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CRISTIANA BERTOLIN AND FEDERICA GALLUZZI Abstract. Let X be an S-stack. Using sheaves theory over stacks, we introduce the Picard S-2-stack GerbeS (F) of F-gerbes on X, with F an abelian sheaf on X. Our first main result is that GerbeS (F) is equivalent (as Picard 2-stack) to the Picard S-2-stack on X associated to the complex τ≤0 RΓ(X, F[2]). Let X = (X, OX ) be a locally ringed S-stack. Always using sheaves theory over stacks, we define the Brauer group Br(X) of the locally ringed S-stack X as the group of equivalence classes of Azumaya algebras over X. As a consequence of our first main result, we construct an injective homomorphism δ : Br(X) → H2e´t (X, Gm,X ) which generalizes to stacks Grothendieck’s injective homomorphism for schemes. Let M = [u : X → G] be a 1-motive defined over a noetherian scheme S. We define the Brauer group Br(M ) of M as the Brauer group of the Picard S-stack M associated to M . Our second main result is the following: if the extension G underlying M satisfies the generalized theorem of the cube for a prime ℓ and if the base scheme S is noetherian and normal, then the ℓ-primary component of ker[He2´t (M, Gm,M ) → He2´t (S, Gm,S )] is contained in Br(M ). If the 1-motive M reduces to an abelian scheme, we recover Hoobler’s main result concerning the Brauer group of abelian schemes.
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Introduction In class field theory the Brauer group of a field k classifies central simple algebra over k. This definition was generalized to schemes (and even to locally ringed toposes) by Grothendieck who defines the Brauer group Br(X) of a scheme X as the group of similarity classes of Azumaya algebras over X. In [15, I, §1] Grothendieck constructed an injective group homomorphism (0.1)



δ : Br(X) −→ H2e´t (X, Gm )
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from the Brauer group of X to the ´etale cohomology group He2´t (X, Gm ) which classifies the Gm -gerbes over X. This homomorphism is not in general bijective, as pointed out by Grothendieck in [15, II, §2] where he found a scheme X whose Brauer group is a torsion group but whose ´etale cohomology group He2´t (X, Gm ) is not torsion. However, since the hypothesis of quasi-compactness on X implies that the elements of δ(Br(X)) are torsion elements of H2e´t (X, Gm ), Grothendieck asked in loc. cit. the following question: QUESTION: For a quasi-compact scheme X, is the image of Br(X) via the homomorphism δ (0.1) the torsion subgroup He2´t (X, Gm )Tors of H2e´t (X, Gm )? Grothendieck showed that if X is regular, the ´etale cohomology group He2´t (X, Gm ) is a torsion group, and so under this hypothesis the question becomes: QUESTION’: For a regular scheme X, is δ(Br(X)) = H2e´t (X, Gm )? The following well-known results are related to this question: Auslander and Goldman proved that if X is a regular scheme of dimension ≤ 2 then the Brauer group of X is all of H2e´t (X, Gm ). Moreover, if X is an smooth variety over a field, then δ(Br(X)) = He2´t (X, Gm ). Gabber showed that the Brauer group of a quasi-compact scheme X endowed with an ample invertible sheaf is isomorphic to H2e´t (X, Gm )Tors (see [9]). If A is an abelian scheme which is defined over a noetherian scheme S and which satisfies the generalized Theorem of the cube for a prime number ℓ, Hoobler proved in [18, Thm 3.3] that the ℓ-primary component of ker[He2´t (ǫ) : H2e´t (A, Gm ) → H2e´t (S, Gm )], where ǫ : S → A is the unit section of A, is contained in the Brauer group of A. The aim of this paper is to investigate Grothendieck’s QUESTION in the case of 1-motives defined over a scheme S. We proceed in the following way: Let X be an S-stack with S an arbitrary base scheme. Using sheaves theory on stacks (see [22]) and generalizing [12, Chp IV], we introduce the Picard 2-stack GerbeS (F) of F-gerbes on X with F an abelian sheaf on X. In Section 2 we prove our first main result which is Theorem 0.1. Let X be an S-stack and let F be an abelian sheaf on X. Then the Picard S-2-stack GerbeS (F) of F-gerbes on X is equivalent (as Picard 2-stack) to the Picard S-2stack on X associated, via the equivalence of categories (1.1), to the complex τ≤0 RΓ(X, F[2]), where F[2] = [F → 0 → 0] with F in degree -2 and τ≤0 is the good truncation in degree 0:  GerbeS (F) ∼ = 2st τ≤0 RΓ(X, F[2]) .



In particular, for i = 2, 1, 0, we have an isomorphism of groups between the (−i + 2)thhomotopy group π−i+2 (GerbeS (F)) := GerbeiS (F) of the Picard S-2-stack GerbeS (F) and the group Hi (X, F).



This theorem implies that, as in the classical case, F-equivalence classes of F-gerbes on X, which are the elements of the 0th-homotopy group Gerbe2S (F), are parametrized by cohomological classes of H2 (X, F). Let X = (X, OX ) be a locally ringed S-stack with S an arbitrary base scheme. Following ´ [22§12] we introduce the ´etale site Et(X) of X and we define an Azumaya algebra over X as ´ an OX -algebra of finite presentation which is, locally for the topology Et(X), isomorphic to a matrix algebra. The Brauer group Br(X) of X is the group of similarity classes of Azumaya algebras. To any Azumaya algebra A on X we associate the gerbe of trivializations δ(A) of A which is a Gm,X -gerbe over X. Because of Theorem 0.1, this allows us in Theorem 3.5 to establish an injective group homomorphism (0.2)



δ : Br(X) −→ H2e´t (X, Gm,X ).



which generalizes Grothendieck’s group homomorphism (0.1) to ringed S-stacks. Let M = [u : X → G] be a 1-motive defined over a scheme S, with X an S-group scheme which is locally for the ´etale topology a constant group scheme defined by a finitely generated
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free Z -module, G an extension of an abelian S-scheme by an S-torus, and finally u : X → G a morphism of S-group schemes. Since in [10, §1.4] Deligne associated to any length one complex of abelian sheaves a Picard stack, we define the Brauer group Br(M ) of the 1-motive M as the Brauer group of the associated Picard S-stack M, i.e. Br(M ) := Br(M). By Theorem 3.5 we have an injective group homomorphism δ : Br(M ) −→ H2e´t (M, Gm,M ). We are therefore in the good setting in order to study Grothendieck’s QUESTION for 1-motives. Our answer is contained in the following Theorem Theorem 0.2. Let M = [u : X → G] be a 1-motive defined over a normal and noetherian scheme S. Assume that the extension G satisfies the generalized Theorem of the cube for a prime number ℓ. Then the ℓ-primary component of the kernel of the homomorphism H2e´t (ǫ) : H2e´t (M, Gm,M ) → He2´t (S, Gm,S ), induced by the unit section ǫ : S → M of M, is contained in the Brauer group of M :   ker H2e´t (ǫ) : H2e´t (M, Gm,M ) −→ H2e´t (S, Gm,S ) (l) ⊆ Br(M ). Its proof works as follows: first we show this Theorem for an extension of an abelian scheme by a torus generalizing Hoobler’s Theorem [18, Thm 3.3] (see Proposition 5.4). Then using the descent of Azumaya algebras and of Gm -gerbes with respect to the quotient map ι : G → [G/X] ∼ = M (see Lemmas 4.2 and 4.3), we prove the required statement for M . Since H2e´t (S, Gm,S ) = 0 if S is the spectrum of an algebraically closed field, Theorem 0.2 has the following immediate consequence Corollary 0.3. If M = [u : X → G] is a 1-motive defined over an algebraically closed field k, then Br(M ) ∼ = H2e´t (M, Gm,M ). Remark that in the above corollary we don’t need the hypothesis on the extension G because of (6.3). We finish this paper recalling some results about the Brauer groups of the pure motives underlying a 1-motive M and proving geometrically that for the stack of X-torsors, with X an S-group scheme which is locally for the ´etale topology a constant group scheme defined by a finitely generated free Z -module, the injective group homomorphism (0.2) is in fact a bijection (see Lemma 6.1): this is a positive answer to Grothendieck’s QUESTION in the case of X-torsors over an arbitrary noetherian scheme S. Notation Geometrical objects involved in this paper Let S be an arbitrary scheme. The geometrical objects involved in this paper are abelian S-schemes, S-tori, S-group schemes which are locally for the ´etale topology constant group schemes defined by finitely generated free Z-modules, and 1-motives. Topologies The main results of this paper are stated in terms of the ´etale or f ppf site on the base scheme S, Se´t and Sf ppf respectively. We have a morphism of sites σ : Sf ppf → Se´t . Grothendieck has shown that if F is the sheaf Gm of units or the sheaf µn of n-roots of unity for n relatively prime to all the residue characteristics of S, then Hn (Se´t , σ∗ F ) ∼ = Hn (Sf ppf , F ) for n > 0. We will need also the finite site on S: first recall that a morphism of schemes f : X → S is said to be finite locally free if it is finite and f∗ (OX ) is a locally free OS -module. In particular, by [14, IV Prop (18.2.3)] finite ´etale morphisms are finite locally free. The finite site on S, denoted Sf , is the category of finite locally free schemes over S, endowed with the topology generated from the pretopology for which the set of coverings of a finite locally free
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scheme T over S is the set of a single morphism u : T ′ → T such that u is finite locally free and T = u(T ′ ) (set theoretically). There is a morphism of site τ : Sf ppf → Sf . If F is sheaf for the ´etale topology, then F (T )f = {y ∈ F (T ) | there is a covering u : T ′ → T in Sf with F (u)(y) = 0} i.e. F (T )f are the elements of F (T ) which can be split by a finite locally free covering. Stack language Let S be an arbitrary scheme and denote by S a site of S for a Grothendieck topology that we will fix later. An S-stack X is a fibered category over S such that • (Gluing condition on objects) descent is effective for objects in X, and • (Gluing condition on arrows) for any object U of S and for every pair of objects X, Y of the category X(U ), the presheaf of arrows ArrX(U ) (X, Y ) of X(U ) is a sheaf over U. For the notions of morphisms of S-stacks (i.e. cartesian S-functors), morphisms of cartesian S-functors we refer to [12, Chp II 1.2]. An isomorphism of S-stacks F : X → Y is a morphism of S-stacks which is an isomorphism of fibered categories over S, that is F (U ) : X(U ) → Y(U ) is an isomorphism of categories for any object U of S. An S-stack in groupoids is an S-stack X such that for any object U of S the category X(U ) is a groupoid, i.e. a category in which all arrows are invertible. From now on, all S-stacks will be S-stacks in groupoids. A gerbe over S is an S-stack G such that • G is locally not empty, namely for any object U of S there exists a covering of U consisting of just one object U ′ → U such that the fibered category G(U ′ ) is not empty; • G is locally connected, that is, for any object U of S and for each pair of objects g1 and g2 of G(U ), there exists a covering of U consisting of just one object φ : U ′ → U and an (iso)morphism φ∗ g1 → φ∗ g2 in G(U ′ ). A morphism (resp. isomorphism) of gerbes is just a morphism (resp. isomorphism) of S-stacks whose source and target are gerbes, and a morphism of morphisms of gerbes is a morphism of cartesian S-functors. An equivalence of gerbes is an equivalence of the underlying S-stacks. A Picard S-stack is an S-stack P endowed with a morphism of S-stacks ⊗ : P ×S P → P, called the group law of P, and two natural isomorphisms a and c, expressing the associativity and the commutativity constraints of the group law of P, such that P(U ) is a strictly commutative Picard category for any object U of S (i.e. it is possible to make the sum of two P objects of P(U ) and this sum is associative and commutative). An additive functor (F, ) : P1 → P2 between two Picard of S-stacks F : P1 → P2 PS-stacks is a morphism endowed with a natural isomorphism : F (a ⊗P1 b) ∼ F (a) ⊗ = P2 F (b) (for all a, b ∈ P1 ) which is compatible with the natural isomorphisms a and c underlying P1 and P2 . Let P be a Picard S-stack. Since any Picard S-stack admits a global neutral object, it exists a unit section denoted by ǫ : S → P. Let F be a contravariant additive functor from the category of Picard S-stacks (objects are Picard S-stacks and arrows are isomorphism classes of additive functors) to the category Ab of abelian groups. Let Pn = P1 ×S P2 ×S ... ×S Pn denote the fibered product of n copies of P, i.e. Pi = P for i = 1, . . . , n. Consider the projection maps ˆ i ×S Pi+1 . . . ×S Pn pri : Pn → Pn−1 = P1 ×S . . . Pi−1 ×S P
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and the map si : Pn−1 ∼ = P1 ×S . . . Pi−1 ×S S ×S Pi+1 . . . ×S Pn −→ Pn which inserts the unit section ǫ : S → P into the i-th factor. We can then construct the group homomorphism Qn Qn ˆ F (si ) : F (Pn ) −→ i=1 i=1 F (P1 ×S . . . Pi−1 ×S Pi ×S Pi+1 . . . ×S Pn ) (0.3) η 7−→ (F (s1 )(η), . . . , F (sn )(η)). We Qn say that the contravariant additive functor F is of order n if the group homomorphism i=1 F (si ) is injective. In particular for n = 3, we say that F is quadratic. An S-2-stack X is a fibered 2-category over S such that • 2-descent is effective for objects in X, and • for any object U of S and for every pair of objects X, Y of the 2-category X(U ), the fibered category of arrows ArrX(U ) (X, Y ) of X(U ) is an S/U -stack. For the notions of morphisms of S-2-stacks (i.e. cartesian 2-functors) and morphisms of cartesian 2-functors and modifications of 2-stacks we refer to [17, Chp I]. An S-2-stack in 2-groupoids is an S-2-stack X such that for any object U of S the 2-category X(U ) is a 2-groupoid, i.e. a 2-category in which 1-arrows are invertible up to a 2-arrow and 2-arrows are strictly invertible. From now on, all S-2-stacks will be S-2-stacks in 2-groupoids. Notation Let ℓ be a prime number. If H is an abelian group or an abelian sheaf on S, we denote by ℓ H, H(ℓ), Hℓ , the ℓ-torsion elements of H, the ℓ-primary component of H, and the cokernel of the multiplication by ℓ on H respectively. 1. Recall on Sheaves, Gerbes and Picard Stacks on a Stack Let S be an arbitrary scheme and denote by S the site over S for a Grothendieck topology. Let Shv(S) be the category of sheaves of sets on the site S. We denote by Sch(S) the category of S-schemes which is a full sub-category of Shv(S): to each S-scheme X, we associate the sheaf U 7→ X(U ) = HomSch(S) (U, X) on S. If we consider the category Shv(S) as a 2-category whose 2-arrows are the identities, we can identify Shv(S) to a full sub-2category of the 2-category of S-stacks: to each sheaf X on S, we associate the S-stack X such that, for any object U of S, X(U ) is the discrete category whose objects are the sections of X over U . Let X be an S-stack such that it exists an S-schemes X and a morphism of S-stacks X → X which is representable and surjective. The site S(X) of X for the choosen Grothendieck topology is the site defined in the following way: • the category underlying S(X) consists of the objects (U, u) with U an S-scheme and u : U → X a (representable) morphism of S-stacks with respect to the choosen topology, and of the arrows (φ, Φ) : (U, u) →(V, v) with φ : U → V a morphism of S-schemes and Φ a morphism of cartesian S-functors such that Φ : u ⇒ v ◦ φ. We call the pair (U, u) an open of X with respect to the choosen topology. • the topology on S(X) is the one generated by the pre-topology for which a covering of (U, ` u) is ` a family {(φi , Φi ) : (Ui , ui ) →(U, u)}i such that the morphism of S-schemes φi : Ui → U is surjective.



Using the above notion, we can define, as in the classical case, the notions of sheaves of sets on the site S(X) of X. Following [22, Lemma (12.2.1)] we have the following equivalent definition of sheaf on X which is more useful for our aim:
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Definition 1.1. A sheaf (of sets) F on X is a system (FU,u , θφ,Φ ) where for any object (U, u) of S(X), FU,u is a sheaf on S|U and for any arrow (φ, Φ) : (U, u) →(V, v) of S(X), θφ,Φ : FV,v → φ∗ FU,u is a morphism of sheaves on S|V such that (i) if (φ, Φ) : (U, u) →(V, v) and (γ, Γ) : (V, v) →(W, w) are two arrows of S(X), then γ∗ θφ,Φ ◦ θγ,Γ = θγ◦φ,φ∗ Γ◦Φ ; (ii) if (φ, Φ) : (U, u) →(V, v) is an arrow of S(X) with φ : U → V an arrow of S, the morphism of sheaves φ−1 FV,v → FU,u , obtained by adjunction from θφ,Φ , is an isomorphism. We recall briefly that if F is a sheaf on X, then FU,u is just the restriction of F on (U, u). Reciprocally, given the system (FU,u , θφ,Φ ), for any open (U, u) of X we set F(U, u) = FU,u (U ) and for any arrow (φ, Φ) : (U, u) →(V, v) in S(X), we set θφ,Φ (V ) = resφ : F(V, v) → F(U, u) for the restriction map. To simplify notations, we denote just (FU,u ) the sheaf (FU,u , θφ,Φ ). The set of global sections of a sheaf F on X, that we denote by Γ(X, F), is the set of families (sU,u ) of sections of F on the objects (U, u) of S(X) such that for any arrow (φ, Φ) : (U, u) →(V, v) of S(X), resφ sV,v = sU,u . A sheaf of groups (resp. an abelian sheaf ) F on X is a system (FU,u ) verifying the conditions (i) and (ii) of Definition 1.1, where the FU,u are sheaves of groups (resp. abelian sheaves) on S|U . We denote by Gr(X) (resp. Ab(X)) the category of sheaves of groups (resp. the category of abelian sheaves) on X. According to [16, Exp II, Prop 6.7] and [13, Thm 1.10.1], the categroy Ab(X) is an abelian categoy with enough injectives. Let RΓ(X, −) be the right derived functor of the functor Γ(X, −) : Ab(X) → Ab of global sections (here Ab is  i the category of abelian groups). The i-th cohomology group H RΓ(X, −) of RΓ(X, −) is denoted by Hi (X, −). A stack Y on X is an S-stack Y endowed with a morphism of S-stacks P : Y → X such that for any object U of S and for any object x of X(U ) the fibered product U ×x,X,P Y is a stack over U. A gerbe on X is an S-stack G endowed with a morphism of S-stacks P : G → X (called the structural morphism) such that for any object U of S and for any object x of X(U ) the fibered product U ×x,X,P G is a gerbe over U , i.e. • for any object U of S and for any object x of X(U ) there exists a covering of U consisting of just one object φ : U ′ → U and an object g ′ of G(U ′ ) such that P (g ′ ) = φ∗ x in X(U ′ ) ; • for any object U of S and for each pair of objects g1 and g2 of G(U ) such that P (g1 ) = P (g2 ) = x in X(U ), there exists a covering of U consisting of just one object φ : U ′ → U and an (iso)morphism φ∗ g1 → φ∗ g2 in G(U ′ ). A morphism (resp. an isomorphism) of gerbes on X is a morphism (resp. an isomorphism) of gerbes which is compatible with the underlying structural morphisms. A Picard S-stacks on X is an S-stack P endowed with a morphism of S-stacks P : P → X, with a morphism of S-stacks ⊗ : P ×P,X,P P → P (called the group law of P), and with two natural isomorphisms a and c, expressing the associativity and the commutativity constraints of the group law of P, such that U ×x,X,P P is a Picard U -stack for any object U of S and for any object x of X(U ). A Picard S-2-stacks on X is an S-2-stack P endowed with a morphism of S-2-stacks P : P → X (here we see X as a 2-stack), with a morphism of S-2-stacks ⊗ : P ×P,X,P P → P (called the group law of P), and with two natural 2-transformations a and c, expressing the associativity and the commutativity constraints of the group law of P, such that U ×x,X,P P is a Picard U -2-stack for any object U of S and for any object x of X(U ) (for more details see [3§1]). Remark that the theory of Picard stacks is included in the theory of Picard 2-stacks. An additive 2-functor (F, λF ) : P1 → P2 between two Picard S-2-stacks on X is given by a
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morphism of 2-stacks F : P1 → P2 and a natural 2-transformation λF : ⊗P2 ◦F 2 ⇒ F ◦ ⊗P1 , which are compatible with the structural morphism of S-2-stacks P1 : P1 → X and P2 : P2 → X and with the natural 2-transformations a and c underlying P1 and P2 . An equivalence of Picard 2-stacks on X is an additive 2-functor whose underlying morphism of 2-stacks is an equivalence of 2-stacks. Denote by 2Picard(X, S) the category whose objects are Picard S-2-stacks on the S-stack X and whose arrows are isomorphism classes of additive 2-functors. Generalizing [26, Cor 6.5], we have the following equivalence of category (1.1)



2st : D[−2,0] (S(X)) −→ 2Picard(X, S).



where D[−2,0] (S(X))) is the derived category of length 2 complexes of abelian sheaves on X. Via this equivalence Picard S-stacks on X correspond to length 1 complexes of abelian sheaves on X. We denote by [ ] the inverse equivalence of 2st. For any Picard S-2-stack P over X we define the homotopy groups πi (P) for i = 0, 1, 2 as follows • π0 (P) is the sheafification of the pre-sheaf which associates to each object (U, x) of S(X) the group of equivalence classes of objects of U ×x,X,P P; • π1 (P) is the 0th homotopy group π0 (Aut(e)) of the Picard S-stack Aut(e) of automorphisms of the neutral object e of P; • π2 (P) is the 1st homotopy group π1 (Aut(e)) of the Picard S-stack Aut(e). See [1§1] for the definition of πi (Aut(e)) for i = 0, 1. We have the following link between the homotopy groups πi of P and the abelian sheaves H−i (−) associated to a complex [P] of D[−2,0] (S(X)): (1.2)



πi (P) = H−i ([P])



(i = 0, 1, 2).



2. Gerbes with abelian band over a stack Let S be an arbitrary scheme and denote by S the site over S for a Grothendieck topology. Let X be an S-stack such that it exists an S-schemes X and a morphism of S-stacks X → X which is representable and surjective. The S-stack of bands over X, denoted by BandS (X), is the S-stack associated to the fibered category whose objects are sheaves of groups on X and whose arrows are morphisms of sheaves of groups modulo inner automorphisms. By construction we have a morphism of Sstacks bandX S : Gr(X) → BandS (X). A band over S is a cartesian section L : S → BandS (X) of the S-stack BandS (X). A representable band is a band L for which it exists an isomorphism L ∼ = bandX S (F) with F a sheaf of groups on X. Let G be a gerbe on the S-stack X. Let P : G → X be the structural morphism underlying G. For any object U of S, for any object x of X(U ) and for any object g of G(U ) such that P (g) = x, denote by Aut(g)U,x the sheaf of automorphisms of g on U . The system (Aut(g)U,x ) verifies the conditions (i) and (ii) of Definition 1.1 and therefore it defines a sheave of groups on X denoted by Aut(g). We can therefore define the morphism of S-stacks bandGS : G → BandS (X), g 7→ bandX S (Aut(g)). An (L, a)-gerbe on X, or simply an L-gerbe, is a gerbe G on X endowed with a pair (L, a) where L is a band and a : L ◦ f ⇒ bandGS is an isomorphism of cartesian S-functor with f : G → S the structural morphism of G. The notion of L-gerbe becomes more explicit if the band L is an abelian band, i.e. it is representable by an abelian sheaf F on X (see [12, Chp IV Prop 1.2.3]): in fact in this case, a bandX S (F)-gerbe, called just an F-gerbe, is a gerbe G such that for any object U of S, for any
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object x of X(U ) and for any object g of G(U ) such that P (g) = x, there is an isomorphism FU,x → Aut(g)U,x of sheaves of groups on U . Consider now an (L, a)-gerbe G and an (L′ , a′ )-gerbe G′ on X. Let u : L → L′ a morphism of bands. A morphism of gerbes m : G → G′ is an u-morphism if bandS (m) ◦ a = (a′ ∗ m)(u ∗ f ) ′



with bandS (m) : bandGS ⇒ bandGS ◦ m and f : G → S the structural morphism of G. An u-isomorphism is an u-morphism m : G → G′ which is an isomorphism of gerbes. As in [12, Chp IV Prop 2.2.6] an u-morphism m : G → G′ is fully faithful if and only if u : L → L′ is an isomorphism, in which case m is an equivalence of gerbes. Let G and G′ be two F-gerbes on X, with F abelian sheaf on X. Instead of idbandX (F) -morphism G → G′ we use the terminology S F-equivalence G → G′ of F-gerbes on X. Generalizing [12, Chp IV §1.6] it is possible to define the contracted product of two bands. In particular by [12, Chp IV 1.6.1.3] the contracted product of bands represented by abelian sheaves on X is just the band represented by the fibered product of the involved abelian sheaves on X. Moreover as in [12, Chp IV 2.4.3] we define the contracted product of two X F-gerbes G and G′ as the F-gerbe G ∧bandS (F) G′ obtained in such a way that bandX S (F) acts on G × G′ via the morphism of band represented by (idF , idF ) : F → F × F. F-gerbes on X build a Picard S-2-stack on X, denoted by GerbeS (F), whose group law is given by the contracted product of F-gerbes over X. For i = 2, 1, 0 we set GerbeiS (F) = π−i+2 (GerbeS (F)). The 0th-homotopy group Gerbe2S (F), which is explicitly the group of F-equivalence classes of F-gerbes on X, has a central role in this paper. Before to prove our first main Theorem 0.1, which will imply that F-equivalence classes of F-gerbes on X are parametrized by cohomological classes in H2 (X, F), we need some preliminary results involving torsors. As in the classical case, via the equivalence of categories (1.1), the complex τ≤0 RΓ(X, F[1]), where F[1] = [F → 0] with F in degree -1,corresponds to the Picard S-stack Tors(F) of F-torsors on X: Tors(F) = 2st τ≤0 RΓ(X, F[1]) . A higher dimensional analogue of the notion of torsor under an abelian sheaf is the notion of torsor under a Picard stack, which was introduced by Breen in [6, Def 3.1.8] and studied by the first author in [2§2], and which generalizes to the notion of torsor on X under a Picard S-stack on X. Hence we get the notion of Tors(F)-torsors on X. The contracted product of torsors under a gr-2-stack introduced in [3, Def 2.11] endows the S-2-stack Tors(Tors(F)) of Tors(F)-torsors on X with a Picard structure on X, and by [3, Thm 0.1] this Picard S-2stack Tors(Tors(F)) on X corresponds, via the equivalence of categories (1.1), to the complex τ≤0 RΓ(X, [Tors(F)][1]). Hence  (2.1) Tors(Tors(F)) = 2st τ≤0 RΓ(X, F[2]) . The canonical isomorphism in cohomology H2 (X, F) = H1 (X, F[1]) has the following geometrical meaning, which was proved by Breen (see [8, Prop 2.14]) in the case of abelian sheaves. Proposition 2.1. Let F be an abelian sheaf on the S-stack X and let Tors(F) be the Picard S-stack of F-torsors on X. There is a canonical equivalence of Picard 2-stacks between the Picard S-2-stack GerbeS (F) of F-gerbes on X and the Picard S-2-stack Tors(Tors(F)) of Tors(F)-torsors on X: ∼ Tors(Tors(F)). GerbeS (F) =
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Proof. The idea of the proof is to construct two morphisms of S-2-stacks Ψ : GerbeS (F) −→ Tors(Tors(F)), Θ : Tors(Tors(F)) −→ GerbeS (F), and to check that Θ ◦ Ψ = id = Ψ ◦ Θ and that Θ is a morphism of additive 2-functors. We will just construct Θ and Ψ, and we left the remains of the proof to the reader. If G and G′ are two F-gerbes on X, we denote by EquF (G, G′ ) the S-stack of F-equivalences G → G′ of F-gerbes on X (i.e. idbandX (F) -morphisms G → G′ ). For any F-gerbe G on X we S define Ψ(G) = EquF (Tors(F), G). As in [12, Chp IV Prop 5.2.5 (iii) and 5.2.5.3] the morphism of S-stacks Tors(F) → EquF (Tors(F), Tors(F)), P 7→ (Q → Q ∧F P), is an equivalence of Picard S-stacks. Hence Ψ(G) is endowed with a right action of Tors(F) by composition of F-equivalences. Moreover Ψ(G) is locally equivalent to Tors(F) since two objects F, G of Ψ(G) differ by the object F −1 ◦ G of Tors(F). Finally Ψ(G) is locally not empty: in fact since G is an F-gerbe, it is locally not empty and so locally equivalent to Tors(F). Therefore Ψ(G) = EquF (Tors(F), G) is locally equivalent to EquF (Tors(F), Tors(F)) which is equivalent to Tors(F). We have so proved that Ψ(G) is a Tors(F)-torsor on X. On the other hand, for any Tors(F)-torsor P on X we define Θ(P) = Tors(F) ∧Tors(F) P where ∧Tors(F) denotes the contracted product of Tors(F)-torsors on X (see [3, Def 2.11]) (observe that Tors(F) is a Tors(F)-torsor on X via the action of Tors(F) on itself given by the group law of Tors(F)). Since P is locally not empty, there exists an object g ∈ P(U ), with U be an object of S and x an object of X(U ) such that P (g) = x (here P : P → X is the structural morphism of P on X). This object g defines an equivalence of S-stacks g : Tors(F)|U → P|U which induces the following composition of equivalence of S-stacks 1∧g



Tors(F)|U −→ Tors(F)|U ∧Tors(F)|U Tors(F)|U −→ Tors(F)|U ∧Tors(F)|U P|U . This furnishes a structure of F-gerbe on Θ(P). The two morphisms of S-2-stacks Ψ and Θ are quasi-inverse and determine the sought-after equivalence of Picard S-2-stack.  Proof of Theorem 0.1. The above proposition  and the equality (2.1) furnish the expected equivalence GerbeS (F) ∼ 2st τ RΓ(X, F[2]) . Because of the equality (1.2), this equivalence = ≤0 implies that for i = 2, 1, 0  Gerbei (F) = π−i+2 (GerbeS (F)) ∼ = Hi−2 (τ≤0 RΓ(X, F[2]) = Hi−2 (X, F[2]) = Hi (X, F). S



 3. The Brauer group of a locally ringed stack We start recalling the notion of the Brauer group of a scheme according to [15] and [24]. Let X be a scheme with structural sheaf OX . An Azumaya algebra A over X is an OX -algebra of finite presentation as OX -module such that there exists an ´etale covering (Ui → X)i on X for which A ⊗OX OUi ∼ = Mri (OUi ) for any i. The Brauer group of X, denoted by Br(X), is the group of the equivalence classes (with respect to similarity) of Azumaya algebras on X. In [15, I, Prop 1.4] Grothendieck constructed a canonical map δ : Br(X) → H2e´t (X, Gm,X ) which is an injective group homomorphism. We have the following well-known results concerning the image δ(Br(X)) of Br(X) via this injective homomorphism:
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Theorem 3.1. (i) If X = Spec (k) with k an algebraically closed field, then Br(X) = H2e´t (X, Gm,X ) = 0. ([25, Chp X, §5]) (ii) If X is a regular scheme, then Heq´t (X, Gm,X ) is a torsion group for q ≥ 2. ([15, II, Prop 1.4]) (iii) If X has dimension ≤ 1 or if X is regular and of dimension ≤ 2, then Br(X) = 2 He´t (X, Gm,X ). ([15, II, Cor 2.2]) (iv) If X is an algebraic curve over an algebraically closed field, then Br(X) = 0. ([15, III, Cor 1.2]) (v) If X is a quasi-compact and separated scheme endowed with an ample invertible sheaf (in particular if X is an affine scheme) then Br(X) ∼ = He2´t (X, Gm,X )tors . ([9] and [11]). (vi) If X is a smooth variety over a field, then Br(X) ∼ = H2e´t (X, Gm,X ). ([24, IV, Prop 2.15]) Let S be an arbitrary scheme and let Se´t be the ´etale site of S. Let X be an S-stack such that it exists an S-schemes X and a morphism of S-stacks X → X which is representable, ´ ´etale and surjective. The ´ etale site Et(X) of X is the site defined in the following way: ´ • the category underlying Et(X) consists of the objects (U, u) with U an S-scheme and u : U → X an ´etale morphism of S-stacks, and of the arrows (φ, Φ) : (U, u) →(V, v) with φ : U → V a morphism of S-schemes and Φ a morphism of cartesian S-functors such that Φ : u ⇒ v ◦ φ. We call the pair (U, u) an ´ etale open of X. ´ • the topology on Et(X) is the one generated by the pre-topology for which a covering of (U, u) ` `is a family {(φi , Φi ) : (Ui , ui ) →(U, u)}i such that the morphism of S-schemes φi : Ui → U is ´etale and surjective. ´ From now on, we will work on the ´etale site Et(X) of X. A sheaf of rings A on X is a system (AU,u ) verifying the conditions (i) and (ii) of Definition 1.1, where the AU,u are ´etale sheaves of rings on U . Consider the sheaf of rings OX on X given by the system (OX U,u ) with OX U,u the ´etale structural sheaf of U . The sheaf of rings OX is the structural sheaf of the S-stack X and the pair (X, OX ) is a ringed S-stack. An OX -module M is a system (MU,u ) verifying the conditions (i) and (ii) of Definition 1.1, where the MU,u are ´etale sheaves of OU -modules. We denote by Mod(OX ) the category of OX -modules. An OX -algebra A is a system (AU,u ) verifying the conditions (i) and (ii) of Definition 1.1, where the AU,u are ´etale sheaves of OU -algebras. An OX -module M is of finite presentation if the MU,u are ´etale sheaves of OU -modules of finite presentation. ´ Let X = (X, OX ) be a locally ringed S-stack, i.e. for any object (U, u) of Et(X) and for any section f ∈ OX U,u (U ) we have Uf ∪ U1−f = U with Uf the biggest sub object of U over which the restriction of f is invertible. An Azumaya algebra over X is an OX -algebra ´ A = (AU,u ) of finite presentation as OX -module which is, locally for the topology Et(X), isomorphic to a matrix algebra, i.e. there exists a covering {(φi , Φi ) : (Ui , ui ) →(U, u)}i in ´ Et(X) such that AU,u ⊗OU,u OUi ∼ = Mri (OUi ,ui ) for any i. Azumaya algebras over X build an S-stack on X, that we denote by Az(X). Two Azumaya algebras A and A′ over X are similar if there exist two locally free OX -modules E and E′ of finite rank such that A ⊗O EndO (E) ∼ = A′ ⊗O EndO (E′ ). X



X



X



X



The above isomorphism defines an equivalence relation because of the isomorphism of OX algebras EndOX (E) ⊗OX EndOX (E′ ) ∼ = EndOX (E ⊗OX E′ ). We denote by [A] the equivalence class of an Azumaya algebra A over X. The set of equivalence classes of Azumaya algebra is a group under the group law given by [A][A′ ] = [A ⊗OX A′ ]. An Azumaya algebra A over X is trivial if it exists a locally free OX -module L and an isomorphism a : EndOX (L) → A of sheaves of OX -algebras. The couple (L, a) is called a trivialization of A. The class of any
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trivial Azumaya algebra is the neutral element of the above group law. The inverse of a class  0 [A] is the class A with A0 the opposite OX -algebra of A. Definition 3.2. Let X = (X, OX ) be a locally ringed S-stack. The Brauer group of X, denoted by Br(X), is the group of equivalence classes of Azumaya algebras over X. Br(−) is a functor from the category of locally ringed S-stacks (objects are locally ringed S-stacks and arrows are isomorphism classes of morphisms of locally ringed S-stacks) to the category Ab of abelian groups. Remark that the above definition generalizes to stacks the classical notion of Brauer group of a scheme: in fact if X is a locally ringed S-stack associated to an S-scheme X, then Br(X) = Br(X). Consider the following sheaves of groups on X: the multiplicative group Gm,X , the linear general group GL(n, X) and the projective group P GL(n, X). As in the case of S-schemes we have the following Lemma 3.3. The sequence of sheaves of groups on X (3.1)



1 −→ Gm,X −→ GL(n, X) −→ PGL(n, X) −→ 1



is exact. ´ Proof. The sequence is exact if and only if for any object (U, u) of Et(X) the sequence 1 → GmU,u → GL(n)U,u → PGL(n)U,u → 1 of ´etale sheaves on U is exact. But this follows by the generalization of the Skolem-Noether theorem to schemes (see ¸ite[IV, Cor 2.4.]Milne80.  Let Lf(X) the S-stack on X of locally free OX -modules. Let A be an Azumaya algebra over X. Consider the morphism of S-stacks on X (3.2)



End : Lf(X) −→ Az(X),



L 7−→ EndOX (L)



Following [12, Chp IV 2.5], let δ(A) be the fibered category over Se´t of trivializations of A defined in the following way: • for any U ∈ Ob(Se´t ), the objects of δ(A)(U ) are trivalizations of A|U , i.e. pairs (L, a) with L ∈ Ob(Lf(X)(U )) and a ∈ IsomU (EndOX (L), A|U ), • for any arrow f : V → U of Se´t , the arrows of δ(A) over f with source (L′ , a′ ) and target (L, a) are arrows ϕ : L′ → L of Lf(X) over f such that Az(X)(f ) ◦ a′ = a ◦ End(ϕ), with Az(X)(f ) : A|V → A|U . Since Lf(X) and Az(X) are S-stacks on X, δ(A) is also an S-stack on X (see [12, Chp IV Prop 2.5.4 (i)]). Observe that the morphism of S-stacks End : Lf(X) → Az(X) is locally surjective on objects by definition of Azumaya algebra. Moreover, it is locally surjective on arrows by exactness of the sequence (3.1). Therefore as in [12, Chp IV Prop 2.5.4 (ii)], δ(A) ´ is a gerbe over X, called the gerbe of trivializations of A. For any object (U, u) of Et(X) the morphism of sheaves of groups on U (Gm,X )U,u = (O∗X )U,u −→ (Aut(L, a))U,u , that sends a section g of (O∗X )U,u to the multiplication g · − : (L, a)U,u → (L, a)U,u by this section, is an isomorphism. This means that the gerbe δ(A) is in fact a Gm,X -gerbe. By Theorem 0.1 we can then associate to any Azumaya algebra A over X a cohomological class in H2e´t (X, Gm,X ), denoted by δ(A), which is given by the Gm,X -equivalence class of δ(A) in Gerbe2S (Gm,X ). Proposition 3.4. An Azumaya algebra A over X is trivial if and only if its cohomological class δ(A) in He2´t (X, Gm,X ) is zero.
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Proof. The Azumaya algebra A is trivial if and only if the gerbe δ(A) admits a global section if and only if its corresponding class δ(A) is zero in He2´t (X, Gm,X ).  Theorem 3.5. The morphism δ : Br(X) −→ H2e´t (X, Gm,X ) [A] 7−→ δ(A) is an injective group homomorphism. Proof. Let A, B be two Azumaya algebras over X. For any U ∈ Ob(Se´t ), the morphism of gerbes δ(A)(U ) × δ(B)(U ) −→ δ(A ⊗OX B)(U ) ((L, a), (M, b)) 7−→ (L ⊗OX M, a ⊗OX b) is a +-morphism, where + : Gm,X × Gm,X → Gm,X is the group law underlying the sheaf Gm,X . Therefore δ(A) + δ(B) = δ(A ⊗OX B)



(3.3)



in H2e´t (X, Gm,X ). This equality shows first that δ(A) = −δ(A0 ) and also that [A] = [B] ⇔ [A ⊗OX B0 ] = 0



Prop 3.4



⇔



(3.3) δ(A ⊗OX B0 ) = 0 ⇔ δ(A) + δ(B0 ) = 0 ⇔ δ(A) = δ(B)



These equivalences prove that the morphism δ : Br(X) → He2´t (X, Gm,X ) is well-defined and injective. Finally always from the equality (3.3) we get that δ is a group homomorphism.  4. Gerbes and Azumaya algebras over 1-motives u



Let M = [X → G] be a 1-motive defined over a noetherian scheme S and denote by M its associated Picard S-stack (see [10§1.4]). Definition 4.1. The Brauer group of the 1-motive M is the Brauer group of its associated Picard S-stack M: Br(M ) := Br(M). Moreover the Picard S-2-stack of Gm,M -gerbes on M is the Picard S-2-stack of Gm,M -gerbes on M: GerbeS (Gm,M ) := GerbeS (Gm,M ). By [22, (3.4.3)] the associated Picard S-stack M is isomorphic to the quotient stack [G/X] (where X acts on G via the given morphism u : X → G). Note that in general it is not algebraic in the sense of [22] because it is not quasi-separated. However the quotient map ι : G −→ [G/X] ∼ =M is representable, ´etale and surjective. The fiber product G ×[G/X] G is isomorphic to X ×S G. Via this identification, the projections qi : G ×[G/X] G → G (for i = 1, 2) correspond respectively to the second projection p2 : X ×S G → G and to the map µ : X ×S G → G given by the action (x, g) 7→ u(x)g. We can further identify the fiber product G ×[G/X] G ×[G/X] G with X ×S X ×S G and the partial projections q13 , q23 , q12 : G×[G/X] G×[G/X] G → G×[G/X] G respectively with the map mX × idG : X ×S X ×S G → X ×S G where mX denotes the group law of X, the map idX × µ : X ×S X ×S G → X ×S G, and the partial projection p23 : X×S X×S G → X×S G. The descent of Azumaya algebras with respect to ι : G → [G/X] is proved in the following Lemma (see [22, (12.9)] for the definition of pull-back of OM algebras):
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Lemma 4.2. The pull-back ι∗ : Az(M) → Az(G) is an equivalence of S-stacks between the S-stack of Azumaya algebras on M and the S-stack of Azumaya algebras on G with descent data with respect to ι : G → [G/X]. More precisely, to have an Azumaya algebra A on M is equivalent to have a pair (A, ϕ) where A is an Azumaya algebra on G and ϕ : p∗2 A → µ∗ A is an isomorphism of Azumaya algebras on X ×S G that satisfies (up to canonical isomorphisms) the cocycle condition   (4.1) (mX × idG )∗ ϕ = (idX × µ)∗ ϕ ◦ (p23 )∗ ϕ . Proof. For any object U of S and any object x of M(U ), the descent of quasi-coherent modules is known for the morphism ιU : G ×ι,M,x U → U obtained by base change (see [22, Thm (13.5.5)]). The additional algebra structure descends by [21, II Thm 3.4]. Finally the Azumaya algebra structure descends by [20, III, Prop 2.8]. Since an Azumaya algebra on M is by definition a collection of Azumaya algebras on the various schemes U , the general case follows.  Let F : Y → X be a morphism of S-stacks and let G be a Gm,X -gerbe on X. We define the pull-back of the Gm,X -gerbe G via the morphism F as the fibered product F ∗ G := Y ×F,X,P G of Y and G via the morphism F : Y → X and the structural morphism P : G → X underlying G. In our setting, the quotient map ι : G → M induces a pull-back morphism of Picard S-2-stacks ι∗ : GerbeS (Gm,M ) → GerbeS (Gm,G ) which associates to each Gm,M -gerbe G on M the Gm,G -gerbe ι∗ G on G. Using the same notation as in Lemma 4.2, we can now state our result concerning the descent of Gm -gerbes via the quotient map. Lemma 4.3. The pull-back ι∗ : GerbeS (Gm,M ) → GerbeS (Gm,G ) is an equivalence of Picard S-2-stacks between the Picard S-2-stack of Gm,M -gerbes on M and the Picard S-2-stack of Gm,G -gerbes on G with descent data with respect to ι : G → [G/X]. More precisely, to have a Gm,M -gerbe G on M is equivalent to have a triplet (G′ , ϕ, γ) where • G′ is a Gm,G -gerbe on G, • ϕ : p∗2 G′ → µ∗ G′ is an idGm -isomorphism of gerbes on X ×S G (hence in particular an isomorphism of gerbes), which restricts to the identity when pulled back via the diagonal morphism ∆ : G → G ×[G/X] G ∼ = X ×S G, and   • γ : (idX × µ)∗ ϕ ◦ (p23 )∗ ϕ ⇒ (mX × idG )∗ ϕ is a isomorphism of cartesian Sfunctors between morphisms of S-stacks on X ×S X ×S G ∼ = G ×[G/X] G ×[G/X] G, which satisfies the compatibility condition (4.2)



p∗134 γ ◦ [p∗34 ϕ ∗ p∗123 γ] = p∗124 γ ◦ [p∗234 γ ∗ p∗12 ϕ]. when pulled back to X ×S X ×S X ×S G ∼ = G ×[G/X] G ×[G/X] G ×[G/X] G := G4 (here prijk : G4 → G ×[G/X] G ×[G/X] G and prij : G4 → G ×[G/X] G are the partial projections).
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Proof. A Gm,M -gerbe on M is by definition a collection of Gm,U -gerbes over the various objects U of S. Hence it is enough to prove that for any object U of S and any object x of M(U ), the descent of Gm -gerbes with respect to the morphism ιU : G ×ι,M,x U → U obtained by base change is effective. This will be done in the following Proposition.  In order to prove the effectiveness of the descent of Gm -gerbes with respect to the morphism ιU : G ×ι,M,x U → U , we need the semi-local description of gerbes done by Breen in [7, §2.3.], that we recall only in the case of Gm -gerbes. According to Breen, to have a Gm -gerbe G over a site S is equivalent to have the data (4.3)



((Tors(Gm,U ), Ψx ), (ψx , ξx ))x∈G(U ),U ∈S



indexed by the objects x of the Gm -gerbe G (recall that G is locally not empty), where • Ψx : G|U → Tors(Gm,U ) is an equivalence of U -stacks between the restriction G|U to U of the Gm -gerbe G and the neutral gerbe Tors(Gm,U ). This equivalence is determined by the object x in G(U ), • ψx = pr1∗ Ψx ◦(pr2∗ Ψx )−1 : Tors(pr2∗ Gm,U ) → Tors(pr1∗ Gm,U ) is an equivalence of stacks over U ×S U (here pri : U ×S U → U are the projections), which restricts to the identity when pulled back via the diagonal morphism ∆ : U → U ×S U , and ∗ ψ ◦ pr ∗ ψ ⇒ pr ∗ ψ is a morphism of cartesian S-functors between mor• ξx : pr23 x 13 x 12 x phisms of stacks on U ×S U ×S U (here prij : U ×S U ×S U → U ×S U are the partial projections), which satisfies the compatibility condition ∗ ∗ ∗ ∗ ∗ ∗ pr134 ξx ◦ [pr34 ψx ∗ pr123 ξx ] = pr124 ξx ◦ [pr234 ξx ∗ pr12 ψx ]



when pulled back to U ×S U ×S U ×S U := U 4 (here prijk : U 4 → U ×S U ×S U and prij : U 4 → U ×S U are the partial projections. See [5, (6.2.7)-(6.2.8)] for more details). The Gm -gerbe G may be reconstructed from the local data (Tors(Gm ), Ψx )x using the transition data (ψx , ξx ). Proposition 4.4. Let p : S ′ → S be a faithfully flat morphism of schemes which is quasicompact or locally of finite presentation. Via the pull-back p∗ : GerbeS (Gm,S ) → GerbeS ′ (Gm,S ′ ), to have a Gm,S -gerbe G over S is equivalent to have a triplet (G′ , ϕ, γ) where • G′ is a Gm,S ′ -gerbe over S′ , • ϕ : p∗1 G′ → p∗2 G′ is an idGm -isomorphism of gerbes on S ′ ×S S ′ (hence in particular an isomorphism of gerbes - here pi : S ′ ×S S ′ → S ′ are the projections), which restricts to the identity when pulled back via the diagonal morphism ∆ : S ′ → S ′ ×S S ′ , and • γ : p∗23 ϕ ◦ p∗12 ϕ ⇒ p∗13 ϕ is a isomorphism of cartesian S-functors between morphisms of S-stacks on S ′ ×S S ′ ×S S ′ (here pij : S ′ ×S S ′ ×S S ′ → S ′ ×S S ′ are the partial projections), which satisfies the compatibility condition (4.4)



p∗134 γ ◦ [p∗34 ϕ ∗ p∗123 γ] = p∗124 γ ◦ [p∗234 γ ∗ p∗12 ϕ]. when pulled back to S ′ ×S S ′ ×S S ′ ×S S ′ := (S ′ )4 (here pijk : (S ′ )4 → S ′ ×S S ′ ×S S ′ and pij : (S ′ )4 → S ′ ×S S ′ are the partial projections).



Proof. Let U be an object of S. Let (G′ , ϕ, γ) be a triplet as in the statement. By the semilocal description of gerbes done by Breen, to have the Gm,S ′ -gerbe G′ over S′ is equivalent to have the data ((Tors(Gm,U ′ ×S U ), Ψx ), (ψx , ξx ))x∈G′ (U ′ ×S U ),U ′ ∈S′ .



BRAUER GROUP AND 1-MOTIVES



15



For any x ∈ G′ (U ′ ×S U ) with U ′ ∈ S′ , the isomorphism of gerbes ϕ : p∗1 G′ → p∗2 G′ over S ′ ×S S ′ defines an isomorphism of (U ′ ×S U ) ×S ′ (U ′ ×S U )-stacks ϕ|U ′ ×S U : p∗1|U ′ ×S U Tors(Gm,U ′ ×S U ) → p∗2|U ′ ×S U Tors(Gm,U ′ ×S U ), where pi|U ′ ×S U : (U ′ ×S U ) ×S (U ′ ×S U ) → U ′ ×S U are the projections. This isomorphism ϕ|U ′ ×S U and the isomorphism of cartesian S-functors γ|U ′ ×S U satisfying (4.4) endow each object of the category Tors(Gm,U ′ ×S U )(V ′ ) (here V ′ an object of the site of U ′ ×S U ) with descend data with respect to the morphism of schemes p|U ′ ×S U : U ′ ×S U → U . By effectiveness of this descent, the U ′ ×S U -stack Tors(Gm,U ′ ×S U ) with the descent data ϕ|U ′ ×S U and γ|U ′ ×S U is equivalent to the U -stack Tors(Gm,U ). Since ϕ : p∗1 G′ → p∗2 G′ is also an idGm -morphism of gerbes on S ′ ×S S ′ , the equivalence of stacks ψx : Tors(pr2∗ Gm,U ′ ×S U ) → Tors(pr1∗ Gm,U ′ ×S U ) over (U ′ ×S U ) ×S ′ (U ′ ×S U ) and ∗ ψ ◦ pr ∗ ψ ⇒ pr ∗ ψ satisfying (4.4) induce the morphism of cartesian S ′ -functors ξx : pr23 x 12 x 13 x ∗ ∗ G an equivalence of stacks ψx,U : Tors(pr2,U Gm,U ) → Tors(pr1,U m,U ) over U ×S U and a ∗ ∗ ∗ morphism of cartesian S-functors ξx,U : pr23,U ψx ◦ pr12,U ψx ⇒ pr13,U ψx satisfying (4.4) ′ ′ ′ ′ (here pri : (U ×S U ) ×S ′ (U ×S U ) → (U ×S U ), prij : (U ×S U )3 → (U ′ ×S U )2 are the projections involved in the semi-local description of the Gm,S ′ -gerbe G′ over S′ , and pri,U : U ×S U → U, prij,U : U 3 → U 2 are the projections involved in the semi-local description of a Gm,S -gerbe over S). Using the transition data (ψx,U , ξx,U ), the local data (Tors(Gm,U ))U glue together and furnish a Gm -gerbe over S.  5. Proof of the main theorem for semi-abelian schemes We use the notation of the previous section. Definition 5.1. The 1-motive M satisfies the generalized Theorem of the cube for a prime ℓ if the contravariant additive functor H2e´t (−, Gm,− )(ℓ) is quadratic, i.e. the natural homoQ morphism H2e´t (M3 , Gm,M3 )(ℓ) → 3i=1 He2´t (M2 , Gm,M2 )(ℓ), defined in (0.3), is injective. Proposition 5.2. Let M be a 1-motive satisfying the generalized Theorem of the cube for a prime ℓ. Let N : M → M be the multiplication by N on the Picard S-stack M. Then for any y ∈ H2e´t (M, Gm,M )(ℓ) we have that N2 − N   N ∗ (y) = N 2 y + (−idM )∗ (y) − y . 2 Proof. First we prove that given three additive functors F, G, H : P → M, we have the following equality for any y in H2e´t (M, Gm,M )(ℓ) (5.1) (F +G+H)∗ (y)−(F +G)∗ (y)−(F +H)∗ (y)−(G+H)∗ (y)+F ∗ (y)+G∗ (y)+H ∗ (y) = 0. Let pri : M × M × M → M the projection onto the ith factor. Put mi,j = pri ⊗ prj : M × M × M → M and m = pr1 ⊗ pr2 ⊗ pr3 : M × M × M → M, where ⊗ is the law group of the Picard S-stack M. The element z = m∗ (y) − m∗1,2 (y) − m∗1,3 (y) − m∗2,3 (y) + pr1∗ (y) + pr2∗ (y) + pr3∗ (y) of H2e´t (M3 , Gm,M3 )(ℓ) is zero when restricted to S × M × M, M × S × M and M × M × S. Thus it is zero in H2e´t (M3 , Gm,M3 )(ℓ) by the generalized Theorem of the cube for ℓ. Finally, pulling back z by (F, G, H) : P → M × M × M we get (5.1). Now, setting F = N, G = idM , h = (−idM ) we get N ∗ (y) = (N + idM )∗ (y) + (N − idM )∗ (y) + 0∗ (y) − N ∗ (y) − (idM )∗ (y) − (−idM )∗ (y).
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We rewrite this as (N + idM )∗ (y) − N ∗ (y) = N ∗ (y) − (N − idM )∗ (y) + (idM )∗ (y) + (−idM )∗ (y). If we denote z1 = y and zN = N ∗ (y) − (N − idM )∗ (y), we obtain zN +1 = zN + y + (−idM )∗ (y). By recursion, we get zN = y + (N − idM )(y + (−idM )∗ (y)). From the equality N ∗ (y) = zN + (N − idM )∗ (y) we get N ∗ (y) = zN + zN −1 + · · · + z1 . Therefore we are done.







Corollary 5.3. Let M be a 1-motive satisfying the generalized Theorem of the cube for a prime ℓ. Then, if ℓ 6= 2,   n ∗ 2 2 2 ℓn He´t (M, Gm,M ) ⊆ ker (ℓM ) : He´t (M, Gm,M ) −→ He´t (M, Gm,M ) . and if ℓ = 2,



2 2n He´t (M, Gm,M )



  2 ∗ 2 ⊆ ker (2n+1 M ) : He´t (M, Gm,M ) −→ He´t (M, Gm,M ) .



Proposition 5.4. Let G be an extension of an abelian scheme by a torus, which is defined over a normal and noetherian scheme S and which satisfies the generalized Theorem of the cube for a prime number ℓ. Then the ℓ-primary component of the kernel of the homomorphism H2e´t (ǫ) : H2e´t (G, Gm,G )) → H2e´t (S, Gm,S ) induced by the unit section ǫ : S → G of G, is contained in the Brauer group of G:   ker H2e´t (ǫ) : H2e´t (G, Gm,G )) −→ H2e´t (S, Gm,S ) (l) ⊆ Br(G). Proof. In order to simplify notations we denote by ker(H2e´t (ǫ)) the kernel of the homomorphism He2´t (ǫ) : He2´t (G, Gm,G ) → H2e´t (S, Gm,S ). (1) First we show that H2f (Gf , τ∗ µℓn ) is isomorphic to He2´t (G, µℓn )f . By definition, R1 τ∗ µℓn is the sheaf on Gf associated to the presheaf U → H1 (Uf ppf , µℓn ). This latter group classifies torsors in Uf ppf under the finite locally free group scheme µℓn , but since any invertible sheaf over a semi-local ring is free, we have that R1 τ∗ µℓn = (0). The Leray spectral sequence for the morphism of sites τ : Sf ppf → Sf (see [24, page 309]) gives then the isomorphism   π H2f (Gf , τ∗ µℓn ) ∼ = ker He2´t (G, µℓn ) −→ H0f (Gf , R2 τ∗ µℓn ) = H2e´t (G, µℓn )f



where the map π is the edge morphism which can be interpreted as the canonical morphism from the presheaf U → He2´t (Uf ppf , µℓn ) to the associate sheaf R2 τ∗ µℓn . (2) Now we prove that H2e´t (G, µℓ∞ )f maps onto ker(H2e´t (ǫ))(ℓ). Let x be an element of ker(He2´t (ǫ)) with ℓn x = 0 for some n. The filtration on the Leray spectral sequence for τ : Sf ppf → Sf and the Kummer sequence give the following exact commutative diagram (5.2)



Pic(G)



π′



/ H0 (Gf , (R1 τ∗ Gm )ℓn ) f d′



d







0



/ H2 (G, µℓn )f e´t



/ H2 (G, µℓn ) e´t



π



 / H0 (Gf , R2 τ∗ µℓn ) f



i







0



/ H2 (G, Gm )f e´t



 / H2 (G, Gm ) e´t ℓn







H2e´t (G, Gm,G )



 / H0 (Gf , R2 τ∗ Gm ) f
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Since ℓn x = 0, we can choose an y ∈ He2´t (G, µℓn ) such that i(y) = x. By Corollary 5.3, the isogeny ℓ2n : G → G is a finite locally free covering which splits x, that is x ∈ He2´t (G, Gm )f . Moreover i((l2n )∗ y) = (l2n )∗ i(y) = 0 and so there exists an element z ∈ Pic(G) such that d(z) = (l2n )∗ y. In particular d′ (π ′ (z)) = π((l2n )∗ y) is an element of He0´t (Gf , R2 τ∗ µℓn ). By the theorem of the cube for the extension G (see [4, Prop 2.4]), we have that (l2n )∗ z = l2n z ′ for some z ′ ∈ Pic(G), which implies that π ′ (z) = 0 in (R1 τ∗ Gm )ℓn (Gf ). From the equality π((l2n )∗ y) = d′ (π ′ (z)) = 0 follows π(y) = 0, which means that y is an element of H2e´t (G, µℓn )f . (3) Here we show that ker(H2e´t (ǫ))(ℓ) ⊆ τ ∗ H2f (Gf , Gm ). By the first two steps, H2f (Gf , τ∗ µℓn ) maps onto ker(He2´t (ǫ))(ℓ). Since H2f (Gf , τ∗ µℓn ) ⊆ H2f (Gf , τ∗ Gm ), we can then conclude that ker(He2´t (ǫ))(ℓ) ⊆ τ ∗ H2f (Gf , Gm ). (4) Let x be an element of ker(H2e´t (ǫ)) with ℓn x = 0 for some n. By [18, Lem 3.2.] the ˇ ˇ 2 (G, Gm ) and so, from group τ ∗ H2f (Gf , Gm ) is contained in the Cech cohomology group H e´t ˇ 2 (G, Gm ). By Corollary 5.3, the isogeny ℓ2n : G → G is a step (3), x is an element of H e´t ˇ2 finite locally free covering which splits x,  that is x ∈ He´t (G, Gm )f . In fact x is an element of  2 2 2 ˇ (S, Gm ) . Finally by [18, Prop 3.1.] we can then conclude ˇ (G, Gm ) → H ˇ (ǫ) : H ker H e´t e´t e´t f that x is an element of Br(G).  6. Proof of the main theorem Proof of Theorem 0.2. We have to show that if M satisfies the generalized theorem of the cube for a prime ℓ, then   ker He2´t (ǫ) : He2´t (M, Gm,M )) −→ He2´t (S, Gm,S ) (ℓ) ⊆ Br(M). Let x be an element of ker(H2e´t (ǫ)) such that ℓn x = 0 for some n. Let y = ι∗ x the image of x via the homomorphism ι∗ : He2´t (M, Gm,M ) → He2´t (G, Gm,G ) induced by the quotient map ι : G → [G/X]. Because of the commutativity of the following diagram (6.1)



H2e´t (M, Gm,M )



ι∗



/ H2 (G, Gm,G ) e´t



H2e´t (ǫ)



He2´t (ǫG )



 



H2e´t (S, Gm,S )



He2´t (S, Gm,S )



(since ǫ : S → M is the unit section of M and ǫG : S → G is the unit section of G, ι ◦ ǫG = ǫ), y is in fact an element of ker(He2´t (ǫG ))(ℓ). By Proposition 5.4, we know that ker(He2´t (ǫG ))(ℓ) ⊆ Br(G), and therefore the element y defines a class [A] in Br(G), with A an Azumaya algebra on G. Via the isomorphisms Gerbe2S (Gm,M ) ∼ = H2e´t (G, Gm,G ) = H2e´t (M, Gm,M ) and Gerbe2S (Gm,G ) ∼ obtained in Theorem 0.1, the element x corresponds to the Gm,M -equivalence class H of a Gm,M -gerbe H on M, and the element y corresponds to the Gm,G -equivalence class ι∗ H of the Gm,G -gerbe ι∗ H on G, which is the pull-back of H via the quotient map ι : G → [G/X]. δ



Moreover via the inclusions ker(He2´t (ǫG ))(ℓ) ֒→ Br(G) ֒→ H2e´t (G, Gm,G ), in Gerbe2S (Gm,G ) the class ι∗ H coincides with the class δ(A) of the gerbe of trivializations of the Azumaya algebra A. On the pull-back ι∗ H we can consider the canonical descent data (ϕ, γ) with respect to the quotient map ι, where ϕ : p∗2 ι∗ H → µ∗ ι∗ H is an idGm -isomorphism of gerbes on X ×S G and γ : (idX ×µ)∗ ϕ ◦ (p23 )∗ ϕ ⇒ (mX ×idG )∗ ϕ is an isomorphism of cartesian S-functors which satisfies the compatibility condition (4.4). Now we will show that these canonical descent data (ϕ, γ) with respect to ι on the Gm,G -gerbe ι∗ H induce a descent datum ϕA : p∗2 A → µ∗ A



18



CRISTIANA BERTOLIN AND FEDERICA GALLUZZI



with respect to ι on the Azumaya algebra A, which satisfies the cocycle condition (4.1). Since the statement of our main theorem involves classes of Azumaya algebras and Gm -equivalence classes of Gm -gerbes, we may assume that ι∗ H = δ(A), and so the pair (ϕ, γ) are canonical descent data on δ(A). The isomorphism of gerbes ϕ : p∗2 δ(A) → µ∗ δ(A) on X ×S G implies an isomorphism of categories ϕ(U ) : p∗2 δ(A)(U ) → µ∗ δ(A)(U ) for any object U of Se´t and hence we have the following diagram EndOX×S G (p∗2 L1 )



(6.2)



a1



/ p∗ A|U 2



a2



/ µ∗ A|U



Endϕ(U )







EndOX×S G (µ∗ L2 )



with L1 and L2 objects of Lf(G)(U ). For any object U of Se´t , we define ϕA |U := a2 ◦Endϕ(U )◦ ∗ ∗ a−1 1 : p2 A|U → µ A|U . It is an isomorphism of Azumaya algebras over U . The collection of A ∗ ∗ all these (ϕA |U )U furnishes the expected isomorphism of Azumaya algebras ϕ : p2 A → µ A on X ×S G. The descent datum γ, which satisfies the compatibility condition (4.4), implies that ϕA satisfies the cocycle condition (4.1). By Lemma 4.2 the descent of Azumaya algebras with respect to ι is effective, and so the pair (A, ϕA ) corresponds to an Azumaya algebra A on M, whose equivalence class [A] is an element of Br(M). 



Now we recall some results about the Brauer groups of the pure motives underlying a 1-motive M = [u : X → G] defined over an arbitrary field k: • the Brauer group of the cocharacter group of the torus Grm is zero, i.e. Br(Zr ) = 0. • by [19, Cor 1], if T is a torus defined over an arbitrary field k, then Br(T ) = He2´t (T, Gm,T ). In [23] Magid computes explicitly the Brauer group of a d-dimensional torus T defined over an algebraic closed field of characteristic zero: Br(T ) = (Q/Z)n where n = d(d − 1)/2. • by Theorem 3.1 (vi), if A is an abelian variety defined over an arbitrary field k, then Br(A) ∼ = He2´t (A, Gm,A ). • the group variety G underlying the 1-motive M is an extension of an abelian kvariety A by a k-torus. Since T is smooth and since smoothness is stable under base extensions, the extension G is smooth over A. But the abelian variety is smooth and so G is smooth. Hence by Theorem 3.1 (vi), (6.3) Br(G) ∼ = H2 (G, Gm,G ). e´t



Because of the weight filtration W∗ of the 1-motive M , we have the exact sequence 0 → ι



β



G → M → X[1] → 0, where X[1] = [X → 0] is the complex with X in degree -1. Therefore it is interesting to study the Brauer group of X[1]. We will do it over an arbitrary noetherian scheme S. By Deligne in [10, §1.4] the Picard S-stack st(X[1]) associated to the complex X[1] is just the S-stack of X-torsors. The Brauer group of X[1] is then the Brauer group of the Picard S-stack of X-torsors:  Br(X[1]) := Br st(X[1]) .



By [22, (3.4.3)] the associated Picard S-stack st(X[1]) is isomorphic to the quotient stack [S/X]. The structural morphism τ : [S/X] → S admits a section ǫ : S → [S/X], and so • the pull-back ǫ∗ : Az(X[1]) → Az(S) is an equivalence of S-stacks between the Sstack of Azumaya algebras on X[1] and the S-stack of Azumaya algebras on S with descent data with respect to ǫ, and
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• the pull-back τ ∗ : Br(S) → Br(X[1]) is an injective homomorphism. Lemma 6.1. Let X be a group scheme, which is defined over a noetherian scheme S, and which is locally for the ´etale topology a constant group scheme defined by a finitely generated free Z-module. Then the injective group homomorphism δ : Br(X[1]) → H2e´t (st(X[1]), Gm,st(X[1]) ), constructed in Theorem 3.5, is in fact a bijective group homomorphism. Proof. In this proof, in order to simplify notation, we will write X[1] instead of st(X[1]). We will construct a group homomorphism λ : H2e´t (X[1], Gm,X[1] ) → Br(X[1]) such that δ ◦λ = id. By Theorem 0.1, the elements of H2e´t (X[1], Gm,X[1] ) can be seen as Gm,X[1] -equivalence classes of Gm,X[1] -gerbes on X[1]. Therefore it is enough to associate to any Gm,X[1] -gerbe G on X[1] an Azumaya algebra A on X[1] such that δ(A) = G, in other words λ(G) = [A]. Denote by P : G → X[1] the structural morphism underlying G. By Breen’s semilocal description of gerbes (recalled in Section 4), for any U ∈ Ob(Se´t ), for any X-torsor t : U → X[1](U ) over U , and for any U ′ ∈ Se´t|U such that U ×t,X[1],P G(U ′ ) 6= ∅, the Gm,X[1] -gerbe G|U ′ is equivalent as U ′ -stack to the stack Tors(Gm,X[1]|U ′ ) = st(Gm,X[1]|U ′ [1]). Therefore locally over Se´t the structural morphism P : G → X[1] is given by morphisms of complexes Gm,X[1]|U ′ [1] → X|U ′ [1] modulo quasi-isomorphisms, that is by morphisms of group U ′ -schemes pU ′ : Gm|U ′ → X|U ′ . Denote by qU ′ : X|U ′ → Gm|U ′ the morphism of group U ′ -schemes such that pU ′ ◦ qU ′ = idX|U ′ (q|U ′ is a character of X|U ′ and p|U ′ its co-character). By hypothesis on X, restricting U ′ if ′ ′ ′ necessary, we can suppose that X|U ′ = Zr . Since Hom(Zr , Gm ) ∼ = Hom(Z, Gm )r , we have Qr ′ that qU ′ = i=1 qU ′ ,i , with qU ′ ,i : Z → Gm|U ′ a morphism of group U ′ -schemes. To have the ′ Zr -torsor t|U ′ over U ′ is equivalent to have Z-torsors t|U ′ ,i over U ′ for i = 1, . . . , r ′ . Denote by qU ′ ,i (t|U ′ ,i ) the Gm -torsor over U ′ obtained from the Z-torsor t|U ′ ,i by extension of the structural group via the character qU ′ ,i : Z → Gm . We set AU,t|U ′ := End(LU ′ ) with LU ′ the ′ locally free OU ′ -module of finite rank ⊕ri=1 qU ′ ,i (t|U ′ ,i ), which is the direct sum of the invertible sheaves corresponding to the Gm -torsors qU ′ ,i (t|U ′ ,i ) over U ′ . By construction A = (AU,t ) is an Azumaya algebra over X[1] such that δ(A) = G.  Remark 6.2. Since we can consider the Picard stack X[1] as a stack on X[1] via the structural morphism id : X[1] → X[1], the local morphisms of group U ′ -schemes q|U ′ : X|U ′ → Gm,|U ′ induce a morphism of gerbes on X[1] from X[1] to G. Remark 6.3. Because of the weight filtration W∗ of the 1-motive M , we have the exact ι



β



sequence 0 → G → M → X[1] → 0. The Brauer group is a contravariant functor, and so we get the following diagramm (6.4)



Br(X[1])



β∗



/ Br(M )



ι∗



∼ =



∼ =







H2e´t (X[1], Gm,X[1] )



β∗



/ Br(G) ∼ =



 / H2 (M, Gm,M ) e´t



ι∗



 / H2 (G, Gm,G ) e´t



where the vertical arrows are isomorphisms by Lemma 6.1, Corollary 0.3 and (6.3). The sequence Br(X[1]) → Br(M ) → Br(G) is not exact in general exact.
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Oct 15, 2007 - lems which come from the familiar finite dimensional geometry in the ...... It was Gromov's great insight [G1] that one can generalize some.




















The Platinum Group Plc. 

Nov 18, 2016 - SET. PRICE (17/11/59). 6.90. FAIR PRICE. 7.85 UPSIDE. 14% .... MONO NKI PHOL PPS PS PSL PTT PTTEP PTTGC QTC RATCH ROBINS ...




















the erawan group - Settrade 

Mar 5, 2018 - Tel. 662 009 8050. Mail [email protected]. ID 039916. Tus Sa-Nguankijvibul. Tel. 662 009 8068. Mail [email protected]. ID 10008 ...




















the erawan group - Settrade 

Sep 13, 2017 - à¸œà¸¥à¸�à¸²à¸£à¸” à¸²à¹€à¸™à¸´à¸™à¸‡à¸²à¸™à¸ªà¸”à¹ƒà¸ª à¹�à¸¡à¹‰ Low season. à¹�à¸¡à¹‰ 3Q60 à¸ˆà¸°à¹€à¸›à¹‡à¸™à¸Šà¹ˆà¸§à¸‡ Low season à¸ˆà¸²à¸�à¸¤à¸”à¸¹à¸¡à¸£à¸ªà¸¸à¸¡ à¹�à¸•à¹ˆà¹€à¸£à¸²à¹€à¸Šà¸·à¹ˆà¸à¸§à¹ˆà¸²à¸œà¸¥à¸�à¸²à¸£à¸”à¸²à¹€




















the erawan group - efinanceThai 

Oct 31, 2017 - à¹€à¸›à¸´à¸” HOP INN à¹€à¸žà¸´à¹ˆà¸¡à¸•à¹ˆà¸à¹€à¸™à¸·à¹ˆà¸à¸‡ à¸«à¸™à¸¸à¸™à¸� à¸²à¹„à¸£à¸›à¸�à¸•à¸´3Q60 à¹‚à¸• 61% YoY. à¸„à¸²à¸”à¸� à¸²à¹„à¸£à¸›à¸�à¸•à¸´ 3Q60 à¸—à¸µà¹ˆ 81 à¸¥à¹‰à¸²à¸™à¸šà¸²à¸— (+40% QoQ, +44% YoY) à¸›à¸£à¸±à¸šà¸•à¸




















the erawan group - Settrade 

Oct 31, 2017 - à¹€à¸›à¸´à¸” HOP INN à¹€à¸žà¸´à¹ˆà¸¡à¸•à¹ˆà¸à¹€à¸™à¸·à¹ˆà¸à¸‡ à¸«à¸™à¸¸à¸™à¸� à¸²à¹„à¸£à¸›à¸�à¸•à¸´3Q60 à¹‚à¸• 61% YoY. à¸„à¸²à¸”à¸� à¸²à¹„à¸£à¸›à¸�à¸•à¸´ 3Q60 à¸—à¸µà¹ˆ 81 à¸¥à¹‰à¸²à¸™à¸šà¸²à¸— (+40% QoQ, +44% YoY) à¸›à¸£à¸±à¸šà¸•à¸




















the erawan group - Settrade 

Nov 13, 2017 - à¸�à¸²à¸£à¸›à¸£à¸²à¸šà¸—à¸±à¸§à¸£à¹Œà¸¨à¸¹à¸™à¸¢à¹Œà¹€à¸«à¸£à¸µà¸¢à¸�à¹�à¸¥à¸°à¸Šà¹ˆà¸§à¸‡à¹€à¸«à¸•à¸¸à¸�à¸²à¸£à¸“à¹Œà¹„à¸§à¹‰à¸à¸²à¸¥à¸±à¸¢ à¸™à¸à¸�à¸ˆà¸²à¸�à¸™à¸µà¹‰à¸šà¸£à¸´à¸©à¸±à¸—à¸¯à¸¡à¸µà¹�à¸œà¸™à¹€à¸›à¸´à¸” HOP INN à¸à¸µà¸�




















DETAILS OF GROUP INSURANCE ACCOUNTS OF THE EMPLOYEES 

Sep 1, 1995 - DETAILS OF GROUP INSURANCE ACCOUNTS OF THE EMPLOYEES. WORKING IN THE OFFICE OF THE â€¦




















Coordinating group of European network of paediatric research at the ... 

Sep 9, 2016 - National Institute for Health. Research Clinical Research ... Anne Junker [email protected]. Duke Clinical Research Institute. Brian Smith.




















Group Reputation and the Endogenous Group Formation 

Jun 12, 2010 - Cure the social inefficiency caused by imperfect ... Sending children to a private boarding school .... Net payoff for each choice (iâˆ—,eâˆ—), Niâˆ—.




















Group Reputation and the Endogenous Group Formation 

Jun 12, 2010 - Cure the social inefficiency caused by imperfect information in labor market .... Net payoff for each choice (iâˆ—,eâˆ—), Niâˆ— eâˆ— given {i,c,k} is.




















questions: group a group b problems: group a 

measured by comparison with a physiÂ· cal object? Why? 4. A box of crackers at the grocery store is labeled "1 pound (454 g)." What is wrong with this label?




















zdt postcard.cdr - The Gravity Group 

A N D I M P E C C A B L E. S A F E T Y. VIEW FROM ATOP. TOWN AND COUNTRY. BODY SHOP. T h e M o s t Wo n d e r f u l â�„ M i l e R i d e. U p o n T h e C ...




















The Hettich Group - 

The Hettich Group, with a tradition going back over 100 years in Germany, is a wholly family owned company. It develops, manufactures and supplies fittings for ...




















zdt postcard.cdr - The Gravity Group 

BETWEEN SAN ANTONIO AND AUSTIN LIES THE SEGUIN. SWITCHBACK RAILWAY, OPERATED BY THE PROPRIETORS AT. ZDT'S AMUSEMENT PARK.




















The Erawan Group (ERW.BK/ERW 

Mar 5, 2018 - 67. By EBITDA. 55. 25. 19. 1. Luxury. Midscale. Economy. Hop-Inn. 51 ..... SPS. n.a.. n.a.. n.a.. n.a.. n.a.. EBITDA/Share. 0.65. 0.73. 0.82. 0.90.




















A psychometric evaluation of the Group Environment ... - SAGE Journals 

the competing models, acceptable fit indices. However, very high factor correlations rendered problematic the discriminant validity of the questionnaire.




















A psychometric evaluation of the Group Environment ... - Sites 

more recent criteria for adequate model fit proposed by Hu and Bentler (1999). ...... similar to the college and adult athletes used in the initial validation studies of the .... Schutz, R.W., Eom, H.J., Smoll, F.L. and Smith, R.E. (1994) 'Examinatio
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