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1



Two-Country Model



The economy is composed of two countries (denoted H and F ) that share the same currency. Fiscal policy is conducted separately in each region by two …scal authorities. Monetary policy is set at the union level and is assumed to be exogenous. The structure of the model is similar to Benigno and De Paoli (2010), where the two countries may di¤er in size. This allows us to discuss the small open economy case. Firms in each country are assumed to produce a homogeneous good. The good produced in country H is di¤erent from the good produced in F . Each household consumes both goods, but has a bias for goods produced domestically.



1.1



Households



Preferences of home agents are summarised by: E0



1 X



t



[U (ct )



V (lt )] ,



(1)



t=0



where 0 < < 1 is the subjective discount factor, ct is the composite good (including both domestic and foreign goods), lt is labor, V ( ) and U ( ) are single-period utility functions, which follow the standard continuity and concavity assumptions. The composite good ct is de…ned as a Cobb-Douglas aggregate, c=



cH c1F (1 )1



,



(2)



where determines the agents’bias towards domestic goods. As in Benigno and De Paoli (2010) is a function of the size of country H relative to the rest of the world n 2 (0; 1) and of its degree of openness 2 (0; 1), such that (1



) = (1



n) .



The more open the home country (the greater is ), the lower is the degree of home bias in Country H. The larger the home country (the greater is n), the higher is the degree of home bias. 1



1.1.1



Home Households



Given a decision on the composite consumption good c, the home household allocates optimally the expenditure on domestic and foreign goods, by minimising total expenditure P c, subject to the de…nition of the consumption aggregator in (2). This leads to the following demand functions: 1



PH P



cH = cF = (1



(3)



c,



)



1



PF P



(4)



c.



Replacing cH and cF in the natural de…nition of composite expenditure P c = PH cH + PF cF using (3) and (4), we obtain the following price index for the composite consumption good, P = PH PF1 .



(5)



The home household chooses consumption, labour and bonds to maximise utility (1) subject to the budget constraint given by Pt ct + Et fQt;t+1 Dt g + Bt + Pt Tt



(1



t )Wt lt



+ Rt 1 Bt



1



+ Dt 1 ,



(6)



where Bt are holdings of home government bonds, which cost one home currency unit today and pay Rt currency units tomorrow, Rt being the nominal interest rate, set exogenously by the union monetary authority. Further, Dt are holdings of state-contingent bonds, traded with the foreign household, which cost Qt;t+1 units of the home currency today and pay one unit of home currency in a particular state tomorrow, Wt lt is nominal labor income, which is taxed at rate t , and Tt are lump-sum taxes expressed in consumption units. The …rst order conditions of the household’s problem with respect to labour, government bonds and state-contingent bonds, are: (1



t)



1 = Et Rt Qt;t+1 =



Vl;t Wt = , Pt Uc;t Uc;t+1 =Pt+1 Uc;t =Pt Uc;t+1 =Pt+1 , Uc;t =Pt



(7)



,



(8) (9)



where Uc;t denotes the …rst derivative of consumption utility U ( ), Vl;t is the …rst derivative of labour disutility V ( ). Combining household …rst order conditions for government bonds and state-contingent bonds, (8) and (9), we obtain Et fQt;t+1 g =



2



1 . Rt



(10)



1.2



Present Value Household Budget Constraint



We derive the household budget constraint in present value form. The household budget constraint (6), holding with equality, reads 0 = Pt ct (1 t )Wt lt + Pt Tt +Et fQt;t+1 Dt g + Bt (Dt



+ Rt 1 Bt 1 ) .



1



We use as weights the state-contingent asset prices Qt;0 , and take the expectation at date 0 by summing across states, 0 = E0 fQt;0 [Pt ct (1 t )Wt lt + Pt Tt ]g +E0 fQt;0 [Et fQt;t+1 Dt g + Bt (Dt 1 + Rt 1 Bt 1 )]g . Next, we sum across periods from the initial period 0 up to date T , 0 = E0



T X



Qt;0 [Pt ct



t=0 T X



+E0



t=0



(1



t )Wt lt



+ Pt Tt ]



Qt;0 [Et fQt;t+1 Dt g + Bt



(Dt



Noting that Q0;0 = 1 and taking the part for t = 0, D the other side, we obtain E0



T X



Qt;0 [Pt ct



(1



t )Wt lt + Pt Tt ] + E0



1 + R 1B 1.



Using the relation Et fQt;t+1 g = E0



T X



Qt;0 [Pt ct



1 , Rt



(1



1



T X



Qt;0 [Et fQt;t+1 Dt g + Bt ]



we get t )Wt lt



+ Pt Tt ] + E0



T X t=0



t=0



= D



+ Rt 1 Bt 1 )] .



+ R 1 B 1 , out of the sum and to



t=0



t=0



= D



1



1



+ R 1B 1.



Qt;0 (Dt + Rt Bt ) Et fQt;t+1 g



Taking the limit as T ! 1 and imposing the no-Ponzi condition, lim QT;0 [DT + RT BT ]



T !1



0,



holding with equality, we …nd E0



1 X



Qt;0 [Pt ct



(1



t )Wt lt



+ Pt Tt ] = R 1 B



1



+ D 1.



t=0



De…ning real household asset holdings as bt = Bt =Pt and dt = Dt =Pt and initial asset holdings b0 = B 1 =P0 and d0 = D 1 =P0 , this becomes E0



1 X t=0



Qt;0



Pt [ct P0



(1



t )wt lt



3



+ Tt ] = d0 + R 1 b0 .



c;t P0 Using Qt;0 = t UUc;0 from household …rst order condition (9) yields the present value housePt hold budget constraint:



E0



1 X t=0



1.2.1



t Uc;t



Uc;0



[ct



(1



t )wt lt



+ Tt ] = d0 + R 1 b0 .



Foreign Households



The foreign household solves analogous allocation problems. The consumption bundle in the foreign country is de…ned as (cH ) (cF )1 c = , ( ) (1 )1 where country F ’s the degree of home bias, , is related to country H’s size (n) and openness ( ) through =n : We have the following demands for the home- and foreign-produced goods, cH =



PH P



cF = (1



)



1



c, PF P



(11) 1



c.



(12)



Using (11) and (12), we replace cH and cF in the natural de…nition of the composite expenditure P c = PH cH + PF cF to get the associated foreign price index P = (PH ) (PF )1



.



(13)



In country F , the representative agent chooses consumption, labour and asset holdings to maximise lifetime utility, 1 X t [U (ct ) V (lt )] , E0 t=0



subject to the budget constraint given by Pt ct + Et fQt;t+1 Dt g + Bt



(1



t )Wt lt



+ Rt 1 Bt



1



+ Dt 1 .



(14)



Notice that we write down the model in such a way that it nests the monetary union setup as a special case. Therefore, we …rst de…ne a separate interest rate for the foreign country, Rt . Later, we impose that both countries share the same interest rate and that the exchange rate between the two countries is constant. The corresponding …rst order conditions for the foreign household are: Vl;t Wt = , (15) (1 t) Pt Uc;t 1 = Et Rt Qt;t+1 =



Uc;t+1 =Pt+1 Uc;t =Pt Uc;t+1 =Pt+1 . Uc;t =Pt 4



,



(16) (17)



1.3



Prices



Let’s de…ne the real exchange rate as Pt : Pt



St =



(18)



Since demand elasticities are equal across countries that form a monetary union, we have that PH;t = PH;t and PF;t = PF;t . In real terms, therefore, pH;t , St



pH;t =



(19)



pF;t = St pF;t . PtH =Pt ,



(20) PtH



PtF =Pt



where we have de…ned the relative prices pH;t = pH;t = =Pt , pF;t = F and pF;t = Pt =Pt . Combining the home and foreign household’s …rst order conditions for state-contingent bonds, (9) and (17), we get the following risk-sharing condition: Uc;t+1 =Pt+1 Uc;t+1 =Pt+1 = , Uc;t =Pt Uc;t =Pt stating that the currency’s marginal utility growth is equalised across countries. Using the de…nition of the real exchange rate (18), this can be expressed as Uc;t+1 Uc;t+1 St+1 . = Uc;t St Uc;t Rearranging as



Uc;t+1 St+1 Uc;t+1



=



Uc;t St Uc;t



and iterating, we have Uc;t+2 St+2 Uc;t+1 St+1 = . Uc;t+2 Uc;t+1



Combinging the last two equations, we obtain Uc;t St Uc;t+2 St+2 = . Uc;t+2 Uc;t We do this repeatedly to get Uc;t+j St+j Uc;t St = Uc;t+j Uc;t De…ning



=



Uc;0 P0 , Uc;0 P0



or:



Uc;t St Uc;0 S0 = . Uc;t Uc;0



the risk sharing condition can be written as Uc;t . Uc;t



St =



(21)



Starting from an initial steady state in which consumption and price levels are equal across countries such that = 1, equation (21) implies that the ratio of marginal utilities at any point in time is equal to the real exchange rate, St =



Uc;t . Uc;t



5



(22)



1.4



Firms



Production is linear in labour, which in turn is immobile across countries, such that yH;t = At lt .



(23)



Firms choose labor to maximise pro…ts yH;t pH;t (1 {)wt lt , where { is a constant employment subsidy …nanced with lump sum taxes. Using the production function (23), we can rewrite the pro…t maximisation problem as follows, max [At pH;t



(1



flt g



{)wt ] lt .



The …rms’demand for labour is such that after-tax wages are equal to the marginal product of labor, adjusted for the relative price of home-produced goods, {)wt = At pH;t .



(1



(24)



The foreign production function and labor demand are, respectively, (1



1.5 1.5.1



yF;t = At lt ,



(25)



{ )wt = At pF;t .



(26)



Government Home Government



The …scal authority …nances an exogenous stream of public expenditure gt , using labour taxes t and debt issuance Btg . The government’s consumption preferences are the same as those of the households, 1 gH;t gF;t gt = . (1 )1 Hence, given total government spending gt , public consumption of each individual good is given by similar expressions to those obtained for private consumption in equations (3) and (4): PH;t Pt



gH;t = gF;t = (1



)



1



gt , PF;t Pt



(27) 1



gt .



(28)



The domestic government budget constraint (in nominal per capita terms) is as follows: Pt gt + Rt 1 Btg



1



=(



{)Wt lt + Btg + Pt Tt .



t



The government spends gt on goods and pays interest on outstanding bonds Btg 1 . It pays out an employment subsidy and receives labour income taxes. Finally, the government issues new debt Btg and also receives lump sum taxes Tt . In real terms, the government budget constraint is Rt 1 bgt 1 gt + = ( t {)wt lt + bgt + Tt , t



where



bgt



=



Btg =Pt



is government debt in real terms and 6



t



= Pt =Pt



1



is gross in‡ation.



1.5.2



Foreign Government



The foreign government’s preferences and the associated demand functions for the homeand foreign-produced goods are gt =



gH;t



1



PH;t Pt



gF;t = (1



,



)1



( ) (1



gH;t =



1



gF;t



gt , PF;t Pt



)



(29) 1



gt .



(30)



Its budget constraint (in real terms) is given by: gt +



Rt 1 btg



1



=(



{ )wt lt + bgt + Tt .



t



t



1.6 1.6.1



Market Clearing Home-produced goods



The market clearing condition for good produced in H is obtained by combining private and public demands at home and abroad, weighted by the respective country size, 1 n cH;t + gH;t yH;t = (cH;t + gH;t ) + n 1 n 1 = pH;t1 (ct + gt ) + pH;t (ct + gt ) n 1 = pH;t1 (ct + gt ) + (1 n) pH;t (ct + gt ) , where we have substituted the demand functions (3), (11), (27), and (29). Setting pH;t = from the pricing condition (19), this becomes: yH;t = 1.6.2



pH;t1



(ct + gt ) + (1



n)



pH;t St



pH;t St



1



(ct + gt )



(31)



Foreign-produced goods



The market clearing condition for good produced in F reads: n (cF;t + gF;t ) + cF;t + gF;t yF;t = 1 n n 1 = (1 )pF;t1 (ct + gt ) + (1 ) pF;t (ct + gt ) 1 n 1 = n pF;t1 (ct + gt ) + (1 ) pF;t (ct + gt ) , where we have substituted the demand functions (4), (12), (28) and (30). Setting pF;t = St pF;t from the pricing condition (20), this becomes: yF;t = n



St pF;t



1



(ct + gt ) + (1 7



) pF;t



1



(ct + gt ) .



(32)



1.6.3



Assets



Asset market clearing requires nDt + (1 Btg Btg



(33)



n)Dt = 0, = Bt ,



(34)



= Bt .



(35)



Household holdings of government bonds must be equal to government debt, both at home and abroad, because of our assumption that all public debt is held domestically.



1.7



Aggregate Accounting



We now derive the aggregate resource constraint from the budget constraints and the market clearing conditions. The nominal household budget constraints in H and F in terms of the home currency and holding with equality, are Pt ct + Et fQt;t+1 Dt g + Bt + Pt Tt = (1



t )Wt lt



Pt ct + Et fQt;t+1 Dt g + Bt + Pt Tt = (1



+ Rt 1 Bt



t )Wt lt



1



+ Rt 1 Bt



+ Dt 1 , 1



+ Dt 1 .



Weighting the household budget constraints in H and in F by n and (1 n), respectively, combining them, and imposing asset market clearing for state-contingent bonds (33) gives nPt ct + (1 n) Pt ct + nBt + (1 n) Bt + nPt Tt + (1 n) Pt Tt = n(1 n) (1 n) Bt 1 . t )Wt lt + (1 t )Wt lt + Rt 1 nBt 1 + Rt 1 (1 We rewrite this in terms of the home consumption basket (dividing by Pt ) to get nct + (1 = n(1



n) St ct + nbt + (1



t )wt lt



+ (1



n) (1



n) St bt + nTt + (1 n) Tt bt 1 + (1 n) Rt t )St wt lt + nRt 1



1



St bt



t



1



,



(36)



t



where bt = Bt =Pt , bt = Bt =Pt : Weighting and summing the government budget constraints (in terms of home consumption), and imposing government bond market clearing, ngt + (1 = n(



t



n) St gt + nRt



{)wt lt + (1



n) (



1



bgt



1



+ (1



n) Rt



t



St bgt



1



1 t



{ )St wt lt + nbgt + (1



t



n) St bgt + nTt + (1



n) Tt(37) .



Combining the households’and governments’budget constraints, (36) and (37), yields n) Tt . (38) Following Leith and Wren-Lewis (2013), we set a constant employment subsidy, …nanced by lump-sum taxes, that makes the steady state e¢ cient. This implies that lump sum taxes are pinned down by the relation: Tt = {wt lt (39) n (ct + gt ) + (1



n) St (ct + gt ) = n(1



{)wt lt + (1



n) (1



{ )St wt lt + nTt + (1



(40)



Tt = { wt lt



at all points in time. Substituting lump sum taxes in (38) using the relations (39) and (40), we have the aggregate resource constraint n (ct + gt ) + (1



n) St (ct + gt ) = nwt lt + (1 8



n) St wt lt .



(41)



1.8



Preferences and Calibration



We choose the following functional forms for U (ct ) and V (lt ), lt1+ . V (lt ) = 1+



U (ct ) = log ct , with the …rst and second derivatives,



Uc;t = ct 1 , Vl;t = lt Ucc;t = V



ct 2 , Vll;t = lt



1



,



l



ct such that UUcc;t = 1, Vll;tl;t t = . c;t Our calibration is given in Table 1; we largely follow Benigno and De Paoli (2010).



Table 1: Benchmark Calibration Parameter Value Name Structural Parameters 0.99 discount factor 0.47 inverse Frisch elasticity of labour supply 0.24 degree of openness b 0.6 steady state public debt ratio 0.2 steady state government spending share A 1 steady state productivity Shock processes sd ("at ) 0.0071 standard deviation productivity shock g sd ("t ) 0.0062 standard deviation government spending shock 0.66 persistence productivity shock a 0.94 persistence government spending shock g



The discount factor has the value 0:99, which is conventional for a quarterly frequency as it implies a steady state interest rate of 4 (1= 1) = 0:04 or 4% per annum. The elasticity of marginal (dis-)utility of labour is set to 0:47. The degree of openness is calibrated at 0:24, such that the import share in GDP is 24%. The government consumes one …fth of domestic output in steady state, i.e. = 0:2, which corresponds roughly to the average government spending share in the US. We assume that the initial public debt is 60% of GDP, b = 0:6. The standard deviation and persistence of the productivity shocks are consistent with Gali and Monacelli (2005), while the shock process for government spending is calibrated as in Lubik and Schorfheide (2005).



1.9



Two-Country Model Summary



For simplicity, we reduce the model by eliminating wages wt , wt , labour lt , lt , and the prices pH;t , pF;t . Endogenous variables (15): t , t , yH;t , yF;t , pH;t , pF;t , St , ct , ct , Rt , Rt , RtU , Ut , bt , T oTt . Exogenous variables (2): gt , At . Policy instrument: t . 9



Bond Euler equation:



t



De…nition of real exchange rate:



t



1



ct



1 = Rt Et



ct+1



St = St 1



t+1



t t



Production: yH;t , yF;t 1 1 1 1



t



{



yH;t ) At yF;t ) = ct ( At



At pH;t = ct (



t



At pF;t



{



Prices indexes: pH;t , pF;t 1 = pH;t (St pF;t )1 (1



)



1 = (pH;t =St ) pF;t Risk sharing: St c t St = c t Market clearing for good H and good F : ct , ct pH;t yH;t = (ct + gt ) + (1 pF;t yF;t =



)St (ct + gt )



(ct + gt )=St + (1



) (ct + gt )



Monetary union: Rt , Rt Rt = Rt Rt = R Union-wide in‡ation:



U t+1 U



U t



or Ramsey policy



U t



n t



=



n



( t )1



Government budget constraint: bt gt + Rt



bt



1



1



t



=



1



t



Terms of trade: T oTt T oTt =



{



yH;t pH;t + bt



pH;t St pF;t



Productivity: At ln(At ) = (1



a ) ln(A)



+



a



ln(At 1 ) + "at



Government spending: gt gt = (1



g )g



+



g (gt 1 )



+ "gt



Foreign productivity and government spending are assumed constant, At = A = 1, gt = g . Finally, the present value budget constraint pins down asset holdings in the initial period: E0



1 X t=0



t c0



ct



ct



1



{ 1



t



{ 10



pH;t yH;t = d0 + R 1 b0 .



1.10



Zero-In‡ation Steady State



From the risk sharing condition, we can choose



Zero (net) in‡ation: Union-wide in‡ation:



0



such that



S=1



(42)



=



(43)



, =1



u u



(44)



=1



Bond Euler equation: R, R R=R = Price indexes: pH , pF



1



(45)



1 = pH (SpF )(1



)



(1



(46) )



1 = (pH =S) pF



(47)



Production: yH , yF



1 = c(yH ) 1 { 1 = c (yF ) 1 { Market clearing for good H and good F : c, c yH = (c + g) + (1 yF =



(c + g) + (1



(48) (49)



)(c + g )



(50)



) (c + g )



(51)



Government budget constraints: +



1



b=



1



{



(52)



Exogenous variables: A, A A=A =1



(53)



g = yH , g = yF



(54)



Present value budget constraint: d0 1 1



c



1



{ 1



{



11



yH = d0 + Rb0 .



(55)



1.10.1



Symmetric Steady State



We assume a symmetric steady state such that = and b = b . Parameters to be calibrated: , , , n, , b. Imposing an employment subsidy { = yields an e¢ cient steady state. The steady state tax rate is then computed from the government budget constraint as + (1 ) 1b 1 b= + , = 1 1 + + (1 ) 1b Imposing S = 1 and the normalisation pH = 1 in the steady state price index (46) or (47) yields pF = 1 Imposing { =



on the steady state production decision in H, (48), yields (56)



c = (yH )



Imposing symmetry (c = c and g = g ) on the goods market clearing condition for the good produced in H yields yH = c + g = c + yH , which can be rewritten as (1



(57)



)yH = c



Imposing { = in the present value household budget constraint, and combining the household and government budget constraints, we get 1



yH ) = d0 ,



(c + g



1



which together with the simpli…ed market clearing condition implies that d0 = 0. 1.10.2



Recursive Steady State



To summarise, we can express the symmetic steady state recursively as follows: S= =



=



u



= pH = 1 ) 1b



+ (1 1+



) 1b



+ (1 R=



yH = (



1



1 1



1



) 1+



c = yH For the foreign economy, we have



= , pF = pH ,



12



= , yF = yH , c = c .



2 2.1



Small Open Economy Model Model Setup



In the small open economy case (n ! 0), 1 minus the domestic home bias equals the degree of openness, 1 = , and the weight on home goods in foreign consumption is nil, = 0. The price levels in country H and country F , (5) and (13), become 1 Pt = PH;t PF;t ,



Pt = PF;t :



In real terms, we have 1 = p1H;t pF;t ,



1 = pF;t :



Substituting the pricing condition (20), pF;t = St pF;t , in the …rst equation and using pF;t = 1 gives 1 1 = pH;t St . In the demand functions for home and foreign goods, (31) and (32), setting 1 and pF;t = 1 yields pH;t yH;t = (1 ) (ct + gt ) + St (ct + gt ) ;



= ,



=0



yF;t = ct + gt . Considering only domestic shocks, i.e. gt = g and At = A = 1, we treat foreign in‡ation and foreign consumption as parameters and set them to their steady state values, t = 1, ct = c and c + g = yF . Monetary policy sets the interest rate to its zero-in‡ation steady state value, Rt = 1 . Then all purely foreign equations can be ignored.



2.2



Equilibrium



The resulting system de…ning a competitive equilibrium in the small open economy has six state equations and one present value equation (the household budget constraint), that determine the variables fpH;t , yH;t , bgt , t , ct , St g1 t=0 , given paths for the exogenous variables 1 1 fgt ; at gt=0 and a tax policy f t gt=0 . Notice that, if the set of state histories at time t; St , has 1. This indeterminacy can be exploited t elements, there is indeterminacy of degree t by the policy maker to …nd the welfare-maximising tax policy. We consider the case where government bonds are denominated in currency terms and contrast it with the case where the government issues state-contingent bonds. ( 0 ): Present value household budget constraint E0



1 X t=0



t c0



1



ct



ct



{ 1



t



{



pH;t yH;t =



b0



(58)



(pH;t ): Price index 1 1 = pH;t St



(bgt ):



(59)



Government budget constraint with nominal bonds gt +



bgt



1 t



=



t



1



{ 13



pH;t yH;t + bgt



(60)



(St ): International risk sharing c t = c St



(61)



1 St = St 1 t



(62)



( t ): Real exchange rate de…nition



(yH;t ): Production decision 1 1



t



{



yH;t ) At



(63)



) (ct + gt ) + St yF



(64)



At pH;t = ct (



(ct ): Goods market clearing pH;t yH;t = (1



Notice that, combining the risk sharing condition (61) and the de…nition of the real exchange rate (62), the Euler equation necessarily holds. For a summary of the equilibrium conditions, see Table 2. By way of comparison, in Table 3 we present the small open economy (SOE) model with state-contingent public debt as in Benigno and De Paoli (2010). Table 2: Small Open Monetary Union Country with Nominal Debt St St 1



=



1



bgt 1



real exchange rate de…nition



t



bgt



gt + t = 1 t{ yH;t pH;t + 1 = p1H;t St ct = c St yH;t 1 t 1 { At pH;t = ct ( At ) pH;t yH;t = (1 ) (ct + gt ) + St yF Endogenous variables: bgt ,



t,



government budget constraint price index risk sharing production market clearing



pH;t , St , yH;t , ct . Exogenous variables: gt , At . Policy variable:



t.



Table 3: Small Open Economy with State-Contingent Debt 1 = p1H;t St ct = c St yH;t (1 t )At pH;t = ct ( At ) pH;t yH;t = (1 ) (ct + gt ) + St yF



price index risk sharing production market clearing



Endogenous variables: pH;t , St , yH;t , ct . Exogenous variables: gt , At . Policy variable:



2.2.1



t.



Index-Linked Government Bonds



The government budget constraint is no longer given by (60) but instead by gt +



bgt



1



=



t



1



{



14



yH;t pH;t + bgt



(65)



2.3



Symmetric Steady State



We …rst consider a symmetric zero-in‡ation steady state where S = implies by the price index that the real price of domestic goods is unity,



= 1. Symmetry



pH = 1. The present value household budget constraint, using pH = 1 and the market clearing condition for government bonds (34), is 1



c



1



1



{ 1



{



yH =



bg



+ d0 .



Government budget constraint with pH = 1: g+



1



bg =



1



{



yH



This can also be written as in Leith and Wren-Lewis (2013), page 1484: 1 bg = 1wl g . Given S = 1, international risk sharing implies that consumption levels are the same across countries, c = c. In a stationary equilibrium, the de…nition of the real exchange rate St implies that foreign in‡ation equals home in‡ation, = . The production decision with A = pH = 1 is 1 1



{



= c(yH ) .



Assuming that steady state government spending is equal in both countries, g = g , the market clearing condition simpli…es to yH = c + g Note that combining the household and government budget constraints, we get 1 1



(c + g



yH ) = d0 :



Together with the simpli…ed goods market clearing condition, this implies that initial (steady state) holdings of state-contingent assets are zero: d0 = 0:
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2.3.1



Recursive steady state in the small open economy



To summarise, we solve the following system of three equations for the three steady state variables c, yH , , given calibrated values for , , {, and b = Rbg =yH , + (1



)b = 1 1



1



{



= cyH { yH = c + yH



(government budget constraint) (production) (market clearing)



We want to set the employment subsidy to obtain an e¢ cient steady state. Therefore, given that the only distortion comes from labor income taxes, we need to set {= , such that the marginal product of labor and the marginal rate of substitution between consumption and labor are equalised. Accordingly, the system becomes + (1 (1



)b =



1 1 = cyH )yH = c



Notice that the …rst equation can be written as in Leith and Wren-Lewis (2013), page 1486, and we can combine the other two equations to obtain the following recursive system,. + (1 )b 1 + + (1 )b 1 1 1+ ) yH = ( 1 c = yH =



3



Ramsey Problem



The small open economy model of the previous section is reduced further for the policy problem. Considering only domestic shocks, foreign in‡ation and therefore also the interest rate are constant as they only react to foreign consumption shocks. Then the foreign Euler equation and the interest rate rule are no longer constraints for the policy maker. In particular, we substitute out the prices t , St and pH;t , as well as the policy instrument t . We eliminate the tax rate t by combining the optimal production choice (23) with the government budget constraint. We also eliminate the domestic in‡ation rate in the government budget constraint using the real exchange rate identity under constant foreign in‡ation, t = St 1 =St . Then, we use the risk sharing condition to replace St in the government budget constraint and in the market clearing condition with ct =c . Finally, we eliminate the real price of home goods pH;t using the price index, i.e. pH;t = ( cct ) =( 1) . 16



Under these considerations, the Ramsey problem becomes maxg



fct ;yH;t ;bt g1 t=0



1 X



E0



t



1 yH;t 1+ ( ) 1+ At



ln ct



t=0



subject to the the government budget constraint and the market clearing condition, gt +



bgt 1 ct 1 ct = ( ) ct 1 1 { c



1



yH;t



yH;t 1+ ) + bgt , At



ct (



(66)



ct y ) (ct + gt ) + ct F . ) 1 yH;t = (1 (67) c c for all t, and bg 1 , c 1 given. Denote by 1t and 2t the Lagrange multipliers on the constraints (66) and (67), respectively. The Lagrangian problem is (



maxg



f fct ;yH;t ;bt g1 t=0



min 1 L = E0



at ; bt gt=0



1 X



t



1 yH;t 1+ ( ) 1+ At



ln ct



t=0



+



at



gt +



+



bt



(



bgt 1 ct ct 1



ct ) c



1



1 1



yH;t



ct ) { c (



(1



1



yH;t 1+ ) At y ct F . c



bgt



yH;t + ct (



) (ct + gt )



The …rst order conditions of the Ramsey problem are as follows, 1 0 = + ct +



at



bt



bgt 1 1 1 ct ( ) ct 1 1 { 1c c 1 ct ( ) 1 1 yH;t (1 ) 1c c



1 yH;t ( ) + At At



0=



1 at



1



ct ) { c (



0 = Et



yH;t 1+ yH;t + ( ) At yF , c



+ (1 + )ct



1



at+1



1



1



ct+1 ct



bgt ct+1 at+1 c2t



Et



(68)



1 yH;t ( ) At At



+



bt (



ct ) c



1



,



at ,



(69) (70)



which, together with the constraints (66) and (67), determine ct , yH;t , bgt , at , and bt . Multiplying the …rst FOC by ct , the second FOC by yH;t , and the third FOC by at , we obtain 0 = 1+ +



0=



(



bt



at



bgt 1 ct 1 ct 1 1 { ct ( ) 1 yH;t 1 c



yH;t 1+ ) + At



1 at



1



ct ) 1 c (



(1



ct ) { c (



1



)ct



1



yH;t + ct ( ct



yH;t 1+ ) At



bgt ct+1 at+1 ct



yF , c



yH;t + (1 + )ct ( 17



Et



(71) yH;t 1+ ) At



+



bt (



ct ) c



1



yH;t ,



(72)



at ct



= Et



at+1 ct+1



.



(73)



Combining (71) and (73) and rearranging, and rearranging also (72), yields: 0 = 1+ +



bgt 1 ct ct 1



at



(



bt



ct ) c



0=[



1



1 1



yH;t



at (1



ct ) { c (



(1



+ )ct



1



yH;t + ct (



)ct 1] (



ct



yF c



yH;t 1+ ) At



1



yH;t 1+ ) bgt At 1 ct + ( ) 1 c



11 1



1



{



ct ) { c (



1



yH;t



yH;t ,



1 at



1



(



bt



ct ) c



(74)



1



yH;t ,



(75)



In (74), the terms in curly brackets can be substituted using the constraints (66) and (67), respectively, such that: 0=1+



gt



at



1 1



1 {



ct ) 1 c (



1



yH;t +



(1



bt



)gt +



1



ct ) 1 c (



1



yH;t ,



(76)



We rearrange (75) and (76) once more, such that the system of equations simpli…es to: 1



at gt



[



at (1



+ (1



+ )ct



)



1] (



bt gt



=



1



yH;t 1+ ) = At at ct



1



at



= Et



bt



{ at



1



bt



{



at+1 ct+1



.



ct ) 1 c (



(



ct ) c



1



1



yH;t ,



yH;t ,



(77)



(78) (79)
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