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Abstract We study in this paper the dynamics of a nonlinear electromechanical system with multiple functions in series, consisting of the Duﬃng electrical oscillator magnetically coupled with linear mechanical oscillators. The method of the harmonic balance is used to ﬁnd the amplitude of the harmonic oscillatory states. The stability boundaries of the harmonic oscillations are also analyzed using the Floquet theory and the hysteresis eﬀect. The eﬀects of the number of linear mechanical oscillators on the behavior of the model are discussed and it appears that for some set of physical parameters, the undesired behaviors disappear with the increase of the number of the linear mechanical oscillators. Some bifurcation structures and the variation of the corresponding Lyapunov exponent are obtained. Transitions from a regular behavior to chaotic orbits are seen to occur for large amplitudes of the external excitation. Ó 2003 Elsevier B.V. All rights reserved. PACS: 05.45.Xt; 85.85.+j Keywords: Nonlinear and coupled electromechanical devices; Nonlinear dynamics of engineering systems



1. Introduction The study of the eﬀects of nonlinearities in mechanical, electrical and electromechanical devices described by two coupled second order diﬀerential equations including Duﬃng and Van der Pol
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Fig. 1. Electromechanical transducer with multiple functions in series.



oscillators is an interesting subject. Recent studies on these systems have shown various types of behavior [1–16]. In the context of electromechanical systems, our recent contributions have mainly focussed on electrostatic transducers such as loudspeakers and microphones [11–13] and electrodynamical transducers [14,15]. Various aspects of the dynamics of these systems were analyzed: the derivation of the amplitudes of the harmonic oscillatory states and their stability boundary using Floquet theory, the resonant states using the multiple time scales method, the chaotic behavior obtained from numerical simulations and analytical criterion, the control of chaos using canonical feedback controllers and the synchronization of chaotic states of two such devices with the intention of masking messages. We extend our investigation in this paper by considering the dynamics of a nonlinear electrodynamical transducer with a large number of functions consisting of a Duﬃng electrical oscillator magnetically coupled with linear mechanical oscillators (see Fig. 1). We ﬁrst concentrate on the dynamical behavior of electromechanical system. For this aim, we use the harmonic balance method and the Floquet theory to derive respectively the amplitudes of the harmonic oscillatory states and their stability boundary. The phase diﬀerence between the mechanical oscillators is also found. In Section 2, we describe the physical model and give the resulting equations of motion. Section 3 is devoted to the derivation of the amplitudes of the harmonic oscillatory states. The phase diﬀerence between the mechanical oscillators is analyzed in Section 4. The stability boundary of the harmonic oscillations is found in Section 5 using analytical and numerical investigations. The eﬀects of the number of functions or linear mechanical oscillators on the behavior of the model are discussed. Secondly, we analyze in Section 6 the bifurcation structures and transitions to chaos in the nonlinear electromechanical model, using numerical simulations based on the equations of motion. Conclusion is given in the last section.
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2. The electromechanical system The electromechanical device is shown in Fig. 1. It is an electromechanical transducer with multiple functions in series, composed of an electrical part (Duﬃng electrical oscillator) magnetically coupled with a mechanical part governed by n linear mechanical oscillators. The coupling between both parts is realized through the electromagnetic force due to a permanent magnet. It creates a Laplace force in the mechanical part and the Lenz electromotive voltage in the electrical part. The electrical part of the system consists of a resistor R, an inductor L, a condenser C and a sinusoidal voltage source, all connected in series. In our electromechanical model, we assume that the voltage of the condenser is a nonlinear function of the instantaneous electrical charge q. It can be written as follows 1 Vc ¼ q þ a3 q3 ; Co where Co is the linear value of C and a3 is a nonlinear coeﬃcient depending on the type of the capacitor in use. This is typical to nonlinear reactance components such as varactor diodes widely used in many areas of electrical engineering to design for instance parametric ampliﬁers, upconverters, mixers, low-power microwave oscillators, etc [17]. The mechanical part is composed of n mobile beams which can move respectively along the ~ zi (i ¼ 1; 2; . . . ; n) axis on both sides. The rods Ti are bounded to mobile beams with springs of constants ki . The motion of the entire system is governed by the following n þ 1 nonlinear diﬀerential equations n X q 3 lBi z_ i ¼ vo cos Xs0 ; L€ q þ Rq_ þ þ a3 q þ Co i¼1 m€zm þ km z_ m þ km zm  lBm q_ m ¼ 0; m ¼ 1; 2; . . . ; n; where l is the length of the electrical wire inside the magnetic ﬁeld Bi . Let us use the dimensionless variables q zm ; xm ¼ ; t ¼ we s0 ; x¼ Qo l where Qo is the reference charge of the condenser and a3 Q3o 1 ki wmi Bi Qo ; w2e ¼ ; w2mi ¼ ; wi ¼ ; ki1 ¼ ; 2 LCo Lwe m we mw2e vo X ki l2 Bi ; w ¼ ; c ¼ ; k ¼ : E0 ¼ i i we LQo w2e mwe LQo we



b¼



c¼



R ; Lwe



Then, it comes that the above n þ 1 nonlinear diﬀerential equations reduce to the following set of nondimensional diﬀerential equations n X €x þ c_x þ x þ bx3 þ ki x_ i ¼ E0 cos wt; i¼1



€x1 þ c1 x_ 1 þ w21 x1  k11 x_ ¼ 0; .. .. . . 2 €xn þ cn x_ n þ wn xn  kn1 x_ ¼ 0;



ð1Þ
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where an overdot denotes diﬀerentiation with respect to time. The electrical part (Duﬃng electrical oscillator) is represented by the variable x while xi stand for the mechanical part (the n linear mechanical oscillators). x denotes the instantaneous electrical charge of the condenser, xi the displacements of the ith mobile beam. c and ci are respectively the damping coeﬃcients of the Duﬃng electrical oscillator and the ith linear mechanical oscillator. The quantities ki1 and ki are the coupling coeﬃcients, b the nonlinear coeﬃcient, wi is the natural frequency of the ith oscillator. E0 and w are respectively the amplitude and frequency of the external excitation (sinusoidal voltage source), while t is the nondimensional time. The model shown in Fig. 1 is widely encountered in electromechanical engineering. In particular, in its linear version, it describes the well-known electrodynamic loudspeaker [18]. In this case, the sinusoidal signal eðtÞ represents an incomming pure message. Because of the recent advances in the theory of nonlinear phenomena, it is interesting to consider such an electrodynamic system containing one or various nonlinear components or in the state where one or a number of its components react nonlinearly. One such state occurs in the electrodynamic loudspeaker due to the nonlinear character of the diaphragm suspension system resulting in signal distorsion and subharmonics generation [18]. Moreover, the model can serve as a servo-command mechanism which can be used for various applications. Here one would like to take advantage of nonlinear responses of the model in manufacturing processes. 3. Harmonic oscillatory states In this section, we shall derive the amplitudes of the harmonic oscillatory states of Eqs. (1). It assumes that the fundamental component of the solutions has the period of the sinusoidal voltage source. We use the harmonic balance method [1]. For this purpose, let us express x and xi in the form x ¼ a1 cos wt þ a2 sin wt; xi ¼ bi1 cos wt þ bi2 sin wt;



ði ¼ l; . . . ; nÞ:



ð2Þ



Inserting Eqs. (2) into Eqs. (1) and equating the coeﬃcients of sin wt and cos wt separately (assuming that the terms due to higher frequencies can be neglected), we obtain   n X 3 1  w2 þ bA2 a1 þ cwa2 þ ki wbi2 ¼ E0 ; 4 i¼1   n X 3 ki wbi1 ¼ 0;  wca1 þ 1  w2 þ bA2 a2  4 i¼1 ðw21  w2 Þb11 þ c1 wb12  k11 wa2 ¼ 0;  wc1 b11 þ ðw21  w2 Þb12 þ k11 wa1 ¼ 0; ðw22  w2 Þb21 þ c2 wb22  k21 wa2 ¼ 0;  wc2 b21 þ ðw22  w2 Þb22 þ k21 wa1 ¼ 0: .. .. . . 2 2 ðwn  w Þbn1 þ cn wbn2  kn1 wa2 ¼ 0;  wc2 bn1 þ ðw2n  w2 Þbn2 þ kn1 wa1 ¼ 0:



ð3Þ
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Setting A2 ¼ a21 þ a22 and A2i ¼ b2i1 þ b2i2 , it comes after some algebraic manipulations that the amplitudes A and Ai satisfy the following nonlinear equations 9 2 6 3 b A þ bFn A4 þ ðFn2 þ G2n ÞA2  E02 ¼ 0; 16 2 ki1 Ai ¼ pﬃﬃﬃﬃﬃ A; ði ¼ 1; 2; . . . ; nÞ; wi Di



ð4Þ



where Di ¼ ðw2i  w2 Þ2 þ w2 c2i ; Fn ¼ 1  w2 



Gn ¼ cw þ



n X ki ki1 w2 ðw2i  w2 Þ ; Di i¼1



n X ki ki1 ci w3 : Di i¼1



We note that when the n linear mechanical oscillators are identical, we obtain the following expressions of Fn and Gn nk1 k11 w2 ðw21  w2 Þ ; D1 nk1 k11 c1 w3 Gn ¼ cw þ : D1 F n ¼ 1  w2 



ð5Þ



In the linear case (b ¼ 0, the condenser C has the usual linear characteristic function), the frequency-response curves of the linear electromechanical system are represented in Fig. 2(i) for AðwÞ, in Fig. 2(ii) for A1 ðwÞ and in Fig. 2(iii) for A2 ðwÞ for several diﬀerent values of the amplitude of the external excitation E0 . It appears that the curves show antiresonance and resonance peaks. Around the resonance peaks, the amplitude and the accumulate energies of the electromechanical transducer are very high than those received in any oscillation. In this case, the model can give more interesting applications in electromechanical engineering, particularly when the model is used as a series of perforator electromechanical device, but the model with high energies is very dangerous since it can give rise to catastrophe damage. For the antiresonance peak, the electromechanical device vibrates with small amplitude and accumulate energies. This phenomena is also interesting when the model is used as an electromechanical vibration absorber [19]. The frequency-response curves of the linear electromechanical model with a large number of functions are depicted in Fig. 3 for several diﬀerent values of n. The eﬀects of a number of the mechanical oscillators are observed and the curves also show one peak of antiresonance and two peaks of resonance. It is found that the points of resonance move when the number n of the linear mechanical oscillators increases while the amplitudes A and Ai decreases and vanish with a large value of n. In the nonlinear case (b 6¼ 0), the analytical and numerical frequency-response curves are reported in Fig. 4(i) for AðwÞ, in Fig. 4(ii) for A1 ðwÞ and in Figure 4(iii) for A2 ðwÞ. It appears that the curves show antiresonance and resonance peaks, and the well-known hysteresis phenomena.
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Fig. 2. Frequency-response curves in the linear system. (i) corresponding for AðwÞ, (ii) for A1 ðwÞ and (iii) for A2 ðwÞ. The parameters are c ¼ 0:1, c2 ¼ 0:23, k1 ¼ 0:4, k11 ¼ 0:2, k21 ¼ 0:4, w1 ¼ w2 ¼ 1:0, c1 ¼ 0:2, k2 ¼ 0:15, n ¼ 2 and (a): E0 ¼ 0:2; (b): E0 ¼ 0:4; (c): E0 ¼ 0:6.



In Fig. 5, we provide the amplitude-response curves AðE0 Þ, A1 ðE0 Þ and A2 ðE0 Þ obtained for three ﬁxed diﬀerent values of the frequency of the external excitation. Both Figs. 4 and 5 show the jump phenomena for w ¼ 1:5 and w ¼ 1:8. It is shown that for w ¼ 1:0, the hysteresis branch disappears. The multiplicity of the response curves due to cubic nonlinearity has a signiﬁcant impact from the physical point of view because it leads to jump and hysteresis phenomena with two stable amplitudes. Consequently, the electromechanical transducer can vibrate in these domains with two diﬀerent amplitudes of the harmonic oscillations depending on the initial conditions. For the case of the system with multiple functions, the results are reported in Fig. 6 where several diﬀerent frequency-response curves are shown. These Figures illustrate the eﬀects of the number of the linear mechanical oscillators on the behavior of the nonlinear electromechanical model. The following ﬁndings are observed. In the case of the exact internal and external resonances between the n þ 1 oscillators (w ¼ wi ¼ 1), the electromechanical model vibrates with a small value of the amplitude (antiresonance phenomenon) which decreases when the number of the linear mechanical oscillator increases. The model with a large number of functions can be used as an electromechanical vibration absorber [19]. The domain of hysteresis phenomena decreases with
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Fig. 3. Eﬀects of the number of the linear mechanical oscillators on the linear frequency-response curves with the parameters c1 ¼ 0:1, c ¼ 0:01, k11 ¼ 0:4, k1 ¼ 0:2, w1 ¼ 1:0, E0 ¼ 0:2.



the increase of the number n of the linear mechanical oscillators. Our investigation shows that the hysteresis phenomena disappear for large n. For instance, with the parameters used in Fig. 3 and b ¼ 0:95, the disappearance of the hysteresis is obtained for n > 20. In this case, it is interesting to see that a further increase of the number of the mechanical oscillators can absorb the hysteresis phenomena. In Fig. 7, the eﬀects of the number of linear mechanical oscillators on the amplituderesponse curves are also presented and it is found that the jump phenomena disappear when the number n increases.



4. Phase diﬀerence between the linear mechanical oscillators In view of practical purpose, it is important to analyze the phase diﬀerence between the linear mechanical oscillators. From Eqs. (2) and (3), the phases /i and /iþ1 of the ith and ði þ 1Þth linear mechanical oscillators are given by
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Fig. 4. Analytical and numerical frequency-response curves. (i) corresponding for AðwÞ, (ii) for A1 ðwÞ and (iii) for A2 ðwÞ with E0 ¼ 0:2, b ¼ 0:5, c ¼ 0:01 and the parameters of Fig. 2.



  bi2 ðw2i  w2 Þ Fiþ1 þ 34 bA2 þ wci Giþ1   ; tan /i ¼ ¼ bi1 Giþ1 ðw2i  w2 Þ þ wci Fiþ1 þ 34 bA2   bðiþ1Þ2 ðw2iþ1  w2 Þ Fiþ1 þ 34 bA2 þ wciþ1 Giþ1   : tan /iþ1 ¼ ¼ bðiþ1Þ1 Giþ1 ðw2iþ1  w2 Þ þ wciþ1 Fiþ1 þ 34 bA2



ð6Þ



The phase diﬀerence is then deﬁned as Hi;iþ1 ¼



/i  /iþ1 : w



ð7Þ



The variation of this phase diﬀerence is represented in Fig. 8 when the frequency of the external excitation is varied. In the case of an exact resonance between the n þ 1 oscillators (electrical and n linear mechanical oscillators: wi ¼ 1) and for a ﬁxed frequency w, Hi;iþ1 remains constant as the
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Fig. 5. Amplitude-response curves (i) corresponding for AðE0 Þ, (ii) for A1 ðE0 Þ and (iii) for A2 ðE0 Þ with b ¼ 0:5, c0 ¼ 0:01, (a): w ¼ 1:0, (b): w ¼ 1:5, (c): w ¼ 1:8 and the parameters of Fig. 2.



parameters of the system vary. In the particular case where wi ¼ w, all ith and ði þ 1Þth linear mechanical oscillators vibrate in phase and we have tan /i ¼ tan /iþ1 ¼



Giþ1 : Fiþ1 þ 34 bA2



ð8Þ



In this case, all the phases are the same, called phase-locked, as shown by Eq. (8). It can be noticed that the phase diﬀerence changes very shortly with the variation of the nonlinearity coeﬃcient b.



5. Stability of the harmonic oscillations The harmonic oscillatory states deﬁned by Eqs. (4) only exist as they are stable. To study their stability, we ﬁrst consider the case of the model with one function n ¼ 1, before analyze the eﬀects
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Fig. 6. Eﬀects of the number of linear mechanical oscillators on the nonlinear frequency-response curves with the parameters of Fig. 3 and b ¼ 0:95.



of the number n on the stability boundary of the harmonic oscillatory states. For the case of the model with one function, we consider the following variational equations of Eqs. (1) around the harmonic oscillatory states given by Eqs. (4) d€x þ cd_x þ dx þ 3bx2s dx þ k1 d_x1 ¼ 0; d€x1 þ c1 d_x1 þ w21 dx1  k11 d_x ¼ 0;



ð9Þ



where xs is the oscillatory state deﬁned by Eqs. (2). The harmonic oscillatory states ðxs ; x1s Þ are stable if dx and dx1 remain bounded as the time goes up. The appropriate analytical tool to investigate the stability conditions of the harmonic oscillatory states is the Floquet theory [1]. Let us then express dx and dx1 in the form dx ¼ uðtÞ expða sÞ; dx1 ¼ vðtÞ expðb sÞ;



ð10Þ
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Fig. 7. Eﬀects of the number of the linear mechanical oscillators on the amplitude-response curves with the parameters of Fig. 3 and w ¼ 1:5, b ¼ 0:95.



where c c 2s ; b ¼ 1 ;  ¼ b  a ; t ¼ : w w w Inserting Eqs. (10) into Eqs. (9), we obtain a ¼



d2 u dv expðsÞ ¼ 0; þ ½d11 þ 211 cosð4s  2/Þ u þ d12 expðsÞv þ c1 2 ds ds d2 v du þ d21 expðsÞu þ d22 v þ c2 expðsÞ ¼ 0; 2 ds ds where the new parameters dij and 11 are given by d11 ¼ 2a þ d21 ¼



4 3bA2 þ 2 ; w2 w



2a k11 ; w



11 ¼



d12 ¼



3bA2 ; 2w2



2k1 b ; w



c1 ¼



2k1 ; w



d22 ¼ 2b þ c2 ¼



2k11 : w



2w21 ; w2



ð11Þ
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Fig. 8. Phase diﬀerence curves between the two linear mechanical oscillators versus w with the parameters of Fig. 2.



According to the Floquet theory, Eqs. (11) has normal solutions given by uðsÞ ¼ expðasÞaðsÞ ¼



n¼þ1 X



an expðan sÞ;



n¼1



vðsÞ ¼ expðbsÞbðsÞ ¼



n¼þ1 X



ð12Þ bn expðbn sÞ;



n¼1



where an ¼ a þ 2in;



bn ¼ b þ 2in:



This means that dx ¼ expðða  a ÞsÞaðsÞ;



ð13Þ



dx1 ¼ expððb  b ÞsÞbðsÞ; where the functions aðsÞ ¼ aðs þ pÞ and bðsÞ ¼ bðs þ pÞ replace the Fourier series. The quantities a and b are two complex numbers, while an and bn are constants. Substituting Eqs. (12) into Eqs. (11) yields
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bn expðbn sÞ ¼ 0; ð14Þ



an expðan sÞ



an an expðan sÞ ¼ 0:



n¼1



Equating each of the coeﬃcients of the exponential functions to zero yields the following inﬁnite set of linear, algebraic, homogeneous equations for the am and bm coeﬃcients ðd11 þ a2m Þam þ ð11 expð2i/ÞÞamþ2 þ ð11 expð2i/ÞÞam2 þ ðd12 þ c1 bm Þ expðsÞbm ¼ 0;



ð15Þ



ðd22 þ b2m Þbm þ ðd21 expðsÞÞam þ c2 expðsÞam am ¼ 0: For the nontrivial solutions, the determinant of the matrix in Eqs. (15) must vanish. Since the determinant is inﬁnite, we divide the ﬁrst and second expressions of Eqs. (15) by ðd11  4m2 Þ and ðd22  4m2 Þ respectively for convergence considerations. Equating to zero the HillÕs determinant and set a ¼ a , b ¼ b , we obtain the hypersurface which separates the stability domains from the instability domains. This hypersurface becomes a curve when two parameters of the system are varied. When 11 is small, approximate solutions can be obtained considering only the central rows and columns of the HillÕs determinant. The small Hill determinant for this case is the sixth rows and sixth columns. Thus, in the ﬁrst order, the stability boundary corresponds to   2i/   D11 0  e D 0 0 11 14   2  0 0 0 D25 0  d11 þ a    e2i/ 0 D33 0 0 D36  ¼ 0: ð16Þ Dða ; b Þ ¼  11 0 0 D44 0 0   D41  0 0 0 d22 þ 2b 0  D52   0 0 0 D66  0 D63 The coeﬃcients Dij are deﬁned as follow D14 ¼ d12 þ c1 ðb  2iÞ;



D25 ¼ d12 þ c1 b ;



D36 ¼ d12 þ c1 ðb þ 2iÞ;



D41 ¼ d21 þ c2 ða  2iÞ;



D52 ¼ d21 þ c2 a ;



D63 ¼ d21 þ c2 ða þ 2iÞ;



D66 ¼ d22 þ ðb þ 2iÞ2 ;



D11 ¼ d11 þ ða  2iÞ2 ;



D33 ¼ d11 þ ða þ 2iÞ2 ;



D44 ¼ d22 þ ðb  2iÞ2 :
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Fig. 9. Analytical and numerical stability boundaries in the ðw; E0 Þ plane following the Floquet approach with the parameters of Fig. 3 and n ¼ 1.



From the Eq. (16), A2 can be extracted and then substituted in the equation satisﬁed by A from the harmonic balance method (see Eqs. (4)). This gives the stability boundary as a function of the parameters of the electromechanical system. In Fig. 9, we show a stability boundary in the ðw; E0 Þ plane both from the analytical treatment (Eq. (16)) and for the direct numerical checking of the stability boundary from the diﬀerential equations. Good agreement is obtained between the analytical and the numerical results. We note that the domain of stable harmonic oscillations is the region below the curves. To look for what really appears to the instability domains, we have drawn the bifurcation diagrams and the variation of the corresponding Lyapunov exponent as E0 varies for w ¼ 1:5. Our results are reported in Fig. 10. As the amplitude E0 increases, a period-1 orbit exists until E0 ¼ 0:55 (critical value corresponding to the limit values of E0 for the stability of the harmonic oscillations) where a transition from a period-1 orbit to a quasiperiodic behavior appears. Having derived analytically and numerically the stability boundary of the harmonic oscillatory states for the electromechanical model with one function, we will now analyze the eﬀects of the number n on the stability boundary. For this purpose, let us consider the model with a large number of functions. The Floquet approach is diﬃcult to investigate the stability conditions here, since the small Hill determinant in this case is the 4n þ 2 rows and 4n þ 2 columns, which is a complex expression. We process as follows. We consider the ﬁrst nonlinear equation given by Eqs. (4) rewritten as E02 ¼



9 2 6 3 b A þ bFn A4 þ ðFn2 þ G2n ÞA2 : 16 2



ð17Þ
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Fig. 10. Transition from the stability domain to the instability domain. The other parameters are those in Fig. 3 and w ¼ 1:5. (i) Bifurcation diagram showing the coordinate x versus E0 . (ii) The variation of the corresponding Lyapunov exponent.



dE2



Due to the presence of hysteresis branches, we2 know that the turning points correspond to dA02 ¼ 0 dE and the stability condition can be written as dA02 > 0. Diﬀerentiating E02 with respect to A2 yields the boundary curve between the stable and unstable regions, given by 27 2 4 b Ac þ 3bFn A2c þ Fn2 þ G2n ¼ 0: 16



ð18Þ



Solving A2c from Eq. (18) and substituting into Eq. (17) results in the stability boundaries expressed in the parameter space as 2 ¼ E0 



9 2 6 3 b Ac þ bFn A4c þ ðFn2 þ G2n ÞA2c 16 2



ð19Þ
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with Ac ¼



8Fn 



pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ Fn2  3G2n : 9b



pﬃﬃﬃ We note that the solutions of Eq. (18) can exist only if Fn P 3Gn , which is necessary for the validity of the expressions of E0 deﬁned by the Eq. (19). This condition demands that ðð1  w2 ÞD1  nk1 k11 w2 ðw21  w2 ÞÞ2 P 3ðcwD1 þ nk1 k11 c1 w3 Þ2 :



ð20Þ



It follows from the above equation that, for a given frequency w ¼ wc , the boundary of the region, where the solutions of Eq. (18) can exist, is given by ðð1  w2c ÞD1c  nk1 k11 w2c ðw21  w2c ÞÞ2 ¼ 3ðcwD1c þ nk1 k11 c1 w3c Þ2 ;



ð21Þ



where D1c ¼ ðw21  w2c Þ2 þ w2c c21 : In Fig. 11, we have drawn the stability boundary of the harmonic oscillations in the ðw; E0 Þ plane with the parameters used in Fig. 2. The domain of stability of the harmonic oscillations is the dE2 region below the curves where dA02 is positive. Our analytical results are conﬁrmed by the direct numerical simulation of Eqs. (1). For instance, with w ¼ 1:4, the analytical treatment shows that the harmonic oscillations are stable for E0 < 0:39 while from the numerical simulation, we obtain E0 < 0:40. Before the critical value of the amplitude E0 the system shows the periodic oscillations while just after this critical value of E0 the system exhibits a quasiperiodic behavior and periodT =m1 (m1 being an integer) oscillations. The types of behaviors the electromechanical model exhibits in the instability domains are shown in Fig. 12 where the bifurcation diagram and the variation of the corresponding Lyapunov exponent are obtained versus E0 with a ﬁxed w ¼ 1:5, and the same parameters values used in Fig. 2. It is observed that as the amplitude E0 increases, a period-T oscillation exists until E0 ¼ 0:67 where transition from period-T oscillation to a quasiperiodic behavior appears. In Fig. 13, we derive the stability chart using the numerical simulation based on Eqs. (1) as well as the above analytical results. The diagram shown in the ðw; E0 Þ plane is traced out by using the bifurcation diagram when the amplitude E0 varies for a ﬁxed frequency w. One observes that as the amplitude E0 increases, the system exhibits quasiperiodic oscillations, period-T =m1 and periodm1 T oscillations, within a range of the frequency w. For example, for w ¼ 1:6, we have period-T oscillations for E0 2 ½0:0; 1:0 , quasiperiodic oscillations for E0 2 ½1:0; 1:8 [ ½1:9; 2:6 [ ½3:0; 3:7 , period-7T oscillations for E0 2 ½1:8; 1:9 , period-3T oscillations for E0 2 ½2:6; 3:0 , period-5T oscillations for E0 2 ½3:7; 4:0 , etc.. In Fig. 12, the stability boundary of the harmonic oscillations is shown in the ðw; E0 Þ plane with the parameter values used in Fig. 2, for several diﬀerent values of n ¼ 2, 5, 10, 20. The eﬀects of the number of linear mechanical oscillators n on the stability boundary is analyzed and it indicated that the frequency wc for the boundary deﬁned by Eq. (19) increases with the increase of the number of the linear mechanical oscillators Fig. 14. In comparison with the stability boundary curves obtained before following the Floquet theory, we have drawn in Fig. 15 the stability boundary curves obtained for the two analytical treatments for the case of the electromechanical transducer with one function. For low frequencies, the agreement between the two analytical stability boundary curves is not quite good. However since the Floquet theory is not easy to consider for large n, we use the second method in this limit.
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Fig. 11. Analytical and numerical stability boundaries in the ðw; E0 Þ plane following the hysteresis eﬀect with the parameters of Fig. 2.



6. Bifurcation structures and transitions to chaos The aim of this section is to ﬁnd how chaos arises in our model as the parameters of the system evolve. For this purpose, we numerically solve the equations of motion (1) and plot the resulting bifurcation diagrams as E0 and c vary. Our investigation shows that our model exibits chaotic behaviors only for large value of E0 (see Fig. 16), as in the case of the hard Duﬃng equation. Fig. 17 shows a representative bifurcation diagram and the variation of the corresponding Lyapunov exponent as the amplitude E0 varies. The curves are obtained by numerically solving Eqs. (1) and the corresponding variational equations, the Lyapunov exponent being deﬁned by Lya ¼ lim



t!1



Inðdnþ1 ðtÞÞ ; t



ð22Þ



with dnþ1



sﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ n n X X ¼ dx2 þ d_x2 þ dx2i þ d_x2i ; i¼1



i¼1



where dx, d_x, dxi and d_xi are the variations of x, x_ , xi and x_ i respectively. As E0 increases from zero, the amplitude of the periodic oscillations exists until E0 ¼ 12:0 where a period-2 orbit takes place. For E0 ¼ 17:0, the system bifurcates from a period-2 orbit to a period-4 orbit until E0 ¼ 17:4 where the chaotic motions appear. For E0 ¼ 18:0, we have a period-3 orbit. At E0 ¼ 19:1, the
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Fig. 12. Transition from the stability domain to the instability domain. The other parameters are those in Fig. 2 and w ¼ 1:5. (i) Bifurcation diagram showing the coordinate x versus E0 . (ii) The variation of the corresponding Lyapunov exponent.



period-3 orbit bifurcates to large domain of chaotic orbits and remains until E0 ¼ 24:7. However, we note that for E0 2 ð21:0–24:7Þ, the system shows a weak or transient chaos characterized by a sort of fractal nature of the basin of attraction. In fact, in this domain, it is found that chaos appears only for some initial conditions. This behavior manifests itself in Fig. 17(ii) by small values of the Lyapunov exponent and in Fig. 17(i) by a sudden expansion of the bifurcation diagram. This type of behavior is the characteristic of the hard Duﬃng equation as reported by Pezeshki and Dowell in Ref. [20] and of the coupled oscillators with Duﬃng nonlinearity as we have reported in Ref. [15]. At the orther side of the chaotic domain, a reverse period doubling sequence takes place, leading to periodic oscillations. In Fig. 18, the control parameter is the damping coeﬃcient c. When c is increased from c ¼ 0, the electromechanical model exibits a period-1 orbit until c ¼ 0:02635, where chaotic behaviors take place. At c ¼ 0:1025, we have a transition from chaotic orbits to a period-5 orbit. The
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Fig. 13. Stability chart in the ðw; E0 Þ plane with the parameters of Fig. 2.
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Fig. 14. Eﬀects of the number of mechanical oscillators on the stability boundary with the parameters of Fig. 2.



amplitude of period-5 orbit exist until c ¼ 0:106 where the chaotic domains appear again. At the other side of the chaotic domain, a reverse following period doubling sequence takes place (period-8 orbit ) period-6 orbit ) period-5 orbit ) period-3 orbit ) small chaotic domain) leading to a period-1 orbit (harmonic oscillations). Analyzing the eﬀects of the number of linear mechanical oscillators on the bifurcation structures, it appears that the bifurcation structures change very shortly when n varies, for example from n ¼ 2 to n ¼ 6.
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Fig. 15. Comparison between stability boundaries obtained following Floquet theory and those from the hysteresis eﬀect with the parameters of Fig. 3 and n ¼ 1 (a): Hysteresis eﬀect; (b): Floquet theory.



Fig. 16. Chaotic phase portrait of the electromechanical model with parameters c ¼ 0:1, c1 ¼ 0:3, c2 ¼ 0:23, k1 ¼ 0:01, k2 ¼ 0:02, k11 ¼ 0:06, k21 ¼ 0:04, w1 ¼ 1:2, w2 ¼ 1:3, w ¼ 1:4, b ¼ 2:32, E0 ¼ 20:0, n ¼ 2.



7. Conclusion In this paper, we have studied the dynamics of a nonlinear electromechanical system with multiple functions in series, consisting of the Duﬃng electrical oscillator magnetically coupled



P. Woafo et al. / Communications in Nonlinear Science and Numerical Simulation 10 (2005) 229–251



249



Fig. 17. Bifurcation diagram (i) and Lyapunov exponent (ii) versus E0 with parameters of Fig. 13.



with linear oscillators. We have derived the amplitudes of the harmonic oscillatory states and their stability boundary using respectively the harmonic balance method and the Floquet theory. The eﬀects of the number of linear mechanical oscillators have been analyzed on the behavior of the electromechanical system. It appears that the number of linear mechanical oscillators can signiﬁcantly aﬀect various dynamical behaviors of the model and that the undesired behaviors can be suppressed by increasing the number of linear mechanical oscillators. Our analytical results have been conﬁrmed by a numerical simulation. Various types of bifurcation structures showing different types of transitions from regular to transient chaos and chaotic motion have been drawn. Our study has mainly focussed on the dynamics of the electromechanical system with multiple functions in series. To get a better understanding of the behavior of this model, the study of such model connected in parallel is an interesting task which can be tackled using the numerical and analytical investigations. The study of the device with a self-sustained electrical component of the Van der Pol type in place of the Duﬃng oscillator is another interest.
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Fig. 18. Bifurcation diagram (i) and Lyapunov exponent (ii) versus c with parameters of Fig. 13.
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