









	
 Home

	 Add Document
	 Sign In
	 Create An Account














[image: PDFKUL.COM]






































	
 Viewer

	
 Transcript













Peeter Joot [email protected]



Change of variables in 2d phase space 1.1



Motivation



In [1] problem 2.2, it’s suggested to try a spherical change of vars to verify explicitly that phase space volume is preserved, and to explore some related ideas. As a first step let’s try a similar, but presumably easier change of variables, going from Cartesian to cylindrical phase spaces. 1.2



Canonical momenta and Hamiltonian



Our cylindrical velocity is ˆ ˙ r + r θ˙ θ, v = rˆ



(1.1)



1 L = mv2 2  1 = m r˙ 2 + r2 θ˙ 2 . 2



(1.2)



so a purely kinetic Lagrangian would be



Our canonical momenta are ∂L = mr˙ ∂r˙ ∂L ˙ pθ = = mr2 θ. ∂θ˙ pr =



(1.3a) (1.3b)



and our kinetic energy is 1 2 1 pr + p2 . (1.4) 2m 2mr2 θ Now we need to express our momenta in terms of the Cartesian coordinates. We have for the radial momentum H=L=



1



pr = mr˙ q d x 2 + y2 =m dt  1 2m = x x˙ + yy˙ 2 r or pr =



(1.5)



 1 xp x + ypy r



(1.6)



dθ dt y 2 d = mr atan . dt x



pθ = mr2



(1.7)



After some reduction (cyclindrialMomenta.nb), we find pθ = py x − p x y.



(1.8)



We can assemble these into a complete set of change of variable equations q r = x 2 + y2 y θ = atan x  1 xp x + ypy pr = p x 2 + y2 pθ = py x − p x y.



(1.9a) (1.9b) (1.9c) (1.9d)



Our phase space volume element change of variables is ∂(r, θ, pr , pθ ) dxdydp x dpy ∂(x, y, p x , py ) √x √ y2 2 0 x2 +y2 x +y y x − 2 2 0 x +y x2 +y2 = y(ypx − xpy ) x( xpy −ypx ) √ x2 2 3/2 (x2 +y2 )3/2 x +y ( x2 +y2 ) py − px −y



drdθdpr dpθ =



0 dxdydp x dpy √ y2 2 x +y x 0



x 2 + y2 x 2 + y2  3/2  1/2 x 2 + y2 x 2 + y2 = dxdydp x dpy .



=



We see explicitly that this point transformation has a unit Jacobian, preserving area.



2



(1.10)



Bibliography [1] RK Pathria. Statistical mechanics. Butterworth Heinemann, Oxford, UK, 1996. 1.1
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