorder on X. A set S ⊆ X is said to be an -antichain in X if x   y for every distinct x, y ∈ S. In turn, we say that  is near-complete if sup{|S| : S is an  -antichain in X} < ∞.17 For a near-complete preference relation , there do not exist inﬁnitely many alternatives that are declared mutually non-comparable (while, of course, there can be inﬁnitely many non-comparable pairs of alternatives, that is,   need not be ﬁnite). Now, let us see an example of a near-complete preference relation that one could encounter in a potential application to industrial organization. Example 4. Consider an industry with n < ∞ ﬁrms oﬀering similar, but not identical products, and a representative consumer who has to buy one product. Let us also suppose that a product of a given ﬁrm i is further marked by its quality index, a real valued function qi on ﬁrm i’s set of products Xi . In turn, the consumer’s preference relation  is deﬁned  over the set X := ni=1 Xi . In this setup, it is natural to assume that the consumer has a preference for higher quality, that is, for each i, we have x  y for any x, y ∈ Xi with qi (x) ≥ qi (y). Then, an -antichain in X can have at most n elements.  Near-completeness notion is a forceful means of qualifying a preference relation not to be too incomplete.18 In concert with this, Ok (2002) has shown that a near-complete and order-separable preorder has a ﬁnite multi-utility representation. It turns out that by assuming the upper semicontinuity of this relation, we may not only drop the order-separability requirement in Ok’s result, but also guarantee the upper semicontinuity of the representing utility functions. 17



In order theory, near-completeness property is referred to as the “ﬁnite width” condition, and plays a fundamental role in decomposing a partially ordered set into its disjoint subchains (cf. Dilworth, 1950). 18 It is, however, an uncomfortably strong condition for doing this. For instance, the coordinatewise ordering of R2 , which obviously has a continuous ﬁnite multi-utility representation (with only two utility functions), fails to satisfy this property.
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Theorem 3. Let X be a topological space with a countable basis. If  is a near-complete upper (lower) semicontinuous preorder on X, then it has an upper (lower) semicontinuous ﬁnite multi-utility representation. In fact, when proving Theorem 3, we will see that under the hypotheses of this result, one can ensure that the cardinality of the representing set of utility functions is not more than the maximum cardinality that an -antichain in X can have. Therefore, a special case of this result is that every upper semicontinuous, complete preorder on a topological space with a countable basis can be represented by an upper semicontinuous utility function. Theorem 3 thus generalizes the well-known utility representation theorem of Rader (1963). The next step on the agenda is to look for ways of improving Theorem 3 toward obtaining a suitable continuous ﬁnite multi-utility representation. A natural conjecture is that this can be done by strengthening the upper semicontinuity hypothesis in Theorem 3 to continuity of . Unfortunately, this conjecture is false, and, in fact, there does not seem to be a natural way of deriving a continuous ﬁnite multi-utility representation theorem, at least, not by using the methods adopted in this paper. We conclude this section with an example that aims to illustrate just how elusive this representation problem is. Example 5. Deﬁne  on [0, 2] as ba



iﬀ



either or or



0 ≤ a, b ≤ 1 and b ≤ a, 1 ≤ a, b ≤ 2 and a ≤ b, b = 2.



Then,  is a continuous partial order, and hence, by Corollary 3, there exists a continuous multi-utility representation for it. Moreover,  is near-complete and, in fact, it has a ﬁnite multi-utility representation by means of two fairly well-behaved functions. Indeed, where u and v are the real maps deﬁned on [0, 2] by ⎧ ⎨ 1 − t, u(t) := 0, ⎩ 1,



if 0 ≤ t ≤ 1 if 1 < t < 2 if t = 2



 and



v(t) :=



0, if 0 ≤ t ≤ 1 t − 1, if 1 < t ≤ 2,



{u, v} represents . (Here we have v ∈ C[0, 2], while u is upper semicontinuous everywhere and continuous everywhere but at 2. See Figure 1.) Nevertheless, there does not exist a ﬁnite set U ⊆ C[0, 2] that represents . Indeed, if U was such a set, then, for every non-constant member u of U we would have u(1) < u(2), and hence, by using ﬁniteness of U, we can ﬁnd large enough s ∈ [0, 1) and t ∈ [1, 2) such that u(t) > u(s) for all non-constant u ∈ U, which contradicts U representing . 
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Economic Examples



In this section we consider two economic applications in which the natural setups of the involved models allow us use Theorem 2 (but not Theorem 1) to obtain continuous multiutility representations for the preference relations under consideration.



5.1



Decision-Making under Uncertainty



We consider the setup of the Knightian uncertainty model as introduced in Bewley (1986), without putting, however, any restrictions on the size of the state space. Let Ω be a nonempty set, which is designated as the collection of all states of nature. By a (monetary) act, we mean a bounded real map f on Ω. (As usual, we interpret f (ω) as the amount of reward received in state ω.) The act space in the model is thus the set B(Ω) of all bounded real maps on Ω. We view B(Ω) as a normed linear space (under the sup-norm). A preference relation in this setup is a preorder  on B(Ω). We say that  is monotonic if f ≥ g implies f  g and f  g implies f  g. (Here, f  g means f (ω) > g(ω) for every ω ∈ Ω.) Furthermore,  is said to satisfy C-Independence, provided that f g



if and only if



f + α1Ω  g + α1Ω



for any real number α > 0. This property is an intuitive weakening of the classical Independence axiom, that is, the requirement that f g



if and only if



f + h  g + h,



for any h ∈ B(Ω). It was introduced to decision theory by Gilboa and Schmeidler (1988), and has since been widely adopted in this ﬁeld. 14



In the case where Ω is ﬁnite, Bewley (1986) has shown that  admits a continuous multi-utility representation (in which each utility function is an aﬃne map), provided that  is continuous, monotonic, and satisﬁes the Independence axiom. If we relax Independence to C-Independence, however, the convex-duality approach of Bewley ceases to be readily applicable, and it becomes harder to see how this characterization would then alter. Clearly, a preliminary step toward analyzing this matter would be to ascertain that there is a continuous multi-utility representation for  in this case. Of course, by Corollary 3, this is surely the case when Ω is ﬁnite (and for this we need neither monotonicity nor C-Independence). When Ω is an inﬁnite set, however, B(Ω) is not locally compact, and hence Theorem 1 ceases to be useful. Yet, an easy application of Theorem 2 shows that the same conclusion obtains (this time making essential use of the monotonicity and C-Independence properties) in the general case as well. Fact 1. If  is a semicontinuous and monotonic preference relation on B(Ω) that satisﬁes C-Independence, then it has a continuous multi-utility representation. The key observation here is that the monotonicity and C-Independence properties of  entail, respectively, that this preorder is strictly increasing (with respect to the usual cone ordering of B(Ω)) and quasi-linear in a strictly positive direction. As we have seen in Example 2, then, Theorem 2 ensures that  has a continuous multi-utility representation.



5.2



Dynamic Consumer Theory



∞ Let us denote by ∞ (relative to the pointwise order). In this + the nonnegative cone of  ∞ section, we shall interpret a generic element of + as a stream of quantities of a good (such as money) indexed by time. The preferences of a representative consumer is given by a preorder  on ∞ + , which is assumed to be strongly monotonic, that is,



x ≥ y implies x  y



and



x > y implies x  y.



It is often implicitly assumed in this setup that the commodities are substitutable according to , that is, for every x in ∞ + , γ > 0, and positive integers m and n, there exists an ε > 0 such that x + γem  x + εen , where, of course, em and en are the mth and nth unit real sequences, respectively. Any strongly monotone preorder on ∞ + that satisﬁes this property is called standard in what follows. In dynamic consumer theory, it is also common to impose some myopia/impatience conditions on the agents’ preferences. For instance, the following property, which is called upper myopia, is widely adopted: For every x, y and z in ∞ +, y  x implies y  x + z[n] 15



for suﬃciently large n,



where z[n] is the real sequence whose terms up to the nth one is zero, and whose terms after the nth one agree with the corresponding terms of z. The upper myopia condition demands quite a bit of completeness from . Thus, in the absence of the completeness assumption, it may be more appropriate to consider a weakening of this property. The following condition, which we call weak upper myopia, is promising  in this regard: For every x, y, y , and z in ∞ + with y > y , y  x implies y  x + z[n]



for suﬃciently large n.



It turns out that imposing this property on a semicontinuous standard preference relation 19 on ∞ + enables a continuous multi-utility representation. Fact 2. If  is a semicontinuous standard preference relation on ∞ + that satisﬁes weak upper myopia, then it has a continuous multi-utility representation. It is plain that every strongly monotonic preference relation on ∞ + satisﬁes strong local non-satiation. Therefore, in account of Theorem 2, we can prove Fact 2 simply by establishing that  is nice under the conditions of this result. To this end, take any two nonnegative bounded real sequences x and y, and ﬁx an open neighborhood O of y with O  x. As y  x, and  is monotonic, it is obvious that y cannot be the zero sequence. Therefore, there is a sequence y in O such that y > y . Now, by weak upper myopia, there exists a positive integer n large enough that y  x + 1[n]. Let x1 := x + 1[n]. As  views the commodities as substitutable, there exists a number ε1 > 0 such that x1 = x1 − 12 en+1 + 12 en+1  x1 − 12 en+1 + ε1 e1 . Similarly, letting x2 := x1 − 12 en+1 + ε1 e1 , we ﬁnd a number ε2 > 0 such that x2  x2 −



ε1 1 e 2



+ ε2 e2 .



1 n+1 and Continuing this way, we ﬁnd that there is an element xn+1 of ∞ + such that x  x n+1 ∞ − x belongs to the interior of + . It follows that x ∞ U := (xn+1 − int(∞ + )) ∩ + 19



It is easy to ﬁnd examples of semicontinuous standard preference relations on ∞ + that satisfy weak upper myopia. For instance, for any given continuous and strictly increasing u : R+ → [0, 1] and 0 < ε < 1/2, the preorder  on ∞ + deﬁned as yx



iﬀ



∞ 



t=1



t



δ u(yt ) ≥



∞ 



δ t u(xt ) for every δ ∈ [ε, 1 − ε],



t=1



is one such preorder. Here, weak upper myopia and substitutability both follow from the fact that y > x ∞ implies t=1 δ t (u(yt ) − u(xt )) ≥ λ for some λ > 0 and every δ ∈ [ε, 1 − ε].
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contains x and we have y  U. Conclusion:  is nice.



Appendix: Proofs of Main Results Proof of Theorem 1 The argument is based on the following topological result of Nachbin (1965), which obtains upon putting together Theorems 4 and 6 of Chapter I of Nachbin.20 Nachbin’s Theorem. Let Y be a compact Hausdorﬀ space, and Z a closed subset of Y . If f ∈ C(Z) is -increasing, then there is an -increasing F ∈ C(Y ) such that F |Z = f. Theorem 1 is an easy consequence of this result. To see this, let  be a continuous preorder on X, where X is a locally compact Hausdorﬀ space that is also σ-compact. Then, there exists a sequence (Km ) of compact subsets of X such that K1 ⊆ intK2 ⊆ K2 ⊆ intK3 ⊆ · · · and K1 ∪ K2 ∪ · · · = X. Let Ω := {(x, y) ∈ X 2 : x  y is false}. If Ω = ∅, there is nothing to prove: the singleton {1X } represents . Assume now Ω is nonempty and ﬁx an arbitrary point (x, y) ∈ Ω. Deﬁne v x,y : {x, y} → {0, 1} by v x,y (x) := 0 and v x,y (y) := 1. Let m(x, y) be any positive integer such that x, y ∈ Km(x,y). By applying Nachbin’s Theorem inductively, we can ﬁnd a sequence x,y x,y , vm(x,y)+1 , · · ·) ∈ C(Km(x,y)) × C(Km(x,y)+1 ) × · · · (vm(x,y) x,y x,y x,y |{x,y} = v x,y and vm+1 |Km = vm for each m ≥ m(x, y). Deﬁne ux,y : of -increasing maps such that vm x,y x,y X → R by u (z) := vm (z) for any integer m ≥ m(x, y) and any z ∈ Km . It follows from the construction that ux,y is well-deﬁned, continuous, and -increasing. To conclude, we note that U := {ux,y : (x, y) ∈ Ω} is a subset of C(X) that represents .



Proof of Theorem 0 As we have already proved the “only if” part of the result in Section 3.2, we only need to show that if (X, ) is a semi-normally preordered topological space, then  admits a continuous multi-utility representation. This is, in turn, an easy consequence of the following result. Theorem 4. Let (X, ) be a semi-normally preordered topological space. For any x, y ∈ X such that x  y is false, there exists an -increasing map f ∈ C(X, [0, 1]) such that f (x) = 0 and f (y) = 1. By Theorem 4, semi-normality of (X, ) entails that, for any x, y ∈ X such that x  y is false, there is an -increasing map f x,y ∈ C(X) with f x,y (x) = 0, f x,y (y) = 1. Clearly, in this case, U := {f x,y : x, y ∈ X, x  y is false} ∪ {1X } represents , establishing Theorem 0. It remains to prove Theorem 4. We shall do this by adapting a method used to prove Pavel Urysohn’s characterization of normal spaces. (Urysohn type constructions were introduced to order theory by Nachbin (1965).) In what follows, we denote by Q the set of all dyadic rational numbers in [0, 1], that is, Q :=



 ∞  k n : k = 0, ..., 2 . 2n n=0



Let (X, ) be a semi-normally preordered topological space, and ﬁx any x, y ∈ X such that x  y is false. Then, there is a separable system L for (X, ) such that x ∈ L and y ∈ X\L for every L ∈ L. By 20



Nachbin states his Theorems 4 and 6 for partial orders deﬁned on a compact topological space in the said treatise, but the proofs given there establish these results also for preorders deﬁned on a compact topological space, provided that this space is Hausdorﬀ.
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part (i) of the deﬁnition of a separable system (Section 3.2), there exist L0 and L1 in L with clL0 ⊆ L1 . We can then ﬁnd another set L1/2 ∈ L such that clL0 ⊆ L1/2 ⊆ clL1/2 ⊆ L1 by part (ii) of the deﬁnition of a separable system. Proceeding in this way inductively, we can ﬁnd a collection of sets L0 := {Lq : q ∈ Q} ⊆ L such that clLq ⊆ Lq for every q, q  ∈ Q with q < q  . Consider the map f : X → [0, 1] deﬁned as  inf{q ∈ Q : z ∈ Lq }, if z ∈ Lq for some q ∈ Q, f (z) := 1, otherwise. As x ∈ L and y ∈ X\L for every L ∈ L, it immediately follows that f (x) = 0 and f (y) = 1. We will deduce the remainder of the proof from the next observation which is an obvious consequence of the deﬁnition of f. Observation 0. For any z ∈ X and real number γ with f (z) < γ ≤ 1, there exists a number q ∈ Q such that q < γ and z ∈ Lq . In particular, it follows that whenever f (z) < f (ω) for some z, ω ∈ X, there exists a q ∈ Q such that q < f (ω) and z ∈ Lq . By deﬁnition of f , the latter inequality implies ω ∈ / Lq . As z ∈ Lq , we therefore see that z  ω cannot be true, for the set Lq is -decreasing by deﬁnition of L. Hence, f is -increasing. Now, consider the set Sγ := {z ∈ X : f (z) ≥ γ} for an arbitrarily ﬁxed γ in [0, 1]. Pick any net (zα ) in Sγ such that zα → z for some z ∈ X. To derive a contradiction, assume f (z) < γ. Then, by Observation 0, there is a q ∈ Q such that q < γ and z ∈ Lq . Since Lq is open by deﬁnition of L, it follows that zα ∈ Lq , and hence f (zα ) ≤ q, for some α, contradicting the fact that zα ∈ Sγ for every α. Thus, Sγ is closed, and in view of the arbitrariness of γ, we may conclude that f is upper semicontinuous. Finally, consider the set Tγ := {z ∈ X : f (z) ≤ γ} for an arbitrarily ﬁxed γ in [0, 1]. Pick any net (zα ) in Tγ such that zα → z for some z ∈ X. To derive a contradiction, assume f (z) > γ and pick a number γ  with γ < γ  < f (z). Then, as f (zα )< γ  , Observation 0 implies that for each α there is a number qα ∈ Q such that qα < γ  and zα ∈ Lqα . Moreover, since Q is dense in [0, 1], there exist q, q  ∈ Q such that γ  < q < q  < f (z).  As qα < q for each α, the construction of L0 implies α Lqα ⊆ Lq . As zα → z, we therefore conclude that z ∈ clLq . Since q < q  , we also have clLq ⊆ Lq . Then, z ∈ Lq , and hence, f (z) ≤ q  , a contradiction. Thus, Tγ is closed, and in view of the arbitrariness of γ, we may conclude that f is lower semicontinuous. Proof of Theorem 2 In what follows, we ﬁx a nice semicontinuous preorder  on X that satisﬁes strong local non-satiation. We deﬁne the binary relation  on X as follows: yx



if and only if



y  O for some open neighborhood O of x.



Obviously,  is irreﬂexive and transitive. The following observations about  will be useful in the subsequent argument. Observation 1. For every x, y ∈ X, yx



implies



y  z  x for some z ∈ X.



Proof. Take any x, y ∈ X with y  x. Then, there exists an open neighborhood O of x such that y  O. In turn, by strong local non-satiation, there is a nonempty open subset U of O such that U  x. Pick any z ∈ U. Obviously, y  U, so y  z. Moreover, U  x, so by niceness of , we ﬁnd an open neighborhood V of x such that z  V. Thus: z  x.  Observation 2. For every x, y ∈ X, x ∈ X\U(y)



implies



z  x for some z ∈ X\U (y).
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Proof. Take any x, y ∈ X such that x ∈ X\U(y). Since  is upper semicontinuous, X\U (y) is open, so there exists an open neighborhood O of x such that O ⊆ X\U (y). The rest of the argument is analogous to that given in the proof of Observation 1.  Observation 3. For every x, y, z ∈ X, zyx



implies



z  x.



Proof. Take any x, y, z ∈ X with z  y  x. Then, by deﬁnition of , there exists an open neighborhood O of y such that z  O. In turn, by strong local non-satiation, there is a nonempty open subset U of O such that U  y. It follows from transitivity of  that U  x. Now pick any w ∈ U, and use the niceness of  to ﬁnd an open neighborhood V of x such that w  V. Since z  O and U ⊆ O, we have z  w, and it follows that z  V, that is, z  x.  In view of Theorem 0, it is enough to show that (X, ) is semi-normally preordered to complete the proof of Theorem 2. To this end, take any x, y ∈ X such that x  y is false. It follows from Observation 2 that there is a z1 ∈ X\U(y) such that z1  x. Observation 1 then yields a point z0 ∈ X such that z1  z0  x. By a further application of Observation 1, we see that there is another point z1/2 ∈ X with z1  z1/2  z0 . Proceeding in this way inductively, we can construct a set {zq : q ∈ Q} such that zq  zq for every q  , q ∈ Q with q  > q. Set L := {L (zq ) : q ∈ Q}. We ﬁrst note that each L in L is a -decreasing set by Observation 3, while it is open by deﬁnition of . Moreover, as zq  z0 x for each q > 0 in Q, transitivity of  implies that x belongs to each L in L. We also have y ∈ X\L for each L ∈ L, for otherwise we would have z1  y by transitivity of , and this would imply z1  y, a contradiction. It remains to show that L satisﬁes parts (i) and (ii) of the deﬁnition of a separable system. To this end, set L0 := L (z0 ), L1 := L (z1 ), and note that the semicontinuity of  implies clL0 ⊆ L (z0 ). As, by Observation 3, we have L (z0 ) ⊆ L (z1 ), it follows that clL0 ⊆ L1 . Similarly, we have clL (zq ) ⊆ L (zq ) for any q, q  ∈ Q with q < q  . Now take any L and L in L with clL ⊆ L , and let q, q  ∈ Q be such that L (zq ) = L and L (zq ) = L . If q < q  , we can pick any q  ∈Q with q < q  < q  , and set L :=L (zq ). As we have just noted, it would then follow that clL ⊆ L ⊆ clL ⊆L , as is sought. On the other hand, if q ≥ q  , then, L ⊆ L, and hence, clL ⊆ L ⊆ L ⊆clL, that is, L = L is a closed set. Thus, with L := L, we have clL ⊆ L ⊆ clL ⊆L , as we sought. Proof of Theorem 3 Let  be a near-complete upper semicontinuous preorder on X. (The argument for the lower semicontinuous case is analogous.) By near-completeness of  the cardinality of every -antichain in X is bounded by a ﬁxed positive integer. Let n be the minimum of such integers, and deﬁne N := {1, ..., n}. By Dilworth’s (1950) theorem, there exists a partition {X1 , ..., Xn } of X such that  ∩ (Xi × Xi ) is a complete preorder for each i ∈ N.21 Fix any i ∈ N, and deﬁne the binary relation i on X by x i y



L (x) ∩ Xi ⊇ L (y) ∩ Xi .



if and only if



It is easily checked that i is a preorder on X. This preorder is, in fact, complete. To see this, take any x, y ∈ X and suppose that x i y is false. Then, there exists a z ∈ Xi such that y  z but not x  z. Now pick any w ∈ L (x) ∩ Xi . Note that w  z cannot hold, for otherwise we ﬁnd x  z by transitivity 21



Dilworth’s Theorem is proved originally for partial orders in Dilworth (1950). By applying the original form of this result to the quotient set derived from the preorder , it is shown easily that this result applies also to preorders without modiﬁcation.
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of . Thus, since both z and w belong to Xi and  ∩ (Xi × Xi ) is complete, we must have z  w, and hence, y  w by transitivity of . We thus ﬁnd that w ∈ L (y) ∩ Xi , and since w was chosen arbitrarily in L (x) ∩ Xi , we conclude that L (y) ∩ Xi ⊇ L (x) ∩ Xi , that is, y i x. Conclusion: i is a complete preorder on X. As it is also an easy exercise to show that the upper semicontinuity of  implies that of i , and i ∈ N was arbitrary in the discussion above, we may conclude that each i is an upper semicontinuous and complete preorder on X, i = 1, ..., n. Given that X has a countable basis, then, we can apply Rader’s Utility Representation Theorem (Rader, 1963) for each i ∈ N , to ﬁnd an upper semicontinuous map ui ∈ RX such that x i y iﬀ ui (x) ≥ ui (y), for every x, y ∈ X. Therefore, if we can show that  = 1 ∩ · · · ∩ n , it will follow that {u1 , ..., un } represents . To complete the proof, then, take any x, y ∈ X. If x  y, transitivity of  implies L (x) ∩ Xi ⊇ L (y) ∩ Xi for each i ∈ N, so we conclude that  ⊆ 1 ∩ · · · ∩ n . Conversely, suppose x i y for each i, that is, L (x) ∩ Xi ⊇ L (y) ∩ Xi for every i ∈ N. But, since X = X1 ∪ · · · ∪ Xn , we have y ∈ Xj for some j ∈ N, and hence, y ∈ L (x) ∩ Xj . It follows that x  y, so we conclude that  ⊇ 1 ∩ · · · ∩ n .
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