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This article develops a constitutive description and a computational treatment of anisotropic friction within the context of the finite element method. The theoretical approach makes use of structural tensors that characterize texture, are convected with the material surfaces, and represent the symmetries that reflect changes in relative orientation of the surfaces. In the discrete setting, the texture is mapped using techniques adapted from discrete differential geometry and computer graphics. In addition, the traction fields are interpolated smoothly on the surfaces and the stick-slip condition is enforced sharply via Lagrange multipliers.
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Introduction



Anisotropic frictional interaction between surfaces can arise from strongly oriented surface topography and other micromechanical features. Examples of interfaces that exhibit frictional anisotropy include: naturally occurring surfaces, e.g., fish scales, mica, napped fur; artificially created surfaces, e.g., fiber-reinforced materials [1], ceramics [2], worn metallic surfaces [3], single crystals [4–6], monolayer coatings [7, 8]; interfaces between natural and artificial surfaces [9]; and engineered surfaces modeled after natural ones [10]. For these interfaces, the frictional forces can vary significantly as a function of relative orientation of the contacting bodies. In such cases, it is essential to properly model the frictional behavior of anisotropic interfaces both constitutively and computationally. The most common treatment of anisotropic friction in the literature assumes an orthotropic yield (slip) function written relative to a coordinate system of the textured foundation [11–13]. In a sequence of papers [14, 15], Zmitrowicz has advocated a similar approach, where the slip function is formulated in terms of a power series of the slip vector. The same author attempts to treat the more general problem of anisotropy induced by features residing on both surfaces through an assumed superposition of the two constitutive responses for the frictional contact of a slider on an anisotropic foundation [16]. A different approach proposed by He and Curnier [17] addresses the more physically meaningful case where the anisotropies evolve with the motions of the two contacting bodies. Unlike earlier work, this approach makes use of structural tensors and related representation theorems to generate constitutive functions in an irreducible manner. The numerical treatment of anisotropic friction has been confined to methodologies that assume the simplest case of an orthotropic foundation, as outlined previously, see e.g., [18, 19]. This work adopts the approach of He and Curnier [17] in that it assumes that the source of anisotropy is attached to the surfaces and is convected with their motions. Here, emphasis is placed on the special case of the interaction between grooved surfaces and/or surfaces with scale or groove-like features, such as napped or embedded fibers. Taking these anisotropic features to be convected with the surfaces, a particular constitutive model is developed that depends on the sliding direction relative to the orientation of the features. Unlike He and Curnier, the proposed model can exhibit non-centrosymmetry, as in [15]. The challenges presented by the numerical implementation of this model are met by a number of innovations. First, the oriented features require smooth representation on the two finite element surfaces. This is accomplished by synthesizing techniques borrowed from computational geometry and discrete differential geometry. Second, the frictional tractions need to be interpolated piecewise continuously on the contacting surfaces, which 2
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poses a problem specifically for the tangential tractions, given that there is no natural basis for their component-wise interpolation. This is resolved by adopting a discrete form of parallel transport of tangential tractions over finite element facets. Third, the sharp stick-slip transitions encountered in frictional phenomenology lead to modeling stick as an additional constraint to impenetrability. In this case, transitions from stick to slip are problematic because the constitutively defined slip traction requires a slip direction. Herein, the Lagrange multipliers enforcing stick are employed to generate an algorithmic prediction of this incipient slip direction. The paper is organized in four sections following this introduction. Section 2 is a selfcontained exposition of a continuum-mechanical framework of anisotropic friction, followed by the proposed model. The finite element implementation of the model is presented in Section 3, and is followed by selected numerical simulations in Section 4. The findings of this work are summarized in Section 5.
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Continuum Formulation



Consider two deformable bodies B α , α = 1, 2, and let any material point X α ∈ B α be associated with position vector Xα in a fixed reference configuration Ωα0 . Each region Ωα0 belongs to the Euclidean point space and is simply connected and open with respect to the ambient metric. Also, its boundary ∂Ω α0 is assumed smooth. The motion of the body B α is a smooth map χα : xα = χα (Xα , t) taking Xα ∈ Ωα0 to its image xα ∈ Ωαt at time t. In addition, χα maps the referential boundary region ∂Ω α0 onto its image ∂Ωαt . The restriction of χα to a fixed time t, referred to as the placement χ αt , is assumed invertible, which implies that the deformation gradient F α = ∂Xα χαt is non-singular. Under quasi-static loading conditions, the local form of the linear momentum balance takes the form div Tα + ρα b = 0 ,



(1)



where Tα is the Cauchy stress, ρα the mass density and b the body force per unit mass. In addition to the classical mixed boundary conditions ¯ α on Γαu xα = x



,



Γαu ⊂ ∂Ωα



tαnα = ¯tα on Γαq



,



Γαq ⊂ ∂Ωα ,



(2)



where tαnα = Tα nα is the Cauchy traction vector and nα is the outward unit normal to ∂Ωα , the maps χαt are subject to contact conditions discussed in the subsequent section. 3
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2.1



Frictional Contact



The motions of the two bodies are subject to the constraint of impenetrability. To express this constraint, a mathematical description of relative distance between the two boundary surfaces is provided by way of a gap function, defined as g βα nα =



 α α χβt ◦ Πβα t − χt (X ) ,



(3)



β α where β = mod (α, 2) + 1. Here, the projection Π βα t : ∂Ω0 → ∂Ω0 , typically expressed in



terms of convected coordinates, is such that α −1 (χβt )−1 (xβ ) = (Πβα (xα ) , t ) ◦ (χt )



(4)



where xβ = xα . The impenetrability constraint can now be formulated as the inequality g βα ≥ 0, over the entire boundary surface of each body. In the presence of friction on the contact interface C = ∂Ω α ∩ ∂Ωβ , there exist distinct regions of stick and slip. In analogy to impenetrability, the constraint of stick is formulated by way of a slip function  α α χβt ◦ Πβα t¯ − χt (X ) ,



htβα = ¯



(5)



defined with respect to a reference time t¯. A point X α on the contact surface is in a state of stick at time t if there exists an interval ( t¯, t), such that htβα ¯ = 0. Through the α projection, the reference time t¯ defines an association between X and a material point on the opposing surface which endures until X α slips or comes out of contact. The gap and stick constraints engender Lagrange multipliers that can be identified with pressure pα and tangential traction τ α , respectively, where tαnα = −pα nα + τ α



τ α · nα = 0 .



|



(6)



The gap constraint gives rise to the Kuhn-Tucker conditions −pα ≤ 0



,



g βα ≥ 0



,



pα g βα = 0 .



(7)



The local statement of linear momentum balance takes the form [[tnα ]]βα =



 α α α tβnα ◦ χβt ◦ Πβα t − tnα ◦ χt (X ) = 0 ,



(8)



as in [20, Section 205], and is written with respect to the contact surface with orientation given by nα , henceforth referred to as C α . Since the contact boundary is smooth, i.e., 4
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nα = −nβ , Cauchy’s lemma and the momentum balance equation (8) imply that p α = pβ and τ α = −τ β .∗ In analogy to rigid plasticity, a local yield (slip) function ˆ nα (pα , τ α , K βα , M α , M β ) ≤ 0 Υ = Υ



(9)



is needed to distinguish between the states of stick (Υ < 0) and slip (Υ = 0), see [11,12,21]. Now, following (7), the Kuhn-Tucker conditions take the form Υ≤0



,



khtβα ¯ k≥0



,



Υkhtβα ¯ k=0 .



(10)



ˆ nα for the slip function The explicit inclusion of the unit normal n α in the notation Υ stresses the dependence of the variables (e.g., τ α ) on the orientation of C α . In addition to the pressure and tangential traction, the slip function may depend on variables convected by the motion of each surface, represented abstractly by the sets M α and M β . Given that the frictional response may not be entirely determined by the properties of the two bulk materials, the set K βα is included to account for dependencies that are intrinsic to the interface. This is consistent with the treatment of the frictional interface as a “third body” [22, 23]. During slip, the tangential traction is specified by a constitutive law of the form τ α = τˆ nα (pα , dβα , K βα , M α , M β ) .



(11)



In addition to previously defined variables, the slip traction also depends on the slip direction dβα =



1 [[v]]βα , k[[v]]βα k



(12)



where [[v]]βα =



 α α α vβ ◦ χβt ◦ Πβα t − v ◦ χt (X )



(13)



α α α is the velocity of point χβt ◦ Πβα t (X ) relative to χt (X ). In analogy, again, to rigid



plasticity [24], the function τˆ is assumed invertible upon holding {p α , K βα , M α , M β } fixed. Second law considerations, necessitate that τ α · [[v]]βα ≤ 0 ,



(14)



see [25]. Slip is rendered strictly dissipative by further postulating that τ α · [[v]]βα < 0 when [[v]]βα 6= 0. ∗



The notation τ α is meant to imply τ α nα , the latter being employed only when necessary to distinguish



it from τ α nβ .
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2.2



Anisotropic Friction



The rigid plasticity-like constitutive equations (9) and (11) can be simplified by ignoring the sets K βα , M α and M β . In this case, He and Curnier [17] have used invariance and a representation theorem to demonstrate that the slip law τˆ α (pα , dβα ) is necessarily isotropic and of the form τˆ α (pα , dβα ) = −$(p ˆ α )dβα .



(15)



In fact, the familiar (isotropic) Amontons-Coulomb friction law is readily recovered from (15) by assuming that the scalar-valued function $(p ˆ α ) is linear in pα . It is, therefore, clear that the constitutive description of anisotropic friction requires the presence of additional variables in (9) and (11). Moreover, such variables need to be vectors (or tensors) in order to provide information on the oriented features of the two contacting surfaces. Structural tensors provide a convenient means of incorporating anisotropy into the constitutive response, see, e.g., [26]. Specifically, for a large class of physically relevant material symmetries, the constitutive functions can be rendered isotropic by the addition of corresponding structural tensors in their argument list. This allows the use of isotropic representation theorems to recover irreducible forms of the constitutive functions. † A k-th order structural tensor S is defined by the property G | G {z. . .  G} S = S ,



(16)



k times



for all second-order transformations G in a particular symmetry group G, see [28]. ‡ In this work, attention is focused on frictional anisotropy due to the presence of superficial curvilinear features, such as non-intersecting grooves or rows of scales or fibers, as illustrated schematically in Figure 1. These features will be described in terms of the geometry of the tangent plane in order to define the requisite structural tensors. To this end, with reference to the topography of a generic set of features shown in Figure 2, the local orientation of a curvilinear feature on ∂Ω α can be quantified by a vector sα tangent to the material curve delineating the feature. A vector a α that lies on the tangent plane of ∂Ωα and is normal to sα can be defined as aα = α sα , where α is the two-dimensional alternating tensor, such that (nα , sα , aα ) form a right-handed triad, i.e., a α = nα × sα . Referring again to Figure 2, the symmetry group of the textured surface is the two-dimensional rectangular group Gα ∈ G α = span{Rsα }, where Rsα is a reflection with respect to sα such †



The review article of Zheng [27] contains a comprehensive exposition of the representation theory for



anisotropic tensor functions. ‡ Recall that the Kronecker product between two second-order tensors A and B is defined by the property A  B(v ⊗ w) = Av ⊗ Bw, for all vectors v, w. A straightforward extension applies to products where k > 2.
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that Rsα aα = aα . Therefore, aα is a natural choice for the structural tensor, where k = 1 in (16) and the operation “” is now reduced to second-order tensor action on the tangent plane. The sense of the vector aα can be used to characterize a feature that possesses an asymmetric profile (e.g., for a row of scales, a α could be chosen to point from root to free edge). It should be emphasized that the vector a α depends on the orientation of the surface ∂Ωα due to its definition via the (extrinsic) right-hand rule. Therefore, when the same vector is viewed as belonging on the tangent plane of the opposite surface ∂Ω β , it takes on the opposite sense, namely −aαnα = aα−nα = aαnβ .



(17)



However, it should be clear that aα continues to possess the same intrinsic sense relative to the topography of the features. The parametrization of the material curve describing the feature is heretofore arbitrary, which implies that the magnitude of s α and, therefore also of aα , are not uniquely defined. To eliminate this indeterminacy, one may choose, for example, to treat the magnitude of a α as a length scale tied to the distance between adjacent features. However, here the effect of the length scale is assumed to be negligible, hence s α (therefore also aα ) are taken to be unit. During surface stretch, the material tangent vector s α is convected by the surface deformation gradient F α , defined in terms of convected surface coordinates ξ γ,α as F α = lαγ ⊗ Lγ,α , where Lαγ =



∂Xα ∂ξ γ,α



(18)



∂xα ∂ξ γ,α are the covariant basis vectors in the reference and Lγ,α and lγ,α are the associated contravariant basis vectors. §



and lαγ =



current configuration, while



Consequently, the vector aα transforms as aα =  α sα =  α



F α sα0 , kF α sα0 k



(19)



where sα0 is image of the convected vector sα in the reference configuration. In general, the deformation of a surface may radically change the symmetry group that describes its anisotropy. In the special case under consideration, the deformation of the surface changes the symmetry only in the sense that the structural tensor a α may rotate on the tangent plane to the deformed surface. It is now possible to investigate the interaction of the two surfaces. For simplicity, a separable form of (11) is considered, namely ˆ βα , aα , aβ ) . τ α = −$(p ˆ α )w(d §



(20)



The use of the comma in the superscript of ξ γ,α is intended to distinguish between the role of the two



running indices.
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Here, the function $(p ˆ α ) is assumed to be non-negative and zero only when p α = 0. The vectors aα and aβ lie on the tangent planes of ∂Ωα and ∂Ωβ , respectively. These planes are coincident at a common contact point, yet possess opposite orientations. The interaction between the two surfaces requires operations involving both a α and aβ , consequently necessitating the use of (17) to bring the two vectors into a tangent plane of unique orientation. Let G βα be the joint symmetry group of the frictional interface. This means that the transformation of the tangent planes of ∂Ω α and ∂Ωβ by Gβα ∈ G βα leaves the frictional response unchanged while maintaining the relative orientation of the features, namely ˆ βα , aα , aβ ) = −$(p ˆ βα , Gβα aα , Gβα aβ ) . τ α = −$(p ˆ α )w(d ˆ α )w(d



(21)



Invoking material frame indifference for the tangential traction leads to ˆ βα , aα , aβ ) Qˆ τ (pα , dβα , aα , aβ ) = −Q$(p ˆ α )w(d



(22)



βα ˆ = −$(p ˆ α )w(Qd , Qaα , Qaβ ) = τˆ (pα , Qdβα , Qaα , Qaβ )



for all Q ∈ Orth(2). Choosing Q = (Gβα )−1 , equations (21) and (22) imply that  ˆ (Gβα )−1 dβα , aα , aβ . (Gβα )−1 τ α = −$(p ˆ α )w



(23)



which can be interpreted as a symmetry rule pertaining to the transformation of the slip direction for fixed orientation of the surface features. He and Curnier [17] classify interacting surfaces into “tribologically heteromorphic” and “tribologically isomorphic”. The first class corresponds to a pair of surfaces whose anisotropies are different in nature (e.g., one surface has scales and the other napped fibers), and are represented schematically in Figure 3 by vectors a α and aβ which are distinct and particular to the type of each anisotropy. In this case, the joint symmetry group is the intersection of the symmetry groups of the two surfaces, which, in general, leads to full anisotropy. In contrast, the anisotropy in a tribologically isomorphic pair of surfaces stems from identical features, hence is derived from structural tensors a α and aβ which are indistinguishable. In this work, it is assumed that the contacting surfaces are tribologically isomorphic. Appealing to Figure 4, it is clear that, in general, the joint symmetry group G βα is defined by G βα = span{Rα aβα } ,



(24)



where aβα is the bisector of aα and aβ , written as aβα = aαnα + aβnα = aαnα − aβnβ . 8



(25)
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Therefore, in analogy to the material symmetry of a single surface, the vector a βα takes on the role of the structural tensor for the interface, hence ˜ βα , aβα ) . τ α = −$(p ˆ α )w(d



(26)



The vector aβα , being a bisector between aα and aβ , depends inherently on the relative orientation of the two surfaces and, hence, on the invariant I 0 = aαnα · aβnα . It is important to note that the magnitude of aβα is not constant, and, in fact, kaβα k2 = 2 + 2I0 . Figure 4(b) illustrates a special case in which the features on the two surfaces are exactly aligned. Here, I0 = −1 and the symmetry group possesses an extended set of generators {−I, R α aα } that includes centrosymmetry. This case requires special treatment, a particular instance of which is discussed in Section 2.3. By virtue of a standard representation theorem [27] for an isotropic vector function of ˜ of equation (26) becomes two vector variables, dβα and aβα , the function w ˜ βα , aβα ) = α0 dβα + α1 aβα , w = w(d



(27)



where α0 and α1 are scalar functions of the invariants I 0 and I1 = aβα · dβα . The values of I0 and I1 do not depend on the order in which the two surfaces are specified, which is consistent with the assumption of tribological isomorphism. The function α 0 generates only deviations from isotropy in the magnitude of τ . In contrast, α 1 creates deviations in the direction of τ α relative to dβα , since τ α · α dβα = −$α1 aβα · α dβα .



2.3



A particular model



To generate a simple model of the proposed traction law, the functions α 0 and α1 in (27) are chosen to be bilinear in the invariants, specifically α0 = α ˆ 0 (I0 , I1 ) = (c1 + c2 I0 )(c3 + c4 I1 ) ,



(28)



α1 = α ˆ 1 (I0 , I1 ) = (c5 + c6 I0 )(c7 + c8 I1 ) , where ci , i = 1, . . . , 8 are constants. To reduce the number of constants and to put the model into the form of a perturbation of the isotropic law (15), the constants c 1 and c3 are set to unity. Furthermore, in order for the slip rule to incorporate the special case where I0 = −1, the conditions Jˆ1 ($, −1, −I1 ) = −Jˆ1 ($, −1, I1 ) , Jˆ2 ($, −1, −I1 ) = Jˆ2 ($, −1, I1 ) 9



(29)
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must be met, where the invariants J1 = Jˆ1 ($, I0 , I1 ) = τ α · aβα = −$ α0 I1 + α1 (2 + 2I0 )







J2 = Jˆ2 ($, I0 , I1 ) = τ α · τ α = $ 2 α20 + α0 α1 I1 + α21 (2 + 2I0 )



(30)







measure the direction of the slip traction relative to the joint structural tensor a βα and the magnitude of the slip traction, respectively. Equations (29) 1,2 define centrosymmetry for I0 = −1. In particular, equation (29) 2 states that the magnitude of the slip traction remains unchanged upon reversal of d βα to −dβα . Also, equation (29)1 expresses the requirement that the slip traction changes sense upon reversal of d βα . Consequently, Jˆ1 ($, −1, I1 ) = −$ (1 − c2 )I1 + (1 − c2 )c4 (I1 )2 must be an odd function of I1 and







Jˆ2 ($, −1, I1 ) = $ 2 (1 − c2 )2 + (1 − c2 )(c5 − c6 )c7 I1 + (1 − c2 )(c5 − c6 )c8 I12



(31)







(32)



must be an even function of I1 . To enforce these conditions, c4 is set to zero and c6 is set ˜ on the equal to c5 . The latter choice makes α1 vanish and eliminates all dependence of w bisector aβα as aβα approaches zero. This provides a single functional representation of ˜ for all cases, albeit at the expense of enlarging the symmetry group of the special case w I0 = −1 to full isotropy.¶ At this point, equations (28) have been reduced to α0 = (1 + c2 I0 )



,



α1 = (c5 + c5 I0 )(c7 + c8 I1 ) ,



(33)



so clearly α1 can be reparametrized as α1 = c5 (1 + I0 )(c7 + I1 ) ,



(34)



without loss in generality. Lastly, the dissipation requirement (14) implies that τ α · dβα = −$(α0 + α1 I1 )  = −$ (1 + c2 I0 ) + c5 (1 + I0 )(c7 I1 + I12 ) < 0 ,



(35)



which yields the restricted set {(c 2 , c5 , c7 ) | |c2 | < 1, |c5 |c27 < 4} of admissible values for the remaining parameters. This parameter set is derived from the minimization of (35) with respect to (I0 , I1 ) ∈ [−1, 1] × [−2, 2]. Taking into account (33) 1 and (34), the slip rule reduces to



¶



 τ α = −$(p ˆ α ) (1 + cmag I0 )dβα + cang (1 + I0 )(ccen + I1 )aβα .



(36)



The alternative choice of eliminating c7 is unacceptable. Indeed, in the special case I0 = −1 the bisector



is no longer the joint structural tensor. In fact, the structural tensor becomes aα ⊗ aα , see [17].



10



R.E. Jones and P. Papadopoulos



Here, cmag = c2 effects solely a deviation in magnitude of τ α due to change in relative orientation. In addition, cang = c5 controls the dependence of the direction of τ α on the direction of aβα , thus creating deviations from the direct opposition of τ α and dβα in (15). Furthermore, ccen = c7 controls the degree of non-centrosymmetry in the magnitude of τ α when I0 6= −1. Given (36), it is possible to solve J 1 = −$ (1 + cmag I0 )I1 + 2cang (1 + I0 )2 (ccen + I1 ) for I1 , so that the invariant J2 can be expressed as J2 = $ 2 (1 + cmag I0 )2   (1 + I0 )(1 + cmag I0 ) + $J1 cang ccen 1 + cmag I0 + 2cang (1 + I0 )2   (1 + I0 ) + J12 cang = Jˇ2 (pα , J1 , I0 ) 1 + cmag I0 + 2cang (1 + I0 )2







(37)



and be used in formulating a slip function as Υ = τ α · τ α − Jˇ2 (pα , J1 , I0 ) ≤ 0 .



(38)



If ccen = 0, the slip function (38) reduces to  Υ = τ α · τ α − $ 2 (1 + cmag I0 )2 + J12 cang



 (1 + I0 ) 1 + cmag I0 + 2cang (1 + I0 )2



(39)



and the slip rule (36) is always centrosymmetric, as in [17]. If, in addition, c ang = 0, the slip function reduces to Υ = τ α · τ α − $ 2 (1 + cmag I0 )2 ≤ 0, and the quantity τ α · α dβα is identically zero. With all three constants c mag , cang and ccen equal to zero, the slip law (36) and slip function (38) revert to their isotropic counterparts. In summary, the magnitude and direction deviations from isotropy are affected by relative orientation, as measured by I 0 , and sliding direction, as measured by I 1 . For the specific choice of cmag = cang = 0.1 and ccen = 0.5, the slip surface, parametrized by the  angle φ = cos−1 √JJ1 between τ α and aβα , can be seen in Figure 5 for particular choices 2



of the angle θ = cos−1 (I0 ) between aα and aβ . The slip surface, although in general nonconvex, has a unique radial return for every point in J 1 -space, due to the fact that it is a function of θ. This is important in the ensuing algorithmic developments. Note that for the special case θ = π (i.e., when I0 = −1) the slip surface is isotropic, hence it is a circle in J1 . The slip surface changes with relative orientation of the two contacting surfaces, just as the resistance to slip changes for two surfaces with scales when the scales are opposed versus when they are aligned. This effect is primarily controlled by c mag , and can be seen in Figure 5 by comparing the surfaces for θ = 0 and θ = π. Also, it is clear that for θ 6= π the slip surface exhibits deviation from centrosymmetry that reflects the distinction 11
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between sliding with versus against the “grain” or “nap” of the contacting surfaces. In addition, Figure 5 shows that the minima in the traction magnitude occur near φ = ± π2 where the traction and the sliding direction are orthogonal to the structural tensor a βα . The exact location of the minima can be derived from minimizing (37) with respect to J 1 or, alternatively, (30) 2 with respect to I1 , and is controlled by cang and ccen . Lastly, Figure  I1 6 shows the angle in radians between d βα and τ α , parametrized by $ = cos−1 2(1+I , for 0)



the choices of θ used in Figure 5, and illustrates that d βα and τ α are not always directly opposed. This effect is also controlled by c ang and ccen .



3



Finite Element Formulation



Using a standard Galerkin formulation, the governing equations (1), the boundary conditions (2) and the constraints (7) and (10) are set in weighted-residual form as Z



α



α



α



α







grad w · T + w · ρ b dv −



Ωα



Z



(α)



Γq



wα · ¯tα da Z − wα · (−pα nα + τ α ) da = 0 , (40) Γα p



Z



(q α − pα )g βα da ≥ 0 ,



(41)



mα · htβα ¯ da = 0 ,



(42)



Γα p



Z



Ckα



which apply to each body for all w α ∈ W α , q α ∈ P α and mα ∈ Mα . Here, Γαp ⊂ ∂Ωα is the region of potential contact and C kα is the region of sticking contact defined by the slip function. Note that there appears to be no direct analog to (41) for the stick constraint owing to the constitutive nature of the inequality. Also, it is understood that the time t¯ in (42) depends on the point and is always taken to be less than the current time t. The weak counterpart of the surface momentum balance (8) reads Z rα · [[tnα ]]βα da = 0 ,



(43)



Cα



and applies to the actual contact surface C α ⊂ ∂Ωα . The accompanying spaces of admissible functions for the displacement and the associated weight field of the balance of linear momentum are ¯ α on Γαu , uα ∈ H1 (Ωα ) | uα = u  W α = wα ∈ H1 (Ωα ) | wα = 0 on Γαu . Uα =
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Likewise, the weight fields for equations (41) and (42) are 1 q α ∈ H − 2 (Γαp ) | q α ≥ 0 on Γαp ,  1 = mα ∈ H− 2 (Ckα ) ,  1 = rα ∈ H 2 (C α ) .



Pα = Mα Rα







(44)



The reader is referred to [29] for technical details on the definition of fractional Sobolev spaces over subsets of ∂Ωα .



3.1



Surface description



The representation of the tangent vector field a α on the discrete counterpart of boundary surface ∂Ωα poses a challenge. Indeed, while the representation of vector fields on smooth differentiable manifolds employs an atlas of overlapping coordinate charts, there is no direct analog of this atlas for finite element-generated surfaces. In the latter case, the coordinate charts defined on element faces do not overlap, therefore there is no natural way to construct continuous mappings between them. Although it is possible, in principle, to generate overlapping coordinate charts by extending the element domains, this is not computationally attractive since it involves costly extrinsic projections between neighboring element charts. An alternative method pursued here is to exploit the discrete differential geometric structure of the finite element topology, based on the work of Dimakis and M¨ uller-Hoissen [30, 31]. These authors have demonstrated that there exists a bijective relation between the differential structure needed to define a Riemannian manifold over a discrete set and a symmetric directed graph (digraph) whose vertices are given by the elements of the set. In the case of finite element boundaries, the directed graph of interest consists of the boundary nodes I (vertices) and the directed pairs I → J (edges) from I to all its nearestneighbor nodes J, K, . . ., as defined by the element connectivities, see Figure 7. In correspondence to the formalism in [30, 31], define the algebraic objects



εIJ



=



 1



0



if I → J exists



.



ε IJ



as



(45)



otherwise



Then, denote by dx the collection of all vectors drawn from each node to all of its nearest neighbors and write dx εIJ = xJ − xI . 13
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It is now possible to define a metric on the discrete manifold of all boundary nodes as  (xJ − xI ) · (xJ − xI ) if I → J exists g(I)J = , (47) 0 otherwise where the dot product is taken in the ambient Euclidean space.



Having defined the Riemannian structure of the discrete surface, the tangent vector field Aα which characterizes the initial texture orientation can be generated by assigning its value at a selected set of points K α and interpolating throughout the boundary using radial basis functions φ, as done in computer graphics applications [32]. This results in an interpolated vector field, such that, at node I, X AαI = cαK φ(rKI ) ,



(48)



K∈Kα



where cαK are vectors determined from a consistency condition that requires that the interpolation be exact at all nodes in K α . Also, the “radial” distance rKI between nodes I and K is defined as the shortest distance in the discrete metric (i.e., over all paths defined by element edges). This distance can be efficiently computed using Dijkstra’s algorithm, see, e.g., [33]. There are many possible choices for the form of the interpolant φ in (48). In this work, φ is chosen to be an inverse multiquadric, namely φ(r) =



1 (r 2 + β 2 )1/2



(49)



,



where β is a constant chosen to be on the order of the maximum distance between points in the graph. The interpolated vector field Aα is convected by Fα to its image aα in the current configuration. This can be achieved in a straightforward and geometrically unbiased manner as follows: at each node, the referential vector A αI can be uniquely projected on all np (I) pairs of edge vectors (dx ε IJ ,dx εIK ), where J and K are consecutive neighboring nodes to I in a cyclic sense determined by the right-hand rule. Note that n p (I) always equals (J,K)



the number of faces to which the node I belongs. The resulting ordinates A α (I)J



for a



AαI



pair (J, K) can be used to redefine as i X h 1 (J,K) (J,K) AαI = Aα (I)J (XαJ − XαI ) + Aα (I)K (XαK − XαI ) np (I) (J,K)∈P(I) i X h = Aα (I)J (XαJ − XαI ) ,



(50)



J∈N (I)



where P(I) and N (I) are the cyclically ordered sets of pairs and nodes constructed from neighbors of I, respectively, see Figure 8. This, in effect, results in a vector average of the 14
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projection of the original interpolated A α in each neighboring face. Once the coefficients (J,K)



Aα (I)J are determined from the values of Aα (I)J



at neighboring faces, the convected



vector field aα = Fα Aα is given by aαI =



X h



J∈N (I)



i Aα (I)J (xαJ − xαI ) .



(51)



The vector aαI is subsequently normalized and rotated in a manner discussed in the next section. An averaged unit normal nαI at node I may be defined by i X h jI nαI = (xαJ − xαI ) × (xαK − xαI ) ,



(52)



(J,K)∈P(I)



where jI is the Euclidean norm of the quantity in the right-hand side of (52). In general, p jI is not equal to det g(I)JK , as it would be in the case of a smooth surface.



3.2



Finite element interpolations



In the context of finite elements, the positions, displacements, displacement weights and corresponding gradients are interpolated as xαh (X, t) =



X



NαI (X)xαI (t) ,



I



uαh (X, t)



=



X



NαI (X)uαI (t) ,



I



whα (X, t) =



X



NαI (X)wIα (t) ,



(53)



I



grad whα (X, t)



=



X



BαI (X)wIα (t) .



I



Clearly, (53)1 results in finite element surfaces that are piece-wise smooth approximations to the body’s boundary ∂Ωα . Tractions are interpolated differently than texture vectors, as they are computed (as opposed to convected) on the tangent plane defined by the normal n αI . This is achieved by defining an orthonormal basis at each node I, with one of the basis vector being n αI . The only additional requirement on the other two vectors is that they behave objectively throughout the motion. Such a pair of unit tangent vectors at I can be chosen in different ways and the particular choice is inconsequential. Here, the pair of unit tangent vectors 2,α (l1,α I , lI ) is defined by



l1,α = nαI × I



xJ − x I , kxJ − xI k 15



l2,α = nαI × l1,α , I I



(54)
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where J is the first element in N (I). The contact tractions can now be interpolated as pαh (ξ γ,α , t) =



X



LαI (ξ γ,α )pαI (t) ,



I



τ αh (ξγ , t)



=



X I



 LαI (ξ γ,α )R nα (ξ γ,α , t), nαI (t) τ αI (t) .



(55)



Equation (55) 2 employs a form of parallel transport from each of the nodal point to the specific point on the discrete boundary surface with coordinates ξ γ,α , followed by the usual summation weighted by the shape functions L αI . Similar to developments in [34], the rotation tensor R in the ambient space is the means used to transport a tangent vector from one point of the boundary surface to another. Specifically, if the outward unit normal at the original point is no and the one at the destination point is n d , then R is defined as ( ⊥ ⊥ ⊥ p ⊗ p + cos θ(no ⊗ no + p⊥ if p 6= 0 , o ⊗ po ) + sin θ(no ⊗ po − po ⊗ no ) R(nd , no ) = I otherwise (56) nd × n o ⊥ where p = , p = no × p, and θ = arccos (nd · no ). This scheme meets two basic knd × no k o requirements, namely: (a) the interpolation of tangent vectors is lies on the tangent plane at the interpolation point, and (b) a constant vector field can be interpolated over surfaces homomorphic to the Euclidean plane, e.g. flat and cylindrical surfaces. To alleviate kinematic surface locking, impenetrability constraints are enforced selectively. As in [35], two disjoint sets of nodes S kα and Stα are defined on each surface. On Skα , the constraints (41), (42) (in stick states) or (20) (in slip states) are enforced by the surface tractions. On Stα the weak surface momentum balance equation (43) is enforced and the tractions satisfy continuity across the contact interface. As a result, the weighting functions corresponding to (41) and (43) are defined by qhα (x, t) =



X



δ(xαI )qIα (t) ,



I∈Skα



mαh (x, t) =



X



δ(xαI )mαI (t) ,



I∈Skα



rh (x, t) =



X X



(57)



δ(xαI )rαI (t) ,



α=1,2 I∈Stα



where δ(·) denotes the Dirac delta function. Due to the selective enforcement of impenetrability, the contacting surfaces are in general non-conforming everywhere except at points S kα , α = 1, 2. Therefore, the mapping between the two contacting surfaces is no longer trivial, which necessitates the use of a specific projection map. Here, projection along the average outward normal to the surface 16
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of interest is chosen and defined at a point x α ∈ ∂Ωα with outward unit normal nα such as xβ = π βα (xα ) = xα + λnα ,



(58)



where λ = g α is a minimum (see [35]), and π βα = χβt ◦ Πβα ◦ (χαt )−1 . The traction interpolation and surface integration scheme is a straightforward extension of the earlier development in [35] that is consistent with (55).



3.3



Solution algorithm



A non-smooth Newton-Raphson solution scheme is employed in conjunction with an “active set” strategy to handle changing contact and stick regions. An effective algorithm is needed to stabilize the contact-release and stick-slip oscillations without arbitrarily fixing the contact states at convergence. The proposed algorithm, described in detail in Table 1, is tailored specifically to the frictional contact problem. This algorithm is adapted from earlier developments for two-dimensional simulations [21]. In practice, initial errors in the choice of stick-slip state can lead to large slip that are not recoverable, as the solution iterate may easily stray outside the radius of attraction of the Newton-Raphson method. Consequently, the use of a predictor based on an initial state of stick is commonplace. In order to partially decouple the stick-slip from the contactrelease state changes, an algorithmic inflation of the slip surface is employed in the τ -plane, namely ˆ nα (pα , ωτ α , K βα , M α , M β ) . Υω = Υ



(59)



The effect of this inflation is to allow the set of contacting nodes and the corresponding pressures to stabilize before the actual stick-slip states are resolved. The inflation parameter ω in (59) asymptotes to unity as the impenetrability constraint is progressively satisfied, hence it is a function of the norm kgk, defined by kgk =



2 X hX i1/2 1 βα 2 (g ) , I card Sk1 + card Sk2 α=1 α



(60)



I∈Sk



where card S denotes the cardinality of a set S. When a predicted stick state leads to tangential traction τ α,PR that lies outside the slip surface, a radial return-map onto the slip surface is necessary [36]. This can be easily achieved by setting τ α = λα τ α,PR ,



(61)



where λα can be obtained explicitly from (38). Notice from (37) that the origin τ α = 0 is never outside the slip surface, therefore there are always two real solutions for λ α . Of these the largest one is chosen, as it corresponds to the first point of return on the slip surface. 17
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In the context of quasi-static finite element formulations, the definition of d βα in (12) is inconvenient, as it involves nodal velocities. Instead, a finite difference approximant is utilized, namely dβα ≈ δ βα =



htβα ¯ khtβα ¯ k



=



¯ β − xα x . k¯ xβ − x α k



(62)



α β ¯ β = χβt ◦ Πβα Here, x t¯ (X ) is the current location of the material point on surface ∂Ω to



which a given point xα = χβt (Xα ) was assumed to stick at the beginning of the iteration process, and consequently t¯ corresponds to the last converged time-step. Newton-Raphson iterations require linearization of the constitutive traction τˆ with respect to the algorithmic slip direction δ βα . The linearization of δ βα leads to an expression ∆δ βα =



k¯ xβ



1 (I − δ βα ⊗ δ βα ) (∆¯ xβ − ∆xα ) − xα k



(63)



which is clearly ill-conditioned for small slip. To circumvent this problem, a stick-based estimate of δ βα is used in lieu of (62) when k¯ xβ −xα k < tols , on the assumption of tangential traction continuity through time. In particular, given the anisotropic constitutive rule (36), one can express dβα,PR as a function of τ α , aα , aβ , and pα as h λα i 1 α,PR βα dβα,PR = − τ + c (1 + I )(c + I )a . ang 0 cen 1 1 + cmag I0 $(p ˆ α)



(64)



Note that the slip predictor is reset after every stick state.



It is essential to provide a means for transitioning back to a stick state after slip has been erroneously predicted at an earlier iteration within a time step. A “turn-around condition”, introduced in [37], is a physically-motivated criterion for a slip-to-stick transition. Here, this condition is applied relative to the last stick state in the iteration sequence. This is accomplished by checking if τ α · τ α,PR < 0 and reverting to stick between the two material points that were originally in contact at the beginning of the time-step if this is true.



4



Representative Simulations



To complete the constitutive modeling of the two-body contact problem under consideration, it is assumed that each body B α , α = 1, 2 is made of a neo-Hookean material. The strain energy of this material is Wα =



1 1 1 1 α G (tr Cα − 3) − Gα ln(det 2 Cα ) + λα (det 2 Cα − 1)2 , 2 2



where Cα = (Fα )T Fα is the right Cauchy-Green deformation tensor and λ α , Gα are material constants. The bodies are discretized with standard displacement-based 8-node hexahedra. All simulations assume that $(p ˆ α ) = µpα , namely that the pressure dependence of the slip tractions is linear, as in the Amontons-Coulomb law. 18
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4.1



Patch tests



A set of patch tests is performed to assess the basic consistency of the proposed formulation. The first is a frictionless patch test, where two blocks with identical material constants are uniformly loaded in the normal direction on their exposed top surfaces, see also [35]. The lower body is allowed to expand laterally, while its vertical motion is restrained. The deformation shown in Figure 9 demonstrates that the formulation satisfies the basic requirement of consistency for arbitrary mesh alignment and surface overlap. The second test also involves two blocks with identical material constants, but now completely overlapping and with an oblique contact interface, see Figure 10. The loading is again uniform and normal to the top surface of the upper body. Due to the oblique interface, shearing traction and potentially slip are generated. For a uniformly sticking interface, the formulation produces homogeneous deformation, as shown in Figure 10. Further loading results in stick-to-slip transition occurring simultaneously across the interface regardless of the discretization. The third and last test involves a deformable hexahedral body resting on a rigid, flat foundation. In this case, uniform slip and homogeneous deformation are induced by prescribing all displacements on the top face and the appropriate tractions on the lateral faces of the deformable body. These lateral tractions are determined a priori by solving a boundary-value problem of homogeneous deformation of the rectangular hexahedral body to a oblique parallelepiped. Figure 11 demonstrates that uniform slip is attained under the assumed loading.



4.2



Hertz-Mindlin problem



The objective of this simulation is to test the predictive capacity of the proposed formulation against a well-known semi-analytical, approximate solution due to Mindlin [38]. The problem involves frictional contact between a sphere and a rigid flat half-space under the assumptions of infinitesimal deformation and linear elasticity. The sphere is first pressed into contact and subsequently displaced in a direction tangent to the half-space. The Mindlin solution is obtained by first using Hertzian theory to determine the pressure field. Then, a tangential traction field corresponding to a fully sticking solution is assumed to apply along the prescribed tangential displacement direction. Finally, the Amontons-Coulomb law is imposed on the tangential traction in the contact region where the stick limit is exceeded. To replicate the Mindlin solution, an elastic body with a spherical contact surface is initially pressed into a rigid stationary foundation assuming frictionless contact, then the frictional response is activated as the body is displaced tangentially. The elastic constants 19
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of the deformable body are λ = 0.657 MPa and G = 0.164 MPa, and correspond to PFTE (“Teflon”). The rigid foundation is assumed to be made of steel and the Coulomb coefficient between the two materials is specified to be µ = 0.1. The steel-PFTE interface is chosen due to its relatively low Coulomb coefficient. This minimizes the coupling between the tangential traction and the pressure, thus complying with the assumptions of the Mindlin solution. In addition, a far-field normal displacement of 0.15 m is applied to the top surface of the deformable body. This is, again, small relative to the radius of the spherical contact surface, taken here to be 12.0 m. As a consequence, the region of contact is confined to a small part of the spherical boundary surface, which justifies the use of the mesh shown in Figure 12. Traces of the pressure and tangential traction fields along the axis parallel to the tangential displacement are plotted in Figure 13 and Figure 14, respectively, for a prescribed tangential displacement of 0.015 m. Clearly, the numerical solutions are converging to the Mindlin solution as the mesh size h is reduced. It is also apparent that the deformation due to the tangential displacement tends to break the radial symmetry seen in the Mindlin solution. Figure 15 shows convergence rates in the L 2 -norm for the pressure and tangential traction, where each has been scaled by the L 2 -norm of the respective traction component of the Mindlin solution. The convergence rate for the tangential component is noticeably slower due to the non-smooth nature of the stick-slip solution and the fact that the tangential traction field inherits the errors in the pressure through the constitutive law. In order to explore the applicability of the Mindlin solution for the case of frictional contact between two deformable bodies, the same configuration, loading, and Coulomb coefficient is considered, where now the foundation is also taken to be made of PFTE and is given a discretization commensurate to that of the upper body. In Figure 16, tangential tractions and slip vectors are plotted for three stages of the simulation, corresponding to initial compression (with frictional response active in this case), partial slip and full slip. It is clear from the figure that the tangential tractions in the partial slip stage are not oriented parallel to the tangential displacement direction, as assumed by the Mindlin solution. In fact, there is no fundamental reason why such an assumption would be generally valid. However, when slip is fully developed, this assumption seems to hold. Lastly, the normal reactions and tangential reactions along the tangential displacement direction are plotted in Figure 17 as a function of time for a range of values of the algorithmic parameter tols described in Section 3.3. Clearly, if tol s is greater than the average slip displacement increment, as is the case when tol s = 0.1, errors due to persistently using a predictor for the slip direction are bound to occur. However, when tol s is chosen to be smaller than this limit and above the conditioning limit described in Section 3.3, the 20
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solution appears to be insensitive to this parameter, as demonstrated in Figure 17.



4.3



Tire braking on grooved pavement



In this simulation of a single tire on a roadbed, the effects of anisotropic friction are shown for a problem of practical interest. The inner radius of the tire is 0.2 m, the outer radius is 0.5 m, and the width is 0.4 m. The bulk material of the tire is assumed to be neo-Hookean with λ = 7.1 MPa and G = 1.8 MPa, whereas the inner rim of the tire and the pavement are assumed to be rigid. Both the tire and the road are taken to have grooves that interact according the particular model described in Section 2.3. The Coulomb coefficient is µ = 0.5 and anisotropic coefficients are cmag = cang = 0.1 and ccen = 0.5 (as in Figure 5 and Figure 6). Furthermore, the initial angle between the contacting tire and road grooves is 45.0 ◦ . First, the entire inner rim is forced to move downward by 0.1m, and then move forward without lateral motion or rotation under quasi-static conditions. The tire mesh in its initial compressed configuration and subsequent configurations is shown in Figure 18. As seen in Figure 19, the normal reaction remains steady, and the tangential and lateral reactions to the path of the tire grow until they reach the fully slipping limit. Note that in the case of an isotropic friction model, the lateral reaction would be insignificant. The pressure field shown in Figure 20 is smooth, while, as expected, the tangential traction and slip fields shown in Figure 21 are not directly opposed. Second, the tire and rim are given a nominal density of 10−4 kg/m3 and the rim is allowed to move in the lateral direction to simulate a dynamic “locked-up” braking mode on an anisotropic pavement. A distinct lateral trajectory is seen in Figure 22. Lastly, only the center axis of the tire is constrained to move in the normal and tangential directions allowing the tire to roll as well as to slide laterally. In this case, Figure 23 shows a much less pronounced lateral trajectory due to the fact that during rolling a significant portion of the contact patch is in a state of stick, not unlike the Hertz-Mindlin solution.



5



Closure



This article proposed a number of constitutive and numerical innovations relevant to simulating anisotropic friction in a finite element setting. First, it generalizes earlier theoretical work to include a structural tensor representation of non-centrosymmetric anisotropy. Second, it creates a methodology for mapping textures and representing tangent vector fields on unstructured surface meshes using techniques of computational and discrete Riemannian geometry. Third, it extends the scope of existing finite element technology to represent sharp stick-slip transitions in the case of three-dimensional contact. 21
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Table and Figure Captions Table Caption: 1. Determination of nodal contact states for iteration (i) of a non-smooth NewtonRaphson solution scheme. Figure Captions: 1. Representative examples of textured surfaces 2. Orientation of vector aα relative to microscopic grooves 3. Joint symmetry for a heteromorphic pair 4. Joint symmetries for various relative orientations 5. Slip surface for cmag = cang = 0.1 and ccen = 0.5 6. Angle between traction and slip vector for c mag = cang = 0.1 and ccen = 0.5 7. Subset of the digraph representing the surface manifold (J,K)



8. Ordinates Aα (I)J



for pair (J, K) and base point I



9. Frictionless patch test 10. Stick patch test 11. Slip patch test 12. Mesh for the Hertz-Mindlin problem (h = 0.2) 13. Comparison of the pressure for the Hertz-Mindlin problem 14. Comparison of the tangential traction for the Hertz-Mindlin problem 15. Convergence of the pressure and tangential traction fields 16. Traction and slip vectors for tangential displacements 0.00, 0.03, 0.15 m and h = 0.8 17. Comparison of reactions for different values of tol s 18. Deformed configuration of the tire for tangential displacements of 0.0, 0.3, 0.6 and 0.9 m 19. Tire reaction forces 20. Tire pressure at tangential displacement of 0.9 m 21. Tire tractions and slip at tangential displacement of 0.9 m 22. Lateral displacement of the sliding tire at tangential displacements of 0.0, 0.3, 0.6 and 0.9 m 23. Lateral displacement of the rolling tire at tangential displacements of 0.0, 0.3, 0.6 and 0.9 m 25



  1. Set xαI (i), pαI (i), τ αI (i) = xαI (i − 1), pαI (i − 1), τ αI (i − 1) , for all nodes I ∈ Skα . For (i = 1), use the values of the previous converged state.



2. Determine the subset C α (i) of Skα that is in contact: (a) If pαI (i) > −tolp or g βα (xαI (i)) < tolg , add node I to C α (i). (b) Else, node I is out-of-contact. α (i) of C α (i) that is sticking: 3. Determine subset Cstick α (i) = C α (i). (a) If (i = 1), set Cstick α (i). (b) Else, if node I was out-of-contact for (i − 1), add I to C stick



(c) Else, determine appropriate slip state, given ω = ω(kg(i)k): i. If node I was sticking at (i−1), set τ α,PR = τ α (i−1) and determine dβα,PR by inverting τˆ nα for τ α,PR : α (i), allow slip and A. If node I violates Υαω (i) < 0, remove I from Cstick



apply the return map τ α (i) = λτ α,PR (i), such that Υαω = 0. α (i). B. Else, retain node I in Cstick



ii. Else, set dβα (i) = If khβα (xαI (i))k 



hβα (xα (i)) for khβα (xα (i))k tols , set dβα (i)



node I. = dβα,PR :



α (i). A. If τ α (i) · τ α,PR ≤ 0 for node I, add I to Cstick



B. Else, compute τ α (i) from the function ω τˆ . Table 1: Determination of nodal contact states for iteration (i) of a non-smooth NewtonRaphson solution scheme.
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Figure 5: Slip surface for cmag = cang = 0.1 and ccen = 0.5
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Figure 6: Angle between traction and slip vector for c mag = cang = 0.1 and ccen = 0.5
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Figure 10: Stick patch test
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Figure 11: Slip patch test
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Figure 12: Mesh for the Hertz-Mindlin problem (h = 0.2)
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Figure 13: Comparison of the pressure for the Hertz-Mindlin problem
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Figure 14: Comparison of the tangential traction for the Hertz-Mindlin problem
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Figure 15: Convergence of the pressure and tangential traction fields
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Figure 16: Traction and slip vectors for tangential displacements 0.00, 0.03, 0.15 m and h = 0.8
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Figure 17: Comparison of reactions for different values of tol s
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Figure 18: Deformed configuration of the tire for tangential displacements of 0.0, 0.3, 0.6 and 0.9 m
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Figure 19: Tire reaction forces
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Figure 20: Tire pressure at tangential displacement of 0.9 m
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Figure 21: Tire tractions and slip at tangential displacement of 0.9 m
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Figure 22: Lateral displacement of the sliding tire at tangential displacements of 0.0, 0.3, 0.6 and 0.9 m
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Figure 23: Lateral displacement of the rolling tire at tangential displacements of 0.0, 0.3, 0.6 and 0.9 m
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